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A constrained weak Nash-type equilibrium problem with multivalued payoff functions is introduced. By virtue of a nonlinear
scalarization function, some existence results are established. The results extend the corresponding one of Fu (2003). In particular,
if the payoff functions are singlevalued, our existence theorem extends the main results of Fu (2003) by relaxing the assumption of

convexity.

1. Introduction

For a long time, real valued functions have played a central
role in game theory. More recently, motivated by applications
to real-world situations, many authors have studied the
existence of solutions of Pareto equilibria of multiobjective
game with vector payoft functions; for example, see [1-4] and
the references therein. Notice that most payofts may be one
collection of things from many collections of things in the
real world; reference [5] studied the constrained Nash-type
equilibrium problem with multivalued payoff functions and
proved the existence results.

In the paper, let I be an index set, Z; a real topological
vector space, and X; (i € I)a Hausdorfttopological space. Let
X = [l X; and X = [Tjer,j+iX;. Foreach x € X, let x; and
x" denote the ith coordinate of x and the projection of x on X,
respectively. In the sequel, we may write x = (x,);c; = (x;, x°).
For all i € I, let C; be a convex, closed, and pointed cone
of Z;, with apex at the origin and with nonempty interior;
let F, : X, x X' — 2% and§; : X — 2%. We consider
a class of constrained weak Nash-type equilibrium problems
with multivalued payoff functions.

(CWNEP) Finding an X = (X);c; € X such that, for each
i€l u €S, (X),andz € F,(X,,%), there exists z; € F,(u;, ')
satisfying

z; - z; ¢ —intC,. 1)
Then, x is a solution of (CWNEP).

The following problems are special cases of (CWNEP).

(i) If, for each i € I, F, is a singlevalued function, Z; =
R, and §;(X) = X;, (CWNEP) reduces to the Nash
equilibrium problem [6].

(ii) Let X, Y, and Z be real Hausdorft topological vector
spaces, and let C and D be two nonempty subsets of
X and Y, respectively. Let P ¢ Z be a closed convex
and pointed cone with int P#0,let S: Cx D — 2°
and T : Cx D — 2P be two set-valued mappings,
and let f,g : C x D — Z be two vector-valued
mappings. The problem (CWNEP) reduces to a class
of symmetric vector quasiequilibrium problems (for
short, SVQEP) that consists in finding (X, ¥) € Cx D
such that X € S(x, ),y € T(x, ), and

f(xy)-f(xy)¢-intP, VxeS(x7),

g(xy)-g(xy) ¢-intP, VyeT(xy),

)

which was considered by Fu [7].

In this paper, we obtain the existence result for (CWNEP).
Our existence theorem extends the main result of [6] from
singlevalued case to multivalued case. In particular, if the
payoff functions are singlevalued, our existence theorem
extends the corresponding result in [7] by relaxing the
assumption of convexity.
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The rest of the paper is organized as follows. In Section 2,
we state some notations and preliminary results for multival-
ued mappings. We recall the nonlinear scalarization function
and its properties. In Section 3, we show existence result for
(CWNEP).

2. Preliminaries

Let us first recall some definitions of continuity for set-
valued mappings. Let X and Y be two topological spaces.
T:X — 2" isa set-valued mapping. T is said to be upper
semicontinuous at x, € X if, for each open set V containing
T'(x,), there is an open set U containing x,, such that, for each
t € U, T(t) € V. It is said to be upper semicontinuous if
it is upper semicontinuous at every point x € X. T is said
to be lower semicontinuous at x, € X if, for each open set
V with T(x,) N V #0, there is an open set U containing x,
such that, for each t € U, T(t) N V #0. It is said to be lower
semicontinuous on X if it is lower semicontinuous at every
point x € X. T is said to be continuous at x,, if it is both upper
semicontinuous and lower semicontinuous at x,. It is said to
be continuous on X if it is continuous at every point x € X.

From [7, Lemma 2], T is Ls.c. at x € X if and only if, for
any y € T(x) and any net {x,}, x, — x, there is a net {y,}
such that y, € T(x,) and y, — y. T is closed if and only
if, for any net {x,}, x, — x, and any net {y,}, y, € T(x,),
y, — y,onehas y € T(x).

Definition 1. Assume that X is a Hausdorft topological space
and Z is a real topological vector space. Let E be a nonempty
convex subset of X, let H E — 2% be a set-valued
mapping, and let P ¢ Z be a closed convex and pointed
cone with int P# 0. H is said to be generalized Luc’s quasi-
P-convex on E if, for every x;, x, € E, A € [0,1], and
y € H(Ax;+(1-1)x,), there exist z; € H(x,)and z, € H(x;)
such that

yez-C, z€C(z,2,), 3)

where C(z,, z,) is the set of all upper bounds of z, and z,; that
is,

C(z,2,)={z€Z|z,€z-Pz,ez-P}. (4

Remark 2. Definition 1 is a generalization of the concept of
Luc’s quasi-P-convexity in [8].

Now we recall the definition of the nonlinear scalarization
function [9, 10] as follows.

