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This paper is concerned with one kind of delayed stochastic linear-quadratic optimal control problems with state constraints. The
control domain is not necessarily convex and the control variable does not enter the diffusion coefficient. Necessary conditions in
the form of maximum principle as well as sufficient conditions are established.

1. Introduction

In the classical case, many random phenomena are described
by stochastic differential equations (SDEs), such as the
evolution of the stock prices. However, there also exist many
phenomena which are characteristic of past dependence;
that is, their present value depends not only on the present
situation but also on the past history. Such models may be
identified as stochastic differential delay equations (SDDEs).
SDDEs have a wide range of applications in physics, biology,
engineering, economics, and finance. See [1-4] and the
references therein.

A stochastic control system whose state function is
described by the solution of an SDDE is called a delayed
stochastic system. This kind of stochastic control problem
appears widely in different research fields; see, for example,
[3, 5]. It is worth pointing out that the delayed responses
make it more difficult to deal with the system, not only for
the infinite dimensional problem, but also for the absence of
It6’s formula to deal with the delayed part of the trajectory.

One fundamental research direction for stochastic opti-
mal control problems is to establish necessary optimality
conditions—Pontryagin maximum principle. By the duality
between linear SDEs and backward stochastic differential
equations (BSDEs), stochastic maximum principle for for-
ward, backward, and forward-backward systems has been
studied by many authors, including Peng [6, 7], Wu [8, 9], Xu
[10], and Yong [11]. Recently, Peng and Yang [12] introduced

a new type of BSDEs called anticipated BSDEs of the follow-
ing form:

-dY, = f (t’ Yy, Zys Yt+/4(t)’ Zt+1/(t)) dt - Z,dW,,
0<t<T, (1)

Y, =§&, T<t<T+K,

in which the coeflicient f contains not only the values of
solutions of present but also those of the future. A duality
between linear SDDEs and anticipated BSDEs was established
in [12], which gave a new way to study the maximum principle
for delayed stochastic control problems. Along this line, [13]
studied the maximum principle for delayed stochastic opti-
mal control problems in which the control domain is assumed
to be convex and both the control variable and its delay
part enter the diffusion coeflicient. After that, [14] studied
the optimal control problem in which the control system is
described by a fully coupled anticipated forward-backward
stochastic differential delayed equation, and then [15] gener-
alized [13] to the case when the system involves both contin-
uous and impulse controls and the coefficients are random.

In practice, sometimes state constraints are inevitably
encountered in stochastic optimal control problems; see, for
example, [6, 10, 16, 17]. However, little attention was paid to
the study of delayed stochastic control problem with state
constraints by means of anticipated BSDEs.

It is well known that the linear-quadratic (LQ) optimal
control problem is an extremely important class of optimal
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control problems; it can model many problems in applica-
tions and many nonlinear control problems can be reasonably
approximated by the LQ problems. This paper is concerned
with a delayed stochastic LQ optimal control problem, in
which the control system evolves by a linear SDDE and
the cost functional has a quadratic criterion. We assume
that the control domain is not necessarily convex and the
control variable does not enter the diffusion coefficient. The
coeflicients may be random, and the delays enter both the
state and the control variables. Besides, the terminal value of
the state process is imposed to satisfy the following constraint:
EL(X(T)) = 0. Making use of Ekeland’s variational principle
and the duality between linear SDDEs and anticipated BSDEs,
we establish necessary optimality conditions of the maximum
principle type. Sufficient optimality conditions are also pre-
sented, which helps find optimal controls.

Firstly, this paper involves many derivation details which
were omitted in most existing literature. Secondly, when
L = 0, the state constraint disappears and the results in
this paper degenerate to the corresponding ones without state
constraints. Besides, in [6, 10], the function L(x) is assumed
to have linear growth, while L is allowed to have quadratic
growth in this paper. Thirdly, we can study unbounded
control domain case. However, it is worth pointing out
that when we apply Ekeland’s variational principle to deal
with the case when there are state constraints, we need
the continuity of the state process X(-) and the lower
semicontinuity of a penalty functional J,(v(-)) in the con-
trol variable v(-), which is impossible to prove when the
control domain is unbounded. To overcome this difficulty,
we adopt a convergence technique inspired by Tang and
Li [16]. To be precise, we first study the optimal control
problem with bounded control domain, and then extend the
results to the case with unbounded control domain using
a convergence technique. This method was also used in
[9].

