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We present some new versions of generalized Holder’s inequalities. The results are used to improve Minkowski’s inequality and a

Beckenbach-type inequality.

1. Introduction

Ifa, 20,520 (k=1,2,...,n), p>1,1/p+1/q =1, then

n n 1/p n 1/q
S acb, < (za,g’) (yg) | o
=1 s} s}

The sign of the inequality is reversed if p < 1, p # 0 (for p <
0, we assume that a;, b, > 0). Inequality (1) and its reversed
version are called Holder’s inequality.

In 1979, Vasi¢ and Pecari¢ [1] presented the following
result.

Theorem A. Let A;; >0 (i=1,2,....,n, j=1,2,...,m).

(a) If B; > 0 and ifz;il(l/ﬁj) > 1, then

n m m n Uﬁj

S <I(34) o
(b) If[)’] <0(j=1,2,...,m), then

n om m n 1/B;
Sia=f(3) - o
2

i=1j=1 i=1

(©) IfBy >0, B; <0 (j=2,3,...,m),andif Y7 (1/B)) <
1, then

n m m n l/ﬁj
Sa=11(34) - @

i=1j=1 i=1

Inequalities (2), (3), and (4) are called generalized
Holder’s inequalities. It is well known that Holder’s inequality
and generalized Holder’s inequalities are important in math-
ematical analysis and in the field of applied mathematics.
For example, Agahi et al. [2] presented generalizations of
the Holder and the Minkowski inequality for pseudointegrals
and Liu [3] established a Holder type inequality. For a
discussion on inequalities we refer the reader to [1, 4-9]
and the references therein. Although generalized Holder’s
inequalities play an important and basic role in many
branches of mathematics, some problems can not be precisely
estimated by generalized Holder’s inequalities. For example,
ifwesetn=3,m=2,A,,=1,A,,=1,A;; =1, A, =1,
Ay =1,A4 =19, 3, =1, B; = 1/2, then from generalized
Holder’s inequality (2) we obtain 21 < 189. It is of interest to
develop a refinement of Holder’s inequality.

In this paper we present new refinements of inequalities
(2), (3), and (4) in Section 2. In Section 3, we use our results
to improve the Minkowski inequality and a Beckenbach-type
inequality.
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2. Refinements of Generalized
Holder’s Inequalities

We begin with a known result.

Lemma 1 (see [10]
(I+x)*>1+ax.

The inequality is reversed for 0 < « < 1.

Lemma 2. Let X;; > Oand 1 -}
j=12,...,m).

(@ Ifo< B < B, <

) Ifx> -1, a>1,0ra <0, then

©)

XD >06=12..n

< B and if Y7L, (1/B;) = 1, then

m n l/ﬁj n m
ﬁ.
f(-3x) 301
=1 i=1 i=1j=1
11/ (6)
[m/Z] . ﬁl ﬁZ 1
z 1=\ XXy - ZXI(ZJJ n
j=1 i=1 i
(b) If0O > By > By > --- > B, then
m n B l/ﬁj n m
[ (1 - ZXijJ> + 2 11X
j=1 i= i=1j=1
27 UBs; (7)
i , ,
) j-1
H ZXI(ZJ) ZX1(2] 1)
=1
@B >0,0>p,> P> > B, andif Y7L (1/B)) <
1, then
m n B l/ﬁj n m
f(-3) 30T,
=1 = i=1j=1
8
- 5By (8)
ﬁz ﬁZ 1
2 H I: (ZXl(ZJJ) ZXl(ZJJ 1) ] ’
=1 i
Proof. (a) Note first that 1/8, > 1/3, > --+ > 1/B,., >

1/B,,>0and 1/B; -

B >0(j=12,...

