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We obtained some generalized common fixed point results in the context of complex valued metric spaces. Moreover, we proved
an existence theorem for the common solution for two Urysohn integral equations. Examples are presented to support our results.

1. Introduction and Preliminaries

Since the appearance of the Banach contraction mapping
principle, a number of papers were dedicated to the improve-
ment and generalization of that result. Most of these deal
with the generalizations of the contractive condition in metric
spaces.

Gahler [1] generalized the idea of metric space and
introduced a 2-metric space which was followed by a number
of papers dealing with this generalized space. Plenty of
material is also available in other generalized metric spaces,
such as, rectangular metric spaces, semimetric spaces, pseu-
dometric spaces, probabilistic metric spaces, fuzzy metric
spaces, quasimetric spaces, quasisemi metric spaces, D-
metric spaces, G-metric space, partial metric space, and cone
metric spaces (see [2-14]). Azam et al. [15] improved the
Banach contraction principle by generalizing it in complex
valued metric space involving rational inequity which could
not be handled in cone metric spaces [3, 5, 11, 15] due
to limitations regarding product and quotient. Rouzkard
and Imdad [16] extended the work of Azam et al. [15].
Sintunavarat and Kumam [17] obtained common fixed point
results by replacing constant of contractive condition to
control functions. Recently, Klin-eam and Suanoom [12]
extend the concept of complex valued metric spaces and
generalized the results of Azam et al. [15] and Rouzkard and
Imdad [16]. In this paper we continue the study of complex
valued metric spaces and established some fixed point results

for mappings satisfying a rational inequality. The idea of
complex valued metric spaces can be exploited to define
complex valued normed spaces and complex valued Hilbert
spaces and then it will bring wonderful research activities in
nonlinear analysis.

In this paper we continue our investigations initiated by
Azam etal. [15] and prove a common fixed point result for two
mappings and applied it to get the coincidence and common
fixed points of three and four mappings.

We begin with listing some notations, definitions, and
basic facts on these topics that we will need to convey our
theorems. Let C be the set of complex numbers and z;,z, €
C. Define a partial order < on C as follows:

Re(z,) < Re(z,),

iff z, < z,, Im(z,) <Im(z,). (1)

It follows that
z, 22, (2)

if one of the following conditions is satisfied:
() Re(z,) = Re(z,),

(ii)Re (z;) < Re(z,),

Im(z;) < Im(z,),

Im(z,) =Im(z,),
€)
(iii) Re (z,) < Re(z,), Im(z,) < Im(z,),

(iv)Re(z,) = Re(z,), Im(z,) =Im(z,).
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In particular, we will write z, 5z, if z; # z, and one of (i), (ii),
and (iii) is satisfied and we will write z; < z, if only (iii) is
satisfied. Note that

022,32, = 2| < |z
(4)

zZ1 2 2y, Z) < z3 = 27 < Z3.
Definition 1. Let X be a nonempty set. Suppose that the self-
mapping d : X x X — C satisfies:

(1) 0 < d(x,y), forall x,y € X and d(x, y) = 0if and
onlyifx = y;

(2) d(x,y) =d(y,x) forall x, y € X;
(3) d(x,y) 2d(x,z) +d(z, y), forall x, y,z € X.

Then d is called a complex valued metric on X, and (X, d)
is called a complex valued metric space. A point x € X is
called interior point of a set A € X whenever there exists
0 < r € C such that

B(x,r)={yeX:d(x,y)<r} cA (5)

A point x € X is called a limit point of A whenever for
every0 < r € C,

B(x,r) N (A\{x}) #¢. (6)

Ais called open whenever each element of A is an interior
point of A. Moreover, a subset B € X is called closed
whenever each limit point of B belongs to B. The family

F={B(x,r):x€ X,0<r} (7)

is a subbasis for a Hausdorft topology 7 on X.

Let x,, be a sequence in X and x € X. If for everyc € C
with 0 < ¢ there is n; € N such that for all n > n,,
d(x,,x) < ¢, then {x,} is said to be convergent, {x,,} converges
to x, and x is the limit point of {x,}. We denote this by
lim, , x, = x,0orx, — x,asn — o0.If for every
c € Cwith 0 < c thereisn, € N such that for all n > n,,
d(x,, X,.m) < ¢ then {x,} is called a Cauchy sequence in
(X, d). If every Cauchy sequence is convergent in (X, d), then
(X, d) is called a complete complex valued metric space. Let
X be a nonempty setand T, f : X — X. The mappings T,
f are said to be weakly compatible if they commute at their
coincidence point (i.e., Tfx = fTx whenever Tx = fx). A
point y € X is called point of coincidence of T and f if there
exists a point x € X such that y = Tx = fx. We require the
following lemmas.

