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The existence and multiplicity of homoclinic solutions for a class of first-order periodic Hamiltonian systems with spectrum point
zero are obtained. The proof is based on two critical point theorems for strongly indefinite functionals. Some recent results are

improved and extended.

1. Introduction
Consider the following first-order Hamiltonian systems:
Ll(f) = jHu (t’u)’

teR, (HS)

where u = (y,z) € R*Y, 7 is the standard symplectic matrix

in R?N
N

and H € CY(R x R* R) has the form

H(t,u) = %Lu-u+W(t,u) (2)

with L € C(R, IR4N2) being a 2N x 2N symmetric matrix-
valued function and W € C'(R x R*,R). A solution u of
(HS) is a homoclinic orbitif u # 0 and u(t) — Oas |t —
00.

To continue the discussion, we need the following nota-
tion:

A:=—<f%+L>. (3)

Homoclinic orbits of dynamical systems are important
in applications for a number of reasons. They may be

“organizing centers” for the dynamics in their neighborhood.
From their existence one may, under certain conditions, infer
the existence of chaos nearby or the bifurcation behavior
of periodic orbits. As a special case of dynamical systems,
Hamiltonian systems are very important in the study of
gas dynamics, fluid mechanics, relativistic mechanics, and
nuclear physics.

During the last decades, many authors are devoted to
the study of homoclinic orbits for Hamiltonian systems via
modern variational methods. For example, see [1-4] for the
second-order systems and [5-16] for the first-order systems.
To be precise, in 1999, Ding and Willem [15] studied the
existence of homoclinic solutions for a class of the first-order
periodic Hamiltonian systems (HS) with spectrum point zero
under the well-known (AR) condition as follows:

3B>2, 0<BW(t,u) <W, (t,u)u, u#0. (4)
Later, under condition (4), Ding and Girardi [11] obtained
that (HS) has infinitely many homoclinic orbits provided
that W (t, u) is even in u. However, there are many potentials
satisfying superquadratic condition, not satisfying the (AR)
condition (4).

Motivated by the above facts, in this paper, our aim is
to study homoclinic solutions for (HS) under the conditions
that zero is a continuous spectrum point and W (t, u) satisfies
weak superquadratic conditions.


http://dx.doi.org/10.1155/2014/313690

Set

6 = (0,0,...,0) € RN,

B X 5)
W(t,u) = EW” (t,u)u—-Wi(t,u).

Given a 2N x 2N matrix w, we say that w > 0 if and only if

inf ws-s>0.
SER?N |s|=1 (6)

Also letting I,), be the identity matrix in R* and q € R,
we denote the matrix ql,5 by g. Moreover, denote by o(A)
and o_,,(A) the spectrum and the continuous spectrum of
the operator A, respectively.

We make the following assumptions:

(L) L(t) is 1-periodicon t. 0 € o(A) and there exists § > 0
such that (0, f] N o (A) = 0.

H)We C'R xR™,[0,00)) is 1-periodicint, W(t,0) =
0.

(H,) W, (t,u) = o(u) uniformly in ¢ as [u| — 0.
(H;) W(t, w)/|lul> - ocoas|ul — oo uniformly in ¢.

(Hy) W(t,u) = (1/2)W,(t,u)u — W(t,u) > 0if u+0, and
there exist ¥ > 0 and 77 > 1 such that [W,(t,u)|" <
oW (t,u)lul" if |u] = r.

