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Let {X,, X,,...

, X,,} be the basis of space of horizontal vector fields in a Carnot group G = (R";0) (m < n). We prove high order

Fefferman-Phong type inequalities in G. As applications, we derive a priori L?(G) estimates for the nondivergence degenerate

elliptic operators L = I

=¥ e (00X, X ; + V(x) with VMO coefficients and a potential V' belonging to an appropriate Stummel

type class introduced in this paper. Some of our results are also new even for the usual Euclidean space.

1. Introduction and the Main Results

The classical L? estimates for nondivergence elliptic operators
with potentials of the form

n
qu=- Z a;; (x) U, T Vu, xeR, ®
ij=1

have been extensively investigated and many results have
been proved; see [1-5] and so forth. In particular, when
(a;})uxn = I, the identity matrix, and V belongs to the reverse
Holder class B, (n/2 < q < 00), Shen [2] established L? (1 <
p < q) boundedness for the Schrédinger operator —A + V
and showed that the range of p is optimal. It is noted that
V € B,(q > 1) means that V ¢ L?OC(R”), V > 0, and
there exists a positive constant ¢ such that the reverse Holder
inequality

<|B|‘l JB v (x) dx)l/q <c (|B|‘1 LV(x) dx) )

holds for every ball B in R". More recently, when V €
B, (n/2 < q < 00), a priori LF(R") (1 < p < q) estimate
for 8 in (1) with VMO coefficients has been deduced by

Bramanti et al. [1] by using the representation formula for
Vu in terms of Ru, which generalized the result in [2]. The
aim of this paper is to establish high order Fefferman-Phong
type inequalities in Carnot groups and prove L? regularity of
degenerate elliptic operators plus a potential.

Let X, X,, ..., X,, behorizontal vector fields in a Carnot
group G = (R";0), (m < n) (see Section 2.1). In this paper
we consider the nondivergence degenerate elliptic operator
of the kind

m
Lu=Au+Vu=- Z a; (x) X; X ju+ Vu, (3)
ij=1

where the leading coefficient aij(x) satisfies aij(x) = aj,»(x) €
L®(G) fori,j = 1,...,m, and there exists a constant 4 > 0
such that, for any x € Gand § € R",

m
ulel < 3 ay 0 &8 < &5 (4)
ij=1
furthermore, we assume

a; (x) e VMO (G), (5)
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which shows that, fori, j = 1,...,m,

fj = Sup sup (]B,, )| JB |3 0)=a] dy) —0,

p<r x€G

(6)

.
r—0".

Here ag = IBp(x)If1 ij(x) aij(y)dy. Bp(x) denotes a metric

ball of radius r and center x associated with the Carnot-
Carathéodory distance d (see Section 2) by

B,(x)=B(x,p)={yeG:d(x,y)<p}. ()

As to the potential V, inspired by Di Fazio and Zamboni
[6, Definition 2.4], we introduce the following Stummel type
class §,,.

Definition I (Stummel type class). LetV: G — R,1< p <
00,1 > 0. One says that V € §,(G), if for every r > 0,

e T
v xeG \ Jd(x,y)<r |B (%, d (%, J’))|

X ( J'd(z,x)<r |V (Z)l

_ p-1
dzy) )"
X —————dz dy
|B(z,d(z, y))|
(8)
is finite and
Fmyov (=0, ©)

where d(.,-) is the Carnot-Carathéodory distance; see
Section 2.

Sometimes we will call ¢y,(r) the Stummel modulus of V.

Remark 2. We note that L°(G) ¢ $,(G) (1 < p < 00) and
S,(G) is the special case of the function class in [7, page 56]
with p = 2and G = R"” (n > 5). Also, note that the function
V(x) =d(0,x) > onG belongs to the classes SP(G) for p > 2,
where d is the Carnot-Carathéodory distance (see Section 2).