Definition 3. Let Z be a real topological vector space, and let
P ¢ Z be a closed convex and pointed cone with e € int P.
The nonlinear scalarization function §, : Z — R is defined

by
¢ (y)=min{teR | yete—P}. (5)

Lemma 4 (see [9]). The nonlinear scalarization function has
the following main properties:

(i) &,(-) is continuous and convex;
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(ii) &,(-) is subadditive; that is, §,(y; + y,) < &, (y)+E.(1,);

(iii) &,(-) is strictly monotone; that is, if y, — y, € int P, then
E(n) > & (y2).

3. Existence for the Solution of (CWNEP)

Throughout this section, let E; (i € I) be a locally convex
Hausdorft topological vector space, and let Z; be a real
Hausdorff topological vector space. Let X; be a nonempty,
compact convex subset of Z;, respectively. Let C; C Z; be
a closed convex and pointed cone with e; € intC;. Suppose
that S; : X — 2% is a continuous set-valued mapping with
compact convex values and F, : XixXi — 2% isa continuous
set-valued mapping with compact values. For every i € I, set

Se, (Fi(% 7)) = U er () Se, (8-

Lemma 5 (see [11]). Let E be a nonempty compact convex
subset of a locally convex Hausdorff topological space X. If
G : E — 2% is upper semicontinuous and, for each x € E,
G(x) is a nonempty, closed, and convex subset, then there exists
an X € E such that x € G(x).

Theorem 6. Suppose that the following conditions hold:

»Hs X - 2% is continuous with compact convex
values;

(i) F, : X; x X' — 2% are continuous with compact
values;

(iii) for each fixed x; € X, Fi(-x') is generalized Lucs
quasi-C;-convex.

Then, there exists an X € X; x X' such that, for eachi € I, u; €
S;(x), and z; € Fi(x;,X), there exists z; € F;(u;, X') satisfying

z -7 ¢ —intC,. (6)

Proof. We define a set-valued mapping A, : X — 2% by

A;(x) = qu; € S;(x) | max§, (Fi (ui, xi))
™)

= min U max ¢, (Fi (xi’xi))

x;€5;(x)

It follows from [12, pages 110-119, Propositions 6 and 21]
that max ¢, (F;(-, x")) is upper semicontinuous for each fixed
x' € X'. By [12, page 112, Proposition 11], the set

U maxé, (£(6.5)) (8)

0eS(x)

is compact. Therefore, A;(x) is nonempty for every x € X.
Let
{xn} €X Xy = X0p»
)
Uy € A (%)

Ui — Uip-
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We must show thatu; , € A;(x,). First, note thatu; , € A;(x,)
and then u;,, € S;(x,). As S;(-) is upper semicontinuous and
the set S;(x,) is compact, it follows that u;, € S;(x,). Suppose
that 1;, ¢ A;(x,). Then, there exists a vector w;, € S;(x,)
satisfying

max &, (F,- (wi,o,xf))) < max Eei (E (ui)o,xf))) . (10)

As §;(-) is lower semicontinuous, there exists w;,, € S;(x,,),

such that w;, — w,,. It follows from compactness of
F(w;,,, x,,) that there exists z; , € F,(w;,,, x;) such that

in>

fe- (zi,n) = max gei (Fi (wi,n’ x;)) . (11)

It follows from the upper semicontinuity of F;(:, -) and the
compactness of X' x X; that F;(x', x;) is compact. Hence, for
the net {z; ,}, there exists a subnet of {z;,,} converging to z; ;.
Without loss of generality, assume z;,, — z;,. Now we prove
that
S,

i

(2;0) = max§, (Fi (wi,o)XS)) : (12)

Since the mapping F;(:, -) is upper semicontinuous and the set
Fi(w; o, xf)) is compact, we have §ei (z;p) € Eei (F;(w; xf))).

suppose  that &, (z;,) # max§, (Fi(w; g, x5)).
Namely, there exists v;, €  Fj(w;y, xf)) such that
& (Vi) > & (z;9). As Fi(-,-) is lower semicontinuous,

there exists v;,, € F;(w,,,x,) such that v;,, — v;,. Since
&, () is continuous, for n large enough,

Now,

Ee,— (Vi,n) > Ee,- (Zi,n) > (13)

which is a contradiction to (11). 4
From the compactness of F(y;,,x,), we take Z;,, €

F(u; x}) such that
&, (Z;,) = max§, (Fi (”i,n’xi)) : (14)

By the compactness of F;(x;, x'), we can choose a converging
subnet of {Z;,}, which is denoted without loss of generality
by the original net {Z; }. Assume Z;,, — Z%;,. Similar to the
preceding proof, we have

Eei (Ei,o) = max gei (F (ui)()i x:))) . (15)

Then, by (10), &, (z;) < &, (Z;,)-
It follows from the continuity of &, (-) that &, (z;,,) —

& (zip)and§, (Z;,) — &, (%) Therefore, &, (z;,) < &, (Z;,),
when # is large enough. It is said that

max,, (F (wyn,)) < maxg, (F (u,0,)).  16)
By the definition of A;(-) and u;,, € A;(x,,), we have
max Ee,- (F,- (ui,n, x’n)) = min U max fe,. (Fi (x,-,n,x;)).

xi,nGS,‘(x,,)
(17)

This, however, contradicts the fact u;,, € A;(x,). Therefore,
the mapping A;(-) is closed.
Letu;,,u;, € A;(x), A € (0,1), and

o, = min U maxfei (Fz (ei’xi)) : (18)

0,€S;(x)

From the definition of A;(-), we have u; ,, 1, € S;(x) and

max§, (F (ui,l,xi)) = max{, (F (ui,z,xi)) =, (19)

As S;(x) is convex-valued, Au; ; + (1 — M)y, € S;(x).

