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We study the property of the solution in Sobolev spaces for the Cauchy problem of the following fourth-order Schrodinger equation
with critical time-oscillating nonlinearity iu, + A+ H(wt)luls/ =9y, = 0, where w,t € R, x € R", and 0 is a periodic function. We

obtain the asymptotic property of the solution for the above equation as |w| — oo under some conditions.

e

To begin with, we give the following local well-posed results
by similar techniques in [1].

1. Introduction

In this paper we study the Cauchy problem of the following
fourth-order Schrédinger equation with a time oscillating
critical nonlinearity

8/(n—4) -0

i, + Nu + 0 (wt) |ul u fort € R, x € R",

(1)  Proposition 2. Let ¢ € H>(R"). Then there exists a
unique H?-solution u,(x,t) on a maximal time interval
(=T'in> Trnax) for (1). Moreover, for any admissible pair (q,1)

where 8 € C'(R,R) is a 7-periodic function and w is a real andm? ?ax (=T T Uo(ot) € LA(I, H>'(R")). 1If

constant. We define the solution of (1) to be u, (x, t). T < o0 (or T.. < ©0), then |lu,| ) Z

. . max min ’ W L9(0,T 0 s H>" (R™))
In this paper we plan to study the behavior of 1, as |w| —

(&) (07’ ”uw” T O0-E72T(R1Y)) — 00)
00. We define I(0) = (1/7) IOT 6(s)ds to be the average value of LA T O5H (R7))

u(x,0=¢(x), xeR'

0(s) on [0, T]. Naturally, we think of the following equation:

i, + Au+1(0) |u|8/(”74)u =0, forteR, xeR"
(2)

u(x,0) =¢(x), xeR"

We define the solution of (2) to be u(x,t). We will study
the relation of u,,(x, t) and u(x, t) as |w| — oo.

Definition 1. For two integers 2 < g < oo and 2 < v < 00, we
say that (g, r) is an admissible pair if the following condition
is satisfied:

Energy-critical fourth-order Schrédinger equations are
very important equations which arise in many physical
application fields [2, 3]. They have been discussed not only
by physical researchers but also from mathematical viewpoint
by many authors [4-8]. In particular, if the coeflicient of non-
linear term is a periodic function in time, condensation and
blowup phenomenon may appear from physical experiments.
Naturally, from mathematical point, we will analyze why
does it happen? What is the condition when condensation
or blowup phenomenon appears? What is the property if
condensation appears? For the Schrodinger equation, in [9]
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Fang and Han studied the Schrodinger equation with time-
oscillating critical nonlinearities. They gave the asymptotic
property of local solution and global solution for large
frequencies (as |w| — ©0). As far as we know, there are
few results about the asymptotic property of the solutions for
the energy-critical fourth-order Schrodinger equations with
periodic coefficient in time. So we will utilize the ideals and
techniques of [9] to study the asymptotic behavior of the
solution for (1) as |w| — oo. The difficulty of our work is
how to seek power index. The index is dependent to space
dimension. And the order of equation is four. This will make
it more difficult to look for proper index for us. The aim of
this paper is to study the property of the solution for the
Cauchy problem of fourth-order Schrédinger equation with
time-oscillating critical nonlinearities.

The main results of this work are the following theorems.

Theorem 3. Supposethat5 < n < 12. For arbitrary initial data
¢ € H*(R"), we define u,, and u, respectively, as the maximal

solution of (1) and (2) on maximal time [0, T, ]. Then we
have

lwlliinoo"”w - u”L‘i(O,T;Hz’(R”)) =0, 4)

where T < Ty, and (q, 1) is arbitrary admissible pair.

Theorem 4. Suppose that5 <n < 12. Lety =2n/(n—4), p =
21n% | (n* — 4n + 16). Assume that u is the global solution of (2),
and u € L¥(0, c0; LP(R")). Then the solution u,, of (1) is global
if |w| is sufficiently large. Moreover, we have

lim |u,

L P NS

for any admissible pair (g, 1).

The succeeding section is devoted to establishing the
dispersive estimates for the linear equation related to (1)
and (2), and we will present the nonlinear estimates of
nonlinearity. In Section 3 we present the proofs of Theorems
3 and 4.

2. Notations and Preliminaries

Given T > 0 and a function space on R", we denote by

I+ lza-1,1y3) and LY([~T, T1; X), respectively, the following

norm and the corresponding function space on [T, T] x R".
For 1 < g < +00,

, 1/g
1 e = <LT |76 t)|l§(dt> ; ©

and for g = oo,
||f||L°°([—T,T];X) = €88 sup ”f(" t)"X' (7)
~T<t<T

Later we will particularly take X = H*'(R") (s e R,1 <r <
00). For simplicity of the notations, we, respectively, abbrevi-

ate || lpaorrr ey a0d - lpaqorrymsr (rey) @8, respectively,
I Nlaz; and |- [l por. In particular, for the case g = 7, we
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abbreviate || - | za—rry,r ey s -l e We also abbreviate

H*?(R") = H*(R"). In the following, we will introduce our
four working spaces.
For any time interval T, we denote

[l ”X0 (T) = llu "Lr’}(n+4)/2(n74)Linz (n+4)/(n—4)(n? +4n-16) >

8/(n+4
”u"X(T) = “|V| fne )u [)/201-4) [ 202 ()03 <164 64) >
T x
)
8/(n+4
lllyery = IV U] a oo s ionens
T +x
||U||s°(T) = sup "u”L“T/zL’ir'

(g,r) is admissible
The fundamental solution of the linear equation related
to (1) and (2) is given by the following oscillatory integral:
I(x,t) = (7)™ J eix-f;+it|f|4d£_ (9)
RYI

We denote by W(t) (t € R) the fundamental solution
operator

Wt)e=I(t)*p(x), @) eS(R"). @10
So (1) and (2) have the following integral forms, respectively:
Uy, (%, 1)

t

=W (t)p+i L W (t —5) 0 (ws) |uw(s)|8/("_4)uw (s)ds,
(11)

t

u(x,t) = W (t) g +il (6) J W (t = s) [u(s)|¥ " Pu(s) ds.
0
(12)

Lemma 5 ((Strichartz estimates) (see [10])). Assume s >

0,9(x) € H'(R"), f(x,t) € LVTL‘;,, and u(x,t) is a solution
on [0, T] of the following initial value problem:

i, + Nu+ f(x,t) =0, forteR, xeR",

(13)
u(x,0=¢(x), xeR',
then for all admissible pairs (g, ) and (y, p), we have
W el < Clillr ey
(14)

rW(t—s)f(-,s)ds
0

Lemma 6. Let T be a compact time interval containing t,,.
Then we have

i, : C"f“LVT,LC’!'

