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Suppose m, n > 2 are positive integers. Let 7, be the space of all n x n complex upper triangular matrices, and let ¢ be an injective
linear map on 7, ® 7 .. Then ¢(A ® B) is an idempotent matrix in 7, ® 7, whenever A ® B is an idempotent matrixin 7, ® 7,
if and only if there exists an invertible matrix P € 7, ® 7, such that ¢(A® B) = P(£,(A)®&,(B))P™', VA € T,,, B€ T, or when

m=n,¢(A®B) = P(E,(B)®&,(A)P, VA€ T, BT, where ([a;]) = [a,] or & ([a;]) =

or 52([bij]) = [bn—i+l,n—j+1]'

1. Introduction

Suppose m, n > 2 are positive integers. Let ./, be the space of
all n x n complex matrices, and let 7, be all upper triangular
in,.For A € M,,, B € M,, we denote by A® B their tensor
product (a.k.a. Kronecker product).

Linear preserver problem is a hot area in matrix and
operator theory; there are many results about this area (see [1-
14]). Specially, the idempotence preservers and the rank one
preservers play an important role (see [1, 2]); therefore, it is
meaningful to study the idempotence preservers. Chan et al.
[3] first characterize linear transformations on .#,, preserving
idempotent matrices. Semrl [4] applying projective geometry
gives the form of transformations on rank-1 idempotents.
Tang et al. [5] investigate injective linear idempotence pre-
servers on J .

In quantum information science, quantum states of a
system with »n physical states are represented as density
matrices, that is, positive semidefinite matrices with trace
one. If A € M, and B € M, are two quantum states in
two quantum systems, then A ® B describes a joint state in
bipartite system .#,, ® /. Recently, many researchers con-
sider the problem combining linear preserver problem with

[amfi+l,m—j+1] and Ez([bij]) = [bij]

quantum information science. They determine the structure
of linear maps on .#,, ® ./, by using information only
about the images of matrices possessing tensor product form.
One can see [15-18] and their references for some background
on linear preserver problems on tensor spaces arising in
quantum information science.

Inspired by the above, the purpose of this paper is to study
injective linear maps ¢ on I ,, ® 7, satisfying ¢$(A ® B)
is an idempotent matrix whenever A ® B is an idempotent
matrixin 7, ® .. If we remove the assumption that map is
injective, then ¢ may have various forms as follows.

Example 1. A ® B + a1, ® Bis a linear idempotent
preserveron 7 ,,® 7 ..

Example 2. A® B — au(EYl") + EE'Z”)) ® (bHE(I'{) + ble(l';) +
bzzEgrzl)) is a linear idempotent preserveron 7,, ® 7 ,,.

We end this section by introducing some notations which
will be used in the following sections. Let C be the complex
field, I, the k x k identity matrix, 0 the zero matrix whose
order is omitted in different matrices just for simplicity, and

X" (resp., rank X) the transpose (resp., rank) of X. Eg‘),
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Vi,j € [l,n] stands for the n x »n matrix with 1 at the
(i, j)th entry and 0 otherwise. Denote by J; (also J) the matrix

E(k) + E;klz . -+ E,(cki Clearly, if A = [a;] € T, then

]At = (@ jripi +1] € 7 ,. For positive integers n; and n,
with n; < n,, let [n;,n,] be the set of all integers between 1,
and n,. For any (i, j) € [1,m] x [1,n], we define p by

p(i,j)=(G-1)n+j. ey
For any k € [1,mn], we define o(k) € [1,m] and 7 (k) € [1,n]

such that k = (o(k) — 1)n + t(k) (it is easy to see that o and T
are well defined). It is easy to see that

(m) (n) (mn) _ p(mn)
Ers ® E E(r Dntu,(s—1)n+v — Ep(r,u),p(s,v)’ (2)
(mn) (m) (n)
Eij E o(i)o(f) ET(I)T (3)

We define a partial ordering of [1,m] x [1, n] by (a,b) < (c,d)
ifand only if a < c and b < d. We say that (a,b) and (¢, d) are
comparable, if (a,b) < (¢,d) or (¢c,d) < (a,b).

