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We propose an equilibrium pricing model in a dynamic multiperiod stochastic framework with uncertain income. There are one
tradable risky asset (stock/commodity), one nontradable underlying (temperature), and also a contingent claim (weather derivative)
written on the tradable risky asset and the nontradable underlying in the market. The price of the contingent claim is priced in
equilibrium by optimal strategies of representative agent and market clearing condition. The risk preferences are of exponential type
with a stochastic coefficient of risk aversion. Both subgame perfect strategy and naive strategy are considered and the corresponding
equilibrium prices are derived. From the numerical result we examine how the equilibrium prices vary in response to changes in
model parameters and highlight the importance of our equilibrium pricing principle.

1. Introduction

Hitherto, there has been an increasing literature on pricing
contingent claims written on nontradable underlyings in a
dynamic multiperiod equilibrium framework. One example
of such contingent claim is a weather derivative, in which
case the underlying is the temperature process. One approach
in pricing this financial instrument is to use a multiperiod
stochastic equilibrium model. In financial economics there
is a huge amount of literature on this issue. Rubinstein [1]
considers a multiperiod state-preference equilibrium model
without explicit modeling of production/investment. Bren-
nan [2] looks at a multiperiod equilibrium problem in which
the representative agent exhibits constant risk aversion.
Bhattacharya [3] extends the model of Rubinstein [1] to
show that risk/return tradeoffs are linear relations linking
instantaneous expected returns of assets to the instantaneous
covariance of returns with aggregate consumption. Bizid and
Jouini [4] derive restrictions on the equilibrium state-price
deflator independent of the choices of utility function in
an incomplete market. Camara [5] obtains preference-free
option prices in a discrete equilibrium model where repre-
sentative agent has exponential utility and aggregate wealth
together with the underlying asset price has transformed
normal distributions.

Our paper presents a partial equilibrium model with two
exogenous assets, one tradable and one nontradable. The goal
is to find the price of a derivative security written on tradable
and nontradable underlyings in equilibrium. We assume that
the tradable asset is priced in a different market so its price
is exogenously given. Moreover the interest rate risk is not
considered because we take the money market account as
numeraire. The derivative security, written on the tradable
asset and nontradable underlying, is priced in equilibrium
by a representative agent who receives (unspanned) ran-
dom income within an incomplete multiperiod market. The
optimal strategies are obtained by backward induction. First
order conditions together with the market clearing give the
equilibrium prices.

Cao and Wei [6], Lee and Oren [7, 8], and Cheridito et
al. [9] are related to our work. Cao and Wei [6] generalize
the model of Lucas [10] to provide an equilibrium framework
for valuing weather derivatives in a multiperiod setting. Lee
and Oren [7] explore a single-period equilibrium pricing
model in a multicommodity setting and mean-variance
preferences. Lee and Oren [8] made a followup in a mul-
tiperiod framework. Cheridito et al. [9] establish results on
the existence and uniqueness of equilibrium in dynamically
incomplete financial markets with preferences of monetary
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type and heterogeneous agents. Utility indifference pricing
is also a way for pricing derivatives written on nontradable
underlying. The utility indifference price was introduced by
Hodges and Neuberger [11]. By now, there are several papers
on this topic; we recall only a few (on discrete time Musiela
et al. [12]; on continuous time Henderson [13]; Musiela and
Zariphopoulou [14]; for an overview see Henderson and
Hobson [15]). Pirvu and Zhang [16] derive utility indifference
prices in a model with time changing risk aversion.

In our model the representative agent has risk preferences
of exponential type with time and state-dependent coefficient
of risk aversion. Inspired by Gordon and St-Amour [17], we
assume that the representative agent’s risk aversion coefficient
is a stochastic process. Gordon and St-Amour [17] motivate
this change by the fact that stochastic risk aversion can
explain asset-price movements which cannot be explained by
constant risk aversion. Lately, the issue of time changing risk
aversion received some attention in the financial literature.
For instance, Barberis and Huang [18] consider a model in
which the loss aversion depends on prior gains and losses,
so it may change through time. Danthine et al. [19] allow
the representative agent’s coefficient of relative risk aversion
to vary with the underlying economy’s growth rate. Gordon
and St-Amour [20] explain equity premium puzzle by state-
dependent risk preferences. Yuan and Chen [21] show that
dynamic risk aversion plays a critical role in the dynamics of
asset price fluctuations. Recently, Berrada et al. [22] consider
growth regime-dependent risk aversion of representative
agent and examine the effect of regime-dependent preference
on the structure of equilibrium.

A time changing risk preference leads to time inconsistent
investment strategies. It means that an investor may have
an incentive to deviate from the classical optimal strategy
which he/she computed at some past time. Let us define
the naive strategies as the classical optimal strategies given
that the agent does not update his/her risk preferences. The
naive strategies cannot be implemented in the absence of a
precommitment. In order to overcome the time inconsistency
issue, Pirvu and Zhang [16] and Bjork and Murgoci [23]
develop a theory for stochastic control problems which are
time inconsistent in the sense that they do not admit the
Bellman optimality principle; they consider the subgame
perfect equilibrium as a substitute for the Bellman optimality
principle. In Wu [24], subgame perfect equilibrium strate-
gies are studied for a multiperiod mean-variance portfolio
selection problem with wealth-dependent risk aversion. In
our paper, we follow Pirvu and Zhang [16] in introducing
subgame perfect strategies. Subgame perfect strategies denote
the strategies obtained from the subgame perfect equilibrium.
The corresponding equilibrium price obtained by imposing
the market clearing condition with subgame perfect strategies
of representative agent is called as subgame perfect equilib-
rium price. On the other hand, market clearing condition
with naive strategies gives naive equilibrium price. The naive
equilibrium price is considered as a benchmark price. By
comparing the subgame perfect equilibrium price and the
naive equilibrium price, the difference and the importance of
subgame perfect equilibrium price are highlighted.
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The exogenous assets in our model may have stochastic
drifts and volatilities and the assets may be correlated.
A derivative security is priced in equilibrium within this
model. Our main result is an iterative algorithm which yields
the subgame perfect equilibrium prices. At each stage the
equilibrium prices depend on the current risk aversion level
and all previous wealth and risk aversion levels. The algorithm
constructs recursively one period pricing kernels. Moreover,
the naive equilibrium pricing kernel equals the marginal
utility. We prove that the equilibrium pricing measures are
martingale measures so the equilibrium prices are arbitrage
free.