Remark 1. The following functions satisfy —weak
superquadratic conditions (H;)-(H,) but do not verify
(4):

ExL.W (t,u) = d (t) ( (Julf - 1)

+(p—2) Julsin’ (%))

Ex2.W (6 u) = d (£) < (jul? = 1) In (1 + u)

7)

ul
+ - ),

where d(t) > 0 and is 1-periodicintand p > 2,0 <€ < p—2.
Now we only check (Exl.). It is easy to verify that
(H,)-(H,) are satisfied. However, following the discussion
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of Remark 1.2 in [17], let u,, = (e(nmw + 37/4))¢1, where
I=(1,0,...,0). Then for any 3 > 2, one has

Wi (6 ) 4, BW (11

~40[(p-Plul’ + (-2 (p-c-p)
o ()

#(p=2) " sin2 ()]

=d(t) |u,|” [2 -p

+

(p-2) (p— €~ B)sinsin® (|ul/e) ]

4l

— -0 asn— OA.

(8)
That is, condition (4) is not satisfied for 8 > 2.

Observe that, due to the periodicity of L and W, if u is a
homoclinic orbit of (HS), then so is a * u for each a € Z,
where (a * u)(t) = u(t + a). Two solutions u; and u, are said
to be geometrically distinct if a * u; # u, foralla € Z.

Now we state our main result.

Theorem 2. Assume that (L,) and (H,)-(H,) hold. Then (HS)
has at least one homoclinic orbit. In addition, if W(t,u) is
even in u, then (HS) has infinitely many geometrically distinct
homoclinic orbits.

This paper is organized as follows. In Section 2, we
formulate the variational setting and recall some critical point
theorems required. In Section 3, we discuss linking structure
and the Cerami condition of the functional. In Section 4, we
prove Theorem 2.

Notation 1. Throughout the paper we will denote by ¢ > 0
various positive constants which may vary from line to line
and are not essential to the problem.

2. Preliminaries

In what follows by | - Iq we denote the usual L?-norm and
by (-,+), the usual inner product of L*(R,R*M). A standard
Floquet reduction argument shows that 0(A) = o,,,(A) (see
Proposition 2.2 in [15]).

Let {F(A); A € R} be the spectral family of A. We have
A = UJA], called the polar decomposition, where U = I —
F(0) - F(-0). By (L,), L? has an orthogonal decomposition

I*=1" L™, (9)

where L?* = {u € L*;Uu = +u}.
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Let E be the linear space of the completion of D(1A]M?
under the norm
lullg o= [IAI"ul,. (10)
Then E is a Hilbert space under the inner product
(wv)o = (1A, |A]"v) . 1)
E possesses an orthogonal decomposition
E=E ®F", (12)

where E* 2 L* n Q(IAII/ %), the corresponding projections
being denoted by P*, P™.
By (L,), it is easy to check

E' =" n2(1AI"*), Ilo~ Il on EY,  (13)

« »

where “~” means “equivalence.” Therefore, E* can be embed-
ded continuously into L*(R,R*N) for any y > 2 and
compactly into L (R, R*N) for any u € [2, 00).

However, since 0 may belong to a spectrum of A, then

| - l, may not be equivalent to H 2_norm on E~. Therefore,
in the following we use the spectrum family of A to separate
0(A) N (0o, 0] into two segments. That is, for any € > 0, set

LY =F(-¢)L’ (14)

and B, = L nD(JAI"?) = > nE . Let[¥ =" oL* =
L n(cly (U/k_EF()\)Lz))l, where cl}2(M) denotes the closure
of the set M in L. Similar to E*, since the spectrum of A
restricted to E_ is bounded away from 0, thus, one has

[l ~ I+l on E. (15)

However, fze_ is not complete with respect to the norm || - [|y;
thus it is reasonable to introduce a new norm. Define

ol = (APl + ) (6

and let E_, be the completion of IZ; under the norm || - |.

Lemma 3 (see [16], Lemma 2.1). E_, C HllOC and is embedded
compactly in LY. and continuously in L¥ for all y > 2.

Let Q™ denote the completion of Z(A) N L*” with respect
to the norm || - ||. Since H'/? is continuously embedded in L#
for all u > 2, by (15), E_ is a closed subspace of Q™. Note that
E_, C E" and is orthogonal to E_ with respect to (-, -),. Then

Q" has the following decomposition:
Q =E ®E,. (17)

Let Q be the completion of Z(A) under the norm | - ||. We
have the following lemma.

