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The purpose of this paper is to introduce new classes of generalized seminormed difference sequence spaces defined by a Musielak-
Orlicz function. We also study some topological properties and prove some inclusion relations between resulting sequence spaces.

1. Introduction and Preliminaries

Let £° denote the space of all real sequences x = {x;}. Let
€ denote the space whose elements are the sets of distinct
positive integers. Given any element o of €, we denote by c(o)
the sequence {c,(0)} such that ¢,(0) =1 if n € 0,and ¢,(0) =
0 otherwise. Further

%sz{ae%:oicn(o)SS}, @

n=1

the set of those 0 whose support has cardinality at most s, and

0= o= 9 €19, > 0,082

A(%) <0 (k= 1,2,...)},
where A¢y. = ¢ — ;.

For ¢ € @, Sargent [1] defined the following sequence
space:

m(¢) = {x: {x;} € €°: sup sup <iz lxk|> < oo} ,

s>1 0€b; s keo
3)

which was further studied in [2-4].

The space m(¢) was extended to m(¢p, p) by Tripathy and
Sen [5] as follows:

m (e, p) = {x= [} € €% : sup sup ((%chk'l’) < oo}

s21 €%, s keo
(4)

The notion of the difference sequence space was intro-
duced by Kizmaz [6] which was generalized by Mursaleen
[7]. It was further generalized by Et and Colak [8] as follows:
Z(A*) = {x = (x}) € w: (A¥xy) € z} forz = £, ¢, and ¢,
where y is a nonnegative integer and

Afx = A — A xg A’x, =x, VkeN (5)

or equivalent to the following binomial representation:

‘u
Ax; = Z(—l)v <’:> Xieyye (6)
v=0

These sequence spaces were generalized by Et and Basarir [9]
forz = €., (p), c(p),and ¢, (p).

Dutta [10] introduced the following difference sequence
spaces using a new difference operator:

Z (A(W))z{x:(xk)ew : A(q)xez} for z = €, ¢,and ¢,
(7)
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where A ) x = (A () x;) = (% = x;_,) for all k,ny € N.

In [11], Dutta introduced the sequence spaces c(||-, [,
A“ZTI)) P)) E()(") ”’ APZ”)) p)’ eoo(”) ") A‘lzn)’ P)) m("a ”) A}Z”])’ P);
and mg([l-, -, A}Zn),p), where 77,y € N and A’zn)xk = (A}En)xk)

= (A’z;)lxk—AP(;)lxk_n) and A(En)xk = x; forall k, 1 € N, which

is equivalent to the following binomial representation:

|
Ny = 2D (5‘) X (8)

The difference sequence spaces have been studied by
several authors [12-19] and references therein. Basar and
Altay [20] introduced the generalized difference matrix B =

(bmk)k,meN by

r, k=m
k=m-1 9)
0, (k>mor(0<k<m-1).

Basarir and Kayikgi [21] defined the matrix B (bzk) which
reduces to the difference matrix AP(‘I) ifr = 1,s = -1

The generalized B¥-difference operator is equivalent to the
following binomial representation:

u
B'x = B (x;) = Z (i‘) s %, (10)

v=0

Let A = (A) be a sequence of nonzero scalars. Then,
for a sequence space E, the multiplier sequence space E,,
associated with the multiplier sequence A, is defined as

E,={x=(x) € w: (Ax() € E}. (11)

Let w(X) denote the space of all sequences with ele-
ments in (X, q), where (X, q) denotes a seminormed space,
seminormed by g. The zero sequence is denoted by 6 =
(0,0,0,...).

An Orlicz function M is a function, M : [0,00) —
[0, c0), which is continuous nondecreasing and convex with
M(0) =0, M(x) > 0forx >0and M(x) - coasx — 00.