<ClFlym.  (19)

Jt W (t-s)F(.s)ds
2 X(T)

0

Proof. By the definition of W(t), we obtain

"W (t - 5) F ('> S)"L2n2(n+4)/(n3716n+64)
—n®+4n—16/n(n+4 (16)
< Clt - 5| e o )”F (x: t)||LZsz(n+4)/(n3+8n2+16n764)'
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Using Hardy-Littlewood-Sobolev inequality, we have

JtW(t—s)F(-,s)ds

4)/2(n—4) 7 2n% (n+4)/(n> ~16n+64
ty LV_tr<n+ )/2(n )an (n+4)/(n 11-+64)

17)

< C||F xyt n, n2 (n+4)/(n3 +8n% +16n-64) >

” ( )"LT/ZLEC (n+4)/(n” +8n~+16n-64)
which completes the proof. O

Lemma 7. For any compact time interval T, we have
lullxory < lullxry < | D4
XUT) = X(T) = S(T)

(18)

1 4)
< Jlull e

(n+3)/(n+4)
2(n+4)/(n 4) ||

S(T)

lleell )

Proof. Using Sobolev
I_'Is/(n+4),2n2 (n+4)/(n°—16n+64) (R")

embedding (see [11])
SN LGz (n+4)/(n—4)(n*+4n—16) (R")

we have
lull xory < Clitll xcry- (19)

Similarly, using Sobolev embedding H 228 (14 4) (40 - 16m+64)
(R") — HY (n+4)2n* (n+4)] ("3"16"+64)(R") and noting that (n(n +
4)/2(n—4),2n*(n+4)/(n® + 4n* — 16n + 64)) is an admissible
pair, we have

lullxcry < C|D*u

2
L 201-) [ 202 (148 0% +4n% - 16m464) < C”D u
t x*

STy
(20)
which completes the proof of the first inequality.
Next we prove the second inequality.
Using interpolation inequality (see [12]), we obtain
8/(n+4)
” VI Y| nreay/20109) 22 4001053 -16m464)
T x
1/(n+4)
< Clull} s
8/(n+3) (n+3)/(n+4)
X || Ivl u [2n(3)(n+4) [ (n=4) 3 16) L2n2 (n+3)(n+4)/ (n* +3n3 —12n% +256) *
T x
21
Using Sobolev embedding, we obtain
v [8/3)
| | LG(n+3)(n+4)/(n—4)(3n+16)LGz(n+3)(n+4)/(n4+3n3—12n2+256)
T x
2 22)
< C“D u LZVx(n+3)(n+4)/(Vx74)(3n+16)L2n2(n+3)(n+4)/(n4+7n3716n+256) .
T x
So we have
8/(n+4)
” VI U\ L nr0)/201+) 202 (r00)/ 03 - 16m464)
T x
(23)
1/(n+4) (n+3)/(n+4)
< Cllal o [D gy
which completes the proof of the second inequality. O

Assume that the nonlinear function F(u) = |u|8/ =)y,
Then we have the following two lemmas.

Lemma 8. Let T be a compact time interval. Then, we have

4 —4
IF @)llyer < Cllullgy ™,

|E. (u+v) w"Y(T) +[|Ez (u +v) w”Y(T)

an/(n*-16)
S(T)

4n/(n*-16)
o)l

(24)

8 —16
e (e

(n+8)/(n*-16) “D

+ Ivlixiny

Proof. Using Lemma A.11 of [13] and Lemma 7, we have

IF @)y

< c|||u|8/(”*4’

[ 4)/16 an (n+4)/4(n? +4n-16)
T x

x |||V|8/(n+4)

u L /200 Linz(n+4)/(n3—l6n+64)
(25)

8/(n—4)

= Cllull™.",

n(n+4 /2(n—4) 54 2 (n+4)/(n—4) (n® +4n—16)

> |||V|8/(n+4)u

LnT(n+4)/z(n—4) Lin2<n+4)/(n3—15n+64)
8/(n—4) (n+4)/(n—4)
= Juallor allxcry < Clll iy .
For the second inequality, we have

|E. (u+v) w"Y(T)

= |||V|8/(”+4) (F, (u+v)w)

<c(|r.

2 1202 (n+4)/ (3 +8n% +16n-64
L¥an(n+)/(n+n+n )

" n+4)/16L n2 (n+4)/(4n% +16n-64)

™ "|V|8/(n+4)w

4)/2(n—4) 7 2n% (n+4) /(n® ~16n+64
Lr’}(rﬁ )/2(n )an (n+4)/(n 7+64)

VIR, (v

Lv_xr(n+4)/1sLn2(n+4)/4(n2 +6n-16)
x

X [wl L0 4)/20n-4) [ 202 (44) (1-4) 0 +41-16) )
T x

8/(n—4)
<"u + " n(n+4)/2(n— L2n2(n+4)/(n 4)(n? +4n-16)

y “ |V|8/(n+4)w

L )/2(n=4) L2n2 (n+4)/(n3—16n+64)
T x

+ |1V, ()

L:}(nm) /16 LZZ (n+4)/4(n? +6n-16)
X ” w"Ln(n+4)/2(n—4) L2n2(n+4)/(n74)(n2+4n716) )
T x

8 4
< (Ju-+ I el

+|||V|8/(n+4)

Lv_xr(nm)/lerf(nH)/z;(nZ +6n-16) “ w " X%(T) )



8/(n—4
< -+ VIS ol

+ V¥, (et v)

Lr]lfn+4)/16L);lcz (n+4)/4(n? +6n-16) "w”X(T) ) .
(26)

For 5 < n < 12, using Lemma A.11 of [13] and Lemma 7, we
obtain

|IVIF™VF, @+ v)

Ln(n+4)/16Ln2(n+4)/(4n2 +24n-64)
T X

< C|||u + y| 127/ (=4)

Ly’}(n+4)/2(127n)Lin2 (n+4)/(12-n)(n® +4n—16)

I

L;;(n+4)/2(n—4) Li"z (n+4)/(n3—16n+64)

(12—-n)/(n—4)
S C"u + " n(n+4 /2(n— 4)L2n (n+4)/(n—4)(n®+4n—16)

8 4
X '“Vl fned) (u+v) L0 O/201-4) [ 202 (1) (164 64) (27)
T X
12— —4
< Cllu + V1 G + vl ey
8 4) 8 4 8 4
< Clu+ %5 < (Il ™ + IIgn ™)
4(n+8)/ (P —16) || 2. || 41/ (n~16)
< C (Il 0ul o

