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Relationships between fuzzy relations and fuzzy topologies are deeply researched. The concept of fuzzy approximating spaces is
introduced and decision conditions that a fuzzy topological space is a fuzzy approximating space are obtained.

1. Introduction

Rough set theory, proposed by Pawlak [1], is a new mathemat-
ical tool for data reasoning. It may be seen as an extension
of classical set theory and has been successfully applied to
machine learning, intelligent systems, inductive reasoning,
pattern recognition, mereology, image processing, signal
analysis, knowledge discovery, decision analysis, expert sys-
tems, and many other fields [2-5].

The basic structure of rough set theory is an approxima-
tion space. Based on it, lower and upper approximations can
be induced. Using these approximations, knowledge hidden
in information systems may be revealed and expressed in the
form of decision rules. A key notion in Pawlak rough set
model is equivalence relations. The equivalence classes are the
building blocks for the construction of these approximations.
In the real world, the equivalence relation is, however, too
restrictive for many practical applications. To address this
issue, many interesting and meaningful extensions of Pawlak
rough sets have been presented. Equivalence relations can be
replaced by tolerance relations [6], similarity relations [7],
binary relations [8, 9], and so on.

Various fuzzy generalizations of rough approximations
have been proposed [10-14]. The most common fuzzy rough
set is obtained by replacing the crisp relations with fuzzy rela-
tions on the universe and crisp subsets with fuzzy sets. Dubois
and Prade [10] first proposed the concept of rough fuzzy sets
and fuzzy rough sets and pointed out that a rough fuzzy
set is a special case of a fuzzy rough set. Now, fuzzy rough
sets have been used to solve practical problems such as data

mining [15], approximate reasoning [5], and medical time
series.

An interesting and natural research topic in rough set
theory is to study the relationship between rough sets and
topologies. Many authors studied topological properties of
rough sets [16-21]. It is known that the pair of lower and upper
approximation operators induced by a reflexive and transitive
relation is exactly the pair of interior and closure operators of
a topology [16, 22].

The purpose of this paper is to investigate further topo-
logical properties of fuzzy rough sets.

The remaining part of this paper is organized as follows.
In Section 2, we recall some basic concepts about fuzzy sets
and fuzzy topologies. In Section 3, fuzzy rough approxima-
tion operators are further investigated. In Section 4, relation-
ships between fuzzy approximation spaces and fuzzy topolo-
gies are established. In Section 5, the concept of fuzzy approx-
imating spaces is introduced and decision conditions that a
fuzzy topological space is a fuzzy approximating space are
obtained. Conclusions are in Section 6.

2. Preliminaries

Throughout this paper, U denotes a nonempty finite set, I
denotes [0, 1], and F(U) denotes the set of all fuzzy sets in
U. For a € I, a denotes the constant fuzzy set in U.

For all A € F(U), we denote

Ry={(x,y) eUxU:A(x)>A(y)}. (1

Obviously, R, =0 & A =g for some A € I.
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A fuzzy set is called a fuzzy point in U, if it takes the value
0 for each y € U except one, say, x € U. If its value at x
is A (0 < A < 1), we denote this fuzzy point by x,, where
the point x is called its support and A is called its height (see
[23, 24]).

Specially,
L y=x
= 2
xl()’) ‘{0) y#x. ()
Remark 1. Consider
A=JAwx) (AeFO). 3)
xeU

Definition 2 (see [25]). T € F(U) is called a fuzzy topology on
U, if

(i)Vael, aer,
(ii)A,BeTrT=ANBeT,
(iii){Aj:je]}grzUjE]Ajer.

The pair (U, 1) is called a fuzzy topological space. Every
member of 7 is called a fuzzy open set in U. Its complement
is called a fuzzy closed set in U.

We denote 7° = {A € F(U) : A® € t}.

It should be pointed out that if (i) in Definition 2 is
replaced [26] by

Q) 0,Ter,

then 7 is a fuzzy topology in the sense of Chang [26]. We can
see that a fuzzy topology in the sense of Lowen must be a fuzzy
topology in the sense of Chang. In this paper, we always con-
sider the fuzzy topology in the sense of Lowen.

A fuzzy topology T is called Alexandrov [27] if (ii) in
Definition 2 is replaced by

(i) {A;:jeflct=jg A€

Definition 3 (see [28]). Let R be a relation on U. Vx € U,
denote

R,(x)={y eU:(y x) € R},

R (x)={y €U: (xy) € R}.

(4)

Then Rp(x) and R (x) are called the predecessor and succes-
sor neighborhood of x, respectively.