In the classical LQ optimal control problem, a state
feedback form of the optimal control can be obtained by
virtue of the Riccati equations; for stochastic LQ problems
with delays, see [18, 19]. On the one hand, we make use of
the maximum principle method in this paper to investigate
necessary conditions satisfied by the optimal control, which is
different from the method of Riccati equations. Secondly, the
study of LQ problems via Riccati equations is mostly carried
on under the assumption that the admissible control can
take values on the whole space, while we can study bounded
control domain case as well as nonconvex control domain
case in this paper.

The organization of our paper is as follows. In Section 2,
we give the formulation of the problem. Section 3 is devoted
to the study of the maximum principle when the control
domain is bounded. In Section 4, we prove the maximum
principle as well as the sufficient optimality condition for
general control domain case.

2. Formulation of the Problem

Let (Q, #,P) be a probability space and E the expectation
with respect to PP. {W,,t > 0} is a one-dimensional standard
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Brownian motion, and {#,,t > 0} is its natural filtration
augmented with the P-null sets of %. Let us denote by L*(#,)
the set of real-valued &,-measurable random variables &’s
such that E|£]* < co. For a < b, we denote by M?(a, b) the
set of one-dimensional progressively measurable processes
{¢p(t), a < t < b} such that E _[ab |¢(t)|2dt < 00, and by
$?(a, b) the set of one-dimensional progressively measurable
processes {y(t),a < t < b} such that [E[supaggbll//(t)lz] < 00.

In this paper, we only consider one-dimensional case for
simplicity, and the results can be extended to multidimen-
sional case without difficulty. Throughout this paper, we use
Cand C,,C,,...to represent positive constants which can be
different from line to line.

Assume that T is a positive constant, and §, and §, are
two nonnegative constants. Let U be a nonempty set in R. We
denote by % the set of feasible controls, which is the collection
of progressively measurable processes v(t) : Q x [-6,,T] —
U satisfying

T
WOP £E[ v <o, @)

The control system considered in this paper evolves by the
following linear SDDE:

dX @) =b(t, X (), X(t-8,),v(t),v(t-5,))dt
+o(t, X (), X (t-8)))dw,

X (t) = Et,

0<t<T, (3)

-0, <t<0,

where b(t, x, x5, v, vs) = A1x+A%x5 +Bt1v+B?v5, o(t, x,xg5) =
Cix + C’xs. We assume that &, [-6,,0]
continuous. The coefficients (Ai_, B, Cf), i=1,2,are bounded
progressively measurable processes, which are assumed to
vanish outside [0, T].

Let us mention that the initial path £ is independent of the
control v(-), since v(-) can affect X(¢) only for t > 0.Itis easy to
check that SDDE (3) admits a unique solution X(-) € $2(0,T)
for any v(-) € % (for this, one can see Theorem 2.2 in [13] or
Theorem 2.1 in [15]).

In addition, we require that the state process X(-) satisfies
the following constraint:

- R is

EL(X(T)) =0, (4)

where L(x) Q xR — R satisfies that L(x) is Fp-
measurable for all x € R, E|L(0)| < co, and L is continuously
differentiable with |L (x)] < C(1 + |x]). Under these
assumptions, L has a quadratic growth: |L(x)| < C(1+|L(0)|+
|x[?).

If v(-) € % also satisfies the state constraint (4), then v(-)
is called an admissible control. The set of admissible controls
is denoted by % 4.
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The cost functional is given as follows:
T
Jw()=E “ Lt X (), X (t=8y),v (1), v(t = 8,))dt
0

+0 (X (T))] :
(5)

where I(t,x,x5,v,v5) = (1/2)(It1x2 + Itzxfs + Mllv2 +
Mtzvf;), O(x) = (1/2)Nx2. We assume that N is a non-
negative bounded & r-measurable random variable, and the
time-varying coeflicients (I', M), i = 1,2, are nonnega-
tive bounded progressively measurable processes which are
assumed to vanish outside [0, T]. It is easy to see that the
functional J is well defined on %.

