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The substantiation of a possibility of application of partial averaging method on finite interval for differential inclusions with the

fuzzy right-hand side with a small parameter is considered.

1. Introduction

In 1990, Aubin [1] and Baidosov [2, 3] introduced differential
inclusions with the fuzzy right-hand side. Their approach is
based on usual differential inclusions. In 1995, Hiillermeier
[4-6] introduced the concept of R-solution similar to how it
has been done in [7]. Further in [8-20], various properties
of solutions of fuzzy differential inclusions and their applica-
tions at modeling of various natural-science processes were
considered.

The averaging methods combined with the asymptotic
representations (in Poincare sense) began to be applied as the
basic constructive tool for solving the complicated problems
of analytical dynamics described by the differential equations.
After the systematic researches done by N. M. Krylov, N.
N. Bogoliubov, Yu. A. Mitropolsky, and so forth, in 1930s,
the averaging method gradually became one of the classical
methods in analyzing nonlinear oscillations.

In works [21, 22], the possibility of application of schemes
of full and partial averaging for differential inclusions with
the fuzzy right-hand side, containing a small parameter, was
proved. By proving these theorems, the scheme offered by
Plotnikov et al. for a substantiation of schemes of an average
of usual differential inclusions [23-28] was used. In this work,
the possibility of application of partial averaging method for

fuzzy differential inclusions without passage to reviewing of
separate solutions is proved; that is, all estimations are spent
for R-solution corresponding fuzzy systems.

2. Preliminaries

Let comp(R")(conv(R")) be a family of all nonempty (convex)
compact subsets from the space R” with the Hausdorff metric:

h(AB)=min{S, () > B S, (B)> A}, ()

where A, B € comp(R") and S,(A) is r-neighborhood of set
A.

Let E” be a family of all u : R* — [0, 1] such that u
satisfies the following conditions:

(1) u is normal; that is, there exists an x, € R” such that
u(xy) = 1;

(2) u is fuzzy convex; that is,
u(Ax+ (1= 21) y) =2 min{u(x),u(y)}, (2)

foranyx,y € R"and0< A < 1;
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(3) uis upper semicontinuous; that s, for any x, € R" and
€ > 0 exists §(x,, &) > 0 such that u(x) < u(x,) + ¢
whenever [|x — x,|| < 8(xg,¢€), x € R";

(4) the closure of the set {x € R" : u(x) > 0} is compact.

Ifu € E", then u is called a fuzzy number and E" is said
to be a fuzzy number space.

Definition 1. The set {x € R" : u(x) > «} is called the a-level
[u]” of a fuzzy number u € E”, for 0 < a < 1. The closure of

the set {x € R" : u(x) > 0} is called the 0-level [u]° of a tuzzy
number u € E".
It is clear that the set [u]* € conv(R"), forall 0 < « < 1.

Theorem 2 (see [29] (stacking theorem)). Ifu € E", then

(1) [u]® € conv(R"), for all o € [0, 1];
(2) [u]® c [u]™, forall0 < a; <, < 1;

(3) if{o} is a nondecreasing sequence converging to o > 0,
then [u]™ = (N, [u]™.

Conversely, if {A, : o € [0, 1]} is the family of subsets of R"
satisfying conditions (1)-(3), then there exists u € E" such that
[ul“ = Ay for0 < < 1and [u]’ = Upepes Ag C A

Let 0 be the fuzzy number defined by 0(x) = 0, if x#0
and 6(0) = 1.
Define D: E" x E" — [0, 00) by the relation

D (u,v) = sup h([u]% [v]7). (3)

0<a<l1
Then, D is a metric in E". Further, we know that [30]

(i) (E", D) is a complete metric space;
(ii) D(u + w, v + w) = D(u,v), for all u, v,w € E™;
(iii) D(Au, Av) = |A|D(u, v), for allu,v € E" and A € R.

3. Fuzzy Differential Inclusion: R-Solution

Consider the fuzzy differential inclusion

xeF(t,x), x(0)e€X, (4)
wherex € R",t € [0,T] CR_,F: [0, T]xR" —» E", X, € E".

We interpret (4) as a family of differential inclusions (see
[7,9,10]):

%, € [F(t,x,)]",  x,00) € [X,]%, ael0,1]. (5

An a-solution x,(-) of (4) is understood to be an
absolutely continuous function x, : [0,T] — R” which
satisfies (5) almost everywhere. Let X, denote the a-solution
set of (5) and let X, (t) = {x,(t) : x,(-) € X,}. Clearly, a
family of subsets X, = {X,(t) : « € [0, 1]} cannot satisfy the
conditions of Theorem 2 (see [5, 6, 9]).

