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A delayed Lotka-Volterra predator-prey system with time delayed feedback is studied by using the theory of functional differential
equation and Hassard’s method. By choosing appropriate control parameter, we investigate the existence of Hopf bifurcation. An
explicit algorithm is given to determine the directions and stabilities of the bifurcating periodic solutions. We find that these control
laws can be applied to control Hopf bifurcation and chaotic attractor. Finally, some numerical simulations are given to illustrate the

effectiveness of the results found.

1. Introduction

Lotka-Volterra system is one of the most classical and im-
portant systems in the field of mathematical biology. Since
the word of Volterra, there have been extensively detailed
investigations on Lotka-Volterra system including stability,
attractivity, persistence, periodic oscillation, bifurcation and
chaos (see [1-6] and the references therein). In particular,
the properties of periodic solutions arising from the Hopf
bifurcation are of great interest [7-10]. But the study on chaos
control of Lotka-Volterra system is scarce.

Reference [3] and the references therein proposed that,
for a two-species competition system with delays

n
l;ti (t) =5 ui (t) ri + Zal]u] (t - Tij) 5 l = 13 2) (1)
j=1

when 7;; is big enough, the chaotic behavior may occur.

For example, Yan and Zhang [9] investigated the following
delayed prey-predator system with a single delay:

x)=xt)[r;—apxt-1)—a,y(t-1)], o
yO)=y®) [-rytayx(t-1)—ayy(t-1)],

where 7,, 5, ay;, 45, Gy, and a,, are all positive constants.
The delay T > 0 denotes the gestation period of the predator.
Their results show that, taking 7 as the bifurcation parameter,
when 7 passes through a certain critical value, the positive
equilibrium loses its stability and Hopf bifurcation takes
place. Furthermore, when 7 takes a sequence of critical values
containing the above critical value, the positive equilibrium
of system (2) will undergo a Hopf bifurcation. With the
further increase of the delay, the system will show the chaotic
phenomenon (see Figure 1).

In the sense of biology, chaotic behavior sometimes is
to the disadvantage of virtuous cycle and develop of the
ecosystem, so we want to control this chaos phenomenon and
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FIGURE 1: Waveform plot and phase plot of system (2) with 7 = 1.4.

create periodic orbits. So far, many researchers have proposed
chaos control schemes in recent years [11-16]. For example,
Song and Wei in [17] investigated the chaos phenomena of
Chen’s system using the method of delayed feedback control.
Their results show that, when the controlling parameter K to
be some value, taking the delay  as the bifurcation parameter,
when 7 passes through a certain critical value, the stability of
the equilibrium will be changed from unstable to stable, chaos
vanishes, and a periodic solution emerges.

To the end of controlling chaos in system (2), stimulating
by the works of above, we add some delayed feedback terms
to system (2), that is, the following delayed feedback control
system:

x)=xt)[r—apux(t—1)—any{t-1)]

+hky(x(t)-x(t-1)),
(3)
YO =y @) [-rytayx({t-1)—ayyt-1)]

+hy (y(®) -y (t-1),

where k; (i = 1,2) denote the capture coefficient when
k; < 0 (or release coeflicient when k; > 0). By choosing T
and k; as bifurcation parameter, we get the conditions under
which Hopf bifurcation occurs. And then, we derive the
explicit algorithm for determining the direction of the Hopf
bifurcation and stability of the bifurcating periodic solutions.
At last we will give some example showing that when k; is
fixed, with 7 increasing, the stability of the positive equilib-
rium will be changed, chaos vanishes, a periodic solution
occurs.

This paper is organized as follows. In Section 2, we first
focus on the stability and Hopf bifurcation of the positive
equilibrium. In Section 3, we derive the direction and stability

of Hopf bifurcation by using normal form and central
manifold theory. Finally in Section 4, numerical simulations
are performed to support the stability results.