Numerical experiments shed light into the importance of
the pricing principle to find subgame perfect equilibriums
price. For the numerical result, we consider a two-state
regime switching model (bull and bear markets) and assume
that the representative agent becomes more risk averse in
the bear market. The result shows that the equilibrium
prices (both subgame perfect equilibrium price and naive
equilibrium price) are decreasing in risk aversion. It’s because
the derivative can be regarded as a risky asset so agent’s
demand for the derivative is reduced if he/she is more risk
averse. Since the risk aversions of the agent in two states are
different, we may try to approximate the subgame perfect
equilibrium price with a new risk aversion, say average risk
aversion which is a weighted average of two risk aversion (risk
aversions in bull market and bear market) with the steady
state probabilities of two states as the weights. However, we
find that there is significant gap between the exact subgame
perfect equilibrium price and the naive equilibrium price
with average risk aversion if the risk aversion in the bear
market is much higher than the risk aversion in the bull
market. This means that the naive equilibrium price with
average risk aversion cannot be a useful estimate of subgame
perfect equilibrium price especially when the agent’s prefer-
ence changes a lot depending on the market environment.

We also examine the effect of the number of units of
derivatives in the market on the equilibrium prices and we
find out that the equilibrium prices are decreasing in number
of units of derivatives. This result is consistent with Garleanu
et al. [25] which examine the effects of demand pressure on
option prices. Moreover, it is observed that the gap between
the naive equilibrium price with average risk aversion and the
subgame perfect equilibrium price gets larger if the number
of units of derivatives is large enough. Hence the naive
equilibrium price is not a good estimate of the subgame
perfect equilibrium price in this case.

The remainder of this paper is organized as follows.
Section 2 presents the model. Section 3 provides the equilib-
rium pricing valuation. Numerical results are presented in the
Section 4. Proofs of the results are delegated to an Appendices
A, B,and C.

2. The Model

We consider a multi-period stochastic model of investment.
The trading horizon is [0, T'], with T an exogenous finite hori-
zon. There are N +1 trading dates: t,, = nh,forn =0,1,..., N,
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and h = T/N. Let (0", b%,...,b%) := (B} ,b] ..., b )cg1, oo
be a d-dimensional binomial random walk on a complete
probability space (Q,F,{#, },P). The random walk is
assumed to be symmetric under P in the sense that

i=1,2,...,d. @

There are three securities available for trading in our model;
a money market account, a primary asset (e.g., stock or
commodity) and a derivative security. We take the money
market account as numeraire, thus it can be assumed to
offer zero interest rate. The primary asset price process C :=

{C,;n=0,1,..., N}, follows the difference equation:
AC, =C, (4 h+0o{ VhAB'), n=0,1,...,N-1,
n n n n n (2)
Cy=c>0,
for some adapted drift process y = {p;;t (N -
1)h, Nh} and volatility process o° := {oy;t = 0,h,...,(N -

1)h, Nh} which are chosen so that the commodity price
remains positive. The derivative security D := {D, ;n =
0,1,..., N} is written on the primary asset C and a nontrad-
able underlying S := {Stn; n=20,1,..., N} which follows the
difference equation:

A% =5, <”fnh +o, Vh <PAb3n - pri)),

n=0,1,...,N-1, 3

Sp=s>0,
for some adapted drift process y° := {3t (N -
1)h, Nh}, volatility process o° {oj;t = 0,h,...,(N -

1)h, Nh}, and a correlation coefficient p, with |p| < 1. The
two-dimensional process P = (C,S), exogenously given, is
referred to as the forward process.

Since the derivative security D is to be priced in equilib-
rium, we have a partial equilibrium model. It is motivated
by a situation in which the primary asset and derivative are
priced in different markets. As an example, consider energy
market and weather derivatives. Although the energy price
and weather derivatives are correlated (in California, a high
correlation between energy prices and temperature process
was observed), energy prices and weather derivative prices
are determined in different markets.

2.1. Trading Strategies. Let o, be the amount invested in the
primary asset at time f,,, and let BB be the number of shares of
derivative held at time f,; denote 7, = {e, .3, } € F, ,n =
0,1,...,N—1.The Value of a self-financed portfoho satisfies
the followmg stochastic difference equation:

AXT =, (4 h+of VhAB, )+ B, AD, . (4)

At maturity, ty := T = Nh, the representative agent in this
economy receives random income I, , which is % adapted.
Thus, his/her final wealth is

W = X7 + 1, (5)

The random income may depend on all the random walks
{b',b% ..., b%}, s0 it may not be spanned by the existing assets.

2.2. Risk Preferences. The representative agent utility is
assumed to be of exponential type, time, and state dependent.
The coefficient of absolute risk aversion is a stochastic process
Vi,» F, adapted,n=0,1,..., N — 1. More precisely,

U (x,t,,w)=—exp (—ytn (w) x), weQ. (6)
As we pointed out in Section 1, this modeling approach
is not new and consistent with a number of papers that
consider time changing, state-dependent risk aversion. The
performance of an investment strategy 7 is measured by the
expected utility criterion applied to the final wealth; that is,
the optimization criterion at time t,, is given by

sp e 7] )

Heren=0,1,...,N -1, 1/\7;:V is given by (5), and th denotes
the set of admissible trading strategies:

II, = {”tn’”tm’“"”tm iy, € Fys

such that[E'ka|<oo, k:n,n+1,...,N—1}.