- 4n/(n*-16)
T ] 1257 WA

$(T)

For n > 12, using Lemma A.12 of [13] (o = 8/(n—4), s =
8/(n+4),0 = n/(n+4)) and Sobolev inequality, we have

|IVI¥e 9 F, (u+v)

an(n+4)/(4n2+24n—64)
X

< C'||u + v|32/"("_4)

L2n2 (n+4)/(n—4) (n? +4n—16)
(28)
8/n
x IV 4 )|

212 (n+4)/ (n3 +2n2 ~32n+64)
LX

8/(n—4)

2012 (n+4)/(n3 +2n% -32n+64) *
Ly

< IV P+ v)

From (28), using interpolation inequality and Lemma 7, we
have

|IVIeDE, (u+v)

[rnt4)/16 an (n+4)/4(n? +6n-16)
T X

8/(n—4)
L )/2(n=4) an(n+4)/(n3+2n2 —32n+64)
T X

< C[IvI P w+ v)

8/(n—4)
L)/ 2(n4) Ln2 (n+4)/(n3 +2n® ~32n+64)
T X

<C <.|IVI"/("+4)14

8/(n—4)

n/(n+4)
+ " V] v L)/ 201-8) 2 1) %4202 =32m4 64) >
T X

<" ”4(n+8)/(n —-16)

n(n+4)/2(n 4)L2n2(n+4)/(n74)(n2+4n716)
X

4n/(n*-16)
n(n+4)/2(n 1) L2n2(n+4)/(n3+4n2—16n+64)
x

x |ptu

(n+8)/(n*~16)

+ ” ||Ln(n+4)/2(n 4)L2n (n+4)/(n— 4)(n +4n—16)
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4n/(n*-16)
||D n (n+4)/2(n— 4)L2n2(n+4)/(n3+4n2—16n+64) )
n+8)/(n*—16) 4n/(n*~16)
("“”xﬂm “D (1)
4(n+8)/(n*—16) 4n/(n*-16)
He NP e
n+8)/(n*-16) 4n/(n*~16)
< (M0 |Dul

+||V||§((nT+)8 JCs —16)|'D "‘;:/T) —16)>‘

(29)
From (26), (27), and (29), we have
IE. (u +v) w”Y(T)
4(n+8)] (2 —16) || 2. || 4/ (n*=16)
= C(" ullxer) "D Hlsoery (30)
4(n+8) /(2 =16) || 2 . |41/ (n*~16)
iy 0,
Similarly, we can prove
|1z (u +v) EHY(T)
n+8)/(n>—16) 4n/(n*~16)
< ¢ (I o &
4(n+8)/(n*~16) 4n/(n”~16)
S L 127 MO B
which completes the proof. O

Using Lemma 8, we immediately obtain the following
lemma.

Lemma9. Letn > 5. Then we have

IF (1) = F My

2 4n/(n*-16)
N C<"v”4(n+8)/(n 16)||D2V n/(n

S(T) + ” - V”X

4n/(n*-16)
”So o e = vl x(r)

(n+8)/(n*-16)

X(T)
><“D2 (u -
(32)

Using the proof techniques in [14], similarly we can obtain
the following lemma.
Lemma 10. For any admissible pair (y, p), (q,1), f € LV
we have

Jt 0 (W)W (E—5) f (- 5)ds

— 0 as |w| — oo.
L,

t
-1(9) Jt Wi(t-s)f(,s)ds

(33)
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Lemmall. Lety = 2n/(n—4), p = 21?/(n* — 4n + 16). For
any initial value ¢ € H*(R"), 5 < n < 12, assume that

. P
|w1|13100 sup “D ”w"U(o,z;M(R")) < 0o, (34)

then we have
sy = u”Lq(O,l;HZ*’(R")) — 0 as o[ —o00, (35

where (q, 1) is admissible pair.

Proof. (1) First we prove that [lu,(x,t) —
0 as |w| — oo.
By (34), there must be constants L and M such that

u(x, Olapry —

|ST£||D u "LV osrrey =M (36)
From (11) and (12), we have
u, (x,t) —u(x,t)=i(L + L), (37)

where I} = Iot O(ws)W (t — S)[Iuw(s)ls/("_4)uw(s) ~ Ju(s) [
u(s)lds and I, = Iot[e(ws) —IO)IW(t = $)|u(s)|¥ " Vu(s)ds.
By Lemma 10, we have

“IZHL‘f(O,l;L’(R”)) =Ce¢, — 0 as |w| — oo. (38)

Using Holder inequality and Sobolev embedding inequality,
we obtain

"Il ||L‘1(0,l;L'(R"))

< iy O 1ty 9 = e OO
5 8/(n—4) 5 118/(n—4)
<C ("D uw”LV((),l;LP(R“)) + “D u"LV(O,l;LP(R”)))
x [, ~ u”LY(O,l;LP(R”))

<C (MS/(n—4) + Ns/(n—4)) oty — u||U(0’l;U,(Rn)),

(39)
where N = IIuIILy(O,l;Hz,p(RH)).
Using (38) and (39), we have
ety () = 1 (x, t)”L’i(O,l;L’(R")) =L +15 "L‘i((),l;L’(R"))
= "Ilum(o,z;y(m)) +||L, "L‘i(O,l;L’(R"))
(40)

< Ce, +C (MY + N¥07Y)

X [l () = (6 )| 1y o0 Ry

In the following we will prove that |u,(x,t)
u(x, t)”Ly(o,l;Uv(Rﬂ))-

Since SuplwlzL"Dzuw"LV(O,Z;LP(R")) < M, we can divide the
time interval [0, ] into subintervals [t;,¢;.1],i = 0,...,] —

1, where t, = 0,t;; = [, such that in each part
8/(n—4) 2 8/(n—4)
C("Dzu "Lv ot P @) T 1D u"Lv (ot i15LP (RT)) ) =1/2.

On [ty, t,], since u,(t,) = u(t,) = ¢, we have

ety o) = 14 G | e,y

/ )
< Cey + C([Dueflr ey
Al )

X ||ug, (x,1) = u (x, t)”LY(to,tl;L"(R"))

< Ceg, + %"uw (x,1) —u(x, t)||U(t0,tl;Lp(R,,)).
For the case (g,7) = (y, p), we have
||uw (x,t) —u(x, t)||Ly(t0)tl;Lp(R,,)) < 2C¢,,.
For the case (g,7) = (00, 2), we have
e (x,8) = 1 (x, t)||Loo(t0)tl;L2(Rn)) < 2Ce,.
On [t,, t,], we have
e o ) = 4. G6 )| age iz ey

< "uw (tl) u (tl)”LZ(R") + Cew

1
+ E"”w (x,8) = u (%, t)"LV(tl,tz;U’(R”))

1
< 3Ce¢, + E“”w (x,t) —u(x, t)||Ly(tl’t2;Lp(R,,)).

