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Assuming that the initial value v,(x) belongs to the space H Y(R), we prove the existence of global weak solutions for a weakly
dissipative hyperelastic rod wave equation in the space C([0, c0) x R) () L ([0, co); H' (R)). The limit of the viscous approximation

for the equation is used to establish the existence.

1. Introduction

This paper focuses on the study of the weakly dissipative
model

Vi~ Vix T axf (V) +A (V - Vxx)
ey

_ 2m
=2av, v+ avv + VT,

where « > 0, B > 0, A > 0, f(v) is a polynomial with
order n, and m is a nonnegative integer. If f(v) = 2kv +
(3/2)V*, « =1, B =0, and A =0, (1) becomes the Camassa-
Holm equation [1]. When f(v) = (3/2)v* and ) = B=0,(1)
is turned into the hyperelastic rod wave equation [2]. Since
the terms A(v — v,,) and Bv*"v,, appear in the equation,
here we call (1) a weakly dissipative hyperelastic rod wave
equation.

In order to link with previous researches in the field,
we state here several works on the existence of global
weak solution for the Camassa-Holm equation (CH) and
a generalized hyperelastic rod wave equation (or a gener-
alized Camassa-Holm equation). Under the sign condition
of the initial value, Constantin and Escher [3] obtained
the existence and uniqueness results for the global weak
solutions of Camassa-Holm equation (also see Constantin
and Molinet [4]). Xin and Zhang [5] proved the existence of
the global weak solution for the Camassa-Holm equation in
the energy space H' (R) without adding the sign conditions

on the initial value. Coclite et al. [6] used the analysis in [5]
and established the existence of global weak solutions for a
generalized hyperelastic rod wave equation (or a generalized
Camassa-Holm equation); namely, A = 8 = 0 in (1). For the
global or local solutions of the Camassa-Holm equation and
other partial differential equations, the reader is referred to
[7-12] and the references therein.

The objective of this paper is to extend parts of works
made by Coclite et al. [6]. We investigate the existence
of global weak solutions for the weakly dissipative hyper-
elastic rod wave equation (1) in the space C([0,00) X
R) (N L®([0, 00); H'(R)). Using the limit of viscous approx-
imations for the equation and several estimates derived from
the equation itself, we establish the existence of the global
weak solution by merely assuming the initial value in the
space H'(R).

This paper is organized as follows. The main result is
stated in Section 2. In Section 3, we present the viscous
problem and establish several estimates of the problem.
Namely, we give proofs of an upper bound, a higher inte-
grability estimate, and some basic compactness properties
for the viscous approximations. Strong compactness about
the derivative of solutions for the viscous approximations is
proved in Section 4, where the proof of the main result is
finished.


http://dx.doi.org/10.1155/2014/264162

2. Main Result
We write the Cauchy problem for (1):
Ve = Vigx + 0 f (M) + A (v—v,,)
= 2av, v, +aw, . + BV, (2)
v(0,x) = v, (x),
which is equal to the form

0
vt+(xvvx+)w+—Q =0,
0x

0Q [ Q5 A, 2m
ax—A o, | f ) zv +2vx vy,

3)
+2mpA~* [vzm_lvi] ,
v(0,x) = v, (x),

where the operator A? =1-(9%/0x?) and
Ah(x) = %J () dy for h(x) e X(R). (4)
R

Using problem (2), we derive the conservation law

JR (v2 + vi) dx +2 J: JR [ﬁ @2m+1) vzmvfC

+ A (vz + vi)] dxdt (5)

= JR (vg + vgx) dx.

Here we adopt the definition of global weak solution
presented in [5].

Definition 1. A continuous function v : [0,00) x R — Ris
said to be a global weak solution for the Cauchy problem (2)
or (3)if

(2) v € C([0,00) x R) 1 L®([0, 00); H' (R));
(b) IVt Menry < IVoller (wy3

(c) v = v(t, x) satisfies (3) in the sense of distributions
and takes on the initial value pointwise.

Now we state the main result of this paper.