(8)

2.3. Naive Strategies. The naive strategies are the classical
optimal strategies given that the risk preferences are not
updated. More precisely 7 € II, is a naive strategy if it
satisfies

7t =arg sup E [— exp (—ytOWZ;) | 9%] ) )

melly,

They fail to remain optimal at later times ¢,, in the sense that

ﬁ#arg:elg)n[E[ exp (~p, Wit ) | 7, ]. (10)

2.4. Subgame Perfect Strategies. In this section, we introduce
the subgame perfect strategies by following Pirvu and Zhang
[16]. First, let us consider the time period [(N — 1)k, Nh]
(recall that ty, = T = Nh). At time (N — 1)h consider the
optimization problem:

sup [E[_exp( Ve tN)l‘/tNl]' (Pl)

nelly, |

In our model sup in (P, ) is attained and we denote

T[:N—l =arg ngrllax = [_ exp( )}tN 1 tN) | gtl\l—l] : (11)

IN-1

On the time period [(N—-2)h, Nh], consider trading strategies
7t be of the form:

o {n;‘m, on [(N —1)h,Nh), )
on [(N-2)h,(N-1)h),

Ty



for an arbitrary &,  adapted control 7,  such that
(m, ,m, ) ell, ;consider the optimization problem
N-2 N-1 N-2

neséti,zE [— exp (_YtN,ZWt::,) | ‘O;fw—z] : (P,)

In our model sup in (P,) is attained and we denote

(n:Niz,n:Nil) = arg ﬂgrﬁ?iz[E [— exp (—thWt’;) | fﬁtNiz] .
(13)

Further we proceed iteratively. On the time period [(N —
n)h, Nh) one restricts to trading strategies 7z of the form:

__ |m fork=N-(m-1),N-(n-2),...N-1,
- m,, fork=N-n,
(14)

for an arbitrary %,  adapted control 7, _ such that (7, ,

T )ik=N-n+1,.N-1} € I . Consider the optimization

problem

o

Fuul- (@)

max E [— exp <_YtN_,,VVt7;) |

nelly,

The sup in (P,,) is attained and we denote

% % %
(T[tN—n’ LN R T[tNA)
(15)
— _ _ T
= arg ngﬁ?in[E [ exp( VtN,,.WtN) | gtwn] .
The subgame perfect strategy is 7" = (7, , 7, ..., 7, ).

2.5. Subgame Perfect Strategies versus Naive Strategies. Let us
recall that time inconsistency in this model is due to time
changing, state-dependent risk aversion. Indeed in the case
of constant risk aversion, the subgame perfect strategies and
the naive strategies coincide; that is, 7* = 7. In general, it is
hard to show that the subgame perfect strategy outperforms
the naive strategy. We show that this is the case if the risk
preferences are updated in the following two period models.
Let us assume that I, = 0, and only one asset is available for
trading (the primary asset with constant drift and volatility).
It is claimed that

E[-exp(-n, W )| %, ] > E[-exp (-0, W) | 7, ].
(16)

Indeed in this model it can be shown that 7; = 7, , and

hence Wt’f = Wt’? By the definition of the subgame perfect
strategies, we have (16).

3. Equilibrium Valuation

We assume that there exists a representative agent with risk
preferences given by (6). The representative agent trades C
and D in order to maximize the expected utility of his/her
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final wealth. This can be achieved by the naive strategy 7 =

(&, ) if the representative agent does not update his/her risk
preferences. Otherwise, the subgame perfect strategy 7% =
(a*, B*) will be used. Thus, depending on whether or not
the representative agent updates his/her risk preferences, we
introduce two notions of equilibrium prices: subgame perfect
equilibrium price and naive equilibrium price. They are given
by the market clearing condition in the formal definition
below.

Definition 1. Given the terminal payoff D, and myp, > 0 units
of derivative, D, is the subgame perfect equilibrium price if
and only if

B; =mp, 17)
foreveryn =0,1,...,N — 1. Likewise, D, is the naive equi-
librium price if and only if

B, =mp, (18)

foreveryn=0,1,...,N - L.

This simply says that there is 1, units of derivative in
the market and it is priced such that “it is optimal” for
the representative agent to acquire it. The interest of the
representative agent in holding the derivative comes from the
fact that the primary asset is correlated with the nontradable
asset which is an underlying of the derivative. Moreover,
agent’s income is assumed to be related to the nontradable
asset S; thus, the risk of income fluctuations due to S can be
hedged by trading D. Let r; , given by

c
Lo H,

= ,
b of
”

(19)

be the market price of risk (MPR) for the primary asset which
is assumed positive. We choose time length /4 small enough

such that 1 > r; Vh.

Remark 2. For the naive equilibrium price to be implemented
the representative agent has to exhibit the same risk aversion
throughout time. This may not be realistic since different
factors (e.g., economic and financial) may change the risk
preference of the representative agent. In the light of this, the
naive equilibrium price can be seen as a benchmark price. A
more realistic price is the subgame perfect equilibrium price;
this, unlike the naive equilibrium price, takes into account the
changes of the representative agent’s risk aversion.

3.1 Single Period. Define A, = {w € Q: Abthfl =1} and
Al ={weQ:Ab =-1}.
N-1 N-1

Theorem 3. The subgame perfect equilibrium price at time
tn_; is given by

D, =E"[D, |7, ], (20)

IN-1
where the probability measure Q" is defined by

do* . _[4Q°
dp _AfN[E[ dP |9th1]

(1)
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The pricing kernel A’y is

e Vina (mDDtN +ItN)

t _ _ bl
N1 [e Vi, MpDyy +1i) | AtN,l v gtN—l]
ifweA

ty T e Vi D Doy +liy)

IN-1

t b

ifwe AS

IN-1

(22)
with

= 1- rtCNfl \/ﬁ’ lfw € AtN—l (23)
tn-1 1+ rfNil Vh, ifwe ACtN,l'

The optimal trading strategy is given by

) 1 i 1+ rtcw1 vh
(04 = (0]
A ZYtN—IUtCN—l \/}_l ’ 1- rtCN—l \/E
1

+ _—
2%1\171 O'tCNfl \/ﬁ

1 E [ei)/tNil(mDDtNJrItN) | AtN—l v LO;:tN—l]

X 10 .