2. Stability and Hopf Bifurcation Analysis with
Delayed Feedback Control

In this section, by analyzing the characteristic equation of the
linearized system of system (3) at the positive equilibrium,
we investigate the stability of the positive equilibrium and
the existence of the local Hopf bifurcations occurring at
the positive equilibrium. To guarantee that system (3) has
always a positive equilibrium, throughout this section, we
assume that the coeflicients of system (3) satisfy the following
condition:

(H1) ay,ry —ayyry > 0.

Clearly, under the hypothesis (Hl), system (3) has a
unique positive equilibrium E, (x*, y*), where

x _ Gl +aph x _ G —ant

x .
ay10;; + ay,0y,

, (4)
a0y, + a0y

Let u; () = x(t) — x*, u,(¢) = y(t) — y*; then system (3) can
be rewritten as the following equivalent system:
iy (8) = (uy (t) + x7) [—ayuy (t — 7) — apuy (F—1)]
+hy (uy () —u t-1)),
. . (5)
iy (8) = (uy (8) + y7) [ag 1y (t = T) = a1, (t — 7)]

+ky (uy () —uy (t—1)).

Thus, the positive equilibrium E,(x*, y*) of system (3)
is transformed into the equilibrium (0,0) of system (5).
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Linearizing system (5) at the equilibrium (0,0) yields the
following linear system:

iy (t) = —ay x"uy (t— 1) —apxu, (t—1)

+hy (uy () —u (t-1)),

Uy (t) = ay y uy (t=7) —ayy u, (t - 1) “

+hy (uy () —uy (- 1)).

The characteristic equation of system (6) is
MNrad+a, +aze " +ale +ae =0, ()

where a, = —(k, +k,), a, = kjky, a5 = —(k;a0,y" + kya;,x" +
2k ky), ay = apx" + aynyt + k) +ky, a5 = apanxtyt o+
Ay, X" y* + kyay,y® + kya;,x* + kik,. Multiplying '™ by
both sides of (8), we have

(AZ +a A+ az) e vay+ad+ae’ =0 (8)

Thus, iw (w > 0) is a root of (8) if and only if w satisfies the
following equation:

(—w2 + ajiw + az) (coswt +isinwt) + a; + aiw

)
+ a5 (cos wt —isinwt) = 0.
Separating the real and imaginary parts, we have
( 2 ) _
w —a, - a5> COSWT + a,w Sin WT = das,
(10)
(w2 -a, + a5) sin w7 — a,w cos wT = a,w.
It follows that
) dyw® + d,w
sinwt = —/———5——1,
w* +d;w? +d,
n
dsw” +d
coswt = > 8

T T
w* + dyw? +d,
2 2_ 2
whered, = a; -2a,,d, = ay — a5, d; = a;, dy = aja; —a,a, -
_ _ .2 2
a,0s,ds = a;—a,a,, dg = a;0;—a,a,. From sin“wt+cos”wt =
1, we have
8 6 4 2
W tew +ew +ew +e, =0, (12)
wheree, = 2d, —d3, e, = 2d, +d> —d2 - 2d;d,, e; = 2d,d, -
2 _ g3
2dsdg — dy, e, = d5 — dg.

Denote z = w%; (12) becomes

4 3 2
zZ tez +e,z" +tezz+e, =0. (13)

Let
G(2)=z'+e2 +e, 2 +esz+e,. (14)

Since lim, _, . G(z) = +00, we conclude that if e, < 0, then
(13) has at least one positive root. If all the parameters of
system (5) are given, it is easy to get the roots of (13) by using
a computer. Suppose the following.

(H2) Equation (13) has at least one positive real root. With-
out loss of generality, we assume that (14) has four
positive roots, defined by z,, z,, 23, z,, respectively.
Then (12) has four positive roots

W =z, Wy = \Zy, ws = \/Z3, Wy = Vzy
(15)
From (11), we have
dswp +dg 16)
COSWyT = —————5——.
k wi +dwi +d,
If we denote
; 1 dsw? +d

Tlij) = — {arccos <45k—26> + 2j71} s
Wy wp +dyw; +d, a7)

i=0,1,2,...,

wherek =1,...,4; j=0,1,..., then tiw, is a pair of purely
imaginary roots of (8) with 7 = T,ij).
Define

