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By establishing a comparison result and using the monotone iterative technique, combining with the method of upper and lower
solutions, the existence of solutions for systems of nonlinear fractional differential equations is considered. An example is given to

demonstrate the applicability of our results.

1. Introduction

In recent years the theory of fractional derivatives and
integrals called Fractional Calculus has been steadily gaining
importance for applications. Ordinary and partial differential
equations of fractional order have been widely used for
modeling various processes in physics, chemistry, aerody-
namics of complex medium, polymer rheology, and control of
dynamical systems (see, e.g., [1-3] and the references therein).
Recently, many researchers paid attention to the existence of
solutions of the initial value problems and boundary value
problems for fractional differential equations, such as [4-
11]. In [4], the existence and uniqueness of solution of the
following initial value problem for fractional equation of
Volterra type with the Riemann-Liouville derivative

t
Dix(t) = f(t,x(t),J k(t,s)x(s)ds),
0
teJy=(0,T], T>0, ®
7% (t)|t=0 =r,
was discussed by using the method of upper and lower

solutions and its associated monotone iterative method.
In [9], the existence and uniqueness of extremal solutions

of the following system of nonlinear fractional differential
equations

Du(t)= f (tu(t),v({),
D*v(t) =g (t,v(t),u(t),

te (0,717,
te(0,T], (2)

- _ 1-a _
t u(t)'tzo = Xy, t v(t)|t:0 =9
was discussed by using the same method, too.

Motivated by the above two papers, we consider the
existence of solutions for a system of nonlinear fractional
differential equations subject to initial conditions of the type

D*u(t) = f<t,u(t),J:k(t,s)v(s)ds>, te(0,T],

DY (¢) = g(t,v(t),J:k(t,s)u(s) ds), te(,1], @

7% (t)|t:0 = X,, t “v(t)'tzo = Y

where the parameter 0 < « < 1 is the order of the fractional
differential equations, and we assume that 0 < T' < 00, f,g €
C([0, T x R xR, R), x4, ¥, € R, x < y,. D is the standard
Riemann-Liouville fractional derivative of order 0 < a < 1
(see [1]). It is worthwhile to indicate that the nonlinear terms
in the systems involve the unknown functions u(t) and v(t).
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The rest of this paper is organized as follows. In Section 2,
some preliminary knowledge and the existence and unique-
ness of solution for a linear problem for systems of differential
equations are discussed and a differential inequality as a
comparison principle is established. In Section 3, by using the
monotone iterative technique and the method of upper and
lower solutions, we prove the existence of extremal solutions
of systems (3). Finally, an example is given to illustrate our
results.

2. Preliminaries

In this section, we will state some necessary definitions and
preliminary results which will be used in the next section to
attain the existence of solutions for the nonlinear system (3).

First, consider the set C,_,([0,T]) = {u e C([0,T]);
t"™*u e C([0,T])}. For u € C, ,([0,T]) we define two
weighted norms:

il = max ™ ju ()],

(4)

™ = max £ Ju (1),
te[0,T]

with a fixed positive constant A.

Now we enunciate the following existence and uniqueness
results for the initial value problem (IVP) of the linear
fractional differential equations. For the following IVP of
fractional differential equation

x(t,) = x" = x(t) (t - to)l_“L:tO,
€)

where f € C([0,T] x R), it is equivalent to the following
Volterra integral equation:

D = f(t,x),

x(t) = < (1) + ﬁ j (-9 f(sx(s)ds. ()

Lemmal (see [12]). Letm € C,_,([0,T], R) be locally Holder
continuous function such that, for any t, € (0, T], one has

m(t,)=0, m(t)<0 forto<t<t,. )
Then it follows that
D*m(t;) > 0. (8)

Lemma 2. Let « € (0,1), M € R, N € R, k(t,s) €
C((0,T] x (0, T],R"), and |k(t,s)| < K, 0 € C,_,((0,T],R).
In addition, one assumes that

(H;)
T°T () <|M|+ INIkT> <1, fo<as 1 ©)
I'Qw) 200 2
Then the IVP

D%x (t) = o (t) — Mx (t) —Nth(t,s)x(s)ds, te(0,T],
0

% (l‘)|t:0 =r
(10)

has unique solution.
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Proof. In the case when 1/2 < « < 1, we use the norm
[ -, with positive number A satistying VA o> p =
(FQa - 1)/42T2Q2a - )))((IM| + IN|KT)/oal (x)) VI2*71,

The remainder part of the case and the case of 0 < o < 1/2
are similar to that of Theorem 1 in paper [4], so we omit the
details. O

Lemma 3. Suppose that condition (H,) holds. Let 0 < o < 1,
M,N € R, and 0,,0, € C,_,([0,T]); then the IVP

Du(t) =0, (t) - Mu(t)— N th(t, s)yv(s)ds, te€(0,T],
0

Dy (t) = 0, (t) — Mv (1) —thk(t,s)u(s) ds, te(0,T],
0

1-«

1,
P, = x0T, =2

(11)
has unique system of solutions in C,_,([0,T]) x C,_, ([0, T]).