3. Fuzzy Approximation Spaces and Fuzzy
Rough Approximation Operators
Recall that R is called a fuzzy relation on U if R € F(U x U).

Definition 4 (see [14,29]). Let Rbea fuzzy relation onU. Then
R is called

(1) reflexive, if R(x, x) = 1 for any x € U,
(2) symmetric, if R(x, ¥) = R(y, x) for any x, y € U,
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(3) transitive, if R(x,z) =
x, ¥,z €U.

R(x, y) A R(y,z) for any

Let R be a fuzzy relation on U. R is called preorder if R is
reflexive and transitive. R is called equivalence if R is reflexive,
symmetric, and transitive.

Definition 5 (see [14, 29]). Let R be a fuzzy relation on U. The
pair (U, R) is called a fuzzy approximation space. Based on
(U, R), the fuzzy lower and the fuzzy upper approximation
of A € F(U), denoted, respectively, by R(A) and R(A), are
defined as follows:

RA)X = N\(AGV(I-R(xy) (xeU),

yeUu

RA)(x)=\/ (AP AR(x,y) (xeU).
yeU

(5)

The pair (R(A), R(A)) is called the fuzzy rough set of A
with respect to (U, R).

R: F(U) — F@U)andR : F({U) — F(U) are called
the fuzzy lower approximation operator and the fuzzy upper
approximation operator, respectively. In general, we refer to R

and R as the fuzzy rough approximation operators.

Remark 6. R(x;)(y) = R(y,x) and R((x))(y) = 1 -
R(y,x) (x,y € U).

Proposition 7 (see [30]). Let R be a fuzzy relation onU. Then,
forany A,B € F(U), {Aj :jeJ}cFU)and A €I,

(1) R(1) = L, R(0) =0,
(2) A < B = R(A) € R(B), R(A) < R(B),
(3) R(A°) = (R(A)), R(A) = (R(A))",

@) RN A)) N ®RA D), RU4)
Uje (RA ),
(5) R(AA) = AR(A).

Theorem 8 (see [14, 29, 30]). Let R be a fuzzy relation on U.
Then consider the following.

(1) Ris reflexive & (ILR) YA € F(U), R(A) € A.
& (IUR) VA € F(U), A € R(A).

(2) R is symmetric & (ILS) V(x,y) € U x U,
R((x))() = R((y))(x).

& (IUS) Y(x, y) € UxU, R(x;)(y) = R(y,)(x).

(3) R is transitive & (ILT) VA € F(U), R(A) <
R(R(A)).

& (IUT) VA € F(U), R(R(A)) € R(A).

Remark 9. (1) Va € I, R(a) < a < R(a);
(2) if R is reflexive, then Va € I, R(a) = a = R@).
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Theorem 10. Let R be a fuzzy relation on U and let T be a fuzzy
topology on U. If one of the following conditions is satisfied,
then R is preorder:

(1) R is the closure operator of T,

(2) R is the interior operator of T.

Proof. (1) Let x, y,z € U. Put cl.(z,;)(y) = A. Note that R is
the interior operator of 7. Then

R(x,x) = R(x;)(x) =cl (%) (x) 2 x; (x) = 1. (6)

Thus R is reflexive. Remark 6, and

Proposition 7(5),

By Remark]l,

R(x,y) AR(y2)
=R(5) () AR(2)) (y) = R(y) () Al (1) (¥)
=R(31) () AL =AR(y;) (x) = R(Ay;) (x)
= cl. (W) (x) = el (cl (z1) () 1) (%)

<d, (U (cl. (z,) (®) tl)) (x)

teU

=cl, (cl, (z,)) (x) = cl, (z,) (x) = R(x,2).
7)

Then R is transitive. Hence R is preorder.
(2) The proof is similar to (1). ]

Proposition 11. Let R be a fuzzy relation on U. Then, for each
A € F(U) with R, #0, consider the following.

(1) (@) R(A) 2 A & (FLO) Y(x,y) € Ry, 1 = R(x, y) >
A(x) vV A(y).

(b) R(A) € A & (FUO) Y(x,y) € Ry, R(y,x) <
A(x) N A(p).

(2) If R is reflexive, then

(a) R(A) = A & (FLR) ¥(x,y) € Ry, 1 - R(x, )
A(x) vV A(y).

(b) R(A) = A & (FUR) V(x,y) € Ry R(y,x)
A(x) N A(y).

vV

IN

Proof. (1) (a) Necessity. Suppose that R(A) 2 A. Note that
Vx e U,

NAGVA-Rxy))=RA) () 2AF). g

yeU

Then Vx, y € U, A(y) V (1 - R(x, y)) = A(x). Since V(x, y) €
R,, A(x) > A(y), we have

1-R(x,y)2Ax) =AM VA(y) ((xy)eRy). (9

Sufficiency. Suppose that (FLO) holds. Let x € U.
Consider the following.