A0 (0) -
=T, = kirln'{l4 {Tk }, Wy = Wy - (18)

Let AM(t) = a(t) + iw(7) be the root of (8) near T = T]ij)

satistying oc(‘rlij)) =0, w(‘rlgj)) = wy. Substituting A(7) into
(8) and taking the derivative with respect to 7, we have

dA
22 AT_
(A +a)e dr
T dA
+()t2+al/\+az)e]L <A+TE> (19)
dd d\
+“4; —ase A <A+15) = 0.
It follows that
dA as/\e_)” - (/\2 + aIA + a2) /\e)\‘r
dr (21 +a;)er + (A2 + a)A + ay) e} —agre N +a,
(20)
Then
[d}t]_l ___ [hra)etea, L)
dr - aSAe—/\T _ (/\2 + alA + az)Ae)‘T A



Through tedious calculating, we can get

[dA]‘l _E+iF 1) )
dr | C+iD  iwy ’
where
C= . 6)) 2 . 6)
= dsWy SIn wka - (wk - 02) Wy S1N (Uka
+ alwz cos wk‘r,ij), D
— ) 2 ()
= a5wy, COS Wi T, + (wk - az) Wy COS Wy T,
(23)
+ alwi sin wk‘r]i]), E
= a2 cosint? — 2e. i ()
=aqa Tk Wi Sinw, T, + ay, F
= q, sin wkrlij) + 2w cos wkr(j).
Denote Q = C? + D% then Q > 0, and we have
dr]™
QRe [—] = EC + DF, (24)
dr [0

and note that

. dA
sign {Re [EL_T’?)}
, dr]™! , dr]™
= sign {Re [E]r—rjj’} = sign {QRe [E]r—qﬁ”} .

(25)

In order to get the main results, it is necessary to make the
following assumption.

(H3) EC + DF #0. Then, if (H3) holds, the transversality
conditions Re [d/\/dr]T:TO + 0 hold.

Note that when 7 = 0, (8) becomes
A+ (a +a)A+a,+as +as=0. (26)

From [9], we know that all the roots of (26) have negative
real parts; hence, the positive equilibrium E, is locally
asymptotically stable for 7 = 0. Then, we can employ a result
of Ruan and Wei [18] to analyze (8). For the convenience of
the reader, we state it as follows.

Lemma 1. Consider the exponential polynomial

P (A, e M, eih*")

(0) yn-1 0) O]
=AM+ pl AT e p, A+

(27)
511)] oM

[P 4 pD e p

+oeet [pg'")/l”_l +eet pfﬁ‘i)& + pfl’")] e A,
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wheret; 2 0 (i = 1,2,...,m) andpy) (i=01,....,m j=
1,2,...,n) are constants. As (1,,T,, . . . , T,,,) vary, the sum of the
order of the zeroes of P(A,e™™,...,e™"™) on the open right
half plane can change only if a zero appears on or crosses the
imaginary axis.

From Lemma 1 and the above assumption, we can obtain
the following theorem.

Theorem 2. Suppose that (H2) and (H3) hold; then the
following results hold true.

(i) The positive equilibrium E,(x",y") of system (3) is
asymptotically stable for T € [0, 7,);

(ii) system (3) exhibits Hopf bifurcation at the positive
equilibrium for T = 1,

3. Direction and Stability of
the Hopf Bifurcation

In this section, we obtain the conditions under which a
family periodic solutions bifurcate form the steady state at
the critical value of 7. As pointed out by Hale and Verduyn
Lunel [19] and Hassard et al. [20], it is interesting to determine
the direction, stability, and period of these periodic solutions
bifurcating from the steady state. Following the ideal of [20],
we derive the explicit formulae for determining the properties
of the Hopf bifurcation at the critical value of 7 using the
normal form and the center manifold theory.