Proof. The proof follows from the fact that the pair (1, v) is a
solution of problem (11) if and only if u(t) and v(¢) have the
form

uipy= 2O*ra® o PO-9)

tel0,T],
5 5 [0,T]

(12)

where p and g solve the problems

t
D*p(t)= (o, +0,) ) -~ Mp(t)—- N L k(t,s) p(s)ds,
t e (0,T],

tp (t)'t:O = Xo + Yo»
(13)

D*q(t) = (o, —0,) (t) —Mq(t) - N Jo k(t,s)q(s)ds,
te(0,T],

"% (t)'t:() =Xy~ Yo
(14)

By Lemma 2, we know that both problems (13) and (14) have
unique solution in C,_,([0,T]). Consequently, u# and v are
uniquely determined, too. This completes the proof of the
lemma. O]

Lemma4. Let 0 < a <1, M >0, N € R, w € C,_,([0,T])
and let w(t) be locally Holder continuous function such that

D“w(t)+Mw(t)+NJ-tk(t,s)w(s)dsz0, te€(0,7T],
0

% (t)|t:0 =w, > 0.
(15)

Then w(t) > 0 forallt € (0,T].
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Proof. Assume that the assertion is not true. Then from
" %w(t)],_y = w, > 0, there exist points t,,t; € (0, T] such
that w(t,) = 0, w(t(')) < 0,and w(t) > 0, for t € (0,t,], and
w(t) < 0, fort € (t,, t(')]. Assume that ¢, is the first minimal
point of w(t) on [t, t(')]. We divide the reminder of the proof
into two separate cases.

Case 1. Let M > 0, N < 0. It follows from Lemma 1 that
D* (~w(ty)) = 0. (16)
Hence, we have
D*w (t,) < 0. 17)
However,

to
0

D*w (ty) + Mw (t;) +NJ k(ty,s)w(s)ds>0. (18)
So, we have
D*w(t,) = -Mw(t,) - N Jto k(ty,s)w(s)ds >0, (19)
0

which is a contradiction. So the assertion holds in this case.

Case 2. Let M > 0, N > 0. From the condition D*w(t) +
Muw(t) + N [, k(t, Siw(s)ds > 0, we have

Dw () >0, (20)

forallt € (to,té]. Hence

t
J Dw(s)ds 20, Vit e (tytg]. (21)
f,

0

That is,
Iw@) -I"w(t) 20, Vte(tyty]. (22)
On the other hand, for € (¢, )],

I w ) - I"w(t,)

1 f o
= mjo (t—s)"w(s)ds

1 o -a
- m JO (tO —S) I,U(S)dS

(23)

1 fo —a
- T L ((t—s)_“—(to—s) )w(s)ds

1 t o
+ —F(l o) J;O (t-s)"w(s)ds

<0,

which contradicts with (22), so the assertion holds. O

Lemma5. Let0 < a« < 1, M > 0, N > 0, and k(t,s) €
C((0,T] x (0, T],R™), u, v € C,_,([0, T]). Moreover u(t), v(t)
are locally Holder continuous functions such that

D*u(t) > -Mu(t)+ N Jt k(t,s)v(s)ds, te(0,T],
0

Dy (t) = -Mv (t) +Nth(t,s)u(s) ds, te(0,T],
0

oy (t)|t:0 =x, 20,

tl_o‘v(t)L=0 =y, > 0.
(24)

Then for all t € (0,T], we have u(t) > 0, v(t) > 0.
Proof. Let p(t) = u(t) + v(t), Vt € (0,T]. By (24) we have
t
D*p(t) = -Mp(t) + NJ k(t,s)p(s)ds, te€(0,T],
0

t'"p (t)|t:0 > 0.

(25)

Hence
p(t)=0. (26)

That is,
u(t)=-v(t). (27)

In fact, by (24) and (27), we have that

Du(t) > —~Mu (t) - Nth(t, s\u(s)ds, te(0,T],
0
7 (t)'t=0 >0,
D*v(t) = —-Mv (t) —NJ-tk(t,s)v(s) ds, te(0,T],
0

tl“”v(t)L:0 > 0.
(28)

From Lemma 4, we obtain u(t) > 0, v(t) > 0, Vt € (0,T].
This completes the proof of the lemma. O

3. Main Results
In this section, we prove the existence of extremal solutions

of nonlinear system (3). We list the following assumptions for
convenience.