2. Preliminary Results

We need the form of injective linear idempotence preserver
on 7 ,, which was obtained in [5].

Lemma 3 (see [5, Theorem 1]). Let y be an injective linear
map on I ,. Then y(X) is an idempotent matrix in T,
whenever X is an idempotent matrix in 7 ,, if and only if there
exists an invertible matrix P € F , such that

v(X)=PEX)P', VXeT,, (4)

where £(X) = X or&(X) = JX'J.

It is clear that 7 . For example, Eg;) €T,

and

m®9n§gmn

ayp ap Gz Ay

@ 0 ayp 0 ay
E;¢T,089, =1 :aijeCn
0 0 az; ay

0 0 0 ay]

©)

It is easy to see that (0(2),7(2)) = (1,2) and (0(3),7(3)) =
(2,1). In fact, we can point out the positions of elements
whicharein o ,,,\7,,® 7

m n

Lemma 4. AEE;"") e g
(0(j),7(j)) or A = 0.

m ® T, if and only if (o(i), 7(i)) <

Proof. It is a direct corollary of (3). O

The next Lemma describes the partial ordering we
defined in Section 1, which is useful to prove our main
Theorem.
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Lemma 5 (see [19, Theorem 1]). Let m,n > 2, and let A be
a matrix with m rows and n columns containing all elements
of [1,m] x [1,n]. If every two elements of A in the same
row and column are comparable, respectively, then there exist

permutation matricesU € M, andV € M, such that

UAV

(1,1)
2.1

(1,2)

(2,2)

(m-1,1) (m-1,2) ---

(1,n-1) 1,m)

2,n-1) (2,n)

m-1,n-1) (m-1,n)

(m,1) (m,2) (m,n—1) (m,n) |
@
orwhenm>3orn>3
UAV
[ (m,n) (1,2) (I,n-1) (1n) ]
2,1) (2,2) 2,n-1) (2,n)
m-1,1) (m-1,2) - (m-1,n-1) (m—1,n)
(m,1) (m,2) (m,n—1) (1,1) |
(1)
or whenm =n
UAV
(1,1) (2,1) (m-1,1) (m, 1)
(1,2) (2,2) (m-1,2) (m,2)

1,m-1) 2,m-1) ---

m-1,m-1) (mym-1)

(1,m) (2,m) (m-1,m) (m,m) |
(I10)
orwhenm=n2>3
UAV
[ (m,m) 2,1) (m-1,1) (m,1)
(1,2) 2,2) (m-1,2) (m,2)

(1,m) (2,m)

1,m-1) 2,m-1) ---

m-1,m-1) (mym-—1)

(1,1)

(m—1,m) ]
(Iv)
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The following lemmas would make the proof of the main
theorem more concise.

Lemma 6. Suppose X € M, is an idempotent matrix such that
0,81,80,_,_.—X also is an idempotent matrix. Then there exists
an idempotent matrix X, € M, suchthat X = 0,0 X, &0

n—r—s*

Proof. By X* = Xand (0, @ I, ® 0, , .~ X)’ =0, @ I, ®

nr—s
0,_,_s — X, we have
2X=(0,@I,®0,, )X+X(0,0,®0,, ). (6
Set
X X Xi3
X=Xy Xp Xy, )
X5 X3 X33

where X, € M, X,, € M,. Then (6) implies

X X X5 0 X, O
2 X21 Xzz X23 = X21 2Xzz X23 . (8)
X3 X5 X3 0 X3 O

Hence, X =0, ® X,, ® 0 therefore, the lemma holds.

O

n—r—s>

Lemma?7. Let X € 7, ® I, be an idempotent matrix such
that El(lm) ® I, — X also is an idempotent matrix. Then there
exists an idempotent Y € I, such that X = El(lm) ®Y.