Similarly for the case (g,7) = (y, p), we have
ety Ges ) =1 (O oo, 10y < 6CEw-

For the case (g, ) = (c0,2), we have

et (6 ) = 1 () ooy sz < 6CEw-

By induction, we have

||u (x,t) —u(x, t)||Ly(t LaslP(RY) S 2 (2#r1 - I)Csw,

e o 8) = 1. G0, ) ooy, 2y < 2 (2" - 1) Ce,
fori=0,...,] - 1.

So we have

"uw (x,t) —u(x, t)"LV(O,l;LP(R"))

T
0

< Y 2(2" -1)Cq,

i

Il
(=}

= [4(2]— 1) —2]] Ce, — 0 as |w| — oo.
Using the above estimate and (40), we have
(A C S ERTIC ] P

< Ce, +C( 8/"4)+N8/”4))

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

X ||uw (x,t) —u(x, t)“LY(O,l;U’(R’“)) — 0 as |w| — oo.

(49)



(2) In the following we discuss the estimate [|V(u, —

Wz vy
By (11) and (12), we have

V(u,—u)=i(J; +7,), (50)

where J; = '[(: O(ws)W(t - s)V(luwls/("_4)uw — ul¥ " Du)ds
and J, = [, [0(ws) — IO)IW (¢ — $)V(|ul " Vu)ds.
Using (11)-(12) and Lemma 5, we obtain

”V (1, - ”)”s(’(o,tl)

< CIV (1, (0) = 14.(0)) ]| 2 ey

C (“]1 "L‘i(o,tl;L'(R")) +7 “L‘i(O,tl;U(R”)))

< C|[V (1, (0) = 1 (0)) || 2 )

+C “V (|uw|8/(”_4)uw

_|u|3/(n—4)u)|

LZn(n+4)/(n2 +4n+8) (O [1 .L2n2 (n-ﬁ-zl)/(n3 +8n2+ 16n—32) (Rn ))

+ C"]Z“Lq(o,tl;L’(R”))'

(51)
Noting that
8/(n—4)
"V (Iul u)"u’ (0,31 (R"))
8/(n—4)
< 1™ s 2500 oy IV 020y
(52)
8/(n—4)
= lu ”LG/(n 9 (0., s[2n (=1 (Rny) "Vu"LV (0,t;LP (R™))
2 (Tl 4
s C"D “LV (0,t,;LP(R™)) "V”"U (0,t3LP(RM))>
! !
so V(|ul¥"Pu) € LY (0,1, LF (R™)).
Using Lemma 5 and Lemma 10, we have
“]2"L‘4(0,t1;L’(R")) :=Ce, — 0 as |w| — oo. (53)
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Using Holder inequality, Sobolev embedding, and
Lemma 7, we obtain

(e

_|u|8/(ﬂ*4)u)

w

Lln(n+4)/(n2 +4nt8) (0 t .L2n2(n+4)/(n3 +8n2 +16n-32) (R"))

< C|||uw|8/(n_4)

LA /16(0 ¢ .2 (+4)/4(n? +4n-16) (R)

X “V (uw - u)'

2n(n+4)/(n? +4n-24) 7 2n% (n+4)/ (n3~16n+96) ( ot
L (0,t5L (R™)

C (l'l uw|“2‘"’/("‘4>

(12-n)/(n—4)

L 202-0) (0, L[ 2n(n+4)/(12-n) (n? +4n-16) (R")

+ || |u| O R20120) (1 2D/ (12-m) 0P +40-16) () )

X “Uw = U\ 1 ntns)/201-4) () 4 .7 202 (n+4) (n-4) (2 +4n—16) (
L (0,31 (R™)

X ” Vu ” L2n(n+4)/(n2 +4n—24) 0t ;L2n2(n+4)/(n3 ~16n+96) (RnY)

8/(n—4)
< CHuw“XOr(lO;l) “V (Hw - ”)"S"(o,tl)
Ol + b )

x g, = ] 5004y IVl 50 01t,)

8/(n—4)

< Cllug || o (0ty)

”V (1, — ”)"s‘)(o,tl)

+Cllu, - ”‘“i/‘)(r(l(;j)) IVullsooyz,)

(12— —4)
+ Cllull G 7ty = el o0, IV2Hls901,)

X0 ( 0,t;)

< Clluty = ul35 oen I (s = )50,

+ Clullyio ) 19 (e = w)lso o

+ Clluy = 36 gy 1Vl

+ Clull g 3" ety = il oo 1001,
< Cllua = /35 o0 IV (4 = )01,

+C|Du zﬁ((’;j:; 19 (4~ )] 00

+Cllu, - ”“é);(/o(r(l;l)) IVtdllo ey,

S Lot N PR R | 2 P
< Cllug =l 19 (0 = 1),

+ C"D Z”HZ(ZZZ IV (4 = )] 5000,

+ Cluty = Y () V3501,

+ Dl ke = ul o Vs

(54)
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Substituting (53)-(54) into (51), we obtain

||V (v = u)“SO(O,tl)
< C||V (1, (0) = 1 (0)) 2y + Ceo
8/(n-4)
+ Cllu, - ulx gtl) IV (u, - u)“SO(O,tl)
8/(n-4) (55)
+ C"D2 S0 (04) “V (= W]l 0,
8/(n—4)

+ Clluy, =t x o) IVttllso(01,)

(12-n)/(n—4)
$°(0,t,) "

+ C"D " Uy~ u“X(O,tl)"Vu"SO(O,tl)'

8/(n-4
Taking #; such that C |1 D?ull Séigt ))

(12-n)/(n—4)
ClID*ull ooy,

and Lemma 7, we obtain

1/2, C"V”"SO(O,tl) < 1,
[Vullgooe,y < 1, using Young’s inequality
|V (4, - u)"SO(O,tI)

< 2G|V (1, (0) = 1 (0))] 12 oy + 2Ce,

+2Cuty = (o 19 (0 = 1),

+ 2y~ ulY oy + 2l = 0, (56)
< 2C||V (14 (0) = 14 (0)) | 2y + 2Ce,

+ Clluy — o™ + VG, - w505 )