Nondivergence degenerate elliptic operators similar to
(3) including the form — Y, Xi2 + V have been studied by
some authors; see [8-11] and so forth. The local L? estimate
for operator (3) with the vanishing potential V' = 0 on
the homogeneous group has been verified by Bramanti and
Brandolini [12]. For the study of related operators, we refer
to [13, 14] and references therein. We will prove regularity
for the operator L in (3) on G if a;j satisfy (4)-(5) and V? €
SP(G); see Theorem 3 below. Our methods are different from
the Euclidean case by Bramanti et al. [1], where estimates of
integral operators and their commutators were used as a main
tool.
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Since Fefferman [15] proved the well-known imbedding
inequality

J |V||u|2dx§cj IVuldx, ueCP(R™), (10)
R" R"

with V belonging to the classical Morrey class L™, 1 < r <
n/2, it has been extended to many more general settings and
applied to infer regularity for partial differential operators; see
[6, 16-19] and so forth. One of the main jobs of this paper
is to establish a high order Fefferman-Phong type inequality
in Carnot groups (see Theorem 4), which is motivated by
Di Fazio and Zamboni [6, Theorem 3.1]. So far as we know,
there is not any result in literature on high order Fefferman-
Phong inequalities. Using this inequality and proving several
estimates with the potential, a priori L?(G) estimate for L is
obtained.

We mention that the homogeneous dimension Q of G,
the horizontal gradient Xu, the second order horizontal
gradient X?u, the horizontal Sobolev spaces H W?*P(G) and
HWé’P (G), the polynomial Py(x), and the reverse Holder
class B, in our setting will be described in Section 2. Now we
are in a position to state main results.

Theorem 3. Under the assumptions (4)-(5), if V¥ € SP(G), 1<
P < 00, then there exists a positive constant ¢ = c(p, u, 1, V, G)
such that, for any u € C°(G), it follows that

||u||Hw2,p(@) + "V””u(@)
(11)

<c (||LU||LP(@) + ||u||LP(@)) >

where 1 in ¢ depends only on the VMO moduli n;; of the
coefficients a;j. Furthermore, (11) holds for u € HW;’F (G).

It is noted that the L? estimates of the operators similar
to (3) with discontinuous leading coefficients and bounded
lower terms were obtained by Bramanti and Brandolini [12,
20]. Here the potential V' in Theorem 3 may be unbounded
on G.

The key for the proof of Theorem 3 is the following high
order Fefferman-Phong type inequality.

Theorem 4. Let B = B, (x,) be any metric ball in G. If V' €
5,(G) (1 < p < 00), then there exists a first order polynomial
Pg(x) such that, for any u € C*(B), one has

J-B |u - Py(0)|f [VIdx < coy (2r5) J.B |X2u|P dx, (12)

where the positive constant ¢ is independent of u and B.
Moreover, for any u € C;°(B), one has

I ul? [V] dx < cpy (2r5) I X dx,  3)
B B
where ¢ > 0 is independent of u and B.

The above X*u is a set of X;X;uforalli, j=1,...,m. Wewill
define X*u precisely in Section 2.
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Remark 5. The main difference between Theorem 4 and [6,
Theorem 3.1] is clear; that is, the right-hand side term
[ Xt (p) in [6] is replaced by IIXZMIILP(B) here. Of course, the
class involving V' is not the same.

We observe an important relation between the Stummel
class here and the reverse Holder class: if V' € B, n LY(G),
q > Q/2, then V¥ € S,(G), 1 < p < 2q/Q. From it and
Theorem 3, the following result follows.

Theorem 6. Under the same assumptions on a; as in

Theorem 3, if V € B, NLY(G), q > QJ2, thenforl < p <2q/Q
and u € C;°(B), the estimate (11) holds.

Remark 7. When q = Q/2 and V' € By, NLY(G), by the
important property of the B, class (see [21]), there exists
€ > 0 such that V' € Bg,,.. Therefore, estimate (11) holds
for1 < p<1+2¢/Qandu e C;°(B).