Proof. The proof is similar to that of Lemma 6. O

Lemma 8. Suppose r,s € [1,n—1]. Ifforany A € C, I. &
0, ,+AX and0,&I,&0 + AX are idempotent in T ,,, then

n—r—s
Or Xl

X= ®0, . .. 9)
0 0,

Proof. 1t follows from I, ® 0,,_, + AX, VA € C is idempotent
that

(I,®0,_,) X+ X (I, ®0,_,) = X. (10)
Let
X, X, X,
X=|0 X, X; |, (11)
0 0 X,

where X, € 7,, X, € T, then (10) implies

2X, X, X, X, X, X,
0 0 of=|0 Xx, X, |. (12)
0 0 0 0 0 X

n—r—s

Hence, X, = 0, X, = 0, X
0,I,®0

ner—s = 0, X5 = 0. Similarly, from
—r—s T AX being idempotent, we have X, = 0. [
Lemma 9 (see [6, Page 62, Exercise1]). Suppose A ,..., A} €
M, are idempotent matrices such that, for any i# j € [1,k],
A; + Aj is idempotent. Let r; = rank A;. Then there exists an
invertible matrix P € M, such that

A; = Pdiag(0,...,0,1,...,1,0,...,0) P"',  (13)
where diag (0,...,0,1,...,1,0,...,0) is the diagonal matrix in
which all diagonal entries are zero except those in the (r| +- -+
tr;_y + L)st to the (v, + - -+ + ;) th rows.

Similar to Lemma 9, we have the following.

Lemma 10. Let A,,...,A,, € I, ® I, be idempotent
matrices of rank-1 such that for any i+ j € [Lmn], A; + A is
idempotent. Then there exist a permutation w on [1,mn] and
an invertible matrix P € I, ® I, such that

A;=PE"™ P i=1,...,mn. (14)

(i) (i)
Proof. By A; € 7,85, being an idempotent matrix of rank-
1, we can assume

A, = E™
1

iy + Bis

i=1,...,mn, (15)

where B; € 7, ® 7, with zero diagonal entries. It follows
from A; + A;, Vi# j being is idempotent that 7(i) #72(}),

Vi# j. Hence, 7 is a permutation on [1,mn]. By Ai_l(l) =
A1), We can see A iy = E/™ 4 Z,(:Z;‘)/\lkEgk”"). Let
P, =1, - S\ EW € T, ® T, then P = I, +

1k
>y B and :
k=2 Mkt an

(mn) p—1
Ay = PETP. (16)
By A, + A, being idempotent, we obtain
Pl'ApipPy = ESY + BN EW™. Let P, =
Ly = SV EST then
-1 -1
Api) = BPET PR,
(mn) 7)
-1 -1
Aﬂ—l(z) = PZPIE;ZHH Pl P2 .
Continuing to do this, we can find P,...,P,,. Let P =
PP -PP €T,®T, then
A =PETPT, i=1,...,mn. (18)
This completes the proof. O

3. The Main Result

The main result of this paper is as follows.

Theorem 11. Suppose m,n > 2 are positive integers and ¢
is an injective linear map on 7, ® T ,. Then ¢ (A ® B)



is an idempotent matrix in 7 ,, ® T, whenever A ® B is an
idempotent matrix in 7, ® J zfand only if there exists an

invertible matrix P € I, ® T, such that
$(A®B)=P(§ (A (B)P', YAeT,, BeT,,
@)
orwhenm=n
¢(A®B)=P(§ (B)®&, (A)P', YAeT,, BeT,,
(ii)

where, fori=1,2, &(X) =X or&,(X) = JX'].

Proof. The sufficiency is obvious. We will prove the necessity
by the following six steps.

Step 1. There exist a permutation 7 on [1,mn] and an
invertible matrix P € 7,, ® 7, such that

¢ (EG™) = PEYY

P Vke[lmn].  (19)

Proof of Step 1. By Lemma 10, we only need to prove that

rank¢ (E{” @ E))) =1, Vie[lL,m], je[ln]. (20)

And for any (4, j) # (u,v) € [1,m] x [1,n],

¢ (El(lm) ® EZ’)) +¢ (El(;;’) ® Ei'vl)) is an idempotent matrix.
(21)

It follows from E ®1,,...,E"™ I, and (Efim) + EE.;")) ®
I,Vi+j € [1,m] are idempotent matrices in7,, ® 7, that
$(EVL,),.... ¢ (Emmel,)and ¢ (B ©1,)+¢ (E[V o1,
Vi# j € [1,m] are idempotent matrices. We obtain by using