,m—1).
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Case (I). Let m be even.
Note that (1/3, — 1/5,) + 1/,
1/By+1/By+--+ (1B 1 —1/B

using inequality (2), we have
[m/2] n
Ba;
Il [1 B <2Xi(2}j)
iz

Jj=1

=1

2
n
Baj-i
- inm‘—l))
i=1

+1/B, + (1/Bs = 1/B,) +
)+ 1/B,,+1/B,, = 1,and,

1/By;

i) )"

P P 1/B,;
2, 2j-1
[(1 ‘szd} ) ZX - 1)]

S
2j-1
X |:(1—ZXi(2’] n )
i=1

I\

[

(
, <1 ixg;;ll))éx
il

l;m—l

4 1/Byj-1—1/Bsj
ZX 221111):|

1/B-1/B,
1/B,
1/B,

1/B3-1/B4

i(m—1)

] 1/Bp1=1/Bm

g 1/B,j n g 1/By;
<1 szdj—l)) <1—Z;,X,-(2’j)>
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1/B2j-1=1/Bsj
< ZX 221111))

L]l ) ™ (i)™

Baj1 )l/ﬁszl_l/ﬁzj]

X <X1(2j—1)

™ )

B 1/B2j-1=1/Bsj
x (X))

L[ ()™ (Klt)™

Baj1 )1/ﬁ2i*171//32/’ :|

x (Xn(ijl)

m n 1/B; n m
:H(l—ZXﬁf) ]+ZHX,-]-,
j=1 i=1 i
)

so (6) holds when m is even.

Case (II). Let m be odd.
Note that (1/3, = 1/f,) + 1/B, + 1/B, + (1/B5 = 1/B,) +

By +1/Byt o+ (1Bpy =1/ Bput) + 1By + 1/ By +
1/B,, = 1, and, using inequality (2), we have

[m/2] n 8 n 8 2 l/ﬁzj
2j 2j—1
H 1- (in(zjj) B ZXi(ij—l))
j=1 i=1 i=1
(m-1)/2 8 n 8 2 l/ﬁzj
2, 2j—-1
I1 (sz(zjj‘) - zxid]‘l))
i=

j=1
1/By;

(m-1)/2 g n g 2
2 2j-1
[ |- (S-S
j=1 i=1

n n 1/B,
|(-Ba ) B

(m-1)/2 8 5 1/Byj
‘| g ‘H( ZX 22]111>> ZXI(ZZJJ]

n ﬁ n ﬁ l/ﬁzj
x [(1 - in(zzjj)> + ZXi(zzjjll)]
i=1 i=1

ﬁZ -1
P 1/Byj1=1/Bsj
+ZX1(22]]11 :|
n n 1/Bm
X [(1 —ZXﬁ;;)+ZX§;;]
i1 =1
(m-1)/2 s 1/Pyj n
2j-1
|- 3xt) (-3t
=
1/Byj1=1/Bsj
< ZX1(22J]11))

n VB
ﬁm
x (1 -y X )
i=1

(m-1)/2 ' | 2.
{ Il ()™ ()™

Baica 1/Byj1—1/Bo;
x (%)

[\

(m=1)/2
Baj 1B Baj 1B
¥ { [(ij)) (%70)

Brjr 1/Boj-1=1/Bsj
x (%)

(m-1)/2 . ’ »
) { TI[(e) "™ (i)™

ﬁZ'—l l/ﬁZj—l_l/ﬁzj
x (%)

(Xﬁ )l/ﬁm
m n 1/131' n m
1(-2) 3T
=1 i=1 i=1j=1
so (6) holds for m is odd.

>1//32j

(10)



(b) Using similar reasoning as in Case (a) and using
inequality (3), we obtain inequality (7).

(c) The proof of inequality (8) is similar to the reasoning
used to prove inequality (6) so we omit it.

The proof of Lemma 2 is complete. O

Next, we present new refinements of inequalities (2), (3),
and (4).

Theorem 3. Let A;; >0 (i=1,2,...,n, j=1,2,...,
let s be any given natural number (1 < s < n).

(@) IfO< By <Py <+ <P andif Y7 (1/B;) = 1, then

m), and

IN

2 1//32;'

ﬁz' l;Z 1

2 ji ji

izl Asep Asejon

X 1- -
i Z ﬁZJ z /32] 1
j=1 k=1 k(z, =1 A k(2j-1)

IN
| —|
T s
/N
I
b
<>
~—
=
s
| W |

(11)
() If By > 0,0> By > Py > -+ > B, and if Y2 (1/B;) <
1, then
n m
ZHAiJ
i=1j=1
m n B l/ﬁj
2 H(ZAif>
j=1 \i=1
ﬁZ I;Z?I 2 l/ﬁzj
"1'—[ < A Ay >
g AP AP
j=1 Zk 1 kz(Jz]) Zk 1 ij] 1)
m n B 1/"31'
11(34) .
=1 \i=1
(12)