& E [e—%N,l(mDDtN’rItN) |AS V&, ]
N-1

IN-1

(24)
Proof. Proof of this theorem is done in Appendix A. O

Remark 4. For the naive equilibrium price just replace y,
with y,  in the above formulas.

Next we prove that the probability measure Q" is a mar-
tingale measure so the subgame perfect equilibrium price
is arbitrage-free (similarly it can be shown that the naive
equilibrium price is arbitrage free).

Lemma 5. The tradable assets {C, },_n_1n and {D, },_n_1n
are martingales under Q.

Proof. {D, },_n-1,n is martingale under Q" by definition.
Next we show that {C, },_n_;y is martingale under Q. It
suffices to prove that withn = N — 1

.[C
IE@ [ tn+1 | gt :|
C, "

=B [1+0f VR(ri Vh+AB)) 1 7, ] (25
= 1+0; VHEY [(ri Vh+ b )| F, |
=1.

This is the case if

EY [(r Vh+ B! ) 1 F, ] =0. (26)

Whenn = N — 1, (26) is equivalent to

o Vhtl 1 rdQ”
tN*T [AtN[E [W | ,%M] [ A, v%tm]
re V-1 [de :
+ N ; [AtN[E [ P | F/TtN_l] | Ay VF/TtN_I]
c 2
_1_(rtN—l) hE[d@* | F ]
N 2 dp fN-1
2
(o) h-1 [d@* ]
! E F =0,
T ap | T
(27)
and this completes the proof. O

3.2. Multiple Periods. Let us define the sets A, = {w €

Q: A =1}and AS ={weQ:Ab =-1}toease
N-n N-n N-n

notations, let us denote

E [:=E[1%. ] E[I%9:=E[1gvZF],

(28)

for every & ¢ &. The equilibrium prices are computed by a
recursive algorithm. Imagine that the equilibrium prices after
tn_, Were found and now we want to find the equilibrium
priceatty._,. Attime fy_,, define the random variables Y;;HM

andY, by
e_ytN—nY;;\J—nH =E
tN—n+1
N-1
X [exp (—yth ( Z AX, + ItN>>] ,
k=N-n+1
(29)
Vi Ve —
e yo N-nt+l 1= tN—n+1
N-1
X I:exp (—yto < Z AX, + ItN>>:| .
k=N-n+1
(30)
Here

AX:k = oc;; (yfkh + Gfk \/zAbtlk) + mDADtk, (31)

foranyk=N-n+1,...,N —2,N — 1; the subgame perfect
strategy o, is given by

. 1 ) 1+ rtck Vh
o = 0
f 2y,.0¢ Vh S\ ri Vh

1 E,, [emk(mDDt"” i) | Atk]
+ log n .
ZYtkgtck \/ﬁ IEtk [67Ytk(mDD[k*1 i) | Aik]

(32)




Moreover

AX, =& (4 h+0f VhAb, )+ mpAD,,  (33)

foranyk = N-n+1,...,N -2, N - 1; the naive strategy &,
is given by

~ 1 1+ rc Vh

" 2y 0 i ‘°‘°"< 1 f)

+ 0og
2y,0¢, Vh E,, [¢7 P ) | Aik]

(34)
Next, define the one-step period pricing kernels A";N?n+1 and
AthrHl by

e Vin-n (mpD it TN )

t bl
Nn [e Voo MDDy Yy 00D | A ]
tN n tN-

. ifweA, ,
A : Nen

= _ N
EN-n+1 e Vin-n mpDuyg_, Yy )

tN_ [e Yooy MDDy 7Y 00D | AS ])
tN— IN-n
ifwe AtN ,
-n
(35)

e Yo (mDDfN—ml i)

IN-n >

E, I:efyto (mpDyy Yy ) | A, ]
N-n N-n

- ifwe Athn,

EN-per T e Mo mpDuy_ Yy )

A

IN-n >

E [ ~Veo MDDy n+1+YfN ntl |A ]
o IN-n
if w e A}
N-n
(36)

Here

c .
)‘tN _ {1 rtcN,n vh, ?fw € AZN_ R (37)
-n 1+ T Vh, fwe AtN,
Remark 6. Notice that ?tN, »defined by (30), is the certainty
equivalent at time fy_,., of the naive strategy which does
not update the risk aversion and assumes constant risk
aversion y, . Similarly, Y can be seen as the certainty
equivalent of the subgame perfect strategy with updating
risk preference over time. In the special case of constant
coeflicient of absolute risk aversion, ?tN, ,and Y, are
equal. Furthermore, it can be easily seen that

e_%o?’N—nH =E,
N-n+1

- (39)
x [exp (_Vto (AXtN—rHl + YN—n+2))] >

where YtN,n +1 is the change of self-financed portfolio value
during the time period [(N —#n + 1)h,(N — n + 2)h] so that
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?tmm can be used to find out the values of ?tN,

we can observe that

. However,
n+l

“Yinon Y‘;\I— +1
€ i ;é IEtN*nJrl

[exp( YtN n (AXtN—n+1 + Y;—n+2))]

because the risk aversion changes over time in the definition
of Y" in (29). More precisely, Y, is defined with y,

whileY,” isdefinedwithy, Wthh can be different from
Vi, Therefore, all possible future changes of risk aversion
until the time horizon T should be considered to compute
the value of YN_n +1- Moreover, the pricing kernel A . in

(39)

(35) for subgame perfect equilibrium price contains Y;” as

—n+1
well as y, . As a consequence, all possible future changes of

risk aversion should be examined to find the pricing kernel

*
JNE

Remark 7. The myopic term in oc;"k in (32) is (I/Zytkafk Vh)
log((1+75 Vh)/(1-rf Vh)) and in&, is (1/2y, o;, Vh)log((1+
rfk Vh)/(1 - rfk Vh)). Moreover, it can be verified that they

satisfy
. 1 L+ry Vh r
lim log , (40)

C

hl0 2y, o3, Vh 1-rg Vh Ytk t
| 1 | L+ry Vh e @
im (0] > 1
hl0 2y, of, Vvh & 1-rp Vh Vtoatck

respectively. Notice that the right-hand sides of (41) are the
well-known myopic term of the optimal investment strategy
with constant absolute risk aversion y, in continuous time
model. The only difference in (40) with subgame perfect
strategy is that the risk aversion is updated; that is, y, is used,
while it is not in the naive strategy (41). The second terms
of (32) and (34) are hedging terms which take into account
the other factors, such as investment in derivative, stochastic
parameters of underlying processes, income, and stochastic
risk aversion (in case of subgame perfect strategy).