(i) If y € (R,),(x), then

A()V(I-R(xy)) 2 A(y) V(A VA(y)) = A(x()l(.))

(ii) If y ¢ (R,)(x), then A(y) > A(x) and so
A(y)V(I-R(x,y)) 2 A(y) 2 A(x). (11)

Hence R(A)(x) = /\yeU(A(y) V (1 - R(x, ¥))) = A(x).
Thus R(A) 2 A.
(b) Necessity. Suppose that R(A) € A. Note that Vy € U,

V(A@ARyX))=RA) () <AD).

xeU

Then Vx, y € U, A(x) AR(y,x) < A(y). Since V(x, ¥) € Ry,
A(x) > A(y), we have

R(yx)<A(y) =AM AA(y) ((xy)€Ry). (13)

Sufficiency. Suppose that (FLO) holds. Let y € U.
Consider the following.

(i) Ifx e (Ra)p (), then (x, y) € R, and so
AX)VR(y,x) AN (AX)ANA(y) <A(y). (14)
(i) If x ¢ (RA)P(y), then A(x) < A(y) and so

A(X)AR(y,x) < A(x) < A(y). (15)

Hence (R(A))() = Veu(A(x) AR(y, %)) < A(y).

Thus R(A) € A.

(2) holds by (1), the reflexivity of R, and Theorem 8(1).
O

4. Relationships between Fuzzy Relations and
Fuzzy Topologies

4.1. Fuzzy Topology Induced by Fuzzy Relations. Let R be a
fuzzy relation on U. Denote

o ={A€F(U): ACR(A)},

R ={A€F(U): A=R(A)},

Sg = /\ R(x,y), tp=

x,yeUx#+y

O ={R(A): A FU)};

\/ R(x,y).

x,y€Ux# y
(16)

Remark 12. Let R be a fuzzy relation on U. Then consider the
following.

(1) TR S o, Tg <€ Op.

(2) If R is transitive, then 73 € Oy < 0.

(3) If R is reflexive, then 74 = 0.

(4) If R is preorder, then o = 73 = Op.



Theorem 13 (see [30]). Let R be a preorder fuzzy relation on
U. Then consider the following.

(1) Oy is a fuzzy topology on U.
(2) R is the interior operator of O.
(3) Ris the closure operator of Op.

Theorem 14. Let R be a fuzzy relation on U. Then

(1) oy is an Alexandrov fuzzy topology on U,
(2) if R is reflexive, then VA € F(U),

nt, (A)SR(A) S ACR(A)<d, (A). (17)
(3) A€ (op) © R(A) € A.
(4)Va eI, a e (op).

Proof. (1) By Remark 9(1), a € oy (a € I).

Let {Aj :j €]} €og ThenVj € J, A; € R(A)). By
Proposition 7(4),
M= eea)-2( )
j€l j€J jel
(18)

Uy <Usa)en(Un, )
jeJ jeJ jeJ
Hence [);e; A j,Uje A € 0g. So 0y is Alexandrov.
(2) VA € F(U), by Proposition 7(2),
nt, (A)
= J{Beog:Bc A} c| J{Beor:R(B) SR(A)}

=J{Be F(U): BSR(B) SR(A)} S R(A).

19)
By Proposition 7(3),
cl, (A4) = (int, (A°)) 2 (R(A9)) =R(A).  (20)
By the reflexivity of R and Theorem 8(1),
int, (A) € R(A) < A< R(A)cd, (A). (21)
(3) holds by Proposition 7(3).
(4) holds by (3) and Remark 9(1). O

Definition 15. Let R be a fuzzy relation on U. oy, is called the
fuzzy topology induced by R on U.

Definition 16. Let R be a fuzzy relation on U. R is called
pseudoconstant, if there exists a € I such that, for any x, y €
U7

R(x,y)={1’ ifx=y (22)

a, iftx+y.

We write Rby a® or aj,;.
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Obviously, every pseudoconstant fuzzy relation is an
equivalence fuzzy relation.

Remark 17. (1) Va,b € I, a < bimpliesa™ C b*.
2Q)Vael, o, =1, =0,..
(3) oy =F(U), 0, ={a:ael}.
(4) VR € F(U x U), s5 C R C t5.

The following theorem gives the topological structure of
fuzzy approximation spaces.