+ 2ty =l + 2t = 1o,

Evidently, in order to get the estimate ||V (u,,
we have to estimate the norm |u,, — u|| X(tot,)"
By (11)-(12), Lemmas 6 and 9, we obtain

- u)"SO(tU,tl)’

””w - “Hx(o,tl)

< CIW (®) (4, (0) = 4 (0)) |l xq,,

8/(n—4)
w

U, = |ul

e

Y(0.t,)

+ r 0 (s = IO W (t) (Jul” " u) () dt
0

X(0,t,)

< C“D2 (u, (0) -

4n/(n2—16)

iC (”Mw "4(n+8 /(n*~16) ”D ( ) @ 0n)

X (0,t,)

4(n+8 -16 2
+ ” " (n+ )/(71 )“D

4n/(n*-16)
RO T NS | PRE I

+ jt (O (ws) = 1(O)W () D (|ul* " Vus) dt
0

() .
(57)

Let || [,(O(ws - IO)WOD (™" Dudtly, =
C¢,,. Noting that

1D (1) 0 ey

< C"lul(lZ*ﬂ)/(n*‘l)

L2020 (0t ;L2n2/(n—4)<1z—n) (R")

X ”Vu”LG/(n -0) (0, ;L2702 -61+16) (R

el 2

LY =2 (0,t,;LP/ =2 (R)) u"LV(O,tl;U’(R”)) (58)

(12-n)/(n—4) 2 |12
S C" ”L2 10=9) (0,127 n? [ (n-4)? (R ))"D u“L’V(O,tl;U’(R"))

+ c|||u|8/(”‘4’

L3Y/(=9(=2) (0,¢,; 180/ (=D(p=2) (R7Y)

(n+4)/(n—4)

<[] D On @

< o],

LY(0,t5LP(RM)) —

so D2([ul¥"u) € LV (0,£,; L (R)).
Using Lemma 10, we obtain

C¢,— 0 asw— oo. (59)
From (57)-(59), we get
"”w - u“X(O,tl)
< C|D* (u,, (0) - u (0))] .
/( )
0 (o ~ ", e
8/(n—4)
H|DPuf o - u||X(O,t1)) +CE,
5 4n/(*~16) 5 |14/ (n*~16)
+C<“D Yo $°(0,t,) + "D u $°(0,t,) )
8/(n—4)
o vt o

x n”w - u"X(O,tl) + CEw'

(60)
4)
Lett, — 0 such that IIDZMIISé(gt ) < 1/2, thus we have
es, = u“X(O,tl)
5 4n/(n*-16) 5 4n/(n*-16)
+2C (“D Uy S0 (0,t;) " S0 (0,t;) )
(" +4n+16)/(n*-16)
x ug, - "X 0.) +2CE,
< 2C] D% (14, (0) = u(0))] .
" 2C(2M )4n/ n>-16) "u _ "g?g;lfgﬂﬂ/(ﬂ -16) ZCEW
(61)

where M, = max(IIDZuIISo(OJ), ||D21/lw||30(0,1))-



If ||D2(uw(0) —u(0))[;> and &, are small such that

(4C)(n2+4n+16)/(n2—16)(2M )4n/(n2—16)
1
(62)

4(n+8)/(n*-16)
) <1,

x (”D2 (ug, (0) -

we obtain

4 = ull oy, < 4C|D* (1, (0) = (0))] , +4CE,,.  (63)

Taking (63) into (56), we can get
“V (uy — ”)"s"(o,tl)

< 2C||V (14, (0) = 14 (0)) | 2y + 2Ce

+ (4C||D* (u, (0) = u (0)| , + acg,)"ONo
+(4C| D (1, () - u (@) . + 4cE,)”"" (64)
+4C|D* (1, (0) — u (0))| , +4CE,
+CIv u>||§é<z:

If IV(1,(0) — u(0)]l 2, ID* (14, (0) = u(0))ll;> and €, &,
are small such that

C (2C]|V (1, (0) = 1 (0))]| 2 gy + 2Ce,y

+ (4C|D* (u, (0) - , +4cE,) "
+(4C]D? (1, (0) - Lt 4c5w)8/ =
+4C|D (, 0) - 0))], +4c8,)" " < 2,
(65)
then we can obtain
IV (u, - “)”s"(o,tl)
< 4C|V (i, (0) = 1 (0)) ] 12 oy + 4Ce,
(n+4)/(n-4)
+2(4C| D (1, (0) ~ u (@) +4C&,) " (66)

+ 2(4C||D2 (uw (0) —u (0))|'L2 + 4C§w)8/(n_4)

+8C||D* (u, (0) - L +8CE,.

So we have

”V (uw (X, t) —u (X, t))"Lq(O,tl;Ly(R”)) — 0 as |Cl)| —> 00.
(67)
Let Ty = sup{t | 0 <t <L [IV(uy, —lpaopr@y —
0 as |w| — oo}. By continuous extension method and
contradiction method, we can prove that T} = 1.
(3) Atlast, we discuss the estimate || D (=)l a0 1,1 (R -
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As in Lemmas 8 and 9, we define F(u) = Iulg/(”_4)u.
By (11) and (12), we have
D* (u, -u) =i (K, + K, + K;), (68)

where K| = Iot O(ws)W (t—s)A, (u,,u)ds, K, = fot O(ws)W (t-

$)A,(u,,u)ds, K5 = jot [0(ws) — I(O)]W(t — s)A;(u)ds, and
A, (uy,u), A,(u,,u), and A;(u) are as follows:

A, (uy,u) = F' (u,) D* (u, — u) + (Du, — Du)*
x F" (u,) D (u,),
A, (uyu) = (Du)* x [F" (u,) Du, — F" () Du]  (69)
+[F' (u,) - F' (w)] D*u,
A; (u) = (Du)* x F" (u) Du + F' (u) D’u

are all n x n matrixes.
Using (11)-(12) and Lemma 5, we obtain

“DZ (= ”)“s°(o,t )

< C||D* (u, (0) - u(0))

LZ(Rn
+ C("K “L‘? (0,t:L7(R")) +[IK, "L’i(Ot JLF(R))

+”K3 "L‘i((),tl;L'(R”))) (70)

<C||D u, (0) - u(0))

L*(R")

C (”Alllu’ (0,t;L°' (R™)) + "AZHU'(O,tl;LP' (R™)

+"A3"LV’ (o,tl;LP'(R”))> :

For the case 5 < n < 12, using Holder inequality and
Sobolev embedding, we have

|(Dwy* x F" (u) D”"u (0527 (R)