Lemma 4. Suppose that (L,) is satisfied. Then Q has the direct
sum decomposition

Q=Q oFE, (18)

and Q is embedded continuously in L* and compactly in L} _
for any y € [2,00).

Proof. By (13), (15), and (17) and Lemma 3, Q™ and E" are
closed, and using the decomposition of E, it is easy to check
that Q" N E* = {0}, and so (18) holds. Using the same
facts above and Lemma 3, one can obtain easily the desired
conclusion on embedding. O

It is easy to verify that Q is a Hilbert space under the inner
product (u,v) = (u,v)q + (4, v),, and || - || is its induced norm.
From now on, we consider the space Q as our working space.
Clearly, 2(|AI"*) ¢ Q ¢ E and all norms || - llos II - Il gg1/2, and
| - || are equivalent to E™. Tt is not difficult to check that || - || is
uniformly convex, so Q is reflexive. Set

ww=mem. (19)

From Lemma 4 and (25) in Section 3, it follows that ¢ is
defined on the Banach space Q and belongs to C '(Q,R), and

(p' (w)-v= J W, (t,u)v Yu,veQ. (20)
R
Consider the functional
1 2 2
®00=5(WWR—W4M)—¢W) (1)

foru = u +u’ € Q. Then ® € C(Q,R) and a standard
argument shows that critical points of @ are homoclinic orbits
of (HS) (see [15]).

In order to study the critical points of ®, we now recall
some abstract critical point theory developed recently in [18].

Let E be a Banach space with direct sum decomposition
E = X @Y and the corresponding projections Py, Py onto
X, Y, respectively. For a functional ® € C'(E;R) we write
O, ={z € E: D>z >a},d = {z € E: Oz) <
b}, and (DZ = @, N ®°. Recall that ® is said to be weakly
sequentially lower semicontinuous if for any z, — z in E
one has ®(z) < lim inf,_,  ®(z,). ®' is said to be weakly
sequentially continuous if lim,_,  ®'(z,)u = ®'(z)u for
each u € E. A sequence {z,} C E is said to be a (C),.-
sequence if ®(z,) — cand (1 + IIZnII)CD'(zn) — 0. Dis
said to satisfy the (C).-condition if any (C).-sequence has a
convergent subsequence. A set & ¢ E is said to be a (C),-
attractor if for any &, 6 > 0 and any (C)_-sequence {z;} there

is jo such thatz; € U (/N CDEfg) for j > j,. Given an interval
I ¢ R, Ais said to be a (C);-attractor if it is a (C), -attractor
forallc € I.

From now on, we assume that X is separable and reflexive
and fix a countable dense subset & ¢ X*. Foreach s € & there
exists a seminorm on E defined by

pE—R,
(22)

ps (2) = |s(x)|+||y|| forz=x+yeXeoY.



We denote by T ¢ the induced topology. Let u* denote the
weak " -topology on E*.
Suppose the following.

(W) Foranyc € R, ®,is T ¢-closed,and @' : (d,, T ¢) —
(E*,u™) is continuous.

(W) For any ¢ > 0, there exists { > 0 such that [z]| <
{||Pyz| forall z € @,.

(W,) There exists p > 0 with x := inf @(SPY) > 0, where
SpY = {zeY:|z| = p}

(//3) There exists an increasing sequence Y,, C Y of finite-
dimensional subsequences and a sequence {R,} of
positive numbers such that, letting E, = X @ Y,, and
B, = By NE,, sup®(E,) < co and sup ®(E, \ B,) <
inf ®(B,NY).

(/) For any interval I < (0,00), there exists a (C);-
attractor A with Py A bounded and inf{||Py(z — w)] :
z,w € A, Py(z —w)#0} > 0.

Now we state two critical point theorems which will be
used later.