The objective of the optimal control problem is to mini-
mize J(v(:)) over Z,q. An admissible control u*(-) € % 4 is
called optimal if it satisfies J(u"(-)) = infv(‘)e%d](v(-)). We
use X*(-) to denote the optimal trajectory.

Let us define a metric d on % by

T

d(r(),u() 2 [Ej6 Koty £ ute s (6)

where y is an indicator function, that is, y; = 1, if E holds,
and y; = 0 otherwise. It is well known that (%,d) is a
complete metric space.

We will need the following Ekeland’s variational principle.

Lemma 1. Let (S, d) be a complete metric space and F : S —
R lower semicontinuous and bounded from below. Assume that
V¢ € S satisfies F(v°) < inf,.gF(v) + € for some € > 0. Then
for any A > 0, there exists V' € S such that F(VA) < F(v%),
AW, ) < A, and F(WY) < F(v) + (e/\)d(v, v")for anyv € S.

3. Maximum Principle in the Case When U Is
Bounded in R

In this section, we only consider the case when the control
domain U is a bounded set in R. Let us denote by X"(-) the
trajectory corresponding to v(-) € %.

The following results will play a crucial role in this section.

Lemma 2. There exists C > 0, such that for any v(-), u(-) € %,
it holds that

E [ sup | X" (t)|2] <G, )
0<t<T
7l <C, (8)

E [ sup | X" () - X* (t)|2] <CAdw(),u®), (9)

0<t<T
) =T @)l < Cd(),u ()" (10)

Proof. Recall that the coefficients are bounded and the con-
trol domain U is bounded. Let us first prove (7). By the basic

inequality, the Cauchy-Schwartz inequality, and the BDG
inequality we have, for 0 <r < T,

E [ sup | X" (t)|2]
0<t<r

an
<C+Cle + CE Lr (1 @F +1x" (-8, ) .

Then by a change of variables we get

E [ sup | X" (t)|2]

o<t<r
2 0 2 r v 2
<C|(1+ |€0| + |€t| dt | +CE sup|X (t)| ds.
-8, 0 0<t<s
(12)
So, (7) can be obtained by the Gronwall inequality. Then result

(8) is obvious. Next, let us prove (9). Denote X)) = X'¢t) -
X"(t), p(t) = v(t) — u(t). In the classical way, we have

E [suppc(t)f] <ce [ (R@f +|% - o) )

0<t<r (13)
+CE Jo (Xu(t) #0 T Xu(t-5,) 9eo) dt.
Using a change of variables gives
=, 2
E [ sup |X (t)' ]
0<t<r
(14)

r T
<CE J sup |)A( (t)'zds +CE J 5 Xutt) #09t.

0 0<t<s

Then applying the Gronwall inequality leads to (9). Finally we
prove (10). Firstly, since

1 T 1 v 2 u 2
E[EJ |1t [(X" ()" - (X" (1)) ]|dt
0
. (15)
< CE L (X" ()] + |X* ) |X" ) - X* ()] d,

by (7) and (9), applying the Cauchy-Schwartz inequality gives

T
S | o @) - e @) de < catr ('™
(16)

Next, since (1/2)|Mt1 [(v(£))* = (u(r))?]] < Ci Xu(e) # 00 using the
Cauchy-Schwartz inequality gives

T
e[ [ - woy]|a )

<CdW(),u()<Cdv(),u@).



In the same way, we can use a change of variables to get

1

Ve [ [0 0 - (0 - 0,

<Cd(v(),u(:N"?,

(18)
1 T
3 |, 12 (= 02))" = e 8,0t
< Cd(v(),u ()"
Thus, (10) can be obtained. O

Let wus define the J,(v() =

VIELGX ()P + J(0()) = T ()) + P for () € %, where
p > 0 is small enough. Let us mention that the functional J
is defined on the feasible control set %, rather than just the
admissible control set % 4. In other words, we are able to
get rid of the sate constraint by introducing such a penalty
functional. It is obvious that ]p(u* ()) = pand J,(v()) > 0
for any v(-) € %. Thus, J,(u"(-)) < infv(,)E%]p(v(-)) + p. The
following lemma shows tﬁat J,(v()) : % — Riscontinuous.

following:

Lemma 3. There exists C > 0 such that pr(v(-)) - ]P(u(~))| <
Cd(v(»), u(‘))l/4 holds for any v(-), u(:) € %.