Lemma 9 that there exists an invertible matrix P, € /#,,,
such that

0, 0 0

Si

$(E"eL,)=P |0 I, 0 [P’ (22
0 00

mn—s—r;

where r; = rank ¢ (Efim) ®I,)ands; =r +---+r;_,. For any
j € [1,n], it follows from El(lm) ® EET and El(lm) ® (I, - EZ’))
being idempotent matrices in 7, ® 7, that ¢ (E"” ® E%‘))
and ¢ (B ®1,) — ¢ (B ® EE.;?)) are idempotent matrices;
we obtain by (22) and Lemma 6 that

0, 0 0
) g g -1
$(Ef@E)=P |0 X; 0 |P,
(23)
0 0 Omn—si—r,-
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where X; € ., is an idempotent matrix. For any j#I €
[1,n], E(m ®(E(”) +E(”)) is an idempotent matrixin 7,,8 7 ;
we have ¢ (Eg") EE'; )+ ¢ (Eg") ® E;l”)) is an idempotent
matrix. It follows from (23) that X; + X; is an idempotent

matrix. If r; < n, by Lemma 9, we can obtain that there exists
some j, € [1,n] such that X; = 0. This, together with

(23), implies ¢ (Eg”) ® E;:;O) = 0, which is a contradiction
to the fact that ¢ is injective. Hence, r; = n, Vi € [1,n]. By
Lemma 9, there exists an invertible matrix Q; € ./, such that

X; = QiE§’]?) 71, Vj € [1,n]. Let Q = diag(Q,,...,Q,,); it

1

follows from (23) that

¢(E @ EV) = PQ(E e E) Q'
(24)
Vie[l,m], kel[ln].
Hence, (20) and (21) hold. This completes the proof of Step 1.
By Step 1, we may assume that for any i € [1,m], j €
(1,n],

=g (25)

m) )
¢ (E” ® EfY) 7(p(is)(p(i, )

From this, together with (3), we can also write

¢ (Ei” @ E) = Eg o imyotatotim
(26)
® E{ o, 0ystrtpti )
Step 2.(i) For any i € [1,m], j,j, € [Ln], (o(n(p(,
i), T(n(p(i, j1)))) and (a(n(p(, 1,))), T(m(pG, j,)))) are
comparable.
(ii) For any i;,i, € [1L,m], j € [L,n], (c(m(p(iy, j))),
T(gl(p(ipj)))) and (o(n(p(iz, /))), T(7(p(i; j)))) are compa-
rable.

Proof of Step 2. (i) Suppose there exist some i, € [1,m] and

j1 < j, € [1,n] such that (a((p(iy, j;))), T(m(p(iy, j;)))) and
(o(m(p(iy, jo))), T(m(p(iy, 7,)))) are not comparable. Without
loss of generality, we may assume that

o (7 (p (io> j1))) < o (7 (p (ig> 12)))
7 (7 (p (ig 1)) > 7 (7 (p (o> 12))) -

It follows that

27)

7 (p (ig> 1)) = (0 (7 (p (ig» 71))) = 1) n+ 7 (7 (p (io» 1))
<(o(m(plip 7)) -)n+n
< (o (7 (p (g 1)) n
< (o (m(p(ips 12))) ~ 1)
< (o (7 (p (ig> 12))) = ) n+ 7 (7 (p (io» 12)))
=7 (p (i o)) -

(28)
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(m) (n) (n) (m) (n)

(F)or any x € C, by Eioi0 ®(Ej1j1 +xE].1j2) and Eiol.0 ®(Ej2j2 +
n . . . . o load .

xE; jz) being idempotent matrices in 7,, ® 7 ,,, we obtain by

(25) that

(mn) (m) ()

E, oo iomotiniy @ (Ei) ®EJ') ). 09)
(mn) (m) ()

E, ot iomotiniay %@ (i) ® EJ') )

are idempotent matrices in 7, ® 7 ; hence, by Lemma 8

m

¢ (E" ® E

Il J1J2

—  plmn)
) = AE o somptiniy (30)
From (27), by Lemma 4, we obtain that A = 0, which is a
contradiction to the fact that ¢ is injective. Using a similar
method, we may prove (ii) holds. This completes the proof of
Step 2.

