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The paper is concerned with eigenvalues of complex Sturm-Liouville boundary value problems. Lower bounds on the real parts of
all eigenvalues are given in terms of the coefficients of the corresponding equation and the bound on the imaginary part of each
eigenvalue is obtained in terms of the coefficients of this equation and the real part of the eigenvalue.

1. Introduction
Consider the regular complex Sturm-Liouville problem
1y =" +qy = dwy M
in qu [0, 1] associated with the Dirichlet boundary conditions
y(0)=y(1)=0, 2)

where g is a complex-valued function and w is a real-valued
function subjected to

w(x) >0, ae xe€[0,1], q,weL1 [0,1]; (3)
A is a spectral parameter, L2 [0, 1] is the weighted Hilbert
space of all Lebesgue measurable complex-valued functions

f on [0, 1] satistying JOI w|fI* < oo with the inner product

(fg) = Iol wfgand the norm | f|| = (f, f)l/z, and L'[0,1] is
the set of all Lebesgue measurable complex-valued functions
f on [0, 1] for which Iol |f] < oo.

Equation (1) is formally self-adjoint, if and only if g is a
real-valued function. Hence, (1) is formally non-self-adjoint,
when the imaginary part of g is nonzero. The boundary
value problems associated with (1) with real coeflicients have
been deeply studied (cf., e.g., [1-5] and their references).
Similar to regular self-adjoint boundary value problems,

one can prove that (1) and (2) also have only countable
eigenvalues without finite accumulation points using the
spectral theory of compact operators in Hilbert spaces when
(1) is formally non-self-adjoint. Unlike self-adjoint boundary
value problems, (1) and (2) may have infinitely many nonreal
eigenvalues, when the imaginary part of g is nonzero (see
[6, Theorem 1.1]). The asymptotic behavior of eigenvalues of
boundary value problems associated with (1) has been studied
(cf. [7-9]). Sufficient conditions were given in [10] for all
eigenvalues of (1) with the periodic, antiperiodic, Dirichlet,
or Neumann boundary conditions to be simple. For more
related results for non-self-adjoint differential expressions,
the reader is referred to [11-14] and the references cited
therein.

In this paper, we are interested in the bounds on the
eigenvalues of (1) and (2). In the case where (1) is formally
self-adjoint, the bounds on eigenvalues of (1) and (2) were
constructed in terms of the coefficients of (1), the coeflicients
of a comparing equation, and the eigenvalues of the com-
paring eigenvalue problem using the comparison theorem
in [4]. The Rayleigh-Ritz method was used in [3] to obtain
the bounds of eigenvalues of (1) and (2), when q is positive
and w = 1. It is noted that the comparison theorem and the
Rlayleigh-Ritz method are not applicable to boundary value
problems (1) and (2), for the case where (1) is formally non-
self-adjoint. Here, we obtain lower bounds on the real parts of
all eigenvalues of (1) and (2) in terms of the coefficients of (1)
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and get the bound on the imaginary part of each eigenvalue
in terms of the coefficients of (1) and the real part of the
eigenvalue.

In the next section, we will present the main results of this

paper.

2. The Bounds on the Eigenvalues

We denote by | - || the maximum norm of CI[0, 1], which
is the set of the continuous functions on [0, 1], by || - ||; the
norm of the space L'[0, 1] and by || - ||, the norm of the space
L?[0,1]. Let g, and g, be the real and imaginary parts of
q, respectively; that is, g, = Req and q, = Img. Then,
q = q, +iq,, where i = v/~1. For convenience, we set

g == -min{q, 0}, ¢ :=max{q.0}, k=12. (4)

In addition, we denote

S;(e):={x€[0,1]: w(x) < &}, my (€) := mes Sy (g),

©)

S, (e) := {x €[0,1]: w? (x) < s} , m, () := mes S, (g).

(6)

Then the result below is one of the main results of the paper.
Theorem 1. If A is an eigenvalue of (1) and (2), then

8 _ -
Red === (lail, + 2la 1) s s @

if A is an eigenvalue of (1) and (2), with Re A < 0, then
8 _
Tm A| < 8_”‘12"1"‘11 I (8)
1

where & > 0 satisfies 8||qI||§m1(sl) < L; and if A is an
eigenvalue of (1) and (2), with Re A > 0, then

8 .
m Al < =gz, (g |, + ReAlwl,). ©)
1

where € > 0 satisfies 8(||lq; I, + Re )L||w||1)2m1(§1) <1

Proof. We first consider the case where A is an eigenvalue of
(1) and (2), with Re A < 0. Let A be such an eigenvalue and
let ¢(x) be the corresponding eigenfunction with [|¢]l, = 1.
Then, ¢(0) = ¢(1) = 0 and

~¢" + gp = A\wd. (10)

By multiplying both sides of (10) by ¢ and integrating over
the interval [0, 1], we have

[I6T [ atof=a] wlor.