< C|||u|(12—n)/(n—4)

[2n/(12-n) ot ;LGz/(n—zn(lz—n) (R")

X "Du"LZn/(n —4) Ot L2n2/ —6n+16)(Rn)) (71)
(12-n)/(n—4)
s ” ”LZn/(n (0.t L2n2/(n 4)2 (R) u”LV(O,tl;U’(R”))
(n+4)/(n-4)
<
C"D LY (0,t;LP(R™))’
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1 2
“F () D ”"LV’(o,tl;Lﬂ’(R"))

8/(n—4)
= C"'”l LYY= (0,t,;LP/(P=D (R™))

u"LV(O,tl;IJ’(R”))
(72)

8/(n—4)
- C" ||L8y/y 2)(n—4) (0.t ;L8PI(p-2)(n=4) (Rn)

’Dzu"U(O,tl;LP(R"))
(n+4)/(n—4)

= "D LY (0,t3LP(R™)"

Since u € LY(0,1; H*P(R")), we have A,(u) € L”,(O, ts
L (R™)); thus by Lemma 10,

Cl,— 0 asw-—o00. (73)

|4, (”)“LV’(o,tl;U" ®)) =

In the following, we analyze the norm [A,(u,,
u)IIU Ol (R) for5<n<12.

Using Hoélder inequality and Sobolev embedding, we
obtain

||(Duw — Du)l x F" (uw) Duw“LY’(O,tl;LP’ (RM)

< C|Du, - Du”LV(O,tl;LPl (R")

% 'lluwl(IZ—n)/(n—4) “

Lot 5L (R™)) Ditol 000 ey

< C"Du w“ (12-n)/(n—4)

D””U(o £1:L°1 (R™))

LV(O tl 12 n)b/(n—4)(Rn))
X 1Dt | oo, ey (74)
5 (12—-n)/(n—4)
< C"D (1, —u “LV(Otl LP(R™)) "LV(O £1;LP (R™))

x[Du|

L7(0,t,;LP (R™))

(n+4)/(n—4)

s C"D C "LV (0,t;LP(R™))
/(n—4)

+ C"D2 “iv:;: ;LP(R™)) |D (” ”LV(O,tl;U’(R"))’
wherea = y/(y - 3), b = nn—-4)p/(n—-2p)(12 — n), p, =
np/(n— p).

Similarly, we can get

“F’ () D (1, - ”)HU’ O.t:1°' (R")

< C[D*(u, - w) (Lr;:)t/l(zﬁz» (75)
+ C“Dz "ii(no i)LP(R ) “D Ho = u)"LV(O,tl;LP(R”))'

Combing (74) and (75), we have

"A1 (uw’ I/l) “L?’, (O,tl;LP’ (R™))

(n+4)/(n—4)

< C||D2(”w —u) L7(0,t5LP (RY)) (76)
/(n—4)
+ C"Dzu"; Z): L0 (RY) |D (o = "LV(O,tl;U’(R"))'

At last, we analyze the norm ||A2(uw,u)||Ly Ot (R")" We

divide it into two cases.

Case I (5 < n < 8). Using Hoélder inequality, Sobolev
embedding, and (73), we can get

|(Dw* x [F" (u,) Du, - F" (u) Du]|

LY (0,51 (RY)

< "(DM)l x F" (u,)D(u,, u)"LV (0,65LF' (R"))

+ “(Du)l X [F " (u,) - F" (”) D ”“LV’ Ot;LP (RM)

||(12 n)/(n—4)

= C“D ”" L7(0,t,5LP (R"))

LY (0,t,3LP (R))

x| D (- ”)"U(o,tl;LP(R"»

i C "(DM)L « (|uw|2(8*n)/(fl*4) +|u|2(87n)/(n74) )

X |u, — u| Du o 0t &%)
||(12 n)/(n—4)

< o] e

LY (0,t,3L° (R))

x|D* (- ”)”U(o,tl;LP(R"»

+C <'||uw|2(8—n)/(n—4)

[8/(87n)(0’t1;[nz/(vx—A)(s—n)(Rn))
2(8-n)/(n—4

L8/ (0.t an/(n 4)(8-n) (Rn))>

X ||uy, — u

L2709 (0 ¢, ;LGz /(n®-8n+16) (R")

X ”Du”LG/(y, 9 (0,12 /0P —6+16) (R

(12-n)/(n-4)
@IHLY(0,t,5LP (R™))

< C“D u 2

LY (0t 5P (R ))”

X ”D (u, - ”)"U(o,tl;LP(R"))

+C (“Dzu “2(8 n)/(n—4)

2 2(8-n)/(n—4)
LY (0,t;LP(R™)) ” “L?’ (0,t;LP (R™)) )

“D (1, - u)"LV(O,tl;LP(R”))“Dzu"U(O,tl;LP(R”))

/(n—4)
= C“DZ (4, - ”)“iv (no,:;LP(R”)) ' "LV(O,tl;LP(R"))
/ )
+ C“D2 (1o ”)“U(o tSLP(R) "iv:) : SLP(R™)
)/ (n—4)
+ C“DZ (1 = )“lez(o’; LZ :")) "LV(O,t];L*’(R"))'

Similarly, we can get

”[F’ (u,)—F' (”)] DZ“”LV’ (0,t,5L¢' (R"))

<C |||L£ — ul (lu |(12—n)/(n—4) +|u|(12—n)/(n_4>)
< © "

xD ”"U (0t5:L¢" (R™))
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<C <|||uw|(12—n>/<n—4>

(12-n)/(n—4)

LlZn/(lZ—n) (0 tl .L2n2/(n2—8n+16) (Rn))

+|||u|

LlZn/(lz—n)(O tl .L2n2/(n2—8n+16) (R")) )

2
X "uw - u||L2n/(n—4)(0 tl.LZnZ/(n2—8n+16) (R™)) ”D MHLV(O tl;Lp(R"))

(12-n)/(n-4) (12-n)/(n-4)
< (I gmgrey * 1274 ey )

x |D* () LV<o,t1;D°<R"))" o Yo
< | D* (, - )] Z((no_,i);mm)) “ 2”"Lv (0,t5TP (R)
Lo L CRE] HN |27
(78)
Combing (77) and (78), we can obtain
142 (e ) 0,10 oy
<D (e =) ey 127 ey
el i I
Lo IR N 1257
From (70), (73), (76), and (79), we have
I CRED] P
< D (14, () = (0)] 2 oy + C
+ lD? o =] s 17
e A I X o
+ Dy =00 e
+ D =0 P70