(H,) The function k(t,s) € C((0,T] x (0,T],R"). There
exist uy, v, € C,_,([0,T]), which are locally Holder
continuous functions, and u; < v, such that

Duy(t) < f (t, uy (1), J:k(t, $) vy (s) ds) , te(0,T],

', (1‘)|t=0 < Xp»
D%, (t) =2 g (t, v (1), Jt k(t,s)ug (s) ds> , te(0,T],
0

tl_“vo (t)'t=0 > y,.
(29)

(H;) There exist M > 0, N > 0, such that

f <t,u(t), J’Otk(t, s)v(s) ds) -f <t,ﬁ(t) , J:k(t,s)Tz(s) ds)

>-Mu(t)—u()-N Jot k(t,s) (v(s)—v(s))ds,

g <t,v(t) , Jotk(t, s)u(s) ds) -9 <t,17(t) , J:k(t, s)u(s) ds)

>-Mw(t)-v(t)-N J: k(t,s)(u(s)—u(s))ds,
(30)

where u,(t) ut) < u(t) < v(t), uy(t) <
v(t) < V() < vy(t), and g(t, v(¢), '[Otk(t,s)u(s)ds)
- f(t,u(t), .[Ot k(t,s)v(s)ds) = Mu(t) — v(t)) +
N Iot k(t, s)(v(s) — u(s))ds, with uy(t) < u(t) < v(t) <
vo(1).

NN

Theorem 6. Suppose that conditions (H,)-(H;) hold. Then,
there exists an (u*,v*) € [uy, vol X [ug, vy] which is an extremal
solution of the nonlinear problem (3). Moreover, there exist
monotone iterative sequences {u,},{v,} C [ugy,v,l, such that
fu,} - u*, {v,} - v' (n - ©0) uniformly ont € (0,T],
and

Ug<up < <u, <ut <V <<y

<<y <y
31

Proof. First, for any u,_;,v, ; € C,_o([0,T]), n > 1, we
consider the IVP of the linear system

D*u, (t)= f <t, u, , (1), Jt k(t,s)v,_;(s) ds)
0
t
+ Mu,_, (t) + NJ k(t,s)v,_,(s)ds
0

- Mu,, (t) —Nth(t,s) v,(s)ds, te(0,T],
0
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D%, (t) = g <t, o (0, Lt k(t,s)u, () ds)

+ My, () +N Jt k(t,s)u, , (s)ds
0
t
- Mv, (t)—NJ k(t,s)u,(s)ds, te(0,T],
0

- -
t u, (t)'t:0 = Xy, t %, (t)|t:0 = Yo-

(32)

From Lemma 3, we know that (32) has unique system of
solutions in C,_, ([0, T]) x C,_,([0,T1]).
Next, we show that {u, (¢)}, {v,(t)} satisfy the property

U, <u, <v,<v,, n=12,.... (33)

Let p(t) = u () — uy(t), qt) = vy(t) — v, (¢). From (32)
and (H,), we have that

D%p (t) = D"u, (t) — D"u, (t)
> f (t, u,y (1), th(t, $) v (8) ds) + Mu (t)
0
+ N Jt k(t,s) vy (s)ds — Mu, (t)
0
-N th(t,s) v, (s)ds
0
—f(t,uo (t),rk(t,s) vo (5) ds>
0

- Mp()+N Lt k(t,5)q(s) ds,

D%q(t) = D%, (t) - D™, (t)
>g (t, vo (1), r k(t,s)uq (s) ds)
0
t
-9 <t, vo (1), J k(t,s)uq (s) ds) - M, (t)
0
t
-N J k(t,s) vy (s)ds + Mv, (t)
0
iN th(t, S uy (s) ds
0

=-Mq(t)+N Ltk(t, s) p(s)ds,

£ (0], = yo— ¥ = 0.
(34)

1—
tp (t)|t:0 >xy— % =0,

Thus, by Lemma 5, we have that p(t) > 0, q(t) > 0, Vt €
(0,T].



Journal of Applied Mathematics

Let w(t) = v,(¢) — u,(¢). By condition (32) and (H;), we
obtain

Dw (t) = D%v, (t) — D*u, (t)
=g (t, vo (1), J-t k(t,s)u,(s) ds> + Mv, (1)
0

+ N J-t k(t,s)uy(s)ds — Mv, (t)
0

-N th(t,s)ul (s)ds
0

t

-f (t, u, (1), JO k(t,s) vy (s) ds> — Muy, (t)
t

-N J k(t,s) vy (s)ds+ Mu, (t)
0

+N J-tk(t,s) vy (s)ds
0

>-Mw(t)+ N th(t,s)w(s) ds,
0

' w (t)|t:0 = Yo — Xo = 0.
(35)

By Lemma 4, we obtain w(t) > 0, Vt € (0, T]. Hence, we have
the relation 1y < u; < v, < v,