The following theorem is the main result of the paper.

Theorem 8. The subgame perfect equilibrium price at time
tn_y is given by

= [EQ* [DthnH:I > (42)

thn tN—n
where the probability measure Q" is defined by

dQ* * * *
R OV MY 43)

The subgame perfect strategy (in the primary asset) is a* =
((xt’z,oct*l, . ,(xt*N), with oc:; defined by (32). The naive equilib-
rium price at time t._,, is given by

D, =EZ (44)

EN-n IN-n [DtN*?Hl ] >
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where the probability measure Q is defined by

o~ - ~

Tl A A Ay (45)
The naive strategy (in the primary asset) is & = (&% ;.. .,
&tN), with o, defined by (34).

Proof. Proof of this theorem is done in Appendix B. O

For the naive equilibrium price, we recover the following
classical result.

Corollary 9. The pricing kernel for naive equilibrium price
equals the marginal utility; that is,

~  _ B [ (W,,)] (46)

e [EfN—n [U’ (V\ZN)]

where U(x) = —e 1%, and WtN (see (5)) is the wealth obtained
by naive strategies.

Proof. Proof of this corollary is done in Appendix C. O

Lemma 10. The tradable
{D; }ico,1,.,n are martingales under Q"

assets  {C; },-01,.n and

Proof. It can be proved by following similar argument to the
proof of Lemma 5. O

4. Numerical Results

Throughout this section, we specialize to a regime switching

model. A discrete time finite state homogeneous Markov

chain (MC) J = (J; Ju=q,1,..,c0 is defined on (Q, F,{F, },P)

and it takes values in the state space & = {0,1} (which

represents two states of the market: bull and bear). The n-step

transition matrix P = (Pi'}), is defined by

P =P (], =jlJ,=i), $j=01,n=0,1,..,00,

(47)

where PI.E.O) = 1 wheni = j; otherwise Pl.(jo) = 0. We assume
that the distribution of ], is known, and

[P’(]O:i|,70):ﬂ3(]0:i), i=0,1 (48)
The risk aversion is changed depending on the state and
denoted by y, = y(J, -)

In this section we give a concrete example. Consider
the electricity industry one of the most weather-sensitive
businesses in the economy. Energy price and temperature
are denoted by C and S, respectively. When the temperature
increases, there is a higher demand for electricity due to the
usage of air conditioners. In turn this will lead to higher
energy prices. Therefore, C and S are assumed to be positively
correlated. In our model an energy provider hedges the
weather exposure by selling m, shares of weather derivative
to the representative agent. This derivative is designed to

have a higher payoff when temperature is high (e.g., call
option). It is supposed that the representative agent’s income
depends on the weather, so he/she has an incentive to buy this
product because of his/her income exposure to the weather.
Moreover, weather derivative also allows the representative
agent to construct a more diversified portfolio. The baseline
parameters are

C,=1, e =0.1, o =02, So =1,

p =01, o =02, p =05,
1
T=1, N =52, h:E, y(0) =1,
(49)
Y (1) = 2) mD = 1)
I, =4exp(-0.1(S, -S,))
+
D, =(S, -K), K=1
One-step transition matrix is given by
a1 (0.6 0.4

P= <0.6 04/ (50)

Notice that S is the normalized temperature. The income
of the agent is assumed to be exponential function of S to
prevent negative income. However, our result in this section
still can be obtained if we use different models for income
(e.g., linear function of S). Since the income is decreasing in
S, the agent has an incentive to have long position in § which
is impossible because S is a nontradable asset. Instead, there
is a demand for D which is a call option on nontradable asset
S. Letting N = 52 with T' = 1 means weekly rebalancing of
portfolio throughout a year. In fact, equilibrium price changes
if we consider large N. However, the change of price is very
small (less than 0.2% even if we consider N' = 200) so we may
only focus on the results with N = 52.

Let Dg(o)’y(l) be the subgame perfect equilibrium price of
D at time 0 with J;, = 0 and time changing risk aversion.
Likewise, Dg(l)’y(o) is the subgame perfect equilibrium price
of D at time 0 with J, = 1. It is natural to define D" as the
naive prices of D at time 0 with risk aversion y. Recall that
this naive price ignores the time changing risk aversion of the

agent.

4.1. Effect of Risk Aversion. First of all, let us consider the
effect of risk aversion on the naive equilibrium price. As we
can see in Figure 1, the naive equilibrium price D}’ decreases
as risk aversion y increases. This is intuitive because the
derivative D is also a risky asset and there is a less demand for
risky asset if the agent is more risk averse. A lower demand for
D]leads to alower naive equilibrium price as a result. In sum, a
higher risk aversion results in a lower naive equilibrium price.

Therefore, if we consider the naive prices Dg(o)’y(o) and

Dg(l)’y(l) for different risk aversions y(0) and y(1) which
satisfy y(0) < y(1), we have

D(})’(O)J’(O) > Dz)’(l)»)'(l). (51)
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FIGURE 1: Effect of risk aversion on the equilibrium prices.