According to the generalized Luc’s quasi-C;-convexity of
F,(, x"), we get that, for all z{ € Fi(Au;y + (1= M)y 5, x'), there
exist z;, € Fi(ui,l,xi) and z;, € F;(u;,, x') such that

!
z; €z; -

Ci, Vz;€C(z;1,2,)- (20)

Without loss of generality, suppose I; = &, (z;;) and [, =
& (zip), Iy 2 Iy wehavez;; € lie;—Cjand z;, € Le; - C; C
lie; — C;. From (20), z, € I e; — C;. By the monotonicity of

£, 0,

£ () <& (Le)=1,. (21)

As
I, < max (maxﬁei (F (”i,l’xi)) ,maxg, (F (uil’xi))) = %o
(22)

therefore, &, (z]) < o,
Since

z, € F, (Aui)l +(1-1) u,-,z,x") (23)
is arbitrary, we have
max &, (Fi ()Lui)l +(1-2) ui,z,xi)) < o (24)

By the fact that F;(Aw; ; + (1 - V)u; ,, x') is compact and ge; )
is continuous, there exists

z € F (A + (1= D)y, x7) (25)
such that
£, (z) =max&, (F(Au, + (1-Dupx')).  (26)
Thus, §, (Z;) < ay. It follows from the definition of «, that
max ¢, (F,- (Aui,l +(1-2) ui,z,xi)) = o (27)

Thus, Au; ; +(1-Auy;, € A;(x); namely, A;(x) is a convex set.

Define A : X — 2% by A(x) = IL A;(x),Vx € X.
Therefore, A(x) is a nonempty, convex, and closed subset of
X for each x € X. Since A,(-) is closed, so is A(:), and since
A(x) ¢ X, X is compact, by [12, page 111, Corollary 9], A(-)
is upper semicontinuous. By Lemma 5, there exists a point
x € X such that x € A(x).



By the definition of A(:), we have

x; € S; (%),
max Ee,- (Fi (xi,Ei)) > max Ee,- (F (Ei,?)) (28)

Vx; €S;(x), i€l

From (28), Vz; € F(x;, x'),
maxg, (F,(x, %)) 2 £, (z). (29)

By the compactness of F,(x;,x') and the continuity of
& (), there exists z; € Fj(x;,Xx), such that § (z;) =
max &, (F(x;,X')). Thus, for all Z; € F(X,,x'), there exists
z; € F(x;,x') such that &, (z,) < &, (z;). Then, it follows from
the subadditivity of Ee,- (+) that
Ee- (Zi -

i

Z;) = 0. (30)
By Lemma 4, we get
z;—z; ¢ —intP. (31)

So x is a solution of (CWNEP) and this completes the proof.
O

Let X, Y, and Z be real Hausdorff topological vector
spaces, and let C and D be two compact subsets of X and Y,
respectively.

Corollary 7. Let X, Y, and Z be real Hausdorff topological
vector spaces, and let C and D be two nonempty subsets of X
and Y, respectively. Let P C Z be a closed convex and pointed
cone with int P # 0. Assume that

(1) S:CxD — 2°andT:CxD — 2P are continuous
and compact, and for each (x, y) € C x D, S(x, y) and
T(x, y) are nonempty, closed convex subsets;

(2) f,g:CxD — Z are continuous;

(3) for any fixed y € D, f(-, y) is Luc’s quasi-P-convex; for
any fixed x € C, g(x,-) is Luc’s quasi-P-convex.

Then there exists (x,y) € C x D such that x € S(x,y),y €
T(x,y), and

f(xy)-f(xy)¢-intP, VxeS(x7),

9(x%y)-g(xy) ¢ -intP, VyeT(%y).
Remark 8. Since both the class of properly quasi-P-convex
functions and the class of P-convex functions (see [7])

are larger than the class of Luc’s quasi-P-convex functions,
Corollary 7 improves [7, Theorem].

Example 9. Supposethat X =Y = R,C = D = [0,1], and
P:RiandletS :CxD — 2°andT:CxD — 2Pbe
defined as S(x, y) = C and T'(x, y) = D, respectively. For all
(x,9) € R%, let

)= (1-20y),

(33)
g(xy) = (xyh1-y7).
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Itis clear that the mappings f and g are not properly quasi-P-
convex (see [7]), but all the conditions of Corollary 7 hold. It
is easy to see from [7] that both the class of properly quasi-P-
convex functions and the class of P-convex functions (see [7])
are larger than the class of Luc’s quasi-P-convex functions,
and then Corollary 7 improves [7, Theorem)].
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