The paper is organized as follows. In Section 2 we recall
some basic facts about Carnot groups and function spaces.
In Section 3 we first give the proof of Theorem 4. Then
combining with the known result in [12, Theorem 2] and
proving an estimate with the potential V, we finish the proof
of Theorem 3. The proof of Theorem 6 is given in Section 4.
In Section 5, we restate Theorems 3 and 4 for the Euclidean
case and elliptic operators without proofs.

Dependence of Constants. Throughout this paper, the letter ¢
denotes a positive constant which may vary from line to line.

2. Preliminaries

2.1. Background on Carnot Groups. We collect some facts
about Carnot groups that will be needed in the sequel and
refer the readers to [22-25] for further details.

Definition 8 (Carnot group). A Carnot group G = (R";0) isa
simply connected nilpotent Lie group such that its Lie algebra
g admits a stratification

g=vieV,e---eV, =&V, (14)

where [V}, V] = V1, j = 1,...,r = Land [V}, V] = {0}
Here r is called the step of G.

Fork=1,...,rletX ..., ka,k be a basis of V} consist-
ing of commutators of length k, where 1 is the dimension
of V}.. The horizontal vector fields are ones in the first layer
V| and for convenience, we set m; = m and denote X;, =
X;, i = 1,...,m. Clearly, vector fields X,,...,X,, satisfy
Hormander’s condition [26].

Let {3,},., be a family of nonisotropic dilations on G
defined by

8:6—6, 8 () =(ALNE,. LVE),  (15)

forany A > 0and & = (§;,...,8,) = (xppeeos Xy 50005
Xipseor Xy ) € G. Theinteger Q = Y, kmy is said to be the
homogeneous dimension of G. In general, we assume Q > 4.
We call that a vector field X, € 7 is left invariant if for any
smooth function f one has

Xk (f (yox)) = (Xige ) (y o %)

and X, is sth homogeneous if for any smooth function f, it
follows that

Xix (f (82 (2))) = A (X f) (83 (%)),

for any x € G, (16)

for any x € G.
17)

As in [23], the homogeneous norm of £ € G is defined by

. - - 1/2r!
d (£) = {Z ( IEi,k|2> ] : (18)
k=1 \i=1

It is natural to define the pseudo distance by the homoge-
neous norm

dg (&n) = dg (’771

where 57! is the inverse of 7. A polynomial on G [24] is a
function which can be expressed in exponential coordinates
(see, e.g., [22, Section 2.1.9] and [27]) as

° E) , forany&neG, (19)

P(x) = Zalxl, ar € R, (20)
1

I ik
N I 1)

The homogeneous degree of monomial x” is the sum d(I) =
Yo Z;’Z‘I ki, and the homogeneous degree of P(x) is
max{d(I) | a; # 0}.

From [28], the left invariant vector fields X;,..., X,, can
induce the corresponding Carnot-Carathéodory distance d:
for any § > 0, let A(S) be the set of absolutely continuous
curves y : [0,1] — G such that fora.e.t € [0,1],

m

Y () =Ya®) X, (y)

i=1

with Z |ai (t)| <é.

i=1

By [29], it is known that for § large enough the set A(S) is
nonempty. We define the Carnot-Carathéodory distance by

d(&n) =inf{6 >0 36 € A(8) with y(0) =&,y(1) =7} .
(23)

It is well known that the distance d is equivalent to the pseudo
distance dg (see [28]). In this paper, we will mainly use the
Carnot-Carathéodory distance d to study regularity of (3).



Associated with the distance, we define the metric ball of
center & and radius r in G by

B,())={neGld(&n) <r}. (24)

The Lebesgue measure in R” is the Haar measure on G ([25,
page 619]). Due to (15), one has

|B, (§)] = Cor, (25)

where |B, (&) is the measure of B,(§) and Cg, is a positive
constant.

2.2. Function Spaces. Denote X = (X,,...,X,,), Xu =
(Xythy o Xpth), Xou = (XX, | Xul = 37, 1Xul, and

|X%u| = Yo 1K X jul.