Theorem 5. Let (N ))-(/N,) be satisfied and suppose that there
areR > p > 0ande € Y with|le| = 1 such that sup ®(0Q) < k,
whereQ={z=x+te:t >0, x € X,||z|| < R}. Then ® hasa
(C).-sequence with k < ¢ < ¢ := sup O(Q).

Theorem 6. Assume @ is even with ®(0) = 0 and let
(No)-(Ny) be satisfied. Then @ possesses an unbounded
sequence of positive critical values.

3. Linking Structure and the (C)_-Sequence

We now study the linking structure and the (C).-sequence
of ®. Observe that if (H,) holds, then [W,(t u)]T <
¢, |W,,(t, u)|ul™"; hence

W, (t,w)| < olulP™, i [ul=r (23)
for p > 7 := 2n/(n — 1) > 2. Remark that (23) and (H,)-(H,)
imply that, given p > 7, for any € > 0, there is C, > 0 such
that
[W, (t,u)| < elul + C lulP™, (24)
W (t,u)| < elul® + C,|ul? (25)
for all (¢, u).

Lemma 7. Assume that (H,)-(H,) and (H,) hold. Then there
exists p > 0 such that k := inf (D(S;) > 0, where S; =0B,NE".

Proof. Choose p > 7 such that (25) holds for any ¢ > 0. This
yields

¢ (u) < elul; + Clulb < c (ellul® + Clul”)  (26)

for all u € Q; together with the equivalence of || - ||, and | - ||
on E, the lemma follows from the form of ®. O
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Set A = inf[0(A) N (0,00)]. (L,) implies that A > 8 > 0.
Choose w = 2. Then we can take a number A such that

A<A<w. (27)

Since 0(A) = 0o (A), the subspace Y, = (Fy - Fy)L* is
infinite dimensional, where {F, : A € R} denotes the spectral
family of A. Note that Y, ¢ E* and

Mul? < [lull < Aul;  for any u € Y, (28)
Let {«,,} be a sequence with
A=y <o <ay<---<A (29)

For each n € N, take an elemente, € (F, - FDCH)L2 with
le,ll = 1 and define Y,, := span{ey,...,e,}. Then Y, C Y, isan
increasing sequence of finite dimensional subsequence of E*.
SetQ, =Q @Y,

Lemma 8. Suppose that (H,) and (H,)-(H,) are satisfied and
p > 0 is given by Lemma 7. Then sup ©(Q,,) < oo, and there
exists a sequence {R, > 0}, such that sup®(Q, \ B,) <
inf ®(B, N E"), where B, :={z € Q,,: |z| < R,}.

Proof. It suffices to show that ®(u) — -ooas lu| — oo
in Q,. If not, we assume that, for some sequence {u j} cQ,
with ||uj|| — 00, there exists M, > 0 such that (D(uj) > -M,
for all j. Define v; = u;/lu;l; we have ||v;]| = 1. Passing to
subsequence Vi =, v;. —v,v; = vin L‘foc
and v}r — v" with respect to || - || and | - ||, Then, by (H,) we

have

for y € [2,00)

1 ) 1 )
S 1110 = 5 (1 - 1316)
j W(tu) @(w;) -m, G0
- = > .
S 7 % T

We claim that v* # 0. Indeed, if not, it follows from (30) that
Ivill, — 0. Also Joe Wt up)/lul*) — o.

By (H,), there exists ' > 0 such that

W (t,u) > wlul* if |u] > 7. (31)
For0 <1 < m,let
Q;(Lm) ={t eR:1< |u; ()] < m}. (32)
Thus, by (31) and (32), one has
W (t,u;)

J W(t,uj) >J
S

2
=2 W V.l . (33)
ol = bl
j
From (33) and IR(W(K uj)/llu]-||2) — 0 and together with
-[Qj(O,r’) |Vj|2 — 0 it follows that |Vj|§ — 0. Therefore,
lv;l — 0, which contradicts [|v;]| = 1. So v* #0.
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By (27)-(28) and the fact that Ivlg = |v+|§ + Ivfli, one has

2 —112 2 —112
vl = lv Ilo—wJR v <= o - wlvly

T 2 —112 34
<-(@-D)ph-pl ©Y
<0.