From (51), we can infer that if p(0) < p(1), the subgame
perfect equilibrium prices Dg(o)’y(l) and Dg(l)’y(o) are in bet-
ween Dg(o)’y(o) and Dg(l)’y(l); that is,

Dg(l),y(l) < DK(O),V(I) < Dg(O),y(O))
Dg(l),y(l) < Dz(l),y(o) < DK(O)’Y(O)-

In Figure 1, we can verify the inequalities in (52).

Let y, be the weighted average of y(0) and y(1) with
steady-state probabilities P, and P, of states 0 and 1 as
weights; that is,

Vp = Pyy (0) + Py (1). (53)

Consider the naive equilibrium price Dg” 7 with Vp»and then

. . . el . sy,
a question arises. Is the naive equilibrium price Dy""" a good

estimate of the subgame perfect equilibrium prices Dg(o)’y(l)

and Dg(l)’y(o)? If the gap between Dg” " and the subgame
perfect equilibrium prices is small enough, we may use the
naive equilibrium price Dg" " instead of the subgame perfect
equilibrium prices. However, the answer is no because the gap
is considerable for many cases.

In Figure 2, y(0) is fixed at (0) = 1 and we examine
the changes of equilibrium prices as p(1) changes. The left

panel shows the equilibrium prices; the solid line is Dg” Y,

the dashed line is Dg(o)’y(l), and the dotted line is Dg(l)’y(o). In

the right panel, percentage changes from Dg" " areillustrated;

that is,

y(0),y(1) Dy"'y”

Dashed line: —2—— % %100,
pirte
0
(54)
y(1),y(0) plrte
Dotted line: —> 9 x%100.

Vor¥p
Dy
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We can observe that there are significant gaps between the

naive equilibrium price Dg" " and the subgame perfect equi-
librium prices Dg(o)’y(l) and Dg(l)’y(o) for large enough y(1),
and the gaps become wider as y(1) increases. This implies
that if the agent becomes much more risk averse in the bear
market than in the bull market, the naive equilibrium price
with y,, cannot be a good estimate of the subgame perfect
equilibrium prices and thus the subgame perfect equilibrium
prices should be derived using our pricing principle.

4.2. Effect of mp. Now we examine the effect of mp, the
number of units of derivative D in the market, on the
equilibrium prices.

It is observed that the equilibrium prices (both subgame
perfect and naive) are decreasing with respect to mp, in the
left panel of Figure 3. This is a consistent result with Garleanu
et al. [25]. They considered a derivative market with two
participants: representative dealer and end users. End users’
aggregate demand for derivative d is assumed to be a random
variable. On the contrary, dealer’s demand for derivative g
is optimally determined by utility maximization. The market
clearing condition is g + d = 0. Their result is

P >0 (59)
od
Notice that as d decreases, there are more derivatives which
should be purchased by representative dealer to achieve
market clearing. So the decreasing d in Garleanu et al. [25]
corresponds to increasing m1p, in our model. Therefore, our
result

oD,
omp,

<0 (56)

is consistent with (55). Moreover, as we can observe in the
right panel of Figure 3, the gaps between the subgame perfect

equilibrium prices Dg(o)’y(l) and Dg(l)’y(o) and the naive
equilibrium price Dg" " is considerable for large enough 1.

5. Conclusion

We consider a multiperiod incomplete market model with
tradable risky asset, nontradable underlying and contingent
claim (derivative) written on both tradable risky asset, and
nontradable underlying. We develop an equilibrium pricing
principle for the derivative; the price of the derivative is priced
by combining the optimal strategies of representative agent
and market clearing condition for the derivative. Since the
agent’s risk aversion is assumed to be stochastic, classical
approach with precommitment gives the naive strategies
and the naive equilibrium price which do not update the
change of risk preference. Alternatively, we consider the
subgame perfect strategies and derive the corresponding
subgame perfect equilibrium price. We consider two-state
regime switching model for numerical experiments. Then the
numerical result shows that naive equilibrium price cannot
be a good estimate for subgame perfect equilibrium price in
many cases. In particular, if the representative agent’s risk
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aversion changes a lot depending on regime or the number of
units of derivative we consider is large, then the gap between
naive equilibrium price and subgame perfect equilibrium
price is considerable. This shows the importance of our
subgame perfect equilibrium pricing principle.
Appendices

A. Proof of Theorem 3

From (4) and (5), it follows that

[EtN—l [_ exp (_ytN—l (X;TN + ItN))]

E;. . [— exp (_Vthl (XtNi1 + AX?N,

)]
X, 1))

— _67YtN71X;rN’1 [EtN—l [CXP (_ytN—l (A

(@ pr),

__’Yt,Xﬂ_
= —e 'IN-1 legN7

(A1)
where
71
gn-1 (0 B,) = E.. [exp (_YtN,1 (AXtN_1 + ItN))]
= le_y‘N—llx(HfN—lh-"ng—l Vi)
X IEtN—l [ethNflﬁAD‘N—l ethN—II‘N | AtN—l]
+ le_ny—la(p'tcN—lh_afCN—l Vh)
2

x E [e y[NlﬂADtNle Venor I |AfN1]'

(A2)

Recall that A, = {we Q: Abtlk = 1} and Actk = {w €
Q: Abtlk = —1}. The function gy_, («, 3, -) has the following
properties:

In (0,0,) =E,  [eMv] <1 (A3)
For a fixed 3, it follows that for small
IN-1 (00> ﬁx ) = 00; IN-1 (_OO, ﬁ, ) = Q. (A4)

By arbitrage argument it follows that D,  belongs to the

interval
. Q Q
D,  (w)e [%f[E [DtN] ,sgp[E [DtN]] , weQ,
(A.5)

where Q ranges over the set of probability measures. Conse-
quently,

AD, (w) € [D,N -supE?[D, |, D, - inf E® [D,N]] :
Q
(A.6)

Journal of Applied Mathematics

Thus, the sets {w € Q : (w) > 0}and {w € Q :
., (W) <0} have pos1t1ve probablhty This implies that

