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This paper is concerned with the nonlinear Klein-Gordon equation with damping term and nonnegative potentials. We introduce a
family of potential wells and discuss the invariant sets and vacuum isolating behavior of solutions. Using the potential well argument,
we obtain a new existence theorem of global solutions and a blow-up result for solutions in finite time.

1. Introduction

In this paper, we consider the nonlinear Klein-Gordon equa-
tion with damping term and a real valued potential T'(x)

Uy —Au+Tx)u+u+ |ut|m_2ut = [u”u,

t>0, x¢€R" 1
u (0, x) = uy, u, (0,x) =u;, x€R",
wheren > 2, m > 2, and
2<p<oo ifn<2,
()

2
2<p<—n if n>3.
n-2

u = u(t, x) is a complex-valued function of (t, x) € R* x R",
A is the Laplace operator on R", and , is called the damping
term [1]. Ha and Nakagiri [1] studied the local existence for
the Cauchy problem (1). Here we are interested in the sharp
criteria for global existence and blow-up of solutions of the
Cauchy problem (1).

The Klein-Gordon equation is a relativistic version of the
Schrodinger equation, which describes relativistic electrons.
Levine [2], Ball [3], Payne and Sattinger [4], Zhang [5], and

Gan and Zhang [6] applied the potential well theory and
studied the blowing up properties of the nonlinear Klein-
Gordon equations. In [7], Huang and Zhang studied the
global existence and blow-up of solutions for the nonlinear
Klein-Gordon equation with linear damping term (m = 2).
In [8, 9], the authors studied the existence of global solutions
and decay for the energy of solution for the Klein-Gordon
equation.

The case of nonlinear damping and source terms (m >
2, p > 2) is considered by many authors. For instance,
Georgiev and Todorova [10] prove that if m > p, a global
weak solution exists for any initial data; while 2 < m < p the
solution blows up in finite time when the initial energy is
sufficiently negative. Ikehata [11] considers the solutions of
(1) with small positive initial energy, using the so-called
potential well theory introduced by Payne and Sattinger in
[4]. Todorova and Vitillaro [12] prove that for any given
numbers o > 0,1 > 0 there exist infinitely many data ¢(x),
y(x) in the energy space such that the initial energy E(0) = A,
the gradient norm |[V¢|, = a, and the solution of (1) blows
up in finite time.

In this paper, we consider the interaction between the
nonlinear damping and source terms (m > 2, p > 2) for
the Cauchy problem (1). For the local well-posedness of the
Cauchy problem (1), the readers may refer to [13, 14]. We have
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considered the global existence and the finite time blowing
up. The potential well theory, which was introduced by Liu
[15] and has been used for Schrédinger equations in [16-18],
was applied to study the Cauchy problem (1). Based on the
results, we show the sharp criteria for global existence and
blowing up of its solutions. Applying the perturbed energy
method we prove the uniform stabilization for p < m.
And using concavity arguments we prove that the blow-up
solutions exist for p > m. The results can be extended to
the case of more general nonlinearities under suitable assum-
ptions. We extend parts of results in [7] and obtain several
new results for system (1).

This paper is organized as follows. In Section 2, a family
of potential wells are introduced and a series of properties
are given. In Section 3, the invariant sets under the flow of
problem (1) and the vacuum isolating behavior of solutions
for 0 < E(0) < d and E(0) < 0 are discussed. In Section 4, the
global existence and blowing up of solutions for problem (1)
are proved. In Section 5, the theorem on asymptotic behavior
of solutions when m = 2 is proved.

2. Potential Wells and Their Properties
For the Cauchy problem (1), we define the energy space as
H = {u ¢ H' (R ;J T (x) Jul*dx < oo} )
R"

H becomes a Hilbert space, continuously embedded in
H!(R"), which is endowed with the inner product

(U, V) = J [(VuVv + T (x) uv + uv] dx, (4)
R‘Vl
whose associated norm is denoted by | - || ;.