Lindenstrauss and Tzafriri [22] used the idea of Orlicz
function to define the following sequence space:

EM:{xew:OZO:M<M><oo}, (12)

k=1 P

which is called an Orlicz sequence space. The space £, is a
Banach space with the norm

||x||:inf{p>0:§M(|x—;|)sl}. (13)

k=1

Abstract and Applied Analysis

It is shown in [22] that every Orlicz sequence space €,
contains a subspace isomorphic to £, (p > 1). The A,-
condition is equivalent to M(Lx) < KLM(x) for all values
ofx >0andfor L > 1.
A sequence M/ = (M) of Orlicz functions is called a
Musielak-Orlicz function. A sequence /4" = (N;) defined by
Ne(v)=sup{vlu-M, (W) :u=0}, k=12,..., (14)
is called the complimentary function of a Musielak-Orlicz
function (see [23, 24]). For a given Musiclak-Orlicz function
M, the Musielak-Orlicz sequence space t , and its subspace
h , are defined as follows:

ty=1{x € w: I (cx) < co for some ¢ > 0},

(15)
hy={x€w:I(cx)<ocoVc>0},
where I, is a convex modular defined by
Ly (x) = ZMk (%), x=(x) €ty (16)
k=1
We consider t , equipped with the Luxemburg norm,
x|l = inf {k>0:1M(;<—C)s1}, a7)
or equipped with the Orlicz norm,
Ix® = inf {% (141 (k) Kk > o}. (18)

A sequence space E is said to be solid if («; x;) € E, whenever
(x;) € E for all sequences (ey) of scalars such that |og| < 1
forall k € N.

A sequence space E is said to be monotone if E contains
the canonical preimages of all its step spaces.

Remark 1. It is well known that a sequence space is solid
implies that it is monotone (see Kamthan and Gupta [25]).

The sequence space m(¢) was introduced by Sargent [1].
He studied some of its properties and obtained its relationship
with the space £,,. Later on, it was investigated from sequence
space point of view and related with summability theory by
Bilgin [26], Esi [27], Tripathy and Mahanta [28], and many
others.

The main goal of the present paper is to introduce
new classes of generalized seminormed difference sequence
spaces defined by Musielak-Orlicz function.

For a given infinite matrix A = (a;.); x>, - The A-transform
of a sequence x = (x;); is the sequence Ax = (A;) (i > 1),
where

A (x) = Y agx (19)
k=1

provided that the series on the right converges for each i > 1.
Let (X, q) be a seminormed space, /# = (M;) a Musielak-
Orlicz function, and p = (p;) a bounded sequence of
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positive real numbers. Then we define the following classes

of sequences:

b0 (A, 4, B4, )

= {x= (%) ew(X) : SuPMi<Q<M)>pi < 00,

i1 P
for some p > 0} ,

6, (4, B, g, p)

fe-emoo: Sus( B2 <o,

i=1 P
for some p > O} ,

m (M, A, By, ¢4, p)

{x = (x) e w(X) :

wr L5ufa 250

$>1,0€6, ¢s ico P

for some p > 0]» .

(20)
The following inequality will be used throughout the

paper. If 0 < h = infp, < p, < supp, = Hand D =
max (1,2771) then
| + b < D {|ak|Pk + |bk|Pk} , (21)

forallkanda, b, € C.Also |a|P* < max (1, la|f) foralla € C.
We study here some topological properties and establish
inclusion relations between these sequence spaces.

2. Main Results

Theorem 2. Let M = (M;) be a Musielak-Orlicz function
and p = (p;) a bounded sequence of positive real numbers.
Then the spaces €, (M, A, BY,q, p), €, (M, A,BY,q, p), and
m(M, A, B, ¢, q, p) are linear spaces over the field of complex
number C.

Proof. Let x = (x;), ¥y = (y) € m(.ﬂ,A,B”,(/),q,p), and

«, 3 € C. Then there exist positive real numbers p;,p, > 0
such that

A B bi
$>1,0€6, ¢s ico P1

A. B!" bi
$>1,0€6, (/55 ico P>

(22)

Define p; = max (2|alp;, 2|Blp,). Since (M;) is a nondecreas-
ing, convex function and so by using inequality (21), we have

ZMi<q ( A; (B} (ax + By)) ))ﬂ-

ico P3

()

(23)
< DZMi(q (M))m

i€o P1

pi
. DZMi(q ( A (Bl;iﬁ)’) )) ‘
Thus

e (A (BY (ax + y) ))P
$>1,0€6, ¢s ,Eng(q ( P3

sup —
A; (B} ocx)))
$>1,0€6 (/)s D;M< ( P1

< sup
+ sup DZM( (A(B ﬁy))) < o0,

$>1,0€6 ¢s ico P2
(24)