For the sake of simplicity of notation, we denote the

critical values ¥

as T, and when 7 = 7, we denote the
pair of purely imaginary roots of (8) as tiw;. Let y = 7 — 73;
then y = 0 is the Hopf bifurcation value of system (5).
In the following, we consider the equivalent system (6). Let
t = 1t; then the system (5) can be rewritten as a functional

differential equation in C([-1, 0], R?):
x(t) =L, (x)+ f (wx), (28)

where x = (u;,u,)", For ¢ = (¢,,¢,)" € C([-1,0], R?),

Loy fo)

—apx" -k

+ (1 + ) [ oy’ ~’ ] [¢1 (_1)],

—ay,y" —k, | L$2 (=1)
(29)

—ay;1$; (0) ¢y (=1) — ap, ¢, (0) ¢, (—1)]

a1$, (0) ¢y (—1) — a5, (0) $, (-1)
(30)

)= |

Obviously, L(¢) is a continuous linear function mapping
C([-1,0],R?) into R By the Riesz representation theorem,
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there exists a 2 x 2 matrix function #(0, ) (-1 < 0 < 0),
whose elements are of bounded variation such that

0
‘%¢=[dmﬂam¢wx for ¢ € C([-1,0],R*). (1)
In fact, we can choose
B k, 0 ]
16 =@+ |y 0 [o@

®
—a;pX

—ayy" -

.
—a;x" —ky

-7 + *
(7 + ) ayy

kz] §(0+1),
(32)

where § denotes Dirac-delta function. For ¢ € C([-1, 0], R?),
define

(d¢(0)
d—e, 6 € [—1, 0) N
A =40
(AM)(/) J d;,l(s,[/l)gb(s)’ 9:0,
- (33)
0, 0 €[-1,0),
R(u)¢ =
f(we), 6=0.
iwp —ky + (ay,x* + k) e
Tk 4
_%ly*e—zwk‘rk
Thus, we can easily obtain & = —ay, y*e ™™ /(iw;, — k, +

(apy" +ky)e ™), q(0) = (1,a)".

Similarly, let g* (s) = D(1, &*)e"*™* be the eigenvector of
A" corresponding to —iw. 7. By the definition of A, we can
compute &* = a,,x* e [(iwy, + k, — (ay, y* + ky)e™s™).

In order to assure (g*(s), q(0)) = 1, we need to determine
the value of D. From (36), we have

(q" (s),q(0))
=5(1,&*)(1,(x)T
0o 0 , .
- J J- D(1,a") eilwka(E*e)dq o (1, oc)Te’wkaEdE
“1 Je=o

Y —% * *—% *
=D{1+ococ +7 (—apx" -k +ayy'a’ —apx«

—(any" +k,)aa™) eii“’“k} .
(38)
Thus, we can choose
D= {1 toa’ + 1 (-apx" —k;+ayya —apxa
(39)

—(ayy" +k,)aa™) e_iwka}_l,

such that (g*(s),q(0)) = 1, {(g" (s),g(0)) = 0.

iw —ky + (any” +ky)e

Then when 0 = 0, the system
X, = A(p) x, + R(p) x, (34)

is equivalent to the system (29), where x,(0) = x(t + 0), 0 €
[-1,0]. For y € C'([0, 1], (R*)"), define

_M’ s € (0, 1] ,
A'y(s) =4 0 9 (35)
dn" (t,0)y (-t), s=0,
1

and a bilinear inner product

(v (s),40)

0 6 (36)
VOO0 -| | TE-0mO9@ %
where 7#(0) = #(6,0), and let A = A(0); then A and
A" are adjoint operators. By the discussion in Section 2, we
know that tiw, 7, are eigenvalues of A. Thus, they are also
eigenvalues of A*. We first need to compute the eigenvector
of Aand A” corresponding to iw, 7} and —iw, T, respectively.