Throughout this paper, we make the following assump-
tions on T'(x):

inf T (x) = T (x) > 0,

T (x) is positive and aC' bounded

©)
measurable function on R”,
lim T (x) = co.
We define the energy functions
1 2 1 1
E(©) = Sl + S1Vully + 5T (o) lull
1 1 ©)
+ S lully =~ t € (07),
p
¢
E(t) +j lw| dr=E©), te0,T), @)
0

and two functionals

1 2 1 2 1 2 1
S(u) = EIIVuIIZ + ET(x) llull; + zllullz - ;Ilullp, (8)

R(u) = IVulls + T () lully + ull3 = lull5. (9)
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Then we define the potential well W as follows:
W={ueH(R")|Ru) >0, Su)<dy}ufo}, (10)
and the outside set V' of the corresponding potential well
V={ueH(R")|Ru)<0, S(u)<dy}, (11)
where

dy = inf S (u),
M (12)
M ={ueH(R")\{0} | R(w) =0, |[ull # 0}

For § > 0, we define
Ry () = & (IVull3 + T (x) llull3 + el ) = lual,

dM(5)=iZ\I/}£S(u),
Mg = {u € H(R")\ {0} | Rs () = 0, |lull # 0},
Ws={ue H(R") | Rs(u) >0, S(u) <dy ()} u{o},
0<d< B,
2

Vs={ue H(R") | Ry () <0, S(¢) < dp (5

—

>

0<d<

ks

(13)

Lemmal. If 0 < |ully < r(8), then Rs(u) > 0. Particularly, if
0 < lullg < #(1), then R(u) > 0, where

) 1/(p-2)
r(8) = <C_f> , (14)
C, is an embedding constant of H(R") — LF(R").
Proof. It 0 < |lulg < r(3), then
lull? < CP Yl = Coally 2 ully < Sl (19)
It follows that Rg(u) > 0. ]

Lemma 2. If Rs(u) < 0, then |ully > r(3). Particularly, if
R(u) < 0, then |lulg > r(1).

Proof. If Rs(u) < 0, then [lull;; # 0. From
Sllull, <l < 2l ul, (16)
we obtain |[ull g > (). O

Lemma 3. Assume that (2) holds; then

(1) dp(8) = (1/2 - 68/p)r(d) for 0 < & < p. In particular,
we haved > 2[aC%, o = p/(p — 2).

(2) dp(8) = 8% 2(1/2 -8/ p)(2p/(p - 2))d.
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Proof. (1) For u € Mg, we get ||M||§4 > r(d) and

o 1
S = (— - ;) Il + R @)

1 6 | )
- (3-5)wi=(5-3)r@.
which yields d,,(8) > (1/2 - 8/p)r(d) for 0 < § < p/2.
(2) Let u € M be a minimizer; that is, d,; = S(u). For any

0 > 0, define A = A(J) by

SlAulzy = IAullb; (18)
that is,

Slullzy = AP~ ul. (19)

Then, for each § > 0, there exists a unique

/(p=2)
A(0) = < 8”””;1 > , (20)
Jul?

satisfying (18) which implies A(§)u € M;. Since u € M
implies ||u||H [ul?, we get A(8) = 8V~ Therefore,

dy; (8) < S(A(8) u)

L o2 2 1 -2
_ 58 /(p )||MIIH——6P/(P )”ulli

(21)
1 6 _
= <5 — ;>62/(P D"””?—I'
Noting that
_ 1 2 1 P _ p- 2 2
S(u) = E"u”H - ;Hullp = $||U||H, (22)
we have
dy (8) < 84 (% - §> 1’2—"25@1)
p p (23)

_ 520 (l _ é) p-2,
2 p) 2p

On the other hand, let § > 0, u € Mg be a minimizer; that

is, d;(0) = S(u). It follows that
-2
dy, () = 62/ (1 - §> Pz, (24)
2 p/ 2p
Therefore, the conclusion follows from the above discussion.

O

Lemma 4. Assume that (2) holds; then

(1) limg _, od 5 (8) = 0, dps(p/2) =
on0<68<p/2

0. d,(0) is continuous

(2) dy(0) is increasing on 0 < § < 1, is decreasing on
1 < § < p/2, and takes the maximum d = d,. (1) at
d=1.