In-1 (&0, 00,) = 00, In-1 (&, —00,-) = 00 (A7)
From the above analysis, it follows that the minimum of the

function of g is a critical point. First order conditions lead to

(o C
agN—l _ Ve (‘MtN—lh + UtN—l \/E)
Ju 2
. e_ytN—la(HfN—1h+afN—l Vh)
x [EtN,l [e—ytN_lﬁADtN_le—ytN_II,N | Atm]
Ve (M;th B O—tCNfl \m)
2
. efyth“(HtCNAthch—l V)
By [t | |
= O)
(A.8)
% = le_Ythla(MfN—lh*—o-tcN—l Vh)
B 2
x [EtN—l [_YthlADtN— e_y[NilﬁADtNil
_y . I
X e IN-17tN |AtN71]
n le*m,,l alyp, b0 Vh)
2
X [Ethl [_YthlADtN— ei%NilﬁADtNil
Y I
X e 'N-17iN |AtN1]
=0.
Recall that
ADtI\H = DtN tN 1 [D ] (A9)

for an equilibrium pricing measure Q" to be found. Since
EY [D, ]is %, measurable, it follows that
SN RN IN-1

. 1 | 1+ rfNil Vh
04 = (0]

A 2ytzx}—lo.tcN—l \/E ’ 1- rfCN—l \/Z
o
ZYtN—l UtCN—l \/E

IEt [ _nyflﬁ:N—lDtNe_%N—IIfN |At ]
xlog| —— =)
[e Vinor Pin- 1DN “Yenoa Ty | AC ]
-1

(A.10)

+

tNl
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By the equilibrium condition 8, = mp,. This together with
0gn-1/9B = 0leads to

E [AD efny—1mDADfN—1 eiy’N—IItN |A ]
IN-1 IN-1 IN-1

vk (A11)

2V Fing, O,
= —e“ViN1%tN Ot Y E

IN-1

X [AD eiytN—lmDADtN—l eiytN—IItN | AC ] ,
IN-1 IN-1

* c
eZYtN—l %N Oty Vi

(1 +1y \/E) E [e_%N'lmDDtNe_%N'IItN I A, ]
_ N-1 N-1 N-1
(1 - rtCNA \/E) [EtN—l [e_YtNilmDDtN e_YtNilItN | AiNfl]
(A12)
Combing the above equations leads to
2 .
—— [ D
1— rfN,l Vh IN-1 tN]
— [EtN—l [DtNei})tNilmDDtNeinilItN | AtN—l]
IEtN [ethN—lmDD‘N ethN—II‘N | AtN ]
1 -1
(A.13)
(147, Vi)
+ —
(17, Vh)
IEtN—l [DtNe_%NilmDDtN e_%NﬂItN | ACtN 1]
« .
IEtN,l [e’VtN,lmDDtN e’YtN,IItN | A(;N,l]
This together with (A.9) implies that
1-r vh
Dthl = 2
[EtN_1 [DtNe_VtN,lmDDtNe_YtN,,ItN |AtN_1]
X
IEtN [e_nyflmDDfNe_ny—lIfN | AtN ]
1 —1
(A14)
1+r. h
+ +
|EtN_1 [DtNe_VtN_lmDDtNe_VtN_IIrN |A{‘2N,1]
[EtN—l [e_]}tNilmDD[Ne_ytNilI[N | ACthl]
Thus, the equilibrium price is
DtN—l = IEtN—l [ tNAtN] > (A.15)

where A’:N was defined in (22).

B. Proof of Theorem 8

We will prove the result for the subgame perfect equilibrium
price; the proof for the naive equilibrium price is similar and

1

hence omitted. First consider the time period [(N —n)h,(N —
n+1)h) and choose an arbitrary control 7 = («, f3) as follows:

n,, forn=N-mn-1),N-(n-2),...,N-1,

n=1 "
s forn=N -n.

(B.1)

From

N-1
T T *
XfN - Xfwf(nq) Ath’
k=N—-(n-1)

(B.2)

it follows that

[EtN—n [_ €xp (_YtN—n (X:[N + ItN))]

T
= _e_y‘N—n X‘an E
EN-n

IN-nt1

N-1
X [exp (—yth < Z AXt*k + ItN>>] ]
k=N—-(n—1)

T T _ *
= —¢ Vin-n Kinon [Et [e_YfN—n AN e ViNen Yth(n—l) ]
N-n

T
X |: e Yin-n AXin E

gy ().
(B.3)

Herefork=N-(n-1),...,N-2,N -1,
AXp = o (yfkh +0; \/EAbtlk) +mpAD, ,

— ” — Y
Inn (@ Bor) =E, [e Vi A iy 7 Vion ’mefn]
-n

1 _ c ¢ s
= —¢ Vi Xy, P00 h)[E
tN—n

X [e_y’N—n BADyy_, e_y[N—n YfN—n+1 | At ]
N-n

+ le_ny—n ey, h=0ty_, Vi) [Et
N

n

IN-n

(B.4)

X [e_ny—n BADyy_,, e Vin-n Yincnnn | A€ ]

with A, = {w e Q: Abthi = 1} and ACtN, ={w e Q:

Abthi = —1}. Arguing as in the one period case we get

Inon (0,0,9) = E, e ] < 00
(B.5)
In-n(00,B,) =005 gy, (-00,B,") = co.

From arbitrage considerations it follows that

D @e | [p,,,, Jawe[n, )] @
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where Q is the set of probability measures. Thus

ADthn (w) € DthrHrl —sup [EQ [Dthn+lj| >
Q

(B.7)

DthnH - laf [EQ [DthnH ]] >

so the sets {w : AD, (w) > 0} and {w : AD, (w) < 0} have
positive probability. Consequently, it follows that

IN-n (®,00,:) =003 gn_y(@,—00,-) =00.  (B.S)
Therefore the minimum of gy_,(a, 3,-) is a critical point.
Hence

agN—n _ (#fN—nh + O'EN—n \/E)

e Vin-n lp ‘Can h+afN7n L
ou 2

X "
x [E e Vin-n B*ADyy_, e Vin-n YNt | A
tN—n tN n

+(‘Mf h- O-th\/E)
2

(B.9)

¢ Vo @iy 0t VB

N

«
X [Et [efnyfnﬁ AD,_ ne ViN-n fN il | At ]
N-n N-n

=0.