Suppose that g(0) = (1, o)L s the eigenvector of A
corresponding to iw, 7. Then Aq(0) = iw,1,q(0). It follows
from the definition of A, L ,¢, and (6, ) that

* —lWg Ty
apx e

a0 - g )

—1W Ty,

In the following, we first compute the coordinates to
describe the center manifold C; at 4 = 0. Define

W (£,6) = x, (6) ~ 2Re{z (1) g (6)} .
(40)

() =(q"x),

On the center manifold C,,, we have

W (t,0)=W(z(t),z(t),0)

2 _ z
=Wy (0) > + Wy, (0) zz + Wy, (0) > (41)

3

+m“m%+m,

where z and z are local coordinates for center manifold C, in
the direction of g and g. Note that W is real if x, is real. We
consider only real solutions. For the solution x, € C,,, since
¢ = 0, we have

z =iz +{q" 0), f(OLW(z(t),z(t),0)
+2Re{z (t)q(0)}))



6
=iz +q (0) f(O,W (z(t),Z(t),0)
+2Re{z (1) q(0)})
2ignz+q 0) fy(2,2) =iz + g (2,2),
(42)
where

9(z2) =9 (0) fo(z.2)
ZZ 22 (43)
:920(9)? + 91 (9)zE+goz(6)? b

From (40) and (41), we have

x, (6) = (x;, (6), %, (6)) =W (£,0) +2q(6) +2G (0).
(44)

In addition, g(0) = (1, o) e, then

2
X%, (0) =z +Zz+ W (0) % + W (0) 2z
z 3
1 —
+ Wo(z) (0) >t @) (I(z,z)l ) ,
22
Xy (0) = az +@Z + W (0) > w2 (0) zz
2 z 3
+Wi? 05 +0(I=2)F),
. . 22
x1p (<1) = ze % 4 Ze % L WD) (~1) =
| D, W2 3
+ W (1) zz+ W (-1) ~+0 (Iz2)F),
Xy (<1) = aze ™ + @z + WD (1) =

-2
Wi Dz w? (D5 +0(I2P).
(45)

By the definition of f(y, x,), we have

9(z,2)

—ay; %1, (0) x3 (=1) = agpx5, (0) x5, (1)
Ay %5 (0) Xy, (—1) = Ay, (0) x5 (=1) |
(46)

- Dr, (1L,T")
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Substituting x,,(0), x,,(0), x,,(—1), and x,,(—1) into the above
equation and comparing the coeflicients with (43), we get

A J— 2—x —iwy Ty
9r0 = 2D1y, (—au — A&+ Ay 0 — Ay & )e R
A — — — %\ IW Ty
g1 = 2D1;, [(—a11 —a,& +ay0x” —ajaaa’)e
—(ay; + apa - ayaa’ +anaaa’) ef"“"r"] ,

. ——x —2—%\ _iwT,
9oz = 2Dy (_au — a0+ a4 00 — dy)HK & )e Kk,

9 = BTk [_all (2W1(11) -1+ Wz(é) (-1
+WS) (0) €% + 2w} (0) e %)
— (2W1(12) (-1) + Wz(g) (-1)
+AWS) (0) €™ + 2aWy (0) e )
+aya@ (20w (1) +a Wy (-1)
+ W3 (0) €™ + 2W7) (0) e ™)
—ana” (20 (1) +a Wy (-1)

+a W2‘§> (0) ™ +20cW1(f ) (0) e kT )] )
(47)

In order to assure the value of g,,, we need to compute
W,,(0) and Wy, (0). From (34) and (40), we have

W=x%-2q-2q

_ {AW—ZRe @ORaO),  oclon o
AW —2Re{q" (0) foq O} + fo, 6=0
2 AW + H(z,%,0),
where
_ 22 _ Z>
H(z,z,0) = Hy, (6)? +H,, (0) 2z + Hy, (9)7 e,
(49)

Notice that near the origin on the center manifold C,, we have
W =W,z + W,Z; (50)
thus, we have

(A - 2iw, T I) Wy (6) = —Hy, (6), -
51
AW, (6) = —Hy, (0).
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From (48), for 8 € [-1,0), we have

H(z,z,0)
=4 (0) fo9(0) ~q" (0) fod (6) = ~99(6) -7 (0).
(52)
Comparing the coefficients with (48) gives that
Hy, (0) = =909 () — 90,9 (6),
(53)
Hyy (0) =-9119(0) - 9,9 (0).
From (51), (53), and the definition of A, we can get
Wy (0) = 2iw, 7, Wy, (0) + 9209 (0) + 9,9 (0) . (54)
Notice that g(0) = q(O)ei“’kae; we have
igZO iw; 7.0 1?02 — —iw, 7,0 2iw; 7.0
W, (0) = 0 KTk 0 KTk E Tl
50 (6) wkaq( )e +3wkaq( )e +Ee
(55)

where E; = (E(ll), E(lz) ) € R? is a constant vector. In the same
way, we can also obtain