3
Proof. From Lemma 3, we obtain
dyy (8) = ——[(p-20)8"" ]
_ d [ 5(4 PIP-D _ 5 52/(p-2)
p-
_ de 6(4*P)/(P*2) (1-9)
5 .
(p-2)
(25)
O

3. The Invariant Sets of Solutions

Lemma 5. Assume thatu, € H(R"),u; € L"(R"),0 < E(0) <
dyp 6y, and 8,(8, < &,) are the solutions of the function
d(8) = E(0).
(1) If R(uy) > 0 or ugly = O, then u(t) € Wy for any
8 €(8,,9,).
(2) If R(uy) < O, then u(t) € Vg for any 8 € (8,,9,).

Proof. (1) Let u(t) be any solution of the Cauchy problem (1)
with

1 fogm
E) = 3l +n) + [ e = dyy 0) < iy
(26)
which gives S(u,) < dy;. If R(u) > 0, then from the definition
of Wy we obtain uy(x) € Wy. If lugll 5 = 0, then uy(x) € W;.
Therefore uy(x) € Wy, V8 € (6;,6,).
Next, we prove u(t) € Ws, V8 € (8,,8,), t > 0.Ifit is not

true, then there must exista 8 € (8,,8,) andaf > 0 such that
u(f) € OWs; that is,

Rs@) =0, [uy@l, #0. or S(u(®)=dy(3).
(27)
From the energy inequality, we have
1 fom
Dl + s+ J | = E(0) = dpy (6) < dy,
? ’ (28)

8, <6<6,,

Then S(u(f)) = d,, is impossible. On the other hand, if
R5(u(f)) = 0, lug(®)ll; # 0, then we obtain u(f) € M. By
the definition of M, we have S(u(f)) > d,,, which contradicts
(28). Hence u(t) € Wy is true.

(2) First we prove u, € Vy. From the energy inequality

t>0.

Sl + )+ [ llde = E0) =y 0) <
(29)
we have
S(uy) < dy (8), V8, <8<, (30)

Using R(u,) < 0 yields Rg(uy) < 0 for §, < & < §,. Therefore
we obtain u, € Vj.



Next, we show that u(t) € Vyfor§, <§ <, andt > 0.If

it is false, there exista & € (8,,0,) andaf > 0 such that u(f) €
0V5; that is,

Rs@) =0, [uo®ly#0 or §(u(®)=dy(5).

(31)

However, from the conservation law we get that S(u(f)) =
dM(g) is impossible. If Rg(u(i")) = 0, then R5(u(t)) < 0 for
0 <t < . At the same time, Lemma 2 yields that [|u(t)|y >
() > 0,0 <t < £ and [u@ly > r(5). Hence by the defi-
nition of d,,(6), we have S(u(f)) > d M(S), which contradicts
S(u(t)) < dp(8). So we obtain

u(t)eVs, Vo, <6<6, t=0. (32)

O

Lemma 6. Assume u, € H(R"), u; € L"(R"), 0 < E(0) <
dy(8), 8, and 6,(8, < &,) are the solutions of the function
dy(8) = E(0). Then Wy and Vi are invariant sets under the
flow generated by (1), V&, < 8 < §,.

Proof. Let u, € Vi and u(t) satisty (1). From (6), (7), and (8),
we have

S(u () < E(t)

t (33)
- E(0) - I |t < dpy 0), te[0.T).
0
To check u(t) € Vy, we need to prove
Ru((t)) <0, tel0,T). (34)

If (34) is not true, by continuity, there would exist a t > 0
such that R(u(f)) = 0 because of R(u,) < 0. It follows that
u(t) € My. This is impossible for S(u(t)) < d,;(8) and
dy8) = infueMlsS(u). Thus (34) is true. So Vj is invariant
under the flow generated by (1).