(QIfO> B, > B, >
Y14,

i=1
m n B l/ﬁj
A
f1(54)" |

- > B, then

™M=

1

-

=
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27 UBj
[m/z] Aﬁz;‘ . Aﬁzj—'l %
% 1—[ 1— s(2j) _ s(2j-1)
- n Aﬁz; n Aﬁzj 1
j=1 Dkt k(2j) Q-1 k(2j-1)

(13)

Proof. (a) Consider the substitution

X.. = Al]

_ i =1,2,...
i N (i=1,2,
(Sp4l)

an, ]= 1,2,...,m).

(14)

It is easy to see that, for any given natural number s (1 <
s < n), the following inequalities hold:

X;>0, 1- Y Xﬁ’

i > 0. (15)
1<i<n, i#s
Consequently, by using substitution (14) and inequality
(6), we have

m Aﬁj 1/B;
1:! [ 1<";";"*5<zk 1Aﬂ] )
m
+ 1gigzn,i#:s H(Zk 1 ﬁj)l/ﬁj

/2] A/jg])
= 1_[ Z /321
j=1 1<i<n, Zk lA k(2j)
1/By;
2

ﬁZJ 1
N i =
. . ﬁzj h )
1<i<n, is Zk 1Ak(2J 1)

(16)
and thus we have
H;'nzlA Zl<i<n i#s H;n 1Aij
/ﬁ] 1/B;
M (S 4y) T (5 4)
1/B,;
[m/2] AP Ao 1
< 1—[ 1— s(25) _ s(2j-1) .
- - n /32/ n ﬁ2]1 >
j=1 k= 1A k(2j) py. 1Ak(z] 1)
(17)
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that is,

> (T A)
m n Bj 1/B;
I (S A%)

ﬁz ﬁ2'71

2 9 J

< [ﬁ] 1— A s(2j) As(2] 1)

R ﬁZJ ﬁ211
j=1 Y A k(2j) Zk 1 %(2j-1)

We have the desired inequality (11). The proof of inequalities
(12) and (13) is similar to the reasoning used to prove
inequality (11) so we omit the proof. O

2By

(18)

From Theorem 3, we obtain the following new refine-
ments of generalized Holder inequalities (2), (3), and (4).

Theorem 4. Let A;; >0 (i=1,2,...,n, j=1,2,...
let s be any given natural number (1 < s < n).

,m), and

(@) IfO< By <Py << Pandif 7L (1/B;) > 1, then

n AﬁZj (19)

Aﬂzm >2 VP.j
_ s(2j-1)
ﬁZ 1
Zk lAk(JZJ 1)

i)

(b)IfB,>0,0> B, > ;>

1, then

w> B and if YL (1/B;) <

Theorem 5. Let A;; >0 (i = 1,2,..
let s be any given natural number (1 < s < n).

5
Baj
[m/2] ]
1<s<n + Boj
<s<n ]=1 ZZ:I Akz(Jz])
1Bsj
Bojr 21 1P
As(éj 1) >
ﬁ
Zk 1 ij]l 1)
m n B l/ﬁj
- 11(340)
j=1 \li=1
(20)
© IfO> By > By >---> B, then
n m
21144
i=1 j=1
m n l/ﬁj
B
s [H (347) }
j=1 \i=1
B
[m/2] S(ij)
SR U B Rl ey (21)
=S j=1 k=1 Ak(Z])
21 1/Bs;j

Paj-1
As(é] 1) >
ﬁz 1
Zk 1 k()2] 1)

)"

From Lemma 1 and Theorem 4, we obtain the following

refinements of Holder’s inequality.