Definition 9 (Horizontal Sobolev space). Forany p > 1and a
domain Q) € G, one defines the Horizontal Sobolev spaces by

HW>P(Q) = {u € L? () | lullger(q) < o0} (26)
with the norm

2
lullmweo ey = Nullry + 1 Xl + [ X0, 27)

where ”Xu”LP(Q) = ZZ] ”Xiu”LP(Q)) "qu"LP(Q) =

ijzl ”Xin””LP(Q)'

Analogously to [1], the space HW‘i’P (Q) is the closure of
Cy°(Q) in the norm

||”||HW3"’(Q) = |ullgwer ) + IVilreqy - (28)

Definition 10 (Reverse Holder class). (1) A nonnegative
locally L? integrable function V(x) on G is said to belong to
the reverse Holder class B, (1 < g < ©0), if there exists a
positive constant ¢ such that

(|B|‘1 L VA (x) dx)l/q <c (|B|‘1 LV(x) dx>, (29)

for any metric ball Bin G.
(2) Let V(x) > O a.e. and V(x) € L}, (G); one says V(x) €

loc
B, if there exists a positive constant ¢ such that

supV (x) < ¢ (IBl_1 JBV ) dx)’ (30)

for any metric ball Bin G.

It is easy to see that B, ¢ B, € B,,1 < p < g < co.
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3. Proofs of Theorems 3 and 4

We first prove Theorem 4 and then prove Theorem 3.

3.1 Proof of Theorem 4. The following lemma is due to Lu and
Wheeden [30, 31]. It will play a key role in our proof.

Lemma 11. Let B = B, (x,) be a metric ball in G. If u €

C®(B), then there exists a first order polynomial Pg(x) such
that, for a.e. x € B,

d(xy)
|u (x) — PB (X)l <c JB 'XZM (y)| md)& (31)

where the positive constant ¢ is independent of u, x, and B.
Moreover, ifu € C;°(B), then for a.e. x € B,

d(x,y)’ 2)

lu(x)] <c L |X2u(y)| & dy,

(x.d (x )|
where ¢ > 0 is independent of u, x, and B.

Proof of Theorem 4. By (31), Fubini’s Theorem, and Hélder’s
inequality, we have

L ) = Pl IV ()] dx

<c jB IV ()] () — Py(0)]
2 d (x, )’)2
XOJX“U”wuﬂum»ﬂodx
=] [uty)
x < j IV (o) | (x) = Py ()]
B

y d(xy)° .
wuﬁuwmd>”

<c (JB |X2u(y)|P dy)l/P

<j (j IV (0l Ju (x) = Py ()"
B B

_ (p-D/p
— 77 dx 'y
|B (x.d (x, )]

=c (JB |X?u(y)|” dy>up 1.
(33)
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Now a computation yields

IP/(P—l)

dzy? \"""
Viz)| — 2L dz
J(J' ()||B( d(z, ) )

: < L |t (x) = Py (x)|7 [V ()]

d(x, )’
" m“)"y

_ B p d(x’y)z
= JB |u (x) = Py (x)|7 |V (x)] L Bedt)l

(z ) 1/(p-1)
24 ) dydx

- (L VO 5z ate g
[ - BeP Vel
B(xg,rp)

J d(x,y)’
y _alwy)
Bx2ry) |B(%.d (x,9))|

: ( j V(@)
B(x,2rp)

1/(p-1)
d(z.y)’ )
VLG VR dy dx
|B(2.d (2 ))|

< (o )" [ ) - By IV (0l

(34)
Therefore,
|, 1ut) = Bo” v ol dx
U , (-D/p
< cloy @ra) " ([ @ - P @I v 1 dx)
B
1/p
X(JB'XZu(y)'de) .
(35)

It implies (12).
By using (32) and repeating the argument above for (12),
we immediately obtain (13). O

3.2. Proof of Theorem 3. Let us recall L? estimates for the
operator A = Z:’; ; ;;X;X ; by Bramanti and Brandolini [12,
Theorem 2].