By separating the real and imaginary parts of both sides of
(11), we get that

1 1 1
Re ) L wlg|” = L |¢>’|2 + L alels (12)

Im A L wlgf* = jo w8 (13)
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From Re A < 0 and (12), it follows that
! 12 b 2
[ 1T < | arlof (14)

Now, let Q;(x) =

max,e(o,1)/Q; (¥)| < llg; I, and

[“q;(®)dt; then we have

. 2 ! APV ! oy v
J, el = | Qllol =~ ] @ (49 +99)
- —2re| QB <2lail, [ 9| 09

< 2fai ¢, < 2harll + 519

by the Cauchy-Schwarz inequality. It can be obtained from
(14) and (15) that

2 2 1 2
¢, < 2baully + 19l (16)
and, hence,
2 _2 L 2
o< dlailh. | aileP<adaili 07
Similar to (15), we can get that
! +1 412 + !
J, atlef < 2latl 4], s)
which, together with the first relation of (17), gives that
1
|, ailoF < alal ol 19)

In addition, from ¢(x) = on ¢'(t)dt and the Cauchy-Schwarz
inequality, we have

2 x 1
<x[ ' ofas| o =[¢];

x €[0,1],
(20)

16| = |L ¢ (1) dt

by which, together with (17), the definition of m, (¢;) in (5),
and 8|q; IIfml(sl) < 1, we get that

1
Jwlol = [ wlefze| e
0 [0,11\S () [0,11\S, (&1)

“a(1-L,, ) *

> g (1 - “qﬁ’"zml (81)) > %1

Using (12), (17), (19), and (21), we can easily conclude that, for
every eigenvalue A with Re A <0,

& — -
Re Ml = < 4(lq;], +2lai 1) il (22)
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which implies that (7) holds for all the eigenvalues of (1) and
(2). )
Let Q,(x) = |, q,(t)dt. Then, from (17),

1
L alol" <2l |¢'], < dlal lal, @3

which, together with (13) and (21), implies that (8) holds for
every eigenvalue A with Re A < 0.

Now, let A, be an eigenvalue of (1) and (2), with Re A, > 0.
Then, we consider the problem

-y" +(q-Redgw) y = Awy (24)

with the Dirichlet boundary conditions (2). It can be easily
verified that A, — Re A, is an eigenvalue of (24) and (2).
Clearly, Re(A, — ReA;) = 0. Hence, by (8), there exists &
satisfying 8(llq; II, + Re /\o||w||1)2m1(51) < 1 such that

8 -
[ImAy| = [Im (A — ReAy)| < 5—1"%”1 (la, Il + Re Agliwlly) -
(25)
This completes the proof. O

The following corollary is a direct consequence of
Theorem 1.

Corollary 2. If gq; > 0, then all eigenvalues A of (1) and (2)
satisfy that Re A > 0. Consequently, if there exists q, € R such
that g, > qyw on [0, 1], then all eigenvalues A of (1) and (2)
satisfy that Re A > q,.

Ifw € AC[0,1]andw’ € L?[0, 1], where AC[0, 1] denotes
the set of functions which are locally absolutely continuous

on [0, 1], then we have the following result.

Theorem 3. Assume that w € AC[0,1] andw' € L?[0, 1]. IfA
is an eigenvalue of (1) and (2), then

8,
Red =~ "g, I [wle (U + fau) + o', ]s 26)

if A is an eigenvalue of (1) and (2), with Re A < 0, then
8, _
mat< Sl (otelead, +[o]). @

where &, > 0 satisfies 8||qI||§m2(sz) < 1; and if A is an
eigenvalue of (1) and (2), with Re A > 0, then

m | < %(Hq;m +ReMwl,)’ (lwlcla.], + [w'],).
(28)

where €, > 0 satisfies 8(||q, ||, + Re )L||w||1)2m2(§2) <1

Proof . Let A be an eigenvalue of (1) and (2) with Re A < 0 and
let ¢(x) be the corresponding eigenfunction with [|¢[, = 1.
Then, ¢(0) = ¢(1) = 0 and (10) holds. By multiplying both

sides of (10) by w¢ and integrating over the interval [0, 1], we
have

1 1 _ 1 1
J w'gb"z + J w'¢'d+ J wq|¢|2 = AJ w2|¢|2. (29)
0 0 0 0
By separating the real and imaginary parts of both sides of
(29), we get that

Re A Jol w2|(/5|2 = Jol w'</>')2 + Re (J: w'gb'g_b) + JOI wq1|</>|2,
(30)
Im A Ll w?[¢]” = Im (Ll w'¢'q$> + Ll wa,|¢)”. G

On the other hand, it follows from (17) and (20) that

1
[, wl¢T < 1ot < shetclarl,

2 _y2
< ||w||c||‘/5,||2”‘11"1 < 4lwlcla; I} la:
(32)

1
|
0

2 -
< [w/Llo'l, < 4’ bl

o5

1 2 _
|, wasto| < el 1 < shotcler Flal
In addition, by (17), the definition of m;,(e,) in (6), and
8llq; I;m,(e,) < 1, it can be obtained that

1
[(wihofs | wefee| jef
0 [0,11\S;(e2) [0,11\S;(&2)

el

) I3

>¢ (1 —4||q; || ;m, (82)) > 32,

which, together with (30) and (32), implies that (26) holds for
every eigenvalue A of (1) and (2), with Re A < 0, and, hence,
(26) holds for all eigenvalues of (1) and (2). Furthermore, if
A is an eigenvalue of (1) and (2), with ReA < 0, then (27)
follows from (31)-(33). With a similar argument to that in the
proof of Theorem 1, (28) can be proved. This completes the
proof. O
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