Lemma 2 (see [15]). Let (X,d) be a complex valued metric
space and let {x,} be a sequence in X. Then {x,} converges to x
if and only if |d(x,, x)| — 0asn — oo.

Lemma 3 (see [15]). Let (X,d) be a complex valued metric
space and let {x,} be a sequence in X. Then {x,} is a Cauchy
sequence if and only if |d(x,,, X,,,)] — 0asn — oo.
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Definition 4 (see [18]). Two families of self-mappings {T;}}"
and {S;}] are said to be pairwise commuting if:

) TT; =TTy irj € (L,2,...,m};

(2) S¢S =SS k.1 e {1,2,...,n}

B) TS =S T,i€{l,2,...,m} ke{l,2,...,n}
Lemma5 (see [19]). Let X be a nonemptysetand f: X — X

a function. Then there exists a subset E C X such that fE = fX
and f: E — X is one to one.

Lemma 6 (see [20]). Let X be a nonempty set and the
mappings S, T, f: X — X have a unique point of coincidence
vin X. If (S, f) and (T, f) are weakly compatible, then fvisa
unique common fixed point of S, T, f.

2. Main Results

Theorem 7. Let (X,d) be a complete complex valued metric
space and 0 < h < 1. Ifthe self-mappings S, T : X — X satisfy

d (Sx,Ty) 2 hL(x, ) (8)
forall x, y € X, where

L(x )

d (x,Sx)d (y,Ty) }

E{d(x,y),d(%sx))d()”Ty)’ 1+d(x y)

€
then S and T have a unique common fixed point.

Proof. We will first show that fixed point of one map is a fixed
point of the other. Suppose that p = Tp. Then from (8)

d (Sp,p) = d (Sp,Tp) S hL(p. p). (10)

Case 1
d(Sp.p) < hd(p.p) =0, p=Sp. (11)

Case 2
d (Sp, p) < hd (p.Sp) (12)

which yields that p = Sp.

Case 3
d(Sp,p) < hd (p,Tp) =0, p=Sp. (13)

Case 4

d(p,Sp)d (p.Tp)
1+d(p,p)

which implies that d(Sp, p) < 0, and hence p = Sp. In a
similar manner it can be shown that any fixed point of S is
also the fixed point of T'. Let x,, € Xand define

d(Sp.p) 2h (14)

Xops1 = SXop 15)

Xonea = TXpp, 12 0.



Abstract and Applied Analysis

We will assume that x,, # x,,,, for each n. Otherwise, there
exists an # such that x,, = x,,,,,. Then x,, = Sx,, and x,, isa
fixed point of S, hence a fixed point of T'. Similarly, if x,,,, =
Xy, for some n, then x,,,,, is common fixed point of T' and
hence of S. From (8)

d (X415 Xopsa) = A (SX3 TXp1) < BL (X5 X341) - (16)
Case 1

ld (%2415 x2n+2)| = |d (S35 Tx2n+1)| <h |d (%25 x2n+1)(| .
1

7)
Case 2
|4 (i1 Xams2)| = |d (S5 Tp01)|
< hl|d (x,,, Sx5,)| (18)
= h|d (x50 %501)] -
Case 3

|d (X241 Xane2)| = |d (Sx3 T 01|

< hld (%3015 TXp1)| 19)
= hld (Xpne1 Xani2)|»

which implies that

Xons1 = Xone2s (20)
a contradiction to our assumption.
Case 4
|4 (%115 Xone2)| = |4 (S22 Tpp1)|

d (xZ,,, szn) d (x2n+1> Tx2n+1)
1+d (x2n’ x2n+1)

<

d (x2n’ x2n+1)

d b)
1+d(x2n,x2n+1) | (x2n+1 x2n+2)|

< h|d (X511 Xon42)| -
(21)

That is

Xoni1 = Xoni2o (22)

a contradiction to our assumption.

Thus, |d(x,,,1> Xo40)| < hld(x,,, x5,,1)|. Similarly, one
can show that |d(x,,,,5, X5,43)| < Bld(x5,,1> X5,.5)|. It follows
that, for all »,

|d (xn’xn+l)| < h |d (xn—1>xn)|

< W |d (%00 %,)| < - < B (x50, x7)| -
(23)

Now for any m > n,
|d (xm’ xn)l < |d (xn’ xn+1)| + |d (xn+1’ xn+2)|
oot |d (0 X))

< [hn T s hm_l] |d (%0, %)) -

s [ lh_"h] |d (x0 x1)]

and so
hn
1-h

|d (x,,, x,,)| < |d (x,x1)] — 0, as myn — oo.