Then there exists a finite interval I ¢ R such that
-l l-w | v <o 65

Note that

\_/

9) L - pE)- | L)

H;H HJ
o 1
2 illo jllo

L'Vj' )

_ J w (t’ uj) - (@/2) |u1'2 (36)
: ]

ol

1
<5 (I~ 15 -

wr? |I]

2)
2w

where |I| denotes the Lebesgue measure of I. Combining this
with (30) and (35), one has

w(t.u;)
0< lim HII—%IH—J
g °°< E | ;|| (37)
<3 (WE--w| v) <o

which is a contradiction. O

As a special case we have the following.

Lemma 9. Suppose that (H,) and (H;)-(H,) are satisfied and
p > 0 is given by Lemma 7. Then, letting e € Y, with ||| = 1,
there exists v > 0 such that sup ®(0Q,) < «, where Q, := {u =
u +se:u €Q,s=0, [lull <l

Lemma 10. Suppose that (H,)-(H,) are satisfied. Then any
(C),-sequence is bounded in Q.

Proof. Let {uj} C Q be such that

0} (u) — (1 + "uJ") o' (u]-) — 0. (38)

J

Then, for C, > 0,

Coz ®(w) -3 (w)u; = [ W(t).  (9)

5
Suppose to the contrary that [|u; | is unbounded. Setting v; =
ui/lu;ll, then vl =1 andlv | <cvill = ¢ forall u €
[2, 00). Passing to subsequence, v.: — vin Q, v; — vin LloC
for p € [2,00), and v; i(t) — v(t) fora.e,t € R.
Note that
o(1) = nwn S RACHICE
_ ) (-
= sl - H%NL ”|| (v; =)
ol (ol - [, ) (-
] j R " " ] )
w, (t u; ) B
ol (- [ 52 65 )
(40)

From (40), we obtain

J |v~|2 . W (t’”j) (V; _VJ_') 1 (41)
B\ ol '

Set, for x > 0,

h(x) := inf {W (tu):teR, ueR?™Y with |ul > x}.

(42)

By (H;) and (H,), h(x) > 0 for all x > 0 and h(x) — 00 as
X — 00.
Let

C" = inf { W(t,zu)
|u]

it € R with I < |u(t)] <m]>. (43)

Since W (¢, u) depends periodically on ¢t and W(t,u) > 0 if
u#0, one has C" > 0 and
W(tu)=Cllu| vieq;am,  (4)

where Q(I,m) is defined in (32). It follows from (32) and (39)
that

gzth@@+j W (tu,)

Qj(l,m)

+Lummwoﬂp

(45)
zhmwgm+¢hwyf
+h(m) |Q; (m,c0)|.
Using (45) we obtain
|0, (m,00)| < S 0, (46)

h(m)



asm — 00 uniformly in j, and for any fixed 0 < I < m,

- P S
J 'J' " " J’Q L) |uJ| Sclm“uj"Z - (47)

as j — 0. It follows from (46) that, for any s € 2, +00),

s 2s 172 1/2
L)j(m,oo) |Vj| = (Lj(m’oo) |VJ'| ) ' |Qj (m, 00)| (1)

< C|Qj (m, oo)|1/2 — 0,

asm — oo uniformly in j.
Let 0 < € < 1/5. By (H,) there is I, > 0 such that

W, (t,u)| < g lul (49)
for all |u| < I.. Consequently,

J W, (t.) (v =v;) v
040

|u,~l

J =Py = vl
vi—vil v
Q,04,) AL,

€ 2
‘|V1| <€
c 2

IN

(50)

for all j.
Set o' = 7/2. By (H,), (48), and Holder inequality, we
can take m, > r large enough such that