Lemma 12. Under the assumptions (4) and (5), for every
p € (1,00), there exist positive constants ¢ = c(p, u, G) and

r = r(p, 4,1, G), where n denotes the VMO moduli of coef-
ficients ay, such that, for any u € C°(G) and sprtu € B, (B,
any metric ball of radius r),

%]

) < clAullg,) - (36)

Based on it and Theorem 4, we have the following L?
estimates for L in (3).

Lemma 13. Under the assumptions (4) and (5), for every p €
(1,00) and VP ¢ SP(G), there exist positive constants r, =
ro(p> s, G) and ¢ = c(p, 1y, 4, V, G) such that, for any u €
Cy’(G) and sprtu C B, ,

2
|x “||LP<B,0> +WVallos, ) < cllulpps, - (37)

Proof. By Theorem 4,
p
||Vu||ff,,(Bm) < cpyr (21) JB |X2u(x)' dx. (38)
0

Applying Lemma 12, it follows that

2
[l , + Vil
< c(IAulp, ) + Vil ) )
(39)
< c(ILullo(, ) + Vithiogs, )

=¢ <”L”||LP(B +gye (2r0)7* “X ”"LP(B )

Choosing 7, > 0 such that cy, (2r,)"/? < 1/2, we derive (37).
O

Proof of Theorem 3. We consult the way in [1, pages 342-343]
and apply our previous results. By the basic theorem on
the partition of unity (e.g., see [32, page 66]), there exists a
partition of unity of nonnegative functions {¢,}:°, in G such
that ; € C{°(B, (2;)) with 7, in Lemma13 and a family
of metric balls {B,0 (zi)}f:1 satistying the finite overlapping
property. We have from Lemma 13 that

"qu”LP(G)

WZK@M +
i LP(G)

+ Vil o)

ZV(piu

LP(G)
oS00+ Wl
= CZ Iz (‘Pi“)“LP(B,O @)

< 3 (Wthses, o+ 1Pl o + sl )

< c (I Lull (o) + 1Xull oy + lull o)) -
(40)



Combining with the interpolation inequality (see [12, Propo-
sition 2])

Xy < & [0+ = Wil

(41)

for any € > 0,

we obtain (11). O

4, Proof of Theorem 6

Several preliminary conclusions are necessary.

Lemmal4. If V € B, q > 1, then there exists a constant ¢ > 0
such that, forany 1 < p<g<ooand0 <r <R < 00,

1 P
|B, ()] «[B,(x) vOydy

Q/ I3
SC(?)pq(ﬁi%ﬂJ%wf“ymy>'

Proof. By Holder’s inequality and (29), it yields

1 P
|B, ()] JB,(x) VO dy

! V(y)td "
< —
- (lBr(X)l wa) ») y)

<o(5) (et o VO

Q/ P
C<§>pq<ﬁi%ﬂjéwf“ymy>'

Remark 15. If we take G = R" and p = 1, then Lemma 14
gives the version in [2, Lemma 1.2].

(42)

rlq (43)

IN

O

Lemma16. IfV € B, N L'(G), ¢ > Q/2, then V? ¢ $,(G),
1< p<2g/Q.

Proof. For any x € G, it follows that

1~J d’ (x,y)
. d(x,y)<r |B (x, d (x, )’))I
d2 , 1/(?’1)
x(J vﬂ(zy———lfig——dz> dy
d(z,x)<r |B (Z,d(Z, y))l
<j d’ (x,y)
= Jaey<r |B(x.d (x, y))]
dz , 1/(P_1)
X (J VP (2) &dz) dy
d(z,y)<2r |B (Z,d(Z, y))'

(1) dy.

j d’ (x, )

y)<r [B(xd (x, )]
(44)
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By (42), it yields