Proof. Since (A - B)* < |A? - B?| for A, B > 0, we have
I, 0O =T, O < [P - 2 aE)| <7+
(19)
where
Ji = [[EL(X" (D)) - [EL (X" ()]
=) -Tw () +p] (20)
@) =T )+l
We first consider J;. On the one hand, by the growth condi-
tion of L, we can use (7) to get |E[L(X"(T)) + L(X"(T))]| < C.
On the other hand, since
[E 2 (X" (1)) - L(x" ()] o
< CE[(1+|X" (D] +|X* (D)) |X"(T) - X*(D)|],

by (7) and (9), we can use the Cauchy-Schwartz inequality to
get

[E[L(X" (1) - L(X" ()] < CAv (), u (D' (22)
Thus,
Ji = [E[L(X" (D) + L(X*(T))]]
x [E[L(X" (1) = L(X* (D)]] 23)

<Cd(v(),u(:)"
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Next, from (8) it follows that | J(v(-))+] u(-))-2] (" (-))+2p| <
C, so by (10) we have

L= ) +T @) -2 (" () +2p|
XU () — T ) o0
<Cdv (), u ()2

Thus [72(v()) = 2Dl < CAC),u()Y2. So 1],(v() -
T, )| < CAm(), u()'". O

Now applying Lemma 1leads to the existence of v,,(-) € %
such that

L, (v, ) <1, W () =p, (25)
d(v,(),u" () < vp, (26)

Ty (v, ) < T, 0 + VA (v(),v,()), W () e .
(27)

In what follows, let us first derive the necessary conditions for
v,(-) and then take p | 0 to get proper conditions for u™(+).
Forany 7 € [0,T) and v(-) € %, let us define

v(t), ifr<t<t+e,

Vo () = {vp (t), otherwise, 28)

where € > 0 is small enough such that we can always assume
that T + € < T. It is obvious that v;(-) € %. Let us point out

that we cannot get v;(-) € U,qevenif v () € %,q. This also

shows why the functional J, is defined on % rather than on
U ,4- 1t is easy to see that

d(v,(),v5()) <e. (29)
Then, by (27),
T, (v5 ) = T, (v, ()) = = pe. (30)

Let Xp(-), X;(-) be the trajectories corresponding to vp(-),

v;(~), respectively. We introduce the following variational
equation:

dX, (1) = [A, X (6) + AJX, (£ - 8))
+ B, (vj, ®)-v,®)
+B; (V5 (t = 8,) = v, (t—6,))] dt

+[C X, (1) +CiX, (£ - 8,)] dw,

(31)

0<t<T,
X}J(t)=0, -8, <t<0.

It is easy to check that this equation admits a unique solution
X:,(~) € $%(0, T). Moreover, we have the following.
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Lemma 4. There exists C > 0, which is independent of €, such
that

E [ sup |X;17 (t)|2] < Cé. (32)

0<t<T

Proof. By the basic inequality, the Cauchy-Schwartz inequal-
ity, and the BDG inequality, we can use a change of variables
toget,for0<r <T,

E [ sup 'X:) (t)'z]

0<t<r

2

r 2 T
SCJ [E[sup'X:) (t)| ]dS+CE<J5 sz(t)ﬂp(t)dt> .

0 0<t<s
(33)
By the definition of v;(-), we have
T T+€
Lsz va,(t):ﬁvp(t)dt = L Xv;(t):#vp(t)dt- (34)

Then by (29), applying the Cauchy-Schwartz inequality gives

T
E( Lsz X (6) # vp(t)dt>

T+€
= E[EJ Xt (0) £, (0 < €d (Vp ()7, () <e

T

2

(35)