Now, we assume that u,_; < u < v, < v, for some
k > 1, and we prove that (33) is true for k + 1, too. Let p(t) =

U () =g (1), (1) = vie(t) = Vi (8), w(E) = Vi (8) =g, (8).
By (32) and (Hj,), we have that

Dp (t) = D*uy,, (t) — Dy (1)
=f <t, u (1), r k(t,s) v (s) ds) + Muy (t)
0

t

+ N J k(t,s) v (s)ds — Muy,, (t)
0

N Jt k(t,5) vy, (s) ds
0

t
-f <t, u_, (), Jo k(t,s) vi_y (s) ds)

t

- Mu_, (1) -N JO k(t,5) vy (s) ds + Muy (t)

t
+NJ k(t,s) v (s)ds
0

> —Mp(t)+Nth(t,s)q(s)ds, te(0,T],
0

D%q(t) = D" (t) — D™ vy, (1)

=g (t, Vi () J k(t,s) up_y (s) ds) + Mv_, (t)

0

+N J;)t k(t,s)u_y (s)ds — M (t)
t

—NJ k(t,s)uy (s)ds
0

t

_g (t, v (1), L Kt ) ug (5) ds) ~ My, (8)
t

N L k(t,5) g () ds + Mg, (£)
t

+ NJ k(t,s) up,, (s)ds
0

> —Mq(t)+Nth(t,s)p(s)ds, te(0,T],
0

tp (t)|t:0 =0, 7% (t)|t:0 =0,

D*w(t) > -Muw(t) + N th(t, SYw(s)ds, te(0,T],
0

1w (t)|t:0 > 0.
(36)

By Lemmas 4 and 5, we have that u;, < uy,; < vy < 1.
From the above, by induction, it is easy to prove that

Up Sty S Suy <<y <o <Y < (37)

We see that {u,} is monotone nondecreasing and is
bounded from above and {v,} is monotone nonincreasing and
is bounded from below; hence,

nlingoun @t =u", nangovn t) =v", (38)
uniformly on compact subsets of (0, T], and the limit func-
tions u”, v* satisfy (3). Moreover, u*, v* € [u, v,]. Taking
the limits in (32), we know that (u*,v") is a system of
solutions of (3) in [uy, v] X [1y, vy]. Moreover, (31) is true.

Finally, we prove that (3) has an extremal solution.
Assume that (u, v) € [uy, vyl X [uy, v,] is any solutions of (3).
That is,

D*u(t) = f<t,u(t), J-Otk(t,s)v(s) ds) , te(0,T],

D*v(t) = g(t,v(t),JZk(t,s)u(s)ds), te(0,T],

1- 1-
t “u(t)'t:O = Xy, t “v(t)|t=0 = Yp-

(39)
By (32), (39), (H;), and Lemma 5, it is easy to prove that

U, <u,v<v,, n=12.... (40)



By taking the limits in (40) as n — 00, we have that u™ <
u, v < v*. That is, (u*,v") is an extremal solution of (3) in
[ug, Vo] X [ug, v,]. This completes the proof. O

4. An Example

Example 1. Consider the following problem:
t
Du(t) = M2 [t —u (t)] - NJ (t+s)v(s)ds,
0

DY (t) = ME [t —v(t)] = N r t+s)u(s)ds
0

hu@| =0 )| =0,

where t € [0,1], D% is the standard Riemann-Liouville
fractional derivative of order 0 < « < 1, and M, N are
constants satisfying M > (5/6)N. In view of Lemma 3, the
nonlinear system (41) has unique solution if 1/2 < a < 1,
and in case of 0 < « < 1/2, an additional assumption
(T(@)/T2a))(IM]| + [N|/a) < 11is added so that (H,) holds.
Note that in a special case, let M = o, N = o1, where K >
0 is a sufficiently large real number; (H,) holds automatically.
Obviously,

f (t, u(t), Jot k(t,s)v(s) ds>

t

= Mt [t—u(t)]—NJ (t +s)v(s)ds,
0

, (42)
g (t, v(t), J k(t,s)u(s) ds>
0
t
= Mt* [t —v ()] —NJ (t+s)u(s)ds.
0
Take u,(t) = 0, vy(t) = t; then
N 5
Duy (t) =0 < (M—8N>t3
t (43)
= f<t,u0 (t),J k(t,s)vy(s) ds),
0
N tl—oc
D Vo (t) = m >0
. (44)
=g <t, v (1), J k(t,s)ug (s) ds) ,
0
tu)|_ =t vl =0 (45)

So condition (H,) of Theorem 6 holds. Moreover, it is easy
to verify that condition (H;) holds; thus, all conditions of
Theorem 6 are satisfied. Consequently, the nonlinear system
(41) has an extremal solution (1", v*) € [0,t] x [0, ¢].
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