J W (615) (v = 77) )
Q(m,,00)

|”j|

< j W (6.)| v
oo u|”
o 1/o'
X(Lj(mpm)('v;—v;ijD ) (51)
— o . e 1/t
. ( jQ]_(mem) e uj)) (L (D)
. 1/t
><(J-Qj(me,oo) |vj )

<€
for all j. Note that there is C = C(e) > 0 independent of j
such that [W,(t, uj)l < Clujl fort € Qj(le,ms). By (47) there
is j, such that

J W, (1) (v; - v
Q;(l.,m,)

'”f|

77 = vi | Ivi
atmy 0 j

) 1/2
<clly([, . f)

<€

|VJ| <CJ

(52)
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forall j > j,. By (50)-(52), one has

i P00
up
vl A Y

< 3e. (53)

On the other hand, by (48), take m, > 0 large enough such
that

Jﬂj(me,m) |V | = (54)

Similar to (47), one has

J | = J |u,'2 _meloy@m)|
Vi il = 2 =
Jus| o]
(55)
Thus (54) and (55) imply that
) 2
h?isolip JR |vj' < 2e. (56)

By (53) and (56), one has

<|v | . W (t’”j) (V; -
i

which contradicts (41). The proof is complete. O

v_.)
lim supj 2 ) <5e<1, (57)

j— oo R

Let {uj} c Qbe a (C),-sequence of ®; by Lemma 10, it is

bounded, up to a subsequence; we may assume u; — uin Q,

u, —» uin LY for U € [2,00), and uj(t) — u(t) a.e. on R.

j loc

. 1_ _
Plainly, u is a critical point of ®. Set u; = u; — u.

Lemma 11. Under the assumptions of Theorem 2, one has, as
j = oo

(1) O(u) — ¢ - Ou);

) c1>’(u}) - 0.
Proof. The proof of this lemma is similar to the one of
Lemma 5.7 in [9] (or see [10]), so we omit it here. O

Let == fu € Q: d'w =
nontrivial critical points of ®.

0, u# 0} be the set of

Lemmal2. Under the assumptions of Theorem 2, the following
two conclusions hold:

(1) ¢ :=inf{llull : ue H}>0;
(2) y :=inf{®(u) : u e K} > 0.

Proof. (1) For any u € %, there holds
0=0a (wu" = ||u+||§ - J W, (tu)u', (58)
R

together with (25), which implies that

o' = el + Celu [} < celu* g + el [, (59)
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where p > 7. Choose € small enough; one has

1-ce P2 2
o<( < ) < a2 (60)

for each u € #. Therefore,

B 1-— 2/(p-2)
lull® > lully = Ju s + [ > (Tce) 0. (6)
€

(2) Suppose to the contrary that there exists a sequence {u j} C
K such that d)(uj) — 0.
Then

0= fufs- |, W) (5 -15). (@

1, —
0(1)= (1) = (1)) 30 (), = [ W ().
(63)

By (1), IIujII > ¢. Clearly {uj} is a (C),-sequence of @ and
hence is bounded by Lemma 10. Using (63) and the discussion
in the proof of Lemma 10, we see that, for any 0 < I < m and
p € [1,00), JQj(l,m) Iujl2 — 0and fQj(m)oo) Iujlp — 0as
j — oo. Therefore, it follows from (24) and (62) that for any
€ >0

lim supHuj"z <é, (64)
— 00

which contradicts (61). The proof is complete. O

In the following lemma we discuss further the (C),-
sequence. Let [k] denote the integer part of k € R. The
following lemma is standard by using Lemmas 11 and 12 (see
(1, 19]).