/ . ig .
Wy, (0) = — 911 g 0y 1 1115 ) L |, (56)
Wy T Wy T

where E, = (Egl), Egz)) € R? is also a constant vector.
5o [Hen- ky + (ay, +k,) x*e 24
_aZIy*e—Zzwkrk
It follows that
—1Wy Ty —1W Ty,
_op-l | "€ —apoe
E; =2B [ —iw Ty, 2 —iwk‘rk:| (65)
a, 0e —ayae

Similarly, substituting (56) and (60) into (58), we can get
the formula of E,, where

In what follows, we will compute E; and E,. From the
definition of A and (51), we have

0
J dn(0) Wy 0) = 2iarWig (0) ~ Hi (0),  (57)
0

| an@w, @ --m, ©. 9

From (48) and (49), we have

H, (0) = =909 (0) — g9 (0)
+ 2Tk [ —alle:i:]i: - alzaze_iz::k] i (59)

a, o —ayae

Hiy (0) = -9114(0) — g,,4(0)

—a;; Re {e_i“’kr"} —a;, Re {oce_""kf"}
+ 21

a,; Re {ocei‘”kfk} —ay, Re {a&e‘“""f’c}
(60)

Substituting (55) and (59) into (57) and noticing that

0 .
[iwk‘rkl - J e’“’"rkedn (9)] q(0) =0,
-1

. (61)
[—iwkrkl - J 1 ey (9)] 7(0) =0,
we obtain
0
[ZiwkaI - J ey (9)] E,
-1
) ) o (62)
=21, _alle__,lwk‘rk - alz"‘ze__ﬂ.ukrk
Lay oe™ % — ayote T
which leads to
r —a e—iwk'rk —a “e—iwk‘rk h
BE, =2 u-, 2= , 63
1 L ay, e 10Ty 0220626 1wy Ty, ] ( )
where
* —=20W Ty,
apx’e
N oY) . 64
2iw, —ky + (apy* +k,)e 2”‘”‘”] (64)
* %71
E, = 2[ ayx" alzx*]
Yy any
(66)

—a,, Re {e—iwk‘rk} —a;,Re {Oce_iwkT"]»
X ay, Re {aeiwk‘rk} - ay, Re {aae—iwkrk}

Thus, we can determine W, (0) and W}, (0). Furthermore,
we can determine each g;;. Therefore, each g;; is determined
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FIGURE 2: The bifurcation diagram of y: (a) k;, = k, = 0; (b) k; = -0.2, k, = 0.5.
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FIGURE 3: Waveform plot and phase plot of system (3) with 7 = 0.9: (a) k; = k, = 0; (b) k; = -0.2, k, = —0.5.
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FIGURE 4: Waveform plot and phase plot of system (3) with 7 = 1.4: (a) k; = k, = 0; (b) k; = 0.2, k, = -0.5.

by the parameters and delay in (5). Thus, we can compute the
following values:

i 1 1
¢ (0) = Tka (920911 - 2|£711|2 - §|902|2) + 5921’

Re{c; (0)}

2= T Red (O

(67)

- Im{c, (0)} + 4, Im {/\' (O)}
P Wy Tk ’

B, = 2Re{c (0)},

which determine the quantities of bifurcating periodic solu-
tions in the center manifold at the critical value 7;; that
is, p, determines the directions of the Hopf bifurcation: if

t, > 0 (< 0), then the Hopf bifurcation is supercritical (sub-
critical) and the bifurcation exists for 7 > 1, (< 7,); 3,
determines the stability of the bifurcation periodic solutions:
the bifurcating periodic solutions are stable (unstable) if 5, <
0 (> 0); and T, determines the period of the bifurcating
periodic solutions: the period increases (decrease) if T, >
0 (<0).