Theorem 18. Let (U, R) be a fuzzy approximation space. Then

(1) og =0, U{A € F(U) : V(x,y) € Ry, A(x) V A(y) <
1 - R(x, )},

(2) 6,2 S OR € O

Proof. (1) holds by Proposition 11(1) and Remark 17(3).
(2) holds by Remark 17(1). O]

4.2. Fuzzy Relations Induced by Fuzzy Topologies
Definition 19. Let o be a fuzzy topology on U. Define
R, (x,y) =y (1) (x)  (x,y€U). (23)

Then R, is called the fuzzy relation induced by o on U.

Theorem 20. Let o be a fuzzy topology on U and let R, be the
fuzzy relation induced by o on U. Then

(1) R, is reflexive,

2) If a € o° whenever a € I, then VA € F(U),

R, (A) € int,(A) S Acd,(A) SR, (A). (24)

Proof. (1) Vx € U,
R, (x,x) =cl, (x;) (%) = (x;) (x) = 1. (25)

Then R, is reflexive.
(2) VA € F(U), by Remark 1 and Proposition 7(2),

cl, (A) = c, ( U@ y1)>

= Jd, (A(y) »1) = [ Jely (A(y) 0 31)

yeu yeu (26)
e U e (A0 nely (1)
- U AG)nd, 0u).
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Then Vx € U,

cly (A) (%) < \/ (A(y) (%) Al (1) (%))

yeU

:\/(A

yeUu

o 27)
(¥) AR, (x, 7)) = R, (A) (x).

Hence ¢l (A) € R_G(A).
By Proposition 7(3),

int, (4) = (cl, (4))" 2 (R, (4)) =R, (4).  (28)
So
R, (A) Cint, (A) c Accl, (A) ¢ R, (A).  (29)

O

Theorem 21. Let R be a preorder fuzzy relation, let o be the
fuzzy topology by R on U, and let R, be the fuzzy relation
induced by oy onU. Then R, = R.

Proof. By Remark 6, Remark 12(4), and Theorem 13(3),

R(x, ) = R(y) (x) = cly, (1) (x)
cly, (31) (%) = Ry, (x,y) (30)
(x,y €U).

ThenR, =R O

4.3. (CC) Axiom. The following condition for a fuzzy topol-
ogy o on U is called (CC) axiom in [31],
(CC) axiom: for any A € I and A € F(U),

cl, (AA) = Acl, (A). (31)

Proposition 22. Let o be a fuzzy topology on U. If o satisfied
the (CC) axiom, then

(1) R, is the closure operator of o,

(2) R, is a preorder fuzzy relation on U,
(3)Vael,aco,

(4) o is Alexandrov.

Proof. (1) VA € F(U), by Remark 1 and (CC) axiom,

5 (A) =d, (U(A(y)yl >
yeu (32)
= UCZU (A(y)}ﬁ) = U (A(y)do (yl))

yeU yeU

5
Then Vx € U,
dy (4) (x) = \/ (A(y) (x) Acly (7)) ()
eU
. o (33)
= \/ (A(») AR, (x,)) =R, (A) (x).
yeUu

Thus R,(A) = cl_(A). So R, is the closure operator of .
(2) holds by (1) and Theorem 10.
(3) Va € I, by (2), Proposition 7(3), and Remark 9(2),

int, (@) = (cl, @))" = (R,

Thena € o.
(4) By (1) and Proposition 7(3), R, is the interior operator

of 0.

,@) =R,@=a (39)

Let {Aj :je]J} €o . ThenVj € J, int(A;) = A;. By
Proposition 7(4),
(A =(ints (4,) =R, (4))
jel jel jel
35)
=R, <ﬂAj> = int, <ﬂAj> .
RN D jeJ
So0();ey A; € 0. Hence 0 is Alexandrov. O

Proposition 23. Let R be a preorder fuzzy relation on U. Then
oy satisfies (CC) axiom.

Proof. Forany A € I and A € F(U), by Proposition 7(6) and
Proposition 22,

cly, (AA) = R(AA) = AR(A) = Acl, (A). (36)

O

Theorem 24. Let o be a fuzzy topology on U, let R be the
fuzzy relation induced by o on U, and let o be the fuzzy
topology induced by R, on U. If o satisfies (CC) axiom, then
oy, = 0.

Proof. By Theorem 20(1), R, is reflexive. Vx, y,z € U, put
cly(z,)(y) = A. By (CC) axiom and Remark 1,

ACZU (yl) = CZG (Ayl) = Cl(r (Cla (Zl) ()/) yl)

Ck(Lﬂda@JUﬁJ> (37)

teU

N

Clo (Cla (Zl)) = Cla (Zl) .
Then
R, (%, ) AR, (3:2)

= cly (1) () A el (21) (3) = el (1) (x) A A
=AN Clo (yl) (x) = ()‘Cla (yl)) (x)
<cl, (z,)(x) =R, (x,2).