Finally, the result can be derived by the Gronwall inequality
applied to (33). O

Let us denote X(-) = X;(-) - XP(~) - X}J(-). Then it’s easy
to check that X(-) satisfies

dX (1) = [A;X (1) + AIX (t- 8,)] dt

+[C X +CX(t-8,)]dW,, 0<t<T,

(36)
By the existence and uniqueness of the solution for this
equation, we have X(t) = 0, a.s., a.e. That is, for a.e. t € [0, T],
P—a.s.,
€ 1 _
X, (1) - X, () - X, () =0. (37)
Lemma 5. We have
T (v 0) =I5 (v, )
= 2EL(X, (T)) x E[L, (X, (D)) X, (T)] (38)

+20[J (v, ) =T (" () +p] +0(e),

where T is defined by

r=E {NXP (1) X} (T)
T
+ L [Ithp (t) X; O +IX,(t-6,) X; (t-98,)

1 ¢
M (%) - (v, 0))

+%Mt2 ((vf, (t=8,)) = (v, (t - 52))2)] dt} .

(39)
Proof. It is obvious that J> (v$(-)) = J>(v,(-)) = J, + J,, where
7y = [ (05, )] - [ (3, ()]
T=[(50) T O)+p] (40)
(1 0) -1 ) + ]

Firstly, J; = 2EL(X,(T)) x E[L (X ,(TNX,(D)] = Jy; + J1,»
where

Tu = (E[L(x5 D) - L(x, D))
Tip = 2EL(X,(T))

xE [L (X5 (D)) - L(X, (D) - L, (X, (D)X, ()]

(41)
On the one hand, since
£ [L (x5, ) - (X, ()]
< CE [(1+]x5 (T)| + |X,, (T)]) XE(T) - X, (T)|],
(42)

by (7), (32), and (37), we can use the Cauchy-Schwartz
inequality to get J;, = o(¢). On the other hand, we can use the
Cauchy-Schwartz inequality and the dominated convergence
theorem to derive J,, = o(¢). Thus

Ty = 2EL(X, (1)) x E [L, (X, (T)) X, (T)] +0(e). (43)

Next we consider 72. On the one hand, by (32) and (37) it’s
easy to check that

T(5 () =T (v, () =T +Cé. (44)

On the other hand, by (29) and (32) we can use the Cauchy-
Schwartz inequality to derive |T| < Ce, and thus

F(50)-T(v,0)| =|r+ce|sce. (3)



So, from the fact that |](vp(-)) - Jw () +pl < Cand
L=20[J (v, (0) =T (" () + p]

= (50) =T () +2[1(5,0) =T (4, 0) - 1]

x[7(v, ) =T (@ () +p],
(46)

we have |72 - 2F[](vp(-)) —Jw* () +pll < Cé?, and thus
L=2T[J(v,() =T (" () +p]+o(e).  (47)
The proof is complete. 0
Let us introduce the following Hamiltonian:
H(t, x, x5, g, k, v, vs, . )
=b(t,x,x5v,v5) q + 0 (t,x,x5) k (48)
+yl(t, x, x5, v, vg) .

The following is the maximum principle for the delayed
stochastic LQ control problem with bounded control domain.

Theorem 6. Assume that U is a bounded set in R. Then for the
optimal control u* (), there exist (a*,y*) € R satisfying

@by =1, ()

and the solution (Q*(-),K*(-)) € $*(0,T) x M*(0,T) of the
following adjoint equation:

dQ* () =—{A}Q" () + CIK™ (t) +y" I} X" (1)
+E7 [AL 5 Q" (£+8,) + Clig K (£46)
+y' I X° ()]} dt + K () dW,,
0<t<T,

Q" (T) = a"L, (X" (1)) +y"NX"(T),

Q" (t)=0,K"(t)=0, T<t<T+§,
(50)
such that
x(t,v) =2 (t,u" (), Vvel,
(51)
ae. t€[0,T], P—as.,
where  is defined by

F(t,v)=H(@O" (t),vu" (t-98,),a",y")

+E7 [H (O (t+8,),u” (t+8,),va’,y")]
(52)

with ©*(t) = (t, X* (), X" (t - 8,), Q" (t), K*(t)).
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Proof. From (29) it follows that d(v;(-), vp(-)) — Oase | 0.
So by Lemma 3 we have ]P(v;(-)) — ]P(vp(-)) >0ase | 0.
By Lemma 5 and (30), we have

&F [L, (X, (1) X, (T)] +y5T + \pe +0(e) 20, (53)

where
2EL (X, (T))
o, = 5
T (50)+ 1, (7 0)
(54)
205 0) -1 0)+p]
BT e O) 1, (,0)
Besides, it’s easy to check that limelo(locf,l2 + |Y;|2) = 1.