4. Numerical Simulations

In this section, we present numerical results to verify the
analytical predictions obtained in the previous sections and
use the delayed-feedback controller to control the Hopf
bifurcation and chaos of system (3).

For the convenience of the calculation, we take the
parameters of system (3) asr, =7, = 1,a;; = 1,4, = 1,
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1.5

FIGURE 5: Waveform plot and phase plot of system (3) with 7 = 1.5: (a) k, = k, = 0; (b) k, = 0.2, k, = -0.5.

ay,; = 2, a,, = 1. Then system (3) has a positive equilibrium
E, = (2/3,1/3).

From [9], when k; = k, = 0 or v = 0, system (3)
becomes system (2), which has a bifurcation point 7, =
0.8072, and when 7 € [0,0.8072), E,, is asymptotically stable
and is unstable when 7 > 0.8072, and with the increase of
the delay 7, chaos occurs via t periodic-doubling bifurcation
(Figure 2(a)), when 7 = 1.4, k; = k, = 0, system (3) becomes
a chaotic one like illustrated by Figure 1.

Under the delayed-feedback control, if we choose k; =
-0.2, k, = —0.5, from the algorithm of Section 2, we can
compute that 7, ~ 1.4294 and Re [dA/d7],_, = 0.1017 >
0; hence from Theorem 2, when 7 € [0,1.4294), E, is
asymptotically stable and is unstable when 7 > 1.4294,
and when 7 passes through the critical point 7,, a family of
periodic orbits will bifurcate from E, . Furthermore, from the

algorithm of Section 3, we can compute that g,, = 1.4704 +
2.4314i, g, = 6.1433 + 8.63451, g,, = 9.4686 + 15.7816,
a1 = —24.6452 + 243.1853i; hence, based on the formula of
the end of Section 3, we have ¢;(0) = —27.0460 — 64.6042i.
It is easy to see that g, > 0, B, < 0. This means that the
Hopf bifurcation is supercritical and the bifurcating periodic
solutions are stable (Figure 5(b)).

By comparing the two bifurcation plots of Figure 2(a) and
Figure 2(b), we observe that the bifurcation occurrence is
postponed as the system is being controlled. Figure 3 shows
that when 7 = 0.9, if k; = k, = 0, E, is unstable, and there
are periodic orbits bifurcating from E, (Figure 3(a)); if we
take k; = 0.2, k, = —0.5, E, becomes stable (Figure 3(b)).
Figure 4 shows that when 7 = 14, ifk;, = k, = 0, E,
is unstable, and system (3) becomes chaotic (Figure 4(a));
if we take k; = -0.2, k, = —0.5, then E, becomes stable



Abstract and Applied Analysis

and chaos vanishes (Figure 4(b)). Figure 5 shows that when
T = 1.5,ifk; = k, = 0, E, is unstable, and system (3) still
exhibits chaotic behavior (Figure 5(a)); if we take k; = —0.2,
k, = —0.5, then E, becomes unstable and stable periodic
orbits bifurcate from E, (Figure 5(b)).

5. Conclusion

In this paper, we have studied a delayed Lotka-Volterra
predator-prey system with time delayed feedback by using
the theory of functional differential equation and Hassard’s
method. By analyzing the corresponding characteristic equa-
tions, the local stability of the positive equilibrium of system
(3) was discussed.

We have obtained the estimated length of gestation
delay which would not affect the stable coexistence of both
prey and predator species at their equilibrium values. The
existence of Hopf bifurcation for system (3) at the positive
equilibrium was also established. From theoretical analysis it
was shown that the larger values of gestation time delay cause
fluctuation in individual population density and hence the
system becomes unstable.

As the estimated length of delay to preserve stability
and the critical length of time delay for Hopf-bifurcation
are dependent upon the system parameters, it is possible
to impose some control, which will prevent the possible
abnormal oscillation in population density. Our results show
that if we choose some appropriate parameters, the oscillation
can be controlled to a stable equilibrium or a stable periodic
orbit; that is to say, we can achieve the ecological equilibrium
by adjusting the capture (or release) level.
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