Similarly, we show that W is also invariant under the flow
generated by (1). This completes the proof of Lemma 6. [

Lemma?7. Let the initial data (uy,u,) € H(R")x L™ (R"), and
u(t, x) be a local solution of the Cauchy problem (1) on [0, T). If
there exists a u, € Vs and a E(0) < d,,(5), then the inequality

2
Vel + T () lfull3 + full; > ; P Sdu(©®)  (39)
is fulfilled for t € [0,T).

Proof. By the definition of d,(3), we have
-2
dy (8) = inf {1’2—1) (IVull3 + T (x) Jull; + ||u||§)} . (36)
According to Lemma 6, we have [u(t, ')||§ > ||[Vu(t, ‘)|I§ for

t € [0,T). From (36) and the identity (8), we get

p-2

dy (6) < 2p

(Ve + T o) lluelly + Nual) s (37)

which completes the proof of Lemma 7. O
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In order to extend the case E(0) > 0 to E(0) < 0 we give
the following lemma.

Lemma 8. Let u, € H(R"), u; € L™(R"), and (2) hold. Ass-
ume E(0) = 0; then the solutions of problem (1) satisfy

5 p 1/(p-2)
||u||H2ro=z<§) . (38)

Proof. Let u be any solution of problem (1) with E(0) = 0 and
ol # 0, Ty the existence time. From (6), (7), and (9), we
have

E(t) = %“ut"i +S(u) < E(0) =0, (39)

and get S(u) <0for0 <t < T,

‘max- H1€Nce, using

1 1 ")
“lullf; < = lull? < CPllullzllul?,?, (40)
2 p P

we see that either [[u]|?, = 0 or (38) hold. If [lu[}, = 0, then
IIuII; =0for0 <t < T,,, (otherwise there exists a t, € [0,

tmax) Such that 0 < ||u(t0)||§{ < 1y), which contradicts the
condition ||zl # 0. L]

Theorem 9. Let u, € H(R"), u; € L™(R"),2 < m < p, and
(2) hold. Assume E(0) < 0 or E(0) = 0 and |uyll,; # 0. Then
the solutions of problem (1) belong to Vg for 0 < § < p/2.

Proof. Let u be any solution of problem (1) with E(0) < 0 or
E(0) = 0 and [luyllg # 0, T, the existence time. From (6),
we have

1 1 6
E© =3l + (5 -3 ) i .
41

AR w<E©, 0<o<L
p 2

for 0 < t < T, From (41) we see that if E(0) < 0, then
S(u) < E(t) < 0 < dy(S)for0 <t < T, If E(0) =0and
luolly # 0, then by Lemma 8 we obtain IIuII; >r, > 0.
Therefore, by (41) we have S(u) < E(t) < 0 < dy(95) for
0 <t < T, Hence, for the above two cases, we have u € V;
for0 <6 < p/2. O

4. Sharp Condition for
Global Existence and Blow-Up

Definition 10 (weak solution). The function u(t,x) € C(]0,
T);H(R™)) with u,(¢,x) € C([0,T); L™(R™)) is called a weak
solution of problem (1), such that (0, x) = uy(x) in H(R"),
1,(0, x) = uy(x) in L™(R") and

(ty, vy + j Vu - Vvdx + J T (x) uvdx
R R )
+ J uvdx + j |ut|m72utvdx = J [ul”uvdx,
: R R

forallv ¢ H(R") and t € [0,T).
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Theorem 11. Let (uy,u,) € H(R") x L"(R"), 2 < p < m, and
(2) hold. Suppose that 0 < E(0) < dy, R(ug) > 0, or [luglly =
0; then Cauchy problem (1) has a global weak solution u(t, x) €
C([0, T); HR")(u,(t,x) € C([0,T); L™(R")) for some
T € (0,00) with u(t) € W.