Theorem 2. Ifv,(x) € H Y(R), then the Cauchy problem (2) or
(3) has a global weak solution v(t, x) in the sense of Definition 1.
In addition, the weak solution has the following properties.

(1) There exists a positive constant ¢, depending on
vl (ry and the coefficients of (1) such that

(2) Assume that 0 < p < 1, T > 0, and a,b € R, a <
b. Then there exists a positive constant ¢, depending only on
Vol vy o> T @, b, and the coefficients of (1) such that

L

2+p

v &x) dx <q. (7)

ox
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3. Viscous Approximations

Consider

2
My < 1,

8
0, [x| > 1. ®)

-]

We choose the mollifier ¢, (x) = 871/4¢(871/4x) with 0 < € <
1/4andv,, = ¢, xv,. Weknow that v, , € C* forany v, € H",
s> 0 (see [7]). In fact, we have

IVeollmna < ellvolln
)

Veo — Vo in H' (R),

where c is a positive constant.

To prove the existence of global weak solutions to the
Cauchy problem (3), we will establish compactness of a
sequence of smooth functions {v,},,, satisfying the viscous
problem

ov

; ov, 0Q, v,
— tav,— +Av, + =
0x

ot T ox T Toxt

aQe _ A2 L) “(avs >2 Zmavs
Ox =A ax |:f(ve) 2Vs+2 Ox ﬂvs ox

v, \*
2 A72 2m—1 ( e ) ,
+2mf [ve I

Ve (0,x) = v o (x).

] (10)

For simplicity, throughout this paper, we let ¢ denote any
positive constant which is independent of parameter &.
Now we give the well-posedness result to problem (10).

Lemma 3. If v, € H'(R), for any o > 1, there is a unique
solution v, € C([0,00) X R) to the Cauchy problem (10). In
addition, it holds that

L(Vﬁ + (%)2)dx
f rems o2 ()
+A(V§+<%)2>]dxdt ()
+2¢ J: IR<<%>2 + <E§;; )2> (s,x)dxds

= [veolfige
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or

2

ds

5 Hlov
lv.(t, ')||H1(R) +2e JO Ha_xs(s’ ) H(R)

t
+21 L v, Mg s (12)

t 0
+2B2m+ 1)[0 L v: <av ) dx = ||v80||;1(R)

Proof. If o > 1 and v, € H'(R), we know v,, €
C([0, 00); H*(R)). Using Theorem 2.1 in [6] or Theorem 2.3
in [10], we derive that problem (10) has a unique solution
v, € C([0,00); H®(R)).

Applying the first equation in problem (10), we derive

3 2
oDy U, 2)

ot  Otx? ox Ox?
. ov, 82 +a, 831/8 . IBVZ,,,E?ZV‘E e E)zv£ i 841/6
Ox x> £ ox3 ¢ 0x2 ox?  Ox*
(13)

from which we obtain

1d ) av> J , 0w,
2dtJR(V€+<ax )dx+AR CAPY dx

ov.\?
om+1) | V=2 ) d
+p02m+ )JRVS (ax> x (14)
cef (22 (%) Jas-o
R\ \ Ox 0x? -
The proof is completed. O

Using Lemma 3, we get

Vel oy < IVell iy < ”Vs,OHHl(R) <clvolpnmy-  (15)

Differentiating the first equation of problem (10) with respect
to x and writing 0v,/0x = q,, we obtain

09, 9q. 9,
o Tem et +ﬂ(v£) "q. + Aq,

= flv) - 242
2 (16)

20 -5 (02 -a) - B0,

+2mf30, [(vs)zm ! 2]] =P, (t,x).

Lemma4. Let0 < p < 1,T > 0,anda,b € R, a < b. Then
there exists a positive constant c; depending only on ||[vy g (r)»
p,T,a, b, and the coefficients of (1), but independent of €, such
that the space higher integrability estimate holds:

ov, (t, x)

T b
JO Ja 0x

where v, = v,(t, x) is the unique solution of problem (10).