(25)

This implies that {x,} is a Cauchy sequence. Since X is
complete, there exists u € X such that x, — u. It follows
that u = Su; otherwise d(u, Su) = z > 0 and we would then
have

z 2d (U Xy5) + d (X242, SU)
<d (U, x5,05) + d (Txy0 1, St) (26)
2d (4, Xp01) + HL (14, X304, -
Case 1
|2 < |d (1 %300)| + B |d (11, X0, (27)
That is, |z| < 0, a contradiction and hence u = Su.
Case 2
2| < |d (t Xs2)| + P 1d (1, Su)] . (28)
That is, |z| < 0, a contradiction and hence u = Su.
Case 3
|2 < |d (1, x342)| + B |d (X311, T 11|
< |d (14, %30)| + B |d (315 Xonio)| (29)
< |d (1, Xgppy0)| + B2 |d (20, 1) -

This in turn gives us |z| < 0, a contradiction and hence u =
Su.

Case 4
d (Ll, Su) d (x2n+1,Tx2n+l)

1+d (1, xp1)

|d (u, Su)| |d (x2n+1,x2n+2)|
|1 +d (u, x2n+1)|

2| < |d (4 x345)| + h

<d (U xy,) +h (30)

1 (u, Su)) |d (xo.x,)|

. d , h2n+ .
< | (1/! x2n+2)| + |1 +d (U) x2n+1)|

That is, |z] < 0 and hence u = Su. It follows similarly that u =
Tu. We now show that S and T have unique common fixed



point. For this, assume that u* in X is another common fixed
point of S and T. Then d(u, u*) = d(Su, Tu™) < hL(u,u").

Case 1
d(u,u") < hd(uu"). (31)
Case 2
d(u,u") 2 hd (u,Su) < hd (u,u) = 0. (32)
This gives us u = u*.
Case 3
d(uu”) 2hd (", Tu")=hd (u*,u*)=0.  (33)

Case 4

hd (u,Su)d (u", Tu")

1+du,u*) (34)

d(uu”) <

Hence, in all cases u* = u. This completes the proof of the
theorem. O

Corollary 8 (see [15]). Let (X,d) be a complete complex
valued metric space and let S,T : X — X and0 < h < 1.
If the self-mappings S, T'satisfy

d(Sx,Ty) 2 hL(x, y) (35)
forall x, y € X, where

d(x,8x)d (y,Ty) } (36)

L(x,y) € {d(x’y)’ 1+d(x,y)

then S and T have a unique common fixed point.

Corollary 9. Let (X, d) be a complete complex valued metric
space and 0 < h < 1. If the self-mapping T : X — X satisfies

d(Tx,Ty) 3 hL(x, y) (37)
forall x, y € X, where

L(x, )

d(x,Tx)d (y,Ty) }

E{d(x,)/),d(x)Tx)’d()”Ty)’ 1+d(x y)

(38)

then T has a unique fixed point.

Corollary 10 (see [15]). Let (X,d) be a complete complex
valued metric space and let T : X — Xand0 < h < 1. If
the self-mapping Tsatisfies

d(Tx,Ty) 3 hL(x, y) (39)

forall x, y € X, where

d(x,Tx)d(y,Ty) } (40)

L(x,y)€ {d(x,y), 1+d(x,y)

then T has a unique fixed point.
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As an application of Theorem 7, we prove the following
theorem for two finite families of mappings.

Theorem 11. If {T;}" and {S;}] are two finite pairwise com-
muting finite families of self-mapping defined on a complete
complex valued metric space (X, d) such that the mappings S
and T (withT =T, T,,..., T, and S = §,,S,,...,S,) satisfy
the contractive condition (8), then the component maps of the
two families {T;}" and {S;}] have a unique common fixed point.

Proof. From theorem we can say that the mappings T' and S
have a unique common fixed point z; that is, Tz = Sz = z.
Now our requirement is to show that z is a common fixed
point of all the component mappings of both families. In view
of pairwise commutativity of the families {T;}}" and {S;}, (for
every 1 < k < m) we can write Tz = T;Tz = TT,z and
Tz = T} Sz = ST}z which show that T}z (for every k) is also
a common fixed point of T and S. By using the uniqueness of
common fixed point, we can write T,z = z (for every k) which
shows that z is a common fixed point of the family {T}}]".
Using the same argument one can also show that (for every
1 < k < n) Sz = z. Thus component maps of the two families
{T;}]" and {S;}] have a unique common fixed point. O

By settingT, =T, =--- =T, = Fand§, =S, =--- =
S, = G, in Theorem 11, we get the following corollary.