Therefore, we will consider an R-solution of fuzzy differ-
ential inclusion (4).
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Definition 3. The upper semicontinuous fuzzy mapping X :
[0,T] — E" which satisfies the system

sup h([X (t+0)]% U {x + ra [F (s, x)]“ds}>

ael0,1] xE[X(t)]“
=o0(0), X(0)=X,
(6)

is called the R-solution X(-) of differential inclusion (4), where
lim, _, 0, (o(0)/o) = 0.

Theorem 4. Suppose that the following conditions hold:

(1) fuzzy mapping F(-, x) is measurable, for all x € R";
(2) there exists A > 0 such that, for all x',x" e R,

D (F (t, x') ,F (t, x")) <A ”x' - x”“ , (7)

for almost every t € [0,T];

(3) thereexistsy > 0 such that D(F(t, x), 0) < y, for almost
everyt € [0,T] and every x € R";

(4) for all B € [0,1], x',x" € R" and almost everyt €
[0) T])

BF (t, x') +(1- /g’)F(t, x”) C F(t, Bx'+(1-p) x").
(8)

Then, there exists a unique R-solution X(-) of fuzzy system (4)
defined on the interval [0, 7] C [0, T].

Proof. Let S,(X,) = {X € E" :
min{T, r/y}.

By [5, 6], it follows that a family of subsets X, = {X(t) :
« € [0, 1]} satisty the conditions of Theorem 2; that is, X, €
E", for every t € [0, 7].

Divide the interval [0,7] into partial intervals by the
points t;, = kr2?, k = 0,...,P, P = 2/, p € N. We use
Euler algorithm; let the mapping X”(-) be given by

x*®]" = | u{x+Jp[F(s,x)]“ds}, )

xe[X(t])] ‘i

D(X,X,) < rland 7 =

where t € [t;,t;,,], k € {0,..., P}, X(0) = X,, & € [0, 1].

By [7, 28], it follows that the sequence {[X)‘D(-)]"‘};z1 is
equicontinuous and fundamental and its limit is a unique R-
solution [X(-)]* of differential inclusion (5) and [X(#)]* =
X, (), for every t € [0,7] and « € [0, 1]. This concludes the
proof. O

Also, we consider the differential inclusion
yeG(ty), y(0) €Y, (10)

where y € R",t € [0,T] cR,,F: [0, T]xR" — E" Y, € E".
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Lemma 5. Let F(t, x) and G(t, y) satisfy conditions (1)-(4) of
Theorem 4 and there exist § > 0 and p > 0 such that

D <L F (s, x)ds, L G (s, x) dS) <n (t,-t,), a

D (X, Y,) <

foreveryx € R"and t, > t, t,,t, € [0, T].

Then D(X(t),Y(t)) < ,ueM + (r]/)t)(e’\t — 1), foreveryt €
[0,T].
Proof. Divide the interval [0, T] into partial intervals by the

points t;' = kA, A = (T/m), k = 0,...,m, m € N.By
Definition 3, we have

DX (t),Y (1)

t
< sup h U {x + J [F (s, x)]“ds} ,
“elOl \ xex (1" t

U{wﬂ@@Wﬂ)

yelY (t)]*

+0(A)

< sup h([x ()] + f [F (s [X (1)]%)]"ds,

a€l0,1]

Y @+ [ [6 (s Y ()] "as)

+0(A)

< sup h([X ()] + f [F (s [X (1)]%)]"ds,

a€l0,1]

mwrf[@mmw%)
O

] Ix
e [r uwuﬂ@
ol
INC

+ sup h( [X ()]

ael0,1]

+ sup h( Y (t)]" s, [Y ()] )] ds,

ael0,1]

(s.[¥ (6)1)]"as)

+0(A)

< sup h (f [F (s [X (1)]%)]"ds,

f [F (s [Y (tk)]“)]“ds)

k

+ sup R([X ()] [¥ (1)]°)

ae0,1]
t
< sup h (J
aefo1] \Jg

J-: [G s [Y(t)] )]“ds> +0(A)

k

s, [ X (t)] )]‘xds,

< r AD (X (£),Y () ds
(te) +n(t =) +0(A)
<((t=t) A+ 1) D(X (), Y (t))

At Moo
+n(t-t) +o(A) < pe +X(e —1)

+D(X(t),Y

(12)
for every t € [0, T]. This concludes the proof. O

Remark 6. If X, = Y, then D(X(t),Y(t)) <
for every t € [0, T7].