Hn j=1,2,...,m), and

@ IfO< By <Py < <Byandif Y7L (1/B;) 2 1, then

k(2j)



2

ﬁZ'*l
As(é; 1) >
ﬁz 1
Zk 1 k(12] 1

(22)

(b) If B, >0,0> B, > 5>
1, then

> B and if ST, (1/B)) <

ﬁZ -1
As(ij—l)
Z Aﬁz; 1
k=1""k(2j-1)

()"

©If0> B, > B, >

> 114,

i=1 j=1

> B, then

Baj-r
_ As(ij—l) >
n Baj-1
k=1 Ag(; )

k(2j-1

In particular, puttingm = 2,3, = p, 3, = ¢ A
b, A, =a, (r =1,2,...,n) in inequality (19) and putting
m=2,6=pB=q¢GA,=0a,A,=b (r=12,...,n)
in inequalities (20) and (21), respectively, we obtain the
following corollary.
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Corollary 6. Leta,,b. > 0 (r = 1,2,...
given natural number (1 < s < n).

,n), and let s be any

@Ifp>q>0,1/p+1/q=>1, then

n n 1/p n 1/q
San<(3a) (3u)
k=1 k=1 k=1

(25)
ab bl 21
xmin[l—( nsp— — q):| .
1<s<n Zk:l ak Zk:l bk
b)Ifp>0,g<0,1/p+1/q<1,then
n n I/P n 1/‘1
Z%@2(2#> (Z%)
k=1 k=1 k=1
(26)
af bl 2
xmax[l—( T o q> ] .
1<s<n Zk:l ak Zk:l bk
c) If0 > p > g, then
n n 1/p n 1/q
Sanz(3) ()
k=1 k=1 k=1
(27)
a? o\’ Ha
X max 1—< —— = = )] .
1<s<n [ szI a]f Zk:l bkq

Remark 7. Letn=3,b,=1,b,=1,by;=1,a, =19, a, = 1,
and g; = 1,andlet p = 1, g = 1/2. Then from inequality (25)
we obtain 21 < 891/7 ~ 127.28571.

Similarly, puttingm =2, 8, = p, fi =q, A, =b,, A, =
a, (r=12,. ..,n) in inequality (22) and puttingm = 2, 3, =
pB=9A,=a,A,=0b (r=12,...,n)ininequalities
(23) and (24), respectively, we obtain the following corollary.

Corollary 8. Leta,,b. >0 (r =1,2,...
given natural number (1 < s < n).

,n), and let s be any

@Ifp>q>0,1/p+1/q=1, then

n n 1/p n 1/q
Z%%S<Zﬁ> (Z%)
k=1 ps} P}

(28)
_ 1 al v\
X min [1 - — o BT .
1<s<n Zk 1 k Zk:l bk
b)Ifp>0,g<0,1/p+1/q<1,then
n n 1/p n 1/q
Z%%2<Z#> (Z%)
k=1 k=1 k=1 (29)

1<s<n

1 af o\’
x max |1 - ( = q) .
== py- A Q-1 b
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(c) If0 > g > p, then

n n I/P n l/q
D b = (Z%f) (be>
k=1 k=1 k=1

1 ab bl ’
ngix[l__< — 5= - 7 .
sssn A\ Vi1 ¥ Dk b

3. Applications

(30)

In this section, we give two applications of our new inequali-
ties. Firstly, we present a refinement of Minkowski’s inequal-

ity.

Theorem 9. Leta, > 0, b, > 0 (k = 1,2,...,n), and let s be
any given natural number (1 < s <n). If p > 1, then

2

a?  (a+b) ]
ZL a}f 22:1 (ay +b)F

)
|
[ b (a,+b)" ]
)

2

ol b}f ZZ=1 (ar + bk)P

(31)

If0 < p <1, then

k=1

n 1
[Z (a +bk)p] !

2

1-p <Zap>l/p [ P (a+b) ]
lsssn p k=1 k 2221 a}f ZZ:I (ak + bk)p

1”[ % (a,+b,) ]
Z:l b]f ZZ=1 (ak + bk)p

2

(32)

7
Proof. Consider the following.
Case (i). Let p > 1.
Now
n n 1
Z (ar + bk)P = Z“k (ar + bk)P
k=1 k=1
(33)

+ Zbk (a + bk)P_l >
k=1

and apply Corollary 6 with indices p and p/(p — 1) to each
sum on the right so

Z (a + b))
k=1
" pr , (p-D/p
k=1 k=1
% min |:1 ( af (as + bs)p )2:| " (34)
1 - T on
1<s<n ZZ=1 a,f Zkzl(ak + bk)p

:|(P—1)/P

1/p

xmin[l—( b (@, +b)P )2:|
1<s<n ZZ:I blf zz:l (ak + bk)‘p
From Lemma 1 we have

Z (a + bk)p

k=1
](P—l)/P

L \Up
S( a,f) [Z(ak+bk)p

k=1

. 1 af (a,+b)° ’
Xmin | 1-— n P wn p
1<s<n P\ Yil, (@ +by)

n \YPT (b=vip
k=1 k=1
NV (a,+0)" \'
xmin | 1-—| Z——5 - P '
1<s<n p PR Y (a +be)
(35)

Dividing both sides by (Y_, (a; + b)” )P~D/P e obtain the
desired inequality.