2+p
dx < ¢, 17)

Proof. The proofis a variant of the proof presented in Xin and
Zhang [5] (or see Coclite etal. [6]). Let y € C*(R) be a cut-off
function such that 0 < y < 1and

1, ifxelab],

18
0, ifxe(-co,a-1]U[b+1,00). 18)

X(x)={

Considering the map w(&) :== E1 + [€])’, E€e RO < p < 1,
and observing that

W (€)= (1+(1+p) &) (1+]E)
" (&) = psign () (1+ &) 2+ (1 +p)[E]).

19)
=p(1+p)sign(&)(1+ |€|)"71
+(1-p) psign (&) (1+ €))7,
we have
| €)] < [¢] + €],
(20)
' @1+ 1+p)fE], " ©)]<2p,
fo®) - 58 ©
e LR SR €1

1-
> SEea ey
Differentiating the first equation of problem (10) with respect

to x and setting v = v, and 0v,/0x = q, = q for simplicity, we
obtain

0q 0q 99 « , 2m
at+owax—eax2+2q +B(v.) g+ Aq
NP f)-5 (P -4) - B

+2mﬁax[ -l 2]] P, (t,x).
(22)

Multiplying (22) by yw'(q) and integrating over IT. := [0,
T] x R, we get

J ay (x) qu (q) dt dx — i J g x (%) w' (q)dtdx
I 2 Jn,
= LX (x) (w(q (%)) —w(q(0,x))) dx

—J avy' (x) w(q) dt dx
jaes

aq ' !
+8JHT 55X (x)w' (q)dtdx

a 2 "
+8J’HT <£) X (xX)w' (q)dtdx



4
+ JH [[31/2'" + A] qx (x) ' (q) dt dx
- L Q. (t,x) x (x) @' (q) dt dx.
(23)
Using (21) yields
J ay (x) qw (q) dt dx — % J qx (%) @' (q)dtdx
Iy Hr
=J o (x)< o ( )—l 2a)'( )>dtdx
o o 0) (ge(a) - 54°' (g (24)

¢x 1-
«(l-p) 5 ) J x (%) g° (1 +]q|) dt dx.
Applying the Holder inequality, (15) and (20) give rise to

[ xwe@as

< Lx(x) (lgI"™ + |q|) dx

< "X"LZ/“’P)(R) “q”;(pzz) + "X||L2(R) ”q”Lz(R)

<(b-a+ 2)(1_")/2||v0||1+P

i) T —at 2)"|vo g

®y

U avy' (x) w(q)dt dx
Hr

(25)
< J-H alv| |X’ (x)' (|q|l+P + |q|)dtdx

< (x”VOHHl(R)

<[ (I

SCT("X’

L2/0-P)(R) "q”;&) + ”X

I LZ(R)||q||L2(R)> dt

12/0-P)(R) ”VOH;LTR) + ”XI

L%(R) "VO"HI(R)) :

Integrating by parts, we have

J ™ —y (x)w' (q)dtdx = —I w(q) x" (x)dtdx. (26)

Hr

From (20), (26), and the Holder inequality, we have

< SLT lw

e LT " | (la]"™* + |al) dt dx

ef(“x

<eT ("X”

q)| |X” (x)| dt dx

q ’
lJHT =X (x)w (q)dtdx

12/0-p)(R) “q";—;;) + "X”

LZ(R)|lq||L2(R)) dt

L2/0=P)(R) || Yo ";;TR + “ X

12( R) |V0"H1(R))
(27)
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Using (20) and Lemma 3 derives

JHT (Z_Z >2X (x) " (q) dt dx

€
(28)
09\’ 2
< 2ye J.HT <a) dtdx < yT|volipa)-
It follows from (20) that
U [szm + A] qx (x)0' (q) dt dx
< 1 ? dtd
cf, el p)q vla)deds

< e ((1+ ) Il ol
+ Iz ol ) -

In fact, we have
'A_Z[vzm_lvi]x|

- 2o r v dy+ Ly JOO e[V dy
2 —oo rly 2 Jx Yy

1 X (o]
:‘——eij v 1vz dy+ —e J

2 —00 X

v, dy

2m12 ‘

° 2 2
< ZJ e 'v m_1| v, dy
-0
2m-1
< 2|l IVl ry

2 —
< 2||V0||L2(11{) “VOHHl(R)
(30)

Applying (15), the Holder inequality, Lemma3, and
_[R e dy =2, we have

|f(v)— [f(v)——(v—v) ﬁvzmv]

<3 (1O +

" ”2
b |14
2 H'(R)

[e4 2 >

— V|70 +

5 Wz ) 31)
2m-1

+ BlIvize g V2@ Vil 2y

<c

>

where c is a constant independent of €.