Lemma 13. Under the assumptions of Theorem 2, let {u j} cQ
be a (C).-sequence of ®. Then either

(i) u; — 0 (and hence c = 0), or
(ii) ¢ > w and there exist a positive integer k < [c/y],

Virer s Vi €K, andsequence{ai.} cZ i=12,...,k
such that, after extraction of a subsequence of {u;},

k k
u; — Za} * yiH — 0, Zd) (y))=c (65)
i=1 i=1

and fori+q,
.a; - a?| — 0 (66)

asj — oo.

4. Proof of Theorem 2

In order to apply the abstract Theorems 5 and 6 to ®, we
choose X = Q" and Y = E'. X is separable and reflexive
and let § be a countable dense subset of X*. First we have the
following.

Lemma 14. O satisfies (N ).

Proof. We first show that ®, is T ¢-closed for every a € R.
Consider a sequence {u;} in ®, which 7 g-convergestou € Q

and write u; = u; + u}r and u = u~ + u*. Observe that {u}r}

converges to u" in norm topology. Since W(t,u) > 0, there
exists ¢ > 0 such that

e 1y .
=Sl -0 () - | wew)<e @)

Therefore, IIuJT ||0 is bounded. So ||uj||0 is bounded. Now we
claim that |u;|2 is bounded. Assume by contradiction that
Iu]_.l is unbounded. Clearly, ||uj|| is also unbounded. Setting
v; = uifllul, then [v;ll = 1. Passing to subsequence, v; — v

j j
inQ,v;, » vin LY for ¢ € [2,00). Note that

J loc
1 1y =
[ wlo)<-ae gl Lhale o

Therefore, [, W(t, u;) is bounded and [, (W (t,,)/llu;l*) —
0. Similar to Lemma 8, we can obtain (33). From (33) and

_[R(W(t,uj)/||uj||2) — 0 and together with ij(O,r) |vj|2 -0
it follows that |v;|, — 0. Since 1 = [v;I* = |v;I +

|vj|§, we obtain [[v;]| o — L which contradicts the fact that
||Vj||0 = IIujIIO/IIujII — 0. So ILLJ_.I2 is bounded. Therefore,
{uJ_.} is bounded in Q, and we have uJT — u . Therefore,

u; — u. It is easy to show that ¥ is weakly sequentially

lower semicontinuous. Thus, from the form of @ it follows
that ®(u) > lim inf O(u;) > a.Sou € @, and ®, is T -
closed.

Next we show that @’ (®,T5) — (Q%u")is
continuous. It is sufficient to show that ¢' has the same
property. Let u; — uin Q. Then u; — wuin LY foru €
[2, 00). It is obvious that

¢ (”j) V= JR W (t’ ”‘j) v— JR Wtuv=¢ (v, )

Vv € C2 (R)

as j — ©0. Now using the density of C;°(R) in Q one can
obtain the desired conclusion. O

Lemma 15. O satisfies (/).

Proof. We assume by contradiction that, for some ¢; > 0,

there exists a sequence {u,} with ®(u,) > ¢ and ||u,|* >
2 L

nllu, |I”. The form of @ implies that

ot 2 (1= 1) | 2 € (= 1) oy g

(70)

>c(n-1) (261 + ||u;||3 + ZJ W(t,un)>.
R

Since ¢, ¢; > 0and W (¢, u,) > 0, it follows that [lu | — oo as
n — oo.Hence [u,| — o0.Setv, =u,/|lu,l. Then |v,| =1



and v} ]* = 11/ lu,l> < 1/n — 0. Therefore, v, — v = v~
in Q. By (70) we have

2¢

ol

12||vn||22c(n—1)< M)

ot

(71)

—12
s+l 2
R

Thus ||v;||§ <1/c(n—1) — 0. By (31)-(32) and (71), one has

1 >J W (t,u,) >J w(tu,)
20=1 " Jr u, P Joeeo u, |

l2

(72)

>

= w J |vn
Q,(r',00)

and together with IQ (0 |vn|2 — 0, it follows that |vn|§ N

0. Therefore, ||v,|| — 0, which is in contradiction with ||v,|| =
1. The proof is complete. 0

Now we give the proof of Theorem 2.