Thus (ax + By) € m(M, A, B, ¢, q, p). Hence m(M, A, B,
¢, g, p) isalinear space. Similarly, we can prove that the spaces
oo (M, A, By, q, p) and €,(M, A, B}, q, p) are linear spaces.
This completes the proof of the theorem. O

Theorem 3. Let M = (M;) be a Musielak-Orlicz function
and p = (p;) a bounded sequence of positive real num-
bers. Then €, (M, A B,q,p) < m(M,A B, $.q.p) ¢
eoo(ﬂa A) Bi) q) P)~

Proof. Let x = (x;) € &,(M, A, B, q, p). Then, for some p >

0, we have
pi
ZM < (A (IZA’C") )) < 0. (25)

Since (¢,,) is a monotonic increasing, we have

Szl
ST

1160

0 pi
riu(a(25)) <o

u pi
sup lZMl<q<m)) < 00. (27)

$>1,0€6, ¢s ico P

Hence,



Thus, x = (x,) € m(M,A, Bﬁ,(p, g p). Therefore, €,(,
A,BY,q, p) c m(M, A BY,$,9,p).

Next, let x = (x;) € m(M, A, B}, ¢, q, p). Then, for some
p > 0, we have

U bi
sup e M,(q(m)) < 00. (28)

521,0€6, ¢s ico P

A. BM pi
p 2o B
$>1,0€6 ¢s ico P (29)

(on taking cardinality of o to be 1).

Thus, x = (x;) € &, (M, A, B, q, p). Therefore, m(M, A, B,
¢.q, ) C Lo (M, A, By, q, p). This completes the proof of the
theorem. O

Hence,

Theorem 4. Let M/ = (M;) be a Musielak-Orlicz function and
p = (p;) a bounded sequence of positive real numbers. Then the
spacem(M, A, By, ¢, q, p) is a seminormed space, seminormed
by

g (x)
A.(B* pi
=inf yp>0: sup e M,(q(M>> <1p.
521,0€%, (/)s ico P
(30)
Proof. Clearly, g(x) > 0 for all x = (x) €

m( M, A, Bﬁ, ¢.q,p)and g(0) = 0. Let x = (x), y = (y) €
m(AM, A, B}, ¢, g, p). Then there exist p; > 0 and p, > 0 such

that
(Rt pi
1 M(q(—Al(BAx))) <1,
$>1,0€6, (/55 ico P1

sup —

. (31)
A, (B4 i
1 M,.<q( I(Ay))) <1
$>1,0€6, ¢s ico P2

sup —

Let p = p; + p,. Thus, we have

by iZMi(q<w))p"

521,0€6, ((55 ico P

1 A; (B (x + b
ap L3285l D))
s>1,0¢%, Ps e pLt P

e 2 (5

$>1,0€6 (/55 ico Pt P

()]

()

P1 ) (
sup
<p1 + Py $>1,0€6, ¢siea P
(
p

2
A. BH pi
(527) g 2((252))
PLt P SZl,Ue%sqbsieo- 2

(32)

IA

IN
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Since the p’s are nonnegative, so we have

gx+y)

1 A. (B* + bi
=inf{p>0: sup — Ml(q(M)) <1
$>1,0€6 ¢5 ico p

A.(B* pi
Sinf{pl>0: sup l Mi(q< 1( Ax))) Sl}
$>1,0€6, ¢s ico P1

1 Al‘ B,u pi
+inf {p2>0: sup — M(q(M)) Sl}.
$>1,0€6, ¢s ico 123

(33)
Thus, g(x + y) < g(x) + g(y). Next, for A € C, without loss

of generality, A #0, then
A; (B () \ |
(o(5)) =
P

1 A; (Byx) ))p,-
= inf >0: sup — )M, —_— <lyp,
{P szl,ag%s ‘/)si;; (q< r

where r = ﬁ.
7|

(34)

g (vx)

= inf {p>0: sup iz

$>1,0€6, ¢s ico

This completes the proof of the theorem. O
Theorem 5. Let # = (M;) be a Musielak-Orlicz function and
p = (p;) a bounded sequence of positive real numbers. Then

(i) the space £ (M, A, B}, q, p) is a seminormed space,
seminormed by

. { A; (Bix) "
f(x)=inf{p>0: supMi<q(T>) <ly,
i>1
(35)

(ii) the space €,(M, A, B, q, p) is a seminormed space,
seminormed by

=) H pi
h(x)=inf{p>0:ZMi<q(@>> Sl}. (36)
i=1

Proof. Itis easy to prove in view of Theorem 4, so we omit the
details. O

Theorem 6. Let # = (M;) be a Musielak-Orlicz function
and p = (p;) a bounded sequence of positive real numbers.
Then m(M, A, B}, ¢, q, p) ¢ m(M, A, By, y,q, p) if and only
ifSUPsa(‘Ps/‘//s) < 0.