Corollary 12. If F and G are two commuting self-mappings
defined on a complete complex valued metric space (X,d)
satisfying the condition

d(F"x,G"y) < hL(x, y) (41)
forallx,y € X and 0 < h < 1, where

L) € a6 ) (0 E™) (67).
(42)

d(x, F"x)d (y,G"y) }
1+d(x,y) ’

then F and G have a unique common fixed point.

Corollary 13. Let (X, d) be a complete complex valued metric
spaceand let T : X — X be a self-mapping satisfying

d(T"x,T"y) < hL(x, y) (43)
forallx,y € X and 0 < h < 1, where
L) € fa (). d ") d ().
(44)

d(x,T"x)d (y, T"y) }
1+d(x,y) '

Then T has a unique fixed point.

Corollary 14 (see [15]). Let (X,d) be a complete complex
valued metric space and T : X — X and 0 < h < 1. The
self-mapping T satisfies

d(T"x,T"y) 2 hL(x, y) (45)
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forall x, y € X, where

(46)

L(x,y) € {d(x’y))d(x’Tnx)d(y’Tny)}.

1+d(xy)

Then T has a unique fixed point.

Our next example exhibits the superiority of Corollary 13
over Corollary 9.

Example 15. Let X, ={z ¢ C: 0 < Rez < 1,Imz = 0} and
X,={zeC:0<Imz<1,Rez =0}andlet X = X, UX,.
Then with z = x + iy, set S = T and define T : X — Xas
follows:

0,0) ifx,yeQ
_ (1,0 ifxeQ yeQ
Tlxy)= 0,1) ifxeQ yeQ (47)
(1,1) ifx,yeQ".

Consider a complex valued metricd : XxX — C as follows:

21 .
glxl—x2|, if z,z, € X,

i .
§|Y1_)’2|’ if z),2, € X,
d(z,2,) = § (48)

2 1
i(;x1 + gyz), ifz; € X;, z, € X,

1 2
i(;y1 + §x2> ifz; € X,, z, € X},

where z;, = x; +iy,, 2, = x5, + iy, € X. Then (X,d)
is a complete complex valued metric space. By a routine
calculation, one can verify that the map T? satisfies condition
(43) with A = (1/3)(say). It is interesting to notice that this
example cannot be covered by Corollary9 as z; = (1,0),
z, = (1/2,0) € X implies

= =d(Tz,Tz,) <d(z,2,) = % (49)

a contradiction for every choice of A which amounts to say
that condition (37) is not satisfied. Notice that the point 0 € X
remains fixed under T and T2 and is indeed unique.

3. Application

By providing the following result, we establish an existence
theorem for the common solution for two Urysohn integral
equations.

Theorem 16. Let X = C([a,b],R"),a > 0,andd : X x X —
C is defined as follows:

d(x,y)= max ||x ) -y @®)] V1 + a2 e, (50)

5
Consider the Urysohn integral equations
b
x(t) = J K, (t,s,x(s))ds+g(t), ()
b
x(0)= | K (tsx(@)ds+h0), ()

wheret € [a,b] CR, x,g,h € X.

Suppose that K, K, : [a,b] x [a,b] x R" — R" are such
that F,, G, € X for each x € X, where,

b
E. (t) = J K, (t,s,x(s)) ds,

(51)
b
G, (1) = J K, (t,s,x(s))ds, Vte][ab].
If there exists 0 < h < 1 such that for every x, y € X
"Fx ) - Gy B +g)- h(t)”m\/l ta2etn a
(52)

< hL(x,y)(t),
where
L(x,y)(t)

€e{A(x,y)(®),B(x,y)(#),C(x,y) (), D(x,y) (1)},

(x )/ ) = ||x(t) y(t)“ 1+az itan” a
B(x,9) () = [F, () + g() - x(0)] , VT + @™
C(xy) ) =[G, ) + () - y0)||_ VI +a2e™ e,

D (x,y)(t)

E® g0 -x 0l |6, 0 +he) -y
B 1+ max; ., A (%, y) (t)

1+ a2e itan” a

(53)

then the system of integral equations («) and () has a unique
common solution.