Proof. (1) Existence of a Homoclinic Orbit. With X = Q~
and Y = E' the condition (.#;) holds by Lemma 14 and
(/1) holds by Lemma 15. Lemma 7 implies that (/) holds.
Lemma 9 shows that @ possesses the linking structure of
Theorem 5. Therefore, there exists a sequence {u j} C Q such
that
o) — ez (1+ )0 (o

=0 (73)

J
By Lemma 10 {uj} is bounded. Consequently, d)'(uj) —
0. A standard argument shows that {uj} is a nonvanishing
sequence; that is, there exist §; > 0,0 < R < 00, and {a]-} cR
such that
a;+R P
lim ian |uj' > ¢ (74)
J—© Ja;-R

Setting #i;(t) = u,(f + a;), by the invariance under translation
of @, {ﬁj} is a (C).-sequence of ® and i; — ui. From

R
lim infj [ =& >0, (75)
-R

j— o0

we see that 7 # 0, and hence # is a nontrivial critical point of
®. Following the idea of [15], we prove that # is a homoclinic
orbit of (HS). By (23) and Lemma 4, W, (t,u) € L* for all
p > 2. Hence, a standard regularity theory of solutions of
ordinary differential equations shows that u € Hj,_n L* for
all g > 2. By (HS) and (23),

lil® < ¢ (Jul® + [uP0), (76)
where p > 7. So for all ¢ € R, by Holder inequality, one has

0+1/2 0+1/2 1/(p-1) 0+1/2
j [a® < ¢ J w7 + J [uP VL
0-1/2 0-1/2 0-1/2

(77)
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Integrating from ¢ — 1/2 to ¢ + 1/2 the following equality,

w(o) = ut) + f i1 (s) ds, (78)

yields, using Holder inequality

o+1/2 1/(p-1) 0+1/2 1/2
lu(o)] SC“ lulz"’”> +(j |u|2> . (79)
0-1/2 0-1/2

Since u € L*?™V_(77) and (79) show that
[u (o) — 0 as|o| — oos (80)
that is, u is a homoclinic orbit of (HS). The proof is complete.

(2) Multiplicity. Following the idea of [10], the proof will be
completed in an indirect way; namely, we show that if

% is a finite set, (81)

then @ has an unbounded sequence of critical values, a
contradiction. We do this by checking that if (81) is true then
O satisfies all the assumptions of Theorem 6.

By the assumption W (¢, u) is even in u, hence so is ©.
®(0) = 0 is deduced from (H;). Lemma 8 shows that ®
satisfies (//5). Let 7 be a set consisting of arbitrarily chosen
representatives of the Z-orbits of . Then J is a finite set
by (77), and since @ is odd we may assume that 7 = -7 . If
z € K, then O(z) > v by (2) of Lemma 12. Hence there exists
Y < x such that

< min® = min® < O < D < y.
¥ < min® = min® < max® < max® < ¥ (82)

For k € N and a finite set % C Q we define

J
(B, k) := {Zai*uj:lgjgk,aiez,ujE.%‘]». (83)

i=1
As in Coti Zelati and Rabinowitz [1, 19],
inf{"u - u’” cuu € (B, k)} > 0. (84)

Now we check (/). Given a compact interval I ¢ (0, c0)
with s := max I we set k = [d/y] and € := (7, k). We have
PY(T,k) = (P*T, k). Thus from (84)

inf {Ju; —u; | 1 uyu, € 6, ul #u,} > 0. (85)

In addition, € is a (C);-attractor by Lemma 13 and € is
bounded because |u|| < kmax{|[u| : u € T} for all
u € €. Therefore, by Theorem 6, ® has an unbounded
sequence of critical values which contradicts the assumption
(81), and hence @ has infinitely many geometrically distinct
homoclinic orbits. O
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