Taking C||D2u||i£(£ :)U(R ) < 1/2, we can get

|'D2 (4 = u)“SO(Ot )

< 2C|D* (u,, (0) - u (0))

can t 2C¢,

8/(n-4)

+ ZC”DZ (4 = ”)“Lv (0,t;LP(R™) "

u'lL?’(O,tl;LP(R")) (81)
(n+4)/(n—4)

2
+2C|'D (u, —u) DOt RY)

R i

L0517 “LV(O,tl;U’(R"))'

Abstract and Applied Analysis

Furthermore, if ||D2(uw(0) = 1u(0))ll;2(gr and (, are small
enough such that

(ZC)(IZ—n)/S (4C)(12—n)/(n—4)

% ([|D* (u ©) = u (0)) )<12—n>/<n_4>

+{,

L*(R")
+ (ZC)(8—”)/4(4C)2(8—ﬂ)/(”—4)

LZ(R") + <w>

2(8-n)/(n—4)

x (||D2 (11, (0) - 1 (0))

+2c34C)Y (”‘4)(||D2 (14, (0) = (0))] . cw)s/(H)

1

<=,

2

(82)
then we have

|D? (u, - )| S0n) S < 4C|D?* (u, (0) - 0))||L2 oy +4CE,
(83)

Case II (8 < n < 12). Noting that

"(Du)l x [F” (u,) - F" (u)] Du"

(0L (RY))
< C”Iuw _ u|(12—")/(n—4) "

Ln(n+4)/2(12—v1) (0 tl .L2n2 (n+4)/(12—n)(n2 +4n—16) (Rn ))

2
X || Dutlq¢ (0,t,;LP(R™))

< C”l/l ||);02(0nt1/(n - “DZ ||L'1(() t1~LP1 (R™))
< C”u ”};(ZO: o “DZ ||S°(0t

(84)

where y| = 2n(n+4)/(n* +4n+8), p| = 2n*(n+4)/(n’ +8n* +
161 —32), q = 4n(n +4)/(n* + 8n - 40), p = 2n*(n+ 4)/(n* —
24n + 80), and p, = 2n*(n + 4)/(n* + 2n*> — 161 + 80);

thus we have

“(Du)L X [F” (1) Dy, = F' (u) D”] "LV{ (O,t3L71 (RY)

"(D”) x F" (u,)D(u,, )"LV{Otl'LP{(R"))

+|[(Dw* x [F"(w,) - F"w)]Dy|

LVI 0,t, L”l(R )

< Ol u] g Mtallxiamy 10 (= )],

T To N AR (e >
sdw%hme%m—WQﬁﬁ
#Cloulg o 10 Gt =0,

+qqu N e
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Combing (78) and (85), we can get

A2 (o )t 15t ey
2 2 8/(n—4)
< CP*u] o |P7 04 = 9],
2 8/(n—4) (86)
+C||D $0(0,t9) “D u) 8°(0,t,)
( )/ ( )
+CDulg, it = ulliory ™
From (70), (73), (76), and (86), we have
|P* (- ) $04)
< C|D* (uy 0) = 4 ()] 1 oy
(n+4)/(n—4)
+ C"Dz(uw -u) s’;:o,tl)n
(87)
8/(n—4)
+C||D2u 5°(0,t,) “D ( —u) 8% (0,t;)

/
#CDul g 10 (= )l

+C|p? u||300t [ ;?/(" Yice,

. 8/(n—4)
Taking C||D2u||m0t @y < 1/2, CIDullg,,) < 1, and

CIIDZuIISo(Ot y < 1, we can get
"D (g, - ”)"sﬂ(o,tl)

< 2C|D* (uy (0) = 4 (0)] 2

(n+4)/(n—4)

+ 2C||D2(uw —u) $0(0.11)

(88)

8/(n—4)

+ 2||D2(uw -u) ® 04

(12-n)/(n—4)

+2||u, - u||X(Ot ) +2C¢,.

Combing (63) and (88), we can obtain

||D2(”w - ”)"sﬂ(o,tl)

(n+4)/(n—4)

< C|D* (u, (0) - $04)

u (0))“L2(Rn) + C"Dz(uw - u)

8/(n—4)
5°(0,t,)

+C|D*(u, - w)

+CC, +CE,.
(89)

Taking IIDZ(uw(O)—u(O))IILz(Rn), {y &, small such that

2C[2C”D2(uw(o)_u(o))"LZ(R") + chw + chw]8/(fl—4) +
(12-n)/(n—4)

2C[2CID(1,(0) = u(0)) || 2 gy +2CC,, +2CE, ] <1,
then we can get
“DZ (1 - ”)”30(0,:1)
(90)

< 2C|D? (4, (0) = u(0)| 5 oy + 2CL,, + 2CE,.

L*(R")

1

From (83) and (90), we have

"Dz(uw(x, ) — u( — 0 as |w| — oo.

(o1

x,t)) " L0t 5L (R™)

Similarly, let T, = sup{t | 0 < t < |, ||D2(uw -
Wlpaesrwy — 0 as |w| — oo} By continuous
extension method and contradiction method, we can prove
that T, = L.

From (53), (67) and (91), the desired result holds. O

Lemma 12. Suppose thatn > 5. (y, p) is as in Lemma 11. If for
any given M, for the case ||| gy < M, there exists v(M,)
such that W ()@l 1y o cose(rry < V> then we have

"D u " < 2v,

L7(0,005LP (R"))
(92)

”uw”L‘?(O,oo;Hz"(R”)) = C"‘P"HZ(R")’

where (q,r) is arbitrary admissible pair and v and C are
dependent on M,.

Proof. Using (11), Strichartz estimates, and Holder inequality,
noting that n > 5 (to be sure that n — 4 > 0), we can get

|p*u “LY(OooLP (R)
5 (n+4)/(n—4)
s "W ®)D (P”LV(O,QO;U’(R”)) +CM, "D ||LV(000U’(R“ (93)
2 (n+4)/(n—4)
<v+CM, ”D ”w"U(o,oo;LP(R"))’
taking CM 2" 4/(=9,8/(=4) 1 /7 e can get
N 1)
Similarly, we can get
"”w"m 0,00;H2P(RM)) = C”q)“HZ(R")’ (95)
"uw"L‘i(O,oo;Hz”(R"))
5 i8/(n—4)
= C||‘P||H2(R”) +CM, “D ”w“Lv(o,oo;LP(R"))
X ||uw”LV(0,oo;U’(R")) (96)
< Clloll 2 ey + CM, (29)*/4 209
= C"(P||H2(R")’
which completes the proof. O

3. Proofs of Theorems

Proof of Theorem 3. Foranygiven0 < T < T, ., suppose that
01l Lo (rry < M5 obviously, we have [1(6)] < M.