Proof. Let {wj(x)} be a system of base functions in H(R").
Construct the approximate solution u,,(t, x) of problem (1)

u,, (t,x) = Zgjm (t) w; (x), m=12,..., (43)
=1

satisfying
(umrz’ ws) - (AuWI’ ws) +T (x) (um> ws)

(o w) + ([t | 11,0, (44)

Uy (%,0) = Y a,w; (x) — up(x) in H (R), (45)
j=1

Uy, (%,0) = ijmwj (x) = u; (x) in L™ (R"). (46)
i1
Multiplying (44) by g7, () and summing for s, we have

d m
2 (k) - Sl o =0 7

Integrating with respect to t, we get

t
3 (s V) = Sl [
1 2 1 (48)
= 3 (i, O + i OV1) = S O
For E(0) < d,; and R(u,) > 0 or ||u||§{ = 0, we have
t
i 28 )+ [ [ = B, 0) < ”
0<t<oo.
From
S5 G)+ [l =B < -

0<t<oo,

we have S(u,) < d,,. Hence from R(u,) > 0, we obtain u, €
Ww.
From (45) and (46), for sufficiently large 1, we obtain

2

S5 Ga) s+ [ [ [ = £, 0) < o

0<t<oo,

and u,,(0) € W. Similar with the proof of Lemma 5, from
(51), for sufficiently large 1 and 0 < t < ©o, we can prove
u,,(t) € Wand

1 2 1
S (um) = 5l - ;||um||§
(52)

(DY ks R ) = 2
= (33 Tl SR ) = 22

Thus we obtain

'ZP_‘Z

+ 0<t<o00;

et < e

1
E “umt
then

2
“”mf“z <2dy, 0<t<oo

”um"il < %dM) 0<t<oo,

2
el < C sl < CiPTPZdM, 0<t< oo,

(54)

p/2
el sy = bl < €2( 55 )
p

61:1?1’

0<t<oo.

Using (54) and the method of compact, we obtain that
u(t,x) € C([0,T); H(R")) is a global weak solution of prob-
lem (1). From Lemma 5, we have u(t) € W for 0 < t < co.

O

Theorem 12. Let (1, u;) € H(R") x L"(R"), 2 < p < m, and
(2) hold. Assume that E(0) < d, Rs(uy) > 0, or [lugll; = O,
where 8, and 6,(8, < 8,) are two roots of equation d(5) =
e. Then the problem (1) admits a unique global solution u €
C([0,T); H(R")) and u € W; for § € (8,,8,) and 0 <t < oo.

Proof. From Theorem 11, we see that to prove Theorem 12 we
only need to prove Rs(u,) > 0. Indeed, if it is not true,

then there exists a § € [1,8,) such that R5(u,) = 0. Since
Rs(uy) > 0 implies [luyll,; # 0, we obtain S(uy) > dy(8),
which contradicts S(u,) < E(0) < d,,(0) for § € (§,,6,). O

Theorem 13. Let (uy,u,) € H(R") x L™(R") and (2) hold.
Assume E(0) < d,.

(1) If2 < m < p, there exists t, € [0,T) such that u(t,) €
V; then the solution u(x, t) of Cauchy problem (1) blows
up in a finite time.

(2)If2 < p < m, there exists t, € [0,T) such that
u(t,) € W; then the solution u(x,t) of problem (1)



globally exists on [0,00). Moreover, for t € [0, 00),
u(x, t) satisfies

p-2

Jou; +

x (J |Vu0|2dx + JT(x) |u0|2dx + J |u0|2dx) < 2d,,.
(55)

Proof. By E(0) < d,,, we have S(u;) < E(0) < dj,.
Firstly, we prove (1) of Theorem 13. From the energy
identity we have

L o[ "ds = E(0) — E (1) < diy, (56)

forallt > 0.
Denoting J(t) = [lu(t, -)||§, we have

7" (t) = 2|u|); - 2R () -2 J un|u|"Cdx.  (57)

Using the Holder inequality and the interpolation inequality,
we obtain

[ x| < o

(58)
T 7
with 8 = (1/m - 1/p)/(1/2 — 1/p). From R(u) < 0, we have
[ 7 G < g, (59)
which together with Lemma 6 give

el loaly o !
1 (60)
< Cllu [l ually 2P ™.

Using the Young inequality and 1 — p/m — & + pd/2 = 0, we
have s s »
oSl o2 < € (&) [+ lualle, (o)

since
—R(u) > —R(u)+ 6 (E(t) — E(0))

8 Oy 2 é
> (1- ;> b+ 2l + (5 1)

< (19ul + [ TGOl + Jul}) - SE ),
(62)
then

"0+ CE [l

é 2 6
> (1 + E) el + (1 - —s) Nuall?