Proof. Define S,T: X — Xby

Sx=F +g, Tx =G, +h. (54)



Then
d(Sx,Ty) = max |-G, &) +g)-h (t)||00

. -1
itan ‘a
x V1 + a?e ,

d(x,y) = maxA (x, ) (@),

d(x,8x) = tn%ai(]B (x, ) (D), &9

d(y,Ty) = maxC(x, y)(t),
tela,b]

d(x,Sx)d (y,Ty)

T d(ny) = maxD (x, y) (t).

tela,b)

It is easily seen that d(Sx, T'y) < hL(x, y), where

L(x, )

d(x,Sx)d (y,Ty) }

e{d(x,y),d(%sx)’d()”Ty)’ 1+d(x y)

(56)

for every x,y € X. By Theorem 7, the Urysohn integral
equations () and () have a unique common solution.  [J

Remark 17. Now we will apply techniques of [6] to obtain the
common fixed points of three and four mappings by using a
common fixed point result for two mappings.

Theorem 18. Let (X, d) be a complete complex valued metric
spaceand0 < h < 1. LetS,T, f : X — X by the self-mappings
such that SX UTX c fX. Assume that the following holds:

d(Sx,Ty) 3 hL(x,y) (57)
forall x, y € X, where

Lixy) e {d(fx, fy)d (. 52),d (f.Ty),
(58)

d(fx,Sx)d (fy,Ty) }
L+d(fx fy) |

If (S, f) and (T, f) are weakly compatible and fX is closed,
then S, T, and f have a unique common fixed point in X.

Proof. By Lemma 5, there exists E ¢ X such that fE = fX
and f: E — X is one to one. Now define the self-mappings
g-h: fE — fEbyg(fx) = Sxand h(fx) = Tx, respectively.
Since f is one to one on E, then g, h are well defined. Note
that

d(g(fx),h(fx)) 3 hL(xy), (59)
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where

Lixy) e {d(fx, Fy)d (0.9 () (Foh (),

d(fx g (fx))d(fy.h(£y)) } .

L+d(fx )
(60)

By Theorem 7 as fE is complete, we deduce that there exists
a unique common fixed point fz € fE of g and h; that is,
fz = g(fz) = h(fz). Thus, z is a coincidence point of S,
T, and f. Now we show that S, T, and f have unique point
of coincidence. Now let x € X such that Sx = Tx = fx,
fx+# fz. Then fx is another common fixed point of g and
h, which is a contradiction, which implies that S, T, and f
have a unique point of coincidence. Since (S, f) and (T, f)
are weakly compatible by Lemma 6, we deduce that fz is a
unique common fixed point of S, T, and f. O

Theorem 19. Let (X, d) be a complete complex valued metric
spaceand 0 < h < 1. Let S,T, f,g : X — X by the self-
mappings such that SX,TX < fX = gX. Assume that the
following holds:

d(Sx,Ty) 2 hL(x, y) (61)

forall x, y € X, where

L(x,y) € {d (fx,gy),d(fx,8x),d (gy,Ty),
(62)

d(fx,Sx)d (gy,Ty) }
1+d(fx.gy) |

If (S, f) and (T, g) are weakly compatible and fX is closed in
X, then S, T, f, and g have a unique common fixed point in X.

Proof. By Lemma 5, there exists E,, E, ¢ X such that fE, =
fX =gX =gE,, f: E, - X,g:E, — X areone to one.
Now define the mappings A,B: fE;, — fE, by Af(x) = Sx
and Bg(x) = Tx, respectively. Since f, g are one to one on E,
and E,, respectively, then the mappings A, B are well-defined.
Now

d(Sx,Ty) =d(A(fx),B(gy)) S hL(x,y),  (63)
where

L(x, )

latmon.aimaum).awe@).

d(fx, A(fx))d(gy. B(gy)) }
L+d(fx g)
for all fx,gy € fE,. By Theorem?7, as fE; is complete

subspace of X, we deduce that there exists a unique common
fixed point fz € fE, of Aand B;thatis, A(fz) = Bf(z) = fz.
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This implies that Sz = fz;let v € X such that fz = gv. We
have B(gv) = gv = Tv = gv. We show that S and f have a
unique point of coincidence. If Sw = fw then fw is a fixed
point of A. By the proof of Theorem 7 fw is another common
fixed point of A and B which is a contradiction. Hence, S and
f have a unique point of coincidence. By Lemma 6, it follows
that fz is a unique common fixed point of S and f. Similarly,
gv is the unique common fixed point for Tand g. This proves
that fz = gv is the unique common fixed point for S, T, f,
and g. O
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