For any given # (which will be decided later), we divide
[0,T]into [t;t;,]), i=1,2,....,tg=0,t;;, =T such that

"D u

2
||L7<ti,ti+l;1f’<R">> =1 ©7)
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On [t,, t,], we can get from (12)

[w D'

LY(t .t ;LP(RY))

8/(n—4)

98
LY (to,t15LF (R™)) %)

= “D u"LV(tO,tl;U’(R”)) +CM, "DZ”H

<+ CM111(”+4)/ (n=4),

Let Cerls/ =4 < 1, we have

[W O D]y, 115y < 2 (99)

On [t,,1,], we can get from (12)

|w &) D*u (tl)”mn,tz;ﬂ’(R"))

8/(n—4)

100
LY (t;,t;LP(R™)) ( )

ol o p———— A el

(n+4)/(n—4)

<n+CMn
Noting that CM, %" < 1, we have

"W (t) D*u (tl)“mtl’tz;y(m)) < 2. (101)

Similarly, on [t;, t;,,], we can get from (12)

WD ()],

<
ttsr @) = 21T (102)

Again on [t,, t;], we can get from (11)

“Dzuw ||LV(t0,t1;L”(R"))
8/(n—4)
“’“LV (tgst1;LP (R™))

< [w (t) Do +CM, | D*u

LY (ty,t;LP(R™))
8/(n—4)

2
<2n+CM, “D Yoll vty tsLr Ry

(103)
So we have
. 2
wh—>moo“D u""“LV(to,tl;LP(R"))
104
< 1im (27 +CM, D%, 7" 1o
s mo At 1“ u“’“Ly(to,tl;LP(Rn)) :
Let 2CM, (417)8/(”74) < 1; we have
. 2
wlgnoo"D u“"|Ly(t0,t1;LP(R")) = 4'7' (105)

So we know that IIDZuwII Dt sLP(RY)) 1S uniformly bounded.

By Lemma 11, we obtain limemHDz(uw(tl) —u(t )@y =
0.
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On [t,t,], we have

Jim D% ||Ly (1 LP (RY)

< lim <“W(t)D u, ( )"U (t1t25LP (R"))

8/(n-4)
“LY (t1,t5:LP (R™)) )

lim <||W (t) D* (u,, (t,) —u (tl))||LV(t1,t2;U’(R"))

+CM, | D*u

IN

(106)
+ "W (t) D’u (tl)“

LY(t1,t5;LP (R™))
8/(n—4)
“’“Ly(tl,tz;U’(R”))

LY (t;,t,;LP(R™))

+CM, | D*u

IN

[w &) D?u ()|

. 2 |8/(n-4)
+ wleOOCMl “D uw“LV(tl,tZ;LP(R"))'
Noting that 2CM, (47)% "™ < 1, we have

lim “Dzuw "

w — 00

LY (t,,t5:LP (R™)) < 4n. (107)

Similarly, we have

llm HD u “U(t &) < 4n. (108)

ptisl?

So we have

lim "Dzuw

w— 00

LY(0,T5LP(R™))

J-1 (109)
—_— 1 2 .
- wlgnoo%“D u“’||LV(t,-,t,-+1;LP(R")) < 4Jm;

iz

thus by Lemma 11 and Strichartz estimates, Theorem 3 can be
obtained. O

Proof of Theorem 4. For any T < +00, we can obtain from
Theorem 3

||uw (T)-—u (T)”Hz(Ry,) — 0, as |w| — oo. (110)

For any § > 0, if T is sufficiently large, we immediately get

0
"Dzu"LV(T,OO;LP(Rn)) < Z (111)

So using Strichartz estimates and the above inequality, we
have

WAGRRTICol F——

(n+4)/(n—4)

||D u (t)" LY(T,00;LP (R™)) (112)

ity + CM DO

o L I

NS
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If |w| is sufficiently large, we can get

"W (t) D’u, (T)"LV(T,OO;U’(R"))

< |w ) (D*u, (1) - D*u(T))|

LY(T,00;L (R"))

(n+4)/(n—4)

||W(t)D (T)"LV T,00;LP(R"))

(n+4)/(n—4)

”D u, (T) - D*u(T) LY(T,00;L° (R™))

Fwentun)]

L*(R")

6 6
<-4+ -=0
2 2
(113)
Using Lemma 12, we have
|D*u,| <29,
LY (T,00;L° (R
(T,00;LP (R™)) (114)
"“w"Lq(TooH“(R" y S My,
for sufficiently large |w|.
Similarly, we can get
P <8
"u”Lq(T,oo;HZ'r(R")) < MZ'
Using Proposition 2 we know u,, is global.
From Theorem 3, we have
W o =l =0 (116)
For the case t > T, we have
U, (t) —u(t)
=W () (u, (T) —u(T))
117)

+i Jt W (t — 5) 0 (ws) Iuw(s)ls/("_4)uw (s)ds
T

) Li W (£ = ) |u()[7 "D (s) ds,

changing the variable ¢ to t + T', we have
u, t+T)-u@+T)

=W (t+T) (u, (T) - u(I))

i r W (£ =)0 (@ (s + T)) luy (s + T Dy (s +T) ds
0

t
il (6) J W (t = s) [uls + T) "D (s + T) ds,
0

=L, (t)+L,(t)+L5(t), t>0.

(118)
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Using Strichartz estimates and Holder inequality, we can get

||L1 (t)”L'i(O,oo;HZ"(R”))
< Cllug (T) = (T 12y

”Lz (t)”L'i(O,oo;HZ"(R”))

HS/(Vl 4)

= C”D LY (T,00;LP(R"))

| w”u (T,00;L (R™))
(119)
< C(20)¥" Y M,

||L3 (t)”Lq(O,oo;Hz"(R”))

<c|pruli? Tl o)

8/(n—
< CQ8) ",
So we have

lim ||u, <2C(28)"" Y My,

ol ool @ Ul sz ooty

lim [|u,

ol ol @ ] a0 ooy

< lim ”u (120)

ol o u“L‘?(O,T;HZ”(R"))

+ lim ||u

ol u”L‘Z(T,oo;HZ"(R"))

8/(n—4
<2C(28)"/" ¥ m,.
Letd — 0; we can get

lim ||u

|lw| — oo

””Lq(o,oo;HZ»r(R")) =0, (121)

which completes the proof of Theorem 4. O
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