)
¥ (5 - 1) (v + jT(x) juldx + Jul} ) - OF (0),
(63)

where the constant § > 2 is chosen as follows.
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Since E(0) < d,,, we choose the constant § so that
2pdy
<
pdy = (p—2)E(0)

This guarantees § > 2. Then, using this choice and Lemma 7
we get

d<p. (64)

)
(E - 1> <||Vu||§ + J T (x) |ulPdx + ||u||§> _ SE(0)
(65)
é 2p
> (5 - 1> O 20

If the constant ¢ is fixed, we choose the constant & such that
)

C,=1-=-¢£>0. (66)
p

Finally, using the inequality (60), (63) and Lemma 7 we have

7" @) +C @ ul,, = Cillul

>C, (||Vu||§ + J T (x) [u2dx + ||u||§)

2p
(67)
where C; > 0. Since (56), integrating (67) over [0, f] we have

J' (@) = Cl%t ~C(e)dy +7' (0), (68)

which concludes that there exists a ¢, such that J '(1‘)|t:t1 > 0.
Hence, J(t) is increasing for ¢ > t,; (which is the interval of
existence). Since R(u) < 0, there exists a t, such that
[lue(t, x)Ilg is increasing for t > t,. When ¢ is large enough, the
quantities [u, (¢, x)|, and |[Vu(t, x)||§ are small enough.
Otherwise, assume that there is t* such that [lu,(t, %), >
lu (¢, x)|I" for all £ > t*. By integrating the inequality, we
obtain a contradiction with (56) and E(¢t) > 0.
Thus in these cases, the quantity

4o (21

X (lqulli + JT (x) |ul’dx + ||u||§) (69)

—8E(0) - C (&) |u

will eventually become positive. Therefore for ¢ large enough,
from (63) and (65) we have

8
7@ (145l (70)
Using the Holder inequality, we get
167 0= 2201 o). @

8
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Since

(7% @)]"

_ _?1—(&10)/8 ) [](t) J" () - 2%8[]' (t)]z] ,
(72)

"
from (71) we have []_(6_6)/8(1?)] < 0. Therefore ]_(6_6)/8(1‘) is
concave for sufficiently large ¢, and there exists a finite time
T* such that

lim 7~ () = 0. (73)
t—>T*
From assumption on T'(x), we obtain
j T (x) luldx TJ juldx. (74)
Thus one gets T' < 0o and
li = 00.
. lim [lully; = co (75)
We complete the proof of (1) of Theorem 13.
Next, we prove (2) of Theorem 13.

From (6), (7), and (55), we obtain E(0) < d,,. It follows
that u, satisfies

R(u,) = J- qu0|2dx + jT (x) |u0|2dx
(76)
+ J |u0|2dx - J |u0|de >0,
which will be proved by contradiction. If (76) is not true, then

we have R(¢y) < 0. Thus there exists 0 < y < 1 such that
u, # 0 and

R (uuy) = (J |Vuto|*dx + JT () [uo| dx + J |u0|2dx>
—uP J |uo|"dx = 0,
(77)

which implies pu, € M.
On the other hand, for 0 < p < 1, 1, € W and (55) yield

S (utty) < 44*
X (J |Vu0|2dx + J T (x) |u0|2dx + J |u0|2dx>

< dy,
(78)

which is contradictory to Lemma 4.
Therefore, by R(1,) > 0 and Lemma 6, we have R(u1) > 0
and E(t) < E(0) < d,,. Thus

E(t) - 1—1)S (u) < E(0); (79)

7
namely,
l J |ut|2dx + p
2p
x (J IVulPdx + JT(x) luldx + j |u|2dx> <E(0).
(80)

Therefore we have established the bound of u(x,t) in H for
t € [0,T) and thus the solution u(x,t) of (1) exists globally
ont € [0,00).

From (76), E(0) < d,; and Lemma 4, we have the
estimate (55).