(38)

Thus R, is transitive and so R is preorder.



VA € F(U), by Remark 12 and Theorem 13(3),
cly, (A) =clg, (A) =R, (A). (39)

By (CC) axiom and Proposition 22, R_U(A) = ¢l (A). So
cly, (A) = cl,(A). Thus

int,, (A) = (chRg (AC))C

= (c, (A%))" = int, (4).

(40)

Henceop =o0. O

Theorem 25. Let T be a fuzzy topology on U. Then the
following are equivalent.
(1) 7 satisfies (CC) axiom.
(2) There exists a preorder fuzzy relation p on U such that
p is the closure operator of T.

(3) There exists a preorder fuzzy relation p on U such that
p is the interior operator of T.

(4) R, is the closure operator of T.

(5) R, is the interior operator of T.

Proof. (1) = (2). Suppose that 7 satisfies (CC) axiom. Pick
p = R,. By Proposition 22, p is the closure operator of 7. By
Theorem 10, p is preorder.

(2) = (3). Let p be the closure operator of 7 for some pre-
order fuzzy relation p on U. VA € F(U), by Proposition 7(3),

p(A) = (p(A)) = (d, (A)) =int, (A).  (4])

Thus p is the interior operator of 7.
(3) = (5). Let p be the interior operator of 7 for some

preorder fuzzy relation p on U.
By Remark 6,

p(xy)=1-p((n)) @) =1-int, ((5)) ®)

42)
=c:(n)®) =R (xy) (xyel).
Then p = R,. Thus R, is the interior operator of 7.
(5) = (4) holds by P_roposition 7(3).
(4) = (1). For any A € I and A € F(U), by

Proposition 7(6),
cl, (AA) = R_ (AA) = AR, (A) = Acl, (A). (43)
Thus 7 satisfies (CC) axiom. O

Theorem 26. Let

Y = {R: R is a preorder fuzzy relation on U},

I = {0 : 0 is a fuzzy topology on U satisfying (CC) axiom} .
(44)

Then there exists a one-to-one correspondence between ¥ and
T.
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Proof. f:X — Tandg:T — X are defined as follows:

f(R):GR (REZ)>
(45)
g(@)=R, (ceT).
By Theorem 21,
ge f = iZ) (46)
where go f is the composition of f and g and iy is the identity
mapping on I'.
By Theorem 24,

feg=in (47)

where f o g isthe composition of g and f and i} is the identity
mapping on 2.

Hence f and g are two one-to-one correspondences. This
proves that there exists a one-to-one correspondence between
YandT. O

5. Fuzzy Approximating Spaces

As can be seen from Section 4, a fuzzy relation yields a fuzzy
topology. In this section, we consider the reverse problem;
that is, when can the given fuzzy topology coincide with the
fuzzy topology induced by some fuzzy relation?

Definition 27. Let (U, 0) be a fuzzy topological space. If there
exists a fuzzy relation on U such that oy = o, then (U, 0) is
called a fuzzy approximating space.

Theorem 28. Let (U, 0) be a fuzzy topological space. If one
of the following conditions is satisfied, then (U, ) is a fuzzy
approximating space.

(1) 7 satisfies (CC) axiom.

(2) There exists a preorder fuzzy relation p on U such that
p is the closure operator of T.

(3) There exists a preorder fuzzy relation p on U such that
p is the interior operator of T.

(4) R, is the closure operator of T.
(5) R, is the interior operator of T.
Proof. These hold by Theorems 24 and 25. O
Theorem 29. Let (U,0) be a fuzzy topological space. Then
(U, 0) is a fuzzy approximating space if and only if there exists
a fuzzy relation R such that
o=0,-U{A€eFU):V(x,y) € Ry,
(48)
Ax)VA(y) <1-R(x,p)}.
Proof. This holds by Theorem 18(1). O

Example 30. {a : a € I} is a fuzzy approximating space.
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6. Conclusions

In this paper, relationships between fuzzy relations and fuzzy
topology were discussed. The fact that there exists a one-to-
one correspondence between the set of all preorder fuzzy
relations and the set of all fuzzy topologies which satisfy
(CC) axiom was proved. We introduced the concept of fuzzy
approximating spaces and gave decision conditions that a
fuzzy topological space is a fuzzy approximating space.

The results of this paper illustrate that fuzzy relations can
be researched by means of topology. We hope that one can
find applications of topological properties of fuzzy rough sets
in information sciences. In future work, we will do similar
exploration of fuzzy neighborhood spaces like this paper.
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