Case (ii). Let 0 < p < 1.
Similar reasoning as in Case (i) yields inequality (32). [

Now, we give a sharpened version of a Beckenbach-type
inequality. The Beckenbach inequality [11] was generalized



and extended in several directions (see, e.g., [12-15]). In
1983, Wang [16] presented the following Beckenbach-type
inequality.

TheoremB. Letp > g >0, 1/p+1/q = 1, leta, b, c be positive

numbers, and let f(x), g(x) be positive integrable functions
defined on [0, T]. Then

(a +c fOT oF (x) dx)l/P < (a +c IOT P (x) dx)l/P

< (36)
b+CJOT<P(X)g(X)dx b+C_[0Tf(x)g(x)dx

>

where ¢(x) = (ag(x)/b)q/p. The sign of the inequality in (36)
is reversed if 0 < p < 1.

From Corollary 8, we obtain a new refinement of
Beckenbach-type inequality (36).

Theorem10. Leta, b, ¢ be positive numbers, and let f(x), g(x

be positive integrable functions defined on [0,T]. If p > q >
0, 1/p+1/q=1,then

(a + CJOT oF (x) dx)l/P
b+c_[0T(p(x)g(x)dx

<a+cJ'OTfP (x)dx)l/p
<
b+cJOTf(x)g(x)dx

(37)

1 a
) [T
I: p a+cjo fP(x)dx

2
a/Ppa
a~1/Pbl + ¢ .[OT g1 (x) dx> jl ’

where ¢(x) = (ag(x)/b)q/p.
Ifo<p<l1,g<0, 1/p+1/q=1, then

(a +c j()T oF (x) dx)up

b+c'[0T(p(x)g(x)dx

(a+chTfp (x)dx)l/p
>
b+c_[0Tf(x)g(x)dx

(38)

1 a
x|1-2 | —2——
l: q<a+cjo fP(x)dx

2
a 1Py
a~1Phd + ¢ IOT g1 (x) dx ) :| ’

where ¢(x) = (ag(x)/b)q/‘”.
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Proof. We first consider the case p > g > 0, 1/p+1/g = L.
Using simple computations, we have

T 1/p
a+c P (x)dx T v
( J;(z 1% ) — (a*q/qu +c J gq (x) dx) .
bc ) p(x)g(x)dx ’
(39)

Moreover, from Corollary 8 we obtain

T
b+cjo f(x)g(x)dx

core([ pwa) ([ fwa)
=a’? (ba?)+c <LT £ () dx>l/P <LT ' () dx)l/q

1/q

T 1p T
< (a+cj fP(x) dx) (a_q/qu +cj g1 (x) dx)
0 0

1 a
x|1-=| ———
[ P<a+cj0 fP(x)dx

2
a Py
a 1Pk + ¢ _[OT g1 (x) dx> jl ’

(40)
that is,
T -1/q
<a_q/qu + CJ g1 (x) dx>
0
(a +c foT 1P (x) dx)l/p
<
b+c_[0Tf(x)g(x)dx
(41)

1< a
x[1-=| ———
l: p a+cfo fP(x)dx

2
a 9P
a1/Pbd + ¢ jOT g1 (x) dx) ] '
Then combining inequalities (39) and (41) yields inequality
(37).
Using the above reasoning and applying inequality (26),
it is easy to obtain inequality (38). O

4. Conclusions

In this paper we presented some new refinements of Holder’s
inequality and we obtained a refinement of Cauchy’s inequal-
ity. We improved Minkowski inequality and a Beckenbach-
type inequality. In future research we hope to obtain new
results using inequalities (11), (12), (13), and (19)-(30).
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