Note. It is easy to see that p is a bijective map from [1,m] x
[1,n] to [1,mn] with pf1 ik — (o(k), 7(k)) from [1,mn]
to [1,m] x [1,n]. This, together with 7, is a permutation on
[1, mn]; we obtain that

{(o(mp (1)), 7 (mp (i, ))) i €

=[1,m] x [1,n].

[1,m], j € [L,n]}
(D)

Let a;; = (o(mp(i, j)), T(mp(is §)))s then ;] forms an m X n
matrix containing all elements of [1, m] x[1, n]. Step 2 implies
that every two elements of [a;;] in the same row and column
are comparable, respectively. Thus, applying Lemma 5 to [a;;],
we conclude that one of (I)-(IV) holds. If (I) holds, then,
for any but fixed i € [1,m], all (o(np(i, j)), t(mp(i, ))),
j = 1,...,n, are in the same row; that is, o(n(p(i, j))) =

o(m(p(i, 1)), ¥j € [1,n] and {z(p(i, )) = j = L,...,n} =
[1, n]; hence, it follows from (26) that
(m) (m)
¢ (B ®1.) = Eflapiimorminy © e (32)

Similarly, if (IIT) holds, then m = n and, for any but fixed
j € [1,m],all (a(mp(i, /), T(np(i, j))),i =1,...,m, are in the
same row; that is, o(7p(i, j)) = o(mp(1, j)), Vi € [1,m] and
{t(mp(, ) : i = 1,...,m} = [1,m]; hence, it follows from
(26) that

M)\ _ m)
¢ (In ® ES) = Byttt potrtot i)

®L,.  (33)
We claim that (IT) and (IV) do not hold. Indeed, if (II)
holds, for convenience, we assume m > 3 and we first
consider the special case U = I,,, V = I, in (II) (one can
use a similar method to prove the case of n > 3). Thus, by

(26), we have
(£ o E7) = K o 1

nn’

(m) o B0 _ pm) g pm

¢(Errrtnm®En71):E1T ®E1T’

(m) o g0 _ pm) o pm s
¢(EY @ EY)) = EfY ® B, V(i j) # (1,1),(m,n).

(34)

Since, for any x € C, (E?I”) + xEﬁZ")) ® EY{), EYI”) ® (EY{) +
xE(lg)) and (Eg'z") + xE?Z")) ® Eg’}), Egyf) ® (Eg;) + ng)) are
idempotent matrices in 7,, ® 7, we obtain by (34) that

Em @ EW + x¢ (E @ BV,

(
B o 5+ xp (Y 0 BY),
( (35)

B 08 (B o L)
(m) (n) (m) (n)
Ell ®@Ey +x¢ (Ell ® E}) )

are idempotent matrices in 7, ® 7. This, together with
Lemma 8, implies
(m) (n) (mn)
¢ (El,; ® Ej) ) = /\E(nm-i—nl),mn #0,
(36)
(Ely o 2) = i 40,

2,mn

(m) m) n

Forany x € C, (E™ + xE'?) & (E" + E™)) is an idempotent
matrix in 7, ® 7 ,,. Thus, by (34) and (36)
¢ (B @ EYy) = ZeBeEl (37)

kmn*

Similarly, since for any x € C, (Eg'zn) + xEYZ”)) ® E;'z'), (EET) +
xEVY) ® EY) and Y ® (S + xE), ESy) ® (EY + xEV)
are idempotent matrices in 7,, ® 7, we have
(m) (MY _ y/ plmn)
¢ (Elrzn ® Ey, ) = A Ej 15 # 05
(m) (n) (mn) (38)
m ! n
¢ (Ezz ® Elrzl ) =y E(nm+1),(n+2) #0.
For any x € C, (Eg’;) + Eg’;)) ® (Eg’z') + Eg’z’)) is an idempotent
matrixin 7, ® 7 ,;; we obtain
(m) () ! (mn)
(0 (E{zn ® E), ) = ZkﬁkEkr,r(l:n)- (39)
It follows from (37) and (39) that ¢ (E\3’ ® E%)) = 0, which is
a contradiction to that ¢ is injective.
For general case, by (II), we can choose a permutation
Pi>--+» P Of [1, m] and a permutationq,, . .., g, of [1, 1] such
that

(o (m(p(pva1).7(m(p(p1-q1)))) = (m,n),
(o (7 (p (P> dn))) 7 (7 (p (P> d0)))) = (L),
(e (m(p(pra;)))-7 (7 (p(pia))))) = G )

V(i j) # (1,1),(mn).