From (30) and (31), we know that there exists a positive
constant ¢ depending on |||l (r), but independent of ¢, such
that

[Pt x)| Lom S 6 (32)
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which results in

lj P.(t,x) x (x) @' (q) dt dx
oy

<cf el p)lal+ 1) dedx 3)
HT
<ot (04 P Iy Dbl + | Ix0ldx).
From inequalities (22)-(29) and (33), we obtain (17). O

Lemma 5. There exists a positive constant C depending only
on ||V0||H1(R) and the coefficients of (1) such that

[Pt )| oy < (34)
1Pt My < (35)
|P.(t, ')“LZ(R) sc (36)

Proof. Writing v(t, x) = v,(t, x), we get

P (t,x)=f(v) - gvz — A [f ) - g (vz - vi) - vy,

+2mpo, [ 2] |.

(37)

Inequality (34) is proved in Lemma 4 (see (32)). Now we
prove (35). Since

j |A72[v2m71vi]x' dx
R
e

,le ro [V dy
2 x Yy

dx,

1 X
_ - J- eyVZm—IVZ d)’

-,

2 ) y
1 [ee)

+-J "2 dy dx,
2 ),

< J J e |v2mil| vi dy dx
R

< 2V R IVl ey < 20Vl T Vol iy

-

LY(R)
n-2 2 o, 2
< C()"V”LDO(R)”V"LZ(R) + E”V”I‘Z(R)
<G (""ollnHl(R) + ""0";1(12))’
-2 @ 2 & 5
J-R |A [f(v) Ev + va

2m
VooV,

—|x—y| (%4 [A3) om
SJRILe y[f(v) 21/ +Evy v vy]dy

dx

5
“x—yl @ 72 & 5 2
< JRe *y deR’f(V)— EV + EV)/— vay d}/
<26 ("V()"iIl(R) + "VOHnHl(R) * ”VHIZLII(R + ”V"it’n0 1§)||V||H1 R))
2 2
< 6o (Ivollzn ey + Ivolltn ey + Ivolzricay)
(38)

we know that (35) holds.
Applying the Tonelli theorem, (34), and (35), we get

1Pt My < NP o Pt Moy < e 39)

The proof of Lemma 5 is completed. O

Lemma 6. Assume that v, = v,(t, x) is the unique solution of
(10). For an arbitrary T > 0, there exists a positive constant
C depending only on |[vy|l i ry and the coefficients of (1) such
that the following one-sided L™ norm estimate on the first order
spatial derivative holds:

v, (t, x)
T_E+C for (t,x) € [0,00) X R. (40)

Proof. From (16) and Lemma 5, we know that there exists
a positive constant C depending only on [[vy||g(z) and the
coefficients of (1) such that ||P,(t, X)|| gy < C. Therefore,

2

aaqe ta sa— + 24+ )"+ A, %%
t X (41)
=P (t,x)<C.
Let g = g(t) be the solution of
dg
Frd g+ﬁ(v) "g+lg=C, t>0,
42
- 3., (42)
g B 0x L )

where v is the value of v,(t, x) when sup,. ., g.(t,x) = g(¢).
From the comparison principle for parabolic equations, we
get

qg: (6,x) < g (£). (43)

Using (15) and suitably choosing C;, we have
-Bw*)™g < («/8)g* + C, and -Ag < («/8)g* + C,.
Furthermore, we have

d o N
d_‘(z:C—Egz—ﬁ(v )zmg—/\g
(44)
o o o
SC—Eg2+Zg2+2C1SC—Zg2+2C1.
Setting M,, = C + 2C,, we obtain
dg o ,
— +—g <M, 45
79 0 (45)