Proof. Suppose supg,,(¢,/y,) < oo and x =
m(JM, A, By, ¢, g, p). Then, we have for some p > 0

A. Bﬂ pi
! M,(q(M>> < 00. (37)
$>1,0€6 ‘/55 ico P

(x) €

sup —
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Thus,

pi
(242)
s>10€‘g 1//5160' P

sup —
A; (Bix)\\”
(o) Lam s 2o (257)) ) <o
s>1 Y $21,0€6, (/55150 P

(38)

Therefore, x = (x) € m(M, A, B, y,q, p). Hence, m(A,
A, B\, .9, p) c m(M, A B\, vy, q, p).

Conversely, let m(.#, A, B}, ¢,q,p) < m(M, A By,
g, p)- Suppose that sup,,(¢,/y,) = oo. Then there exists a
sequence of naturals {s;} such thatlim; _, (¢, /v,) = co. Let

x = (x;) e m(M, A, B”,cp, g, p)- Then there exists p > 0 such

that
1 A. BM pi
sup — M,(q(M>> < 00. (39)
521,0€6, 4)5 ico P

Now, we have

A. BI" pi
3 2o ( )
$>1,0€6, V/s,eg P

A, (BY P
- (iﬂ?i) <s>f‘i‘§% ilE(,M“(q( 1<pr) >) ) -

(40)

Therefore, x = (x;) ¢ m(M, A, B\, y,q,p), which is a
contradiction. Hence sup_., (¢,/y,) < oo. O

We get the following corollary as a consequence of
Theorem 6.

Corollary 7. Let #{ = (M;) be a Musielak-Orlicz function
and p = (p;) a bounded sequence of positive real numbers.
Then m( M, A, Bﬁ, .9, p) = m(M, A, Bi, v, q, p) if and only

if sup,(qs/y,) < oo and sup, (y,/¢;) < oo foralls =
1,2,3,....

Theorem 8. Let M#' = (Mi)',%" = (Mi)” be Musielak-
Orlicz functions which satisfy A ,-conditions and p = (p;) a
bounded sequence of positive real numbers. Then

G) m(¥, ¢, q, p) (M o M, A, b, 9, p);

(i) m(A, ¢, q, p) 0" m(\¥, b9, p) < m(M' + MY,
¢4, p)

Proof. (i) Let x = (x}) € m(/%r, ¢, q, p). Then there exists
p > 0 such that

A. Bﬂ pi
! M{(q(M» < 0o. (41)
$>1,0€6, ¢s,eg P

sup —

Let0 < € < land 0 < § < 1 such that M;(¢t) < ¢ for
0<t<d. Lety, = Mi'(q(Ai(Bix)/p))P" and, for any o € €,

let Y..o Mi(yi) = X, M;(y) + X, M;(y), where the first
summation is over y, < § and the second summation is over
v > 0. Since (M) satisfies A ,-condition, we have

SM () MDY < M@ Yy (4
1 1 !

For y, > 6

yk<%<1+% (43)

Since (M;) is nondecreasing and convex, so

(yk)<M(1+)(;k>< SMQ)+ M(();). (44)

Since (M) also satisfies A ,-condition, so
LoDk 1o Yk Yk
M; KM, (2)+ KM, (2) = K=<=M; (2).
l(yk)<2 5 1()+2 5 1() 5 1()( :
45

Hence,

;Mi (i) < max (1,K8 ' M, (2)) ;yk- (46)

By (42) and (46), we have x = (x;) € m(4 M, ¢, g, p).
Hence

m (M $.q.p) < m(Mo My $.9.p).  (47)

(ii) Let x = (x) € m(a* $,q,p) N m(M\*, ,q, p).
Then there exists p > 0 such that

pi
(452 <o
$>1,0€6 ¢Sleo‘ P

sup —

) (48)
M"(q ( A, (Byx) )) , < oo,
$>1,0€6, (/)s ico P

sup —

The rest of the proof follows from the equality

> () (o 220"

i€o P

=M

Zo(a(5)) (o5

This completes the proof of the theorem. O

)

(49)

Corollary 9. Let # = (M;) be a Musielak-Orlicz function
and p = (p;) a bounded sequence of positive real numbers.
Then, we have m(A, B\, ¢,q, p) € m(M, A, B}, ¢, q, p).