(/MM - 1),

4. The Method of Partial Averaging

Now, consider the fuzzy differential inclusion with a small
parameter
xeeF(t,x), x(0)¢€ X, (13)

where X e R",t € R,,F: R, xR" — E", X, € E",ande >0
is a small parameter.
In this work, we associate the following partial averaged
fuzzy differential inclusion with the inclusion (10):
yeeG(t,y), y(0)eX, (14)

where G : R, x R" — E" such that

1 (T 1 (T
Tll_{réoD<T L F(t,x)dt, T L G(t,x)dt) 0. (15

Theorem 7. Let in domain Q = {(t,x) : t >
conv(R")} the following conditions hold:

0, x € D€
(1) mappings F(-, x), G(:, x) are measurable on R ;
(2) mappings F(t,-), G(t, ) satisfy a Lipschitz condition

D (F (t, x'),F (t,x")) <A "x' - x”" ,

D (G (t, x') ,G (t, x")) <A "x' - x”” R

with a Lipschitz constant A > 0;



(3) there existsy > 0 such that

D (F (t, x),ﬁ) <9y, D (G (t, x) ,6) <9y; 17)

for almost every t € [0,T] and every x € R";

(4) for all B € [0,1], x',x" € R" and almost every t <
(0,T],
BE (t,x") +(1-B)F(t.x")
cF(t,px' +(1-p)x"),
BG(t:x")+(1-p)G(t,x")
cG(tpx"+(1-p) «").

(18)

(5) limit (15) exists uniformly with respect to x in the
domain G;

(6) for any X, ([XO]O c D' c D), e € (0,7, and
t > 0, the R-solution of the inclusion (10) together
with a p-neighborhood belongs to the domain G; that
is, [X(@®)]° + SP(O) C D, foreveryt > 0.

Then, for any n € (0, p] and L > 0, there exists gy(11, L) > 0
such that, for all e € (0,&)] and t € [0,Le"], the following
inequality holds:

DX (8),Y (1) <n, (19)
where X(-), Y(:) are the R-solutions of initial and partial
averaged inclusions.

Proof. Divide the interval [0, Le™!] on the partial intervals by

the points t, = (kL/em), k € {0,1,...,m — 1}. We denote
fuzzy mappings X" (-) and Y"(-) such that

(X" 1)) = U {x+sJ [F(s,x)]“ds},
xe[X(t]" g (20)
(X" (0] = [X,]°
o t o
pror= U {ree] el
yelY (£ i (21)

Y™ ()] = [X,]°,

forevery o € [0,1], ¢ € [ty, tyq ], k €1{0,1,...,m—1}.
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Then

D (X" (t), X (t))

< suph< U

x€[ X" (t)]"

U {x +e J:l [F (s, x)]ads} > (22)

x€[X(t-1)]* -

{x +e th [F (s, x)]“ds} ,

+0(t —tyy)

< (1+e(t =) M) D (X7 (t) » X (81))

t, —t
+O(tk—tk_1)S O(k—k_l)(e/\L—l).

b =ty

Also, we take

D™ (8).Y (1) < % (-1). @3

Asfort € [tk’ tk+l]’

D (X" (), X" (t))

< sup h
a€l0,1]
t
x ( U {x te J (F (s, x)]“ds]» (X" (tk)]“>
xe[X™(8)]* b
<ey(t-t) < %,
(24)
D™ (1), Y" () < ey (t - 1) < % (25)

Using estimates (22)-(25), for any r > 0, there exists
such that, for m > m,, we have

D(X™(t),X (1) <

>

s

(26)
DY™(@®),Y(t) <

=

Taking into account Lemma 5, for any v > 0, there exists
& > 0 such that, for all ¢ € (0, ], the following inequality
holds:

m v
D" (1) Y () < 2 (1), @)
By combining (26) and (27) and choosing m >

max{m,, 8yL/n} and v < (11/\/4(6/\ L_1)), we obtain (19). The
theorem is proved. O
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5. Conclusion

If F(-,x) is continuous on [0, T], then, instead of (5), it is
possible to consider the following more simple equation:

sup h{ [X(t+0)]% ] {x+0[F(tx)]")
ael0,1] xe[X()]% (28)

=o0(0), X(0)=X,,

and, similarly, we can prove all the results received earlier.
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