00
ESZJ VP (z)
k=0 r/2k<d(z,y)<r/2k!

d’(z,y)
B(z.d(zy))|

Qo \2Q
gcz<—k> J VP (2)dz
k=0 2 d(z,y)<r/2k1

- ~ [e8) 1 2-pQ/q P
< e PUaRPUa PQZ <_k> (J V(2) dz>
&\2 B(.R)

dz

< o PUappQla-pQ (J

P
de) .
G

(45)

Also, we have

j d’(x, y)
T o Y
dexy)<r [B(x,d (x, y))|

S @’ (xy)
| i
& Jrsacep<rnt |B(xd (x, )| (46)

) 2-Q
r ) J
c — d
kZ:; <2k d(x,y)<r/2k’1 4

2
<cr.

IN

IA

Therefore combining (45) and (46) gets

I< Cr(1/(p—1))(Z—PQ/q)R(pQ/(p—l))(l/q—l)

X (J V(z)dz
G
< Cr(l/(p—l))(ZP—PQ/q)R(PQ/(P—I))(I/q—l) (47)

><<JGV(z)dz

2

p/(p-1)
) -cr

— 0,

>P/(P—1)

asr — 0.

The result is proved. O

Proof of Theorem 6. By Lemma 16 and Theorem 3, we imme-
diately obtain Theorem 6. O

Remark 17. In order to assure the convergence of the series

Yoo (2’k)2_pQ/q in the proof of Lemma 16, we require the
assumption p < 2¢q/Q, which leads to the range of p in
Theorem 6 smaller than [1, Theorem 1].

5. Results to the Euclidean Case and
Elliptic Operators

Here for convenience of readers, we restate Theorems 3 and
4 corresponding to the Euclidean case but omit their proofs
because the proofs are analogous to Theorems 3 and 4. It will
be assumed for the leading coefficients a;; in (1) that
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(Hy) a;(x) = a;(x) € L®(R") foralli,j =1,...,nand
there exists a positive constant g such that, for any x € R”
and & € R",

u! |§|2 < Z a; (x)§&; < p |E|2; (48)

ij=1

(H,) a;(x) € VMO(R"); that is, fori, j = 1,...,n,

p<r xeR"

i = sup sup <|BP (x)'—l L N |a; () —a5|dy> — 0,
p.x

as r — 0%,
(49)

where ag. = |Bp(x)|_1 JBP(X) a,»j(y)dy.
A function V' € SP(IR") for 1 < p < co means that, for
eachr > 0,

1
¢y (r) := sup <J T
xeR” |x—yl<r |x - y|

1/(p-1) p-1
X <j LZ)ﬂUdz) dy
oter [z - y]

(50)
is finite and
lim gy (r) = 0. (51)

Theorem 18. Under assumptions (H,) and (H,), if V¥ ¢
SP(IR"), 1 < p < oo, then there exists a positive constant
¢ =c(n, p, , 1, V) such that, for any u € C;°(R"), one has

el ey + 1Vl o ey
(52)
< ¢ (I18ull Loy + Nl Lomry) 5

where 1 depends only on the VMO moduli of the coefficients
aij.

Remark 19. If |V| = 0, x € R" or |[V| < const., x € R”, the
L? theory of (1) with discontinuous leading coefficients was
intensively studied and the result was proved in [33-36] and
so forth. Bramanti et al. [1] obtained a prior LP(R") estimate
for (1) with @;; € VMO and V' € B,. Here B, ¢ SP(IR") and
SP([R”) ¢ B,.

Theorem 20. Let B = B, (x,) be any ball in R". If V€
SP(IR"), then there exists a first order polynomial Pg(x) in R”
such that, for any u € C*(B), one has

JB |ue - PB(x)|p [V]dx < coy (2rp) JB |X2u|‘D dx,  (53)

where the positive constant ¢ is independent of u and B.
Moreover, for any u € C;°(B), one has

I ul? [V] dx < cpy (2r5) I X dx, (54
B B
where ¢ > 0 is independent of u and B.
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