Proof. It follows from Theorem 8(i) on considering .4 "(x) =
x, for all x € [0, co). O

The following result is a consequence of Theorem 8 and
Corollary 9.



Corollary 10. Let # = (M;) be a Musielak-Orlicz function
and p = (p;) a bounded sequence of positive real numbers.
Then m(A, By, 9,q, p) < m(M, A, B\, y,q, p) if and only if
supg1(@s/y;) < 0o

Theorem11. Let # = (M;) be a Musielak-Orlicz function and

p = (p;) a bounded sequence of positive real numbers. Then the
space m(M, A, BY, ¢, q, p) is solid.

Proof. Let x = (x) € m(M, A, B, ¢, q, p). Then

A. B!‘ pi
! M(q(M)) < 00. (50)
s>1, G’E% ¢5160' P

sup —

Let (o) be a sequence of scalars with || < 1 forall k € N.
Then the result follows from (50) and the following inequality

2(s(25)) <o)
oo “5))

This completes the proof of the theorem. O

(51)

In view of the above result, we get the following corollar-
ies.

Corollary 12. Let M/ = (M;) be a Musielak-Orlicz function
and p = (p;) a bounded sequence of positive real numbers.
Then the space m(M, A, B}, ¢, g, p) is monotone.

We formulate the following result which can be
established following the technique of Theorem1l and
Corollary 12.

Corollary 13. Let # = (M;) be a Musielak-Orlicz function
and p = (p;) a bounded sequence of positive real numbers.
Then the spaces €., (M, A, BY, q, p) and €,(M, A, B}, q, p) are
solid and monotone.

Theorem 14. If (X, q) is complete, then m(M, A, By, ¢, q, p) is
also complete.

Proof. Let (xj)beaCauchysequence inm(A4, A, B, $,9, p),
where x/ = (xk) = (xl,xz,x3,. ) € m(M, A, B, ¢,q, p) for
each j € N. Letr > 0 and x;, > 0 be fixed. Then for each
e/rx, > 0, there exists a positive integer #, such that

j_ 1 € .
glx-x)<—, Vjlzn, 52
(=) < = : (52)
This implies
A, (B} xl -« b
inf {p: sup E Mi<q<M>> <1
s>loe%‘¢sleg P
<i, Vil > mn.
X,
(53)

Abstract and Applied Analysis

We have for all j, I > n, and by (53)

1 4 (B (7 =) VY
1oce, ElegMi(q< (e =) =

1 A; (B (' = =) V)
=’EM"<‘1< W =) )) B

U i pi
=>Ml(q<M>> <é¢,, Vi l=n,

h(x/ - xh)
(54)

We can find > 0 such that (rx,/2)1(x,/2) > ¢,, where 7 is
the kernel associated with Musielak-Orlicz function .#, such

that
A; (BK (xj - X
M1<q< h(xj 4
= a(A (B () < =S

Hence Ai(Bﬁxj ) =1 is a Cauchy sequence in (X, q), which is
complete. Therefore, for each k € N, there exist x; € X and
x = (x;) such that q(A,-(Bﬁ(xj -x))P - 0asj — oo.
Using the continuity of ./, so for some p > 0, we have

(pH il pi
sup i Mi<Q<hmHOOAI(BA (x x)))) <1
521,068, (lss,eg P

u il pi
1 M@(M)) .
s>10€%¢sleg P

= sup —
(56)

Now, taking the infimum of such p’s by (53), we get

inf {p>0:

(B (5 — & P
s>10€%¢s,€0 P

Since m(4, A, B, ¢,q, p) is a linear space and (x — x/) are
inm(A, A, Bi, ¢, g, p), so it follows that x = X+ (x - xj) €
m(JM, A, By, ¢, g, p). Hence m(M, A, B, §, q, p) is complete.
This completes the proof of the theorem. O
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