Letting K(t) = 4/at + +/(4/a)M,, we have dK(t)/dt +
(a/H)KA(t) - M, = 4y/M,/a/t > 0. From the comparison
principle for ordinary differential equations, we get g(t) <
K(t) for all t > 0. Therefore, by this and (43), the estimate
(40) is proved. O

Lemma 7. There exists a sequence {¢;} j tending to zero and

a function v € L*([0, 00); H' (R)) (Y H' ([0, T] x R) such that,
foreach T > 0, it holds that

Ve, =V in H ([0,T] X R), for each T > 0,
(46)
Ve, Vv in Ly

([0,00) X R),
where v, = v,(t, x) is the unique solution of (10).

The proof of this lemma is fully similar to that of Lemma
5.2 in [6]. Here we omit its proof.

Lemma 8. There exists a sequence {€;} ;c tending to zero and
a function P € L*([0, 00) x R) such that for each 1 < p < co
st — P strongly in LY

loc

([0,00) X R). (47)

Proof. Using the same arguments presented in Coclite et
al. [6], we obtain JR |dP,/dt|dx < c¢ which together with
Lemma 5 derives that (47) holds. O

In this paper we use overbars to denote weak limits which
are taken in L ([0,00) x R) with 1 < p < 3.

loc

Lemma 9. There exists a sequence {¢;} ;c tending to zero and

two functions q € Lfoc([O, 00) X R), ¢* € L, ([0, 00) X R) such
that

9, — 49 in Lfoc ([0,00) X R),
. (48)
9., —q in Ly, ([0, o0);L* (R)) ,
@ — ¢ inLj, (10,00)xR), (49)

foreachl < p<3andl <r < 3/2. Moreover,
q2 (t,x) < ?(t, x)  for almost every (t,x) € [0,00) X R,
(50)

ov

F in the sense of distributions on [0,00) X R.
X
(51)

Proof. Using Lemmas 3 and 4 derives that (48) and (49) hold.
It follows from (49) that (50) holds. From Lemma 7 and (48),
we know that (51) is valid. O

Using (48), for any convex function y € C'(R) with y'
being bounded and Lipschitz continuous on R and for any
1 < p < 3, we conclude that

v(q.) —w(q) inLf

loc

([0,00) x R),
(52)

v(q.) = ¥(@ in L, (0,00)5 L* (R)).
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Multiplying (16) by v'(g,) yields
2

0 15} 0
all’ (qs) + (xa (sz (qs)) - 5@‘/’ (qs)

" a £ ? !
e (@)( 2L ) ~aavia)-2v @
~[B)™ + Ay (@) + P (6.2) ¥ (o).

Lemma 10. For the convex y € C'(R) with y' being bounded
and Lipschitz continuous on R, it has

oy(g) 0, —
2 @)

< aqy(q) - %w’(q)q2 (54)

- [/31/2"‘ + )t] qv'(q) + P (t,x)y'(q)

in the sense of distributions on [0,00) x R. Here qy(q) and

v'(q)q® denote the weak limits of q,y(q,) and q’y'(q,) in
L},.([0,00) X R), 1 < r < 3/2, respectively.

Proof . In (53), by the convexity of v, (15), Lemmas 7, 8, and
9, taking limit for ¢ — 0 gives rise to the desired result. [J

Remark 11. Using Lemma 9, we know that

R R 2 2
9=9,+q9 =4,+3> ¢ =(q.)+(q),

- (55)
— 2 2
g =(q.)" +(q.)

almost everywhere in [0,00) x R, where &, =

Ex[o,mo)(f), & = €X(,OO’O] (&) for & € R. From Lemma 6
and (48), we have

q. (t,x), q(t,x)sit+C, fort >0, x € R, (56)
o

where C is a constant depending only on [|vy[l: () and the
coeflicients of (1).