(40)

From this, together with (26), we obtain

(m) (m) \ _ p(m) ()
¢ (EP1P1 ® Eq1q1> - Emm ® E"“ >

(m) (n) (m) (m)
¢ (Eprzpm ® Equn) =E ®E),

) g B0) ) _ pm g B0 (i
¢ (B0 ® B Y= BV EY, ¥ (ij) # (1L1), (m.n).
(41)



Using a similar method as the above, we can drive a contra-
diction. Similarly, we may prove (IV) does not hold.
If (32) holds, we may assume

¢ (B o1,) = EX) i ® 1L (42)

g(i)
where g is a permutation on [1,m]. If (33) holds, we may
assume

¢ (L, 9 EM) =EY @I, (43)

g(D)g(i)
We next assume (42) to prove (i) of theorem holds and one
can use similar methods to prove (ii) of theorem if (43) holds.

Step 3. There exists an invertible matrix P € ,, ® 7, such
that

¢ (ES" © X) =P (EW

-1
g(i)g(i) ® gi (X)) P 5

(44)
Vie[l,m], XeT,,

where, fori € [1,m], §;(X) = X or &,(X) = JX'J.

Proof of Step 3. For any idempotent matrix A € 7, since
E™ ®Aand E” ® (I, - A) are idempotent matrices in 7 ,, ®
I ,» we obtain by (42) that

(B 04),  Egoel-¢(EeA) @3

are idempotent matrices in 7, ® 7. By Lemma 7, we have
(m) _ pim)
$(EfM @A) = E) g @ Vi (A) (46)

where y;(A) € J, is an idempotent matrix. By the
arbitrariness of A, we can expand y; to be alinear map on 7 ,,.
Hence

(E© X)=E" oy, (X), VXeT, 47

g g(i)
Itis easy to see that y; is injective and preserving idempotents.
Thus, by Lemma 3, there exists an invertible P,; € 7, such
that y; (X) = Pyp&(X)P;), where &(X) = X or §(X) =
JX']. Let P = diag(P,,...,P,) € 7,,® T ,; we complete the
proof of this step.
By Step 3, we may assume

¢(ES” e X) = E7)

s @5 (X), Vie[lm], XeT,.

(48)

Step 4. g (i) =iorg(i) =m—i+1.

Proof of Step 4. If m = 2, then this claim is clear. For m > 3,
we prove thatifi < j < k, then g (i) < g (j) < g (k) or g (i) >
g(j) > g (k). Otherwise, we assume g (i) < g(k) < g(j)
(other cases can be proven by using similar methods). Since
for any x € C, (EE:") + ng”)) ® I, and (E;’;.q) + ng")) ® I, are
idempotent matrices in 7, ® 7 ,,, we have by using (48) that

(m) (m) (m) (m)
Eg(i)g(i) ®I, + x¢ (Eij ®1,) and Eg(j)g(j) I, + x¢ (El.j ®1,)
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are idempotent matrices in T,, ® T,. This, together with
Lemma 8, implies

¢(E" ®1,) = EX)

ava() © A forsomeA+0eT,. (49)

Similarly,

(m) _ ppm)
(/)(Eﬂi" ®In)—Eg'Z)g(k)®B forsome B#£0 € 7, 50

¢ (B o1,) = B

g0 ©C forsomeC+#0¢€ 7.