Thus, we complete the proof of Theorem 13. O

5. Asymptotic Behaviour of Solutions

We now state and prove the following theorem on asymptotic
behavior of solutions when m = 2.

Theorem 14. Let m = 2 in problem (1). Assume 0 < E(0) <
d,,, R(uy) > 0, or |luyll; = 0. For the global solution of the
problem (1) given in Theorem 13, we have

E(t)<Ce™, 0<t<oo, (81)

for some positive constants C and k.

Proof. Let u be a global solution of the problem (1); then by
Theorem 13, we obtainu € Wy ford, < § < §,and0 < ¢ < oo,
where §, and §, (§; < §,) are two roots of equation d,,(5) =
E(0). Differentiating (7) with respect to t and multiplying the
obtained equality by e’ (y > 0), we have

% (e”tE (t)) + e"t"ut”; =ye"E(t),

(82)
0<t<oo.
Integrating (82) with respect to ¢, we get
t
ME (1) + j & u,Pdr
0
(83)
t
=E(0)+y J e'"E (1) dr.
0
It follows from u(t) € W and
1 2 -2 1
B =Sl + 7 hg e SR @9
then
1 2 1 pP- 2
E(t) < E||ur||2 + SR+ y lull?,. (85)

Moreover, taking v = u in (42), we obtain

d 2 1d
=7 (o) = Joully + Doaly + 5l =l (86)



which implies

1d,

d
R(w) = ol = 5 (o) = 5 2l (87)

From (83), (85), and (87), we get

t
"E (1) dr + j & u,|Pdr
0

-2
4 " ||u||é)df

t
<E@©)+y L o (%”uT”idT " %R ) +

t

SE(O)+)/J e’

0

1 p-2
X <£“ur||§d‘r T ||u||§1>dr

Y ! T d 2
- JO e’ - ((u, u,) + ||u||2) dr,

(88)
rewi ((wu) + ull3) dr
0 dr o 2
=2 (g, ) + ”“0"; —e" (2 (u,u4y) + ||u||§)
t
+y J e’’ (2 (w,u,) + ||u||§) dr (89)
0

< 2uf; + oI5 + € (20l + Jue]5)
t
+y JO " (20l + | |3) dr.
From (88) and (89), it follows that

t
e E (r)drt + J e”T”uT";dT
0

t

SE(0)+)1J e’
0

1 p-2
x <E||uT||§dT " ||u||g> dr

Y
5 @l + 1)

+ Lert (2||U||§ + ””t"i)

Iy

Iy

yZ t - P 2
+ X L e’ (2"””2 + ””ruz) dr

< E(0)+Cy + gew (2lull3 + [l ]3)

ok T Z(P_z)
L {<2+T>||u||§+<l+%)“u,"i}d‘r,

(90)
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where C, = (y/4)(2||u0||§ + ||u1||§); then

"E(t) < E(0) + C, + %e"t (20l + e |2

>t 2(p-2
s j o {(z L 22 )) Jull
4 Jo yp

(1 D i

(91)
Furthermore, from
_Lyea =2 L
E©) = 5wl + =5 "Il + R G "
1 2 p- 2 pP- 2 2
> Sl s 2220 > 22 ().
we obtain
2 2 2p
E(t).
el + ek < = E ) (93)
Let §; = max{2 + (2(p—2))/yp, 1 + (4(y — 1))/y2}; then
yt 2y 2 2
"E(t) < E(0)+Co+ e (20ully; + e])y)
26 t .
+ % L e (2lully; + ||ut||§) dr
2yp (94)
)2 t
<E(0)+Cy+ ——e"E(t)
" 2(p-2)
2 t
Vop J e'"E (1) dr.
2(p-2) Jo
From (93), we obtain
t
E() <C, +C, J ¢ E (1) dr, (95)
0

where C, = (E(0)+C,)/(1-2yp/2(p-2)),C, = y*8,p/2(p-
2)(1 = 2yp/2(p — 2)). Choosing k sufficiently small and
together with Gronwall inequality, we have

E(t)<C,e™, (96)

where k = y(1 - 98, p/2(p — 2)(1 - 2yp/2(p - 2))) > 0.
O
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