Lemma 12. The identity
oqg 0 a— 2m
%\ 2 ()= 57 - [ A g PG )

holds in the sense of distributions on [0, c0) x R.

Proof. Applying (16), Lemmas 7 and 8, (48), (49), and (51),
the conclusion (57) holds by taking limit for e — 0 in (16).
O

Lemma 13. Ify € C'(R) with y € L°(R), then the identity

oy(q) o

LD 2 (o ()

= aqy (q) + (%? - aqz) v' (q) (58)

- [+ A]ay' (@) + P (t.x)y' (q)

holds in the sense of distributions on [0, 00) x R.
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Proof.. Let {ws}s be a family of mollifiers defined on R.
Consider g45(t,x) = (q(t,-) * ws)(x) where the * is the
convolution with respect to x variable. Multiplying (57) by
v'(qs) gives rise to

oy (qs)
ot

_Il/(q(;) ot

a— m
= V” (gs) [qu * Ws — [ﬁvz + A] s
(59)
+ P (t,x) * wy —ocq2

*w(;—ocva—z *a)s],
0 0
2 (o (as)) = cay () + oy’ () (222).

Applying the boundedness of v, ¢’ and letting § — 0 in
(59), we derive that (58) holds. O

4. Strong Convergence of g, and Existence of
Global Weak Solutions

Using the methods in [5] or [6], in this section, we will prove
that the weak convergence of g, in (48) is strong convergence.
This results in the existence of global weak solutions for
problem (10).

Lemma 14. Assume that v, € H'(R). Then

— v, \*
. 2 1 2 — -0
fim [ @ooax = i [ Faae [ (52) ax
(60)

Lemma 15. If v, € H'(R), for constant M > 0, then

lim J (wil(q) (t,x) - vy, (q(t, x))) dx=0, (61)
R

-0

where

%52, if JE| < M,

L, (62)
Mg~ if > m,

Y (§) =

gmd Vi(®) = V(& Xi0,400) s ¥(®) = ¥a(E) X(c0,01(§)s
€R.

7
Lemma 16. Let constant M > 0. Then for each £ € R
v (§) = %52 - %(M = &) X(-cor-3 nt.c0) ©)
Vi (O = €+ (M~ [€)) 80 (9 Aco a0 110 ©)»
Vi = 26 - 5 -t ©), o

(Wa) &) =& + (M=) Yoo €
Vi = 36 = 3+ 8 Ko ©),

(W) ) = & = (M +8) X _conp) ©).

The proofs of Lemmas 14, 15, and 16 can be found in [5]
or [6].

Lemmal7. Assumethatv, € H Y(R). Then for almost allt > 0
1
3 I (@) -a)@dx
R
(64)

< th P(s,x)[q; (s, x) —q, (s, x)] dsdx.
0 Jr

Lemma 18. For anyt > 0 and constant M > 0, it holds that

L (w(q) ~Yu (q)) (t,x)dx

aM?

<

t
L JR V(M + @) X(—0o-a)(q) ds dx

aM?
2

Jo JR Y (M + q) X(~c0,~M) (Q) dsdx
(65)

+aM Lt JRv[m—%—VI (q)] dsdx
+ % Lt Lv(g—qi)dsdx

e[ ], 200 (80 @ - 3 @) dsax

Using the same techniques in [5] or [6], because of (54),
(58), and Lemma 6, we can prove Lemmas 17 and 18. Here we
omit their proofs.

Lemma 19. It holds that
—_ 2
T =q
Directly applying the approaches in [5] or [6] and Lem-
mas 17 and 18, we obtain that Lemma 19 holds. Here we omit
its proof.

almost everywhere in [0,00) X (—00,00). (66)

Proof of the Main Result. From (9), (11), and Lemma 7, we
conclude that conditions (a) and (b) in Definition1 are
satisfied. We need to prove (c). Using Lemma 19, we get

)
in L.

4. —1q ([0,00) X R). (67)



From Lemma 7, (47), and (67), we know that v is a distri-
butional solution to problem (3). The inequalities (6) and
(7) are consequences of Lemmas 4 and 6. The proof is
completed. O
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