By direct calculation, we verify that the subgame perfect
strategy is

*

thn

1 1+ r vh
= log I
ZVtN_n ofN_n vh 1- rtN_n Vh
1

+ —_—
ZYtN—n atcN—n \/E

E [e_V’N—n Binn P e Vin-n YN | A ]
N-n tN-n
x log .
E

[e_%N—n By Pinpn e Vin-n YN | A< ]
IN-n IN-n
(B.10)

From the equilibrium conditions it follows that f3; L.
This, combined with dgy_,/0f = 0, yields the equ111br1um
price at Tyy_,,. First, from dgy_,/0p = 0, one gets

~Yenon™ pAD,

— Y*
[Ethn [ADtN, e tN-n @ ViN-ntN-ns1 | AtN n]

* c
_ _ez)/tN—n XrnCtnn \/EIE
tN—n

% [ADt eiythanAD‘N —ne ViN-n tN_,,_,,l | At ] .
N-n N-n
(B.11)
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From dgy_,/0a = 0 it follows that
vh

*
QZVfN—n N TtN-n

= ((1 +rfN7n\/z)[E

thn

.
X [efnyfn MpDiy_ e Vin-n YNt | At ])
N-n

x((l —rfNin\/ﬁ)[E

IN-n

-1
x[ “Vinon DDfN—n+1e Vinon Vi tN ntl |At ])
N-n

(B.12)
This, together with

AD,, =Dy, = [Py ]

IN-n IN—nt1 IN-n

(B.13)

(here Q" is the equilibrium probability measure to be found)
yields

2 EQ"
1-rf \/_ Fi

EN—nt1 ]
=(E D e Vin-n mpDiy
tN—n tN—n+1
X eiy[N—anN—n-H | A ])
tN—n
X ( [Et [e_VfN—n mpDyy
N-n

Y -1
X e YN-nTtN-nt1 | A ])
IN-n

(1 + rtCan \/E)
S
(0

(B.14)

x [ E D efythanDthnu
tN—n tN—n+1
XerNnth+1|A ])
EN-n
X ([E e_V’N—anDfN—nH
thn

Yy -1
x e ViN-nTtN-ni1 |AC ])
tN—n
Consequently

IN-n
1-rfvVh
2

X ([E [D e_ny—n MmpDiy i
IN-n EN-n+1
.
x e ViN-n Yinni | A
thn
x| E efny—n mpDy
tN—n

"y -1
X e ViN-nttNonn | A ])
EN-n
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1+7{ Vh
4+ —n
2

x (| E D e_ythanDfN—nH
IN-n EN-nt1

x e ViN-n Yincnn | AS ] )
IN-n

x | E eiY[an mDDthml
tN—n

_ v* -1
Xe YinenLtnonnr | AC ] ) .
IN-n

(B.15)
Thus, the equilibrium price is

D (B.16)

*
INon T IN-n [DtN—nﬂ tN—n+1] >

with A’:N%l defined in (35).

C. Proof of Corollary 9

We consider the time period [(N — n)h,(N — n + 1)h). Recall
that
N-1
+AX, + Y AX,, (C.1)
k=N—(n-1)

XtN = XtN—n

where
AX, =& (4 h+0o; VhAB, )+ mpAD, (C2)

fork=N-(n-1),...,N—2,N — 1. By definition off/tk,we
have

£ 0/, )] = e [ e ]
[EtN—nﬂ [U, (W/t

[EtN—nH [U, (‘//\ZN
uEtN—n [U’ (‘7‘7’51\1)]

e Vo AXiy, e Vo Yinnn

= Yto e_yfo Xinon e_on AXip e_yfo Yincn )

[Et [e_yto AXinn e Yo Yinpnr ]
N-n

e Mo Sin-n TN \/ﬁAbthfn e Yo (mpDyy, +i;tN—n+1 )
) [EtN—n [67%0 [N \/EAbrlN_,, e Vo (mpDiy +Tig ) ] ’
(C3)
Recall that

= c
62%0 RONERV Vi

(1 +7° )[E eiy"'O(mDDtN—n+l+Y’N—n+l) | A
tN-n tN-n IN-n

(1 — 7€ ) E eiyt() (mDD’N7n+l+Y’N7n+1) | A€
IN-n) EN-n IN-n

(C.4)
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Using (C.4), we have

E [e_%o TN atcN—n \/ﬁAble—n

thn
X efyto (mpDyy_, Yy ) ]

1 ., & c
= —¢ Yio %N Otn—p \/E[Et
N-n

X e_on(mDDfN—n+1+YfN—n+1) |A
IN-n

+ leyto N chan Vh [Et
N-n

X [e_yfo(mDDfN—n+1+?fN—n+1) | A€ ] (CS)

IN-n

; RN Ot \/E[E .
1+7¢ h N
tN—n

X [e_yfo(mDDthnn*'Yfonn) | Ai ]
N-n

— ; efy‘o a‘an ach—n \m[E

L=y, i

X efyfo(mDD‘anﬂ i) |A .
tN—n

Therefore, it follows that on the set of {w : w € ACtN, }

[EfN—nﬂ [U, (V/\ZN)]
[EtN—n [U, (W/;N)]
(1 + th \/ﬁ) e Vo (mDDfN—nn +?fN—n+1)

E [67%0 (mpDyy Y1y ,0) | AS ]
tN—n tN—n

(C.6)

Moreover, on the set of {w : w € Atnfn}’

B [V (W,)]
[EtN—n [U’ (Wftl\l)] ( )
- C7

(1 — rtz: \/E) eiy‘(l (mDD’anH +Y’an+1)
N-n

E e Yo (mpDyy Yy ) | A
EN-n IN-n

Therefore

£ U] -
Bl [U(Wy)]

EN-nt1”

with A, defined in (36).
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