By (EE'J,”) + Efjm) + Ef]i”) + E;Z‘)) ® I, being an idempotent matrix
inJ,,®J,, we obtain by using (48), (49), and (50) that

Egthatn ® b+ gt ® A+ gt @ B+ Eqiyg( ©C
(51)
is an idempotent matrix in 7, ® 7 ; that is,
0AB]” [0AB
ooc| =|ooc|. (52)
00 I, 00 I,
This implies A = 0, which is a contradiction. Hence, we

complete the proof of Step 4.
Step 5. Foranyi < j,§ = £, and there exists A;; # 0 such that

¢ (B © X) = A,4ELD ) @& (X), Vitj, X e,
(53)

Proof of Step 5. We prove the case of g (i) = i (one can use a
similar method to prove the case of g (i) = m —i + 1). Hence,
¢ (E/” o EP) = B ® ELY,

Vie[l,m], ke[l,n].

(54)

Without loss of generality, we may assume i = 1, j = 2. Since
for any x € C, (EET) + xE?Z")) ® EI((';C) and (E;’Z") + xE(I'Z”)) ® E](g()
are idempotent matrices in 7, ® 7 ,,, we obtain by (54) that

EMSEY +x¢ (B OEY) and ESy ©E( +x¢ (E ®E,) are

idempotent matrices in T,,®T,,. This, together with Lemma 8,
implies (% ® E) = 1, E\7) ® E), where A, #0. Let A =

kk >
diag (A4, ...,A,,); then
0 A
$(EY ®1,) = ®0. (55)
00

LetQ = [16” ;:‘\ ] ®Iy_2)n € T ,,®T ;3 by (55), one can obtain

(1, A
(B +ER)®1,) = . ®0
=Q(ElY®1,)Q ", 56
[0 -A
¢ (B3 - E)el,) = L

n

-Q (Eg'z") ® I,,) Q.
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Let F, = EET) + EY;), E, = Eg’;" - E({z”) Then, (56) turn into
¢(FeL)=Q(Ef®1,)Q", i=12 (57

By (57), using a similar method to Step 3, one can obtain

$(FeX)=Q(El e (X)Q", vXeT, i=12,

(58)
where {;(X) = X or {;(X) = JX']. Hence
(1, -A] [ X) 01, A
¢(F,®X) =
0 I, 0 o||o I,
[{ (X)) § (XA
= , VXeT,,
0 0
] (59)
I, -AT[o o I, A
¢(F,®X) =
0 I, [0 LX) 0 I,
[0 -Ag, (X)
= , VX eT,.
[0 &(X)
Thus,
¢ (E @ X) = ¢ (F @ X) - ¢ (E{}’ @ X)
[ (X)) -8 (X) (XA
B 0 0 ’
) (60)
¢ (B ® X) = ¢ (ES) ® X) - ¢ (F, @ X)
[0 AL(X)
10 & (X) -3, (X)
This implies
GX-§X) GXOA 0 ALX)
= . (61)

0 0 0 & (X)) -4 ()

From {;(X)A = AL, (X),VX € T ,, one can easily see that
A = A,1,#0 and (X)) = {(X); thus & (X) = &(X). This
completes the proof of Step 5.

By Step 5, we may assume & = &;.

Step 6. Form > 3 andi < j < k, we have 1;;A ;. = A

Proof of Step 6. From (E;'j”) + Ef]m) + EEZ') + E;Z’)) ® I, is an
idempotent matrix in 7, ® 7 ,,, we have

(m) (m) (m) (m)
(Botot + MiBairat + M ikBythato + AicEogu) ® I
(62)

is an idempotent matrix in 7,, ® 7 ,,. It follows from g (i) = i
org (i) =m—i+1that A;A; = Ay.
When g(i) =i, let P = diag(A,5,...,A,,,); then

$(E @ X) = PEVP @€ (X), Vi<j XeT, (63)

Hence,

AeX)=(PoL)A®EX)(PoL) ",
p(AeX)=(Pol,)(Ast (X)) (P®L,) 64)

VAeT XeT,.

m>

When g(i) = m —i + 1, let P = diag (A ,A1,); then

1>+

¢(E" ®X)=PE",,, . P @EX), Vi<j, XeT,
(65)
Thus
$aex)=(pel) (A7) et 0)(Pel)”,
VAeT,, XeJ,
This completes the proof of the theorem. O
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