Therefore, there exists a subsequence, still denoted by (oc;, y;),
such that

tim (5, 75) = (%7,), (55)
for some (a,, y,), with
|"‘P|2 * |)’p|2 =1 (56)
Let us introduce the following equation:
dQ; (1) = - {A,Q5 (1) + C{KS (1) + ¥ 1 X, (1)
+ [Egt [Aiﬂ‘)‘l Q; (t + 81) + Cf+61 K; (t + 61)
Y55, X, ()]} dt + K5 (1) AW,
0<t<T,
Q5 (T) = &S L, (X, (T)) +yiNX, (T),

Qf,(t):o, Kf,(t)zo, T<t<T+6,.
(57)

It is easy to check that this equation admits a unique solution
(Q5(), K5()) which belongs to §*(0, T) x M*(0, T). Applying
1t6’s formula to X;(t)QZ(t) and then taking expectations, we
can use a change of variables to get

&F L, (X, (D)X, (T)] +ysT
T
=E L Q; () [B! (v; t)-v,®)
+B; (V5 (£ = 8,) — v, (£ 5,))] dt
T
+ %y;[E L {Mt1 [(v; (t))2 - (vp (t))z]

AME[(v (- 8,)) = (v, (e - 8,)) ]} ae
(58)
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Then, by (53) and the definition of v;(-) we have
T+€ 1
e[ {Q @B (v0-v,0)

v Ml [0 @7 - (v, )]

CET Q4 8) By | (v - v, 0) Y
+%”;Egt [Mt2+62] [(V ®)* - (vp (t))z]}dt

+ +/pe +0(€) = 0.

Let (Q,(-), K, () € $*(0, T) x M*(0,T) be the solution of

dQ, (t) = - {A;Q, (1) + C,K, (1) + y,I X, (1)
+E7 [A},,Q, (t+8) +Cr iy K, (t+0))
Vo1t s, X, O]} dt + K, (£) dW,,
0<t<T,
Q, (T) = a, L, (X, (T)) +y,NX,(T),

Q,(1)=0, K,()=0, T<t<T+d,.

(60)

Then, by subdividing the time interval [0, T'], we can use (55)
to derive

T
Q-0 +|

2
E| su KE@t)-K,(b) dt]
£l PO -K, )

(61)

—0,

as € | 0. Consequently, considering the arbitrariness of 7 €
[0, T), dividing (59) by €, and then taking € | 0 lead to

E {QP B, (v(t)-v, 1)+ %M:yp [(V(t))z ~(v, (t))z]
+E7[Q, (t+8) Brs | (v - v, (1))

+o 7 (M2 ] [0 - (v, )]}

+4/p 2 0.
(62)

Now let us take p | 0. On the one hand, by (56), there
exists a subsequence of (a,, y,), which converges to (", y"),
and (49) holds. On the other hand, from (26) it follows that
d(vp(-), u*(-)) — O0asp | 0, so we can use (9) to obtain

E| sup [x, &) - X" ) | — o, (63)

0<t<T

as p | 0. Consequently, we can check that

ez (7 .2
E [ sup [Q, (1) - Q" (1)] + J K, () - K" ) dt]
0<t<T 0 (64)
— 0,
as p | 0, where (Q(-), K*(-)) is the solution of the adjoint
equation (50). Let us assume without loss of generality that

Q" (1) = K*(t) = 0 for t < 0. Consequently, we can take p | 0
in (62) to get

E {Q* (t)B; (v(t) - u" () + %M:y* [ (@) - (u* 0))]
FET[Q (£+6,) BLy | (v(t) —u” ()

1 . *
7 E M ] [0 @) - (u (t))z]} >0,
(65)
In order to obtain (65), we only need to prove that the terms

on the left-hand side of (62) converge to the corresponding
ones in (65) along a subsequence. For this, we first prove

T
E L 1Q, (B! (v(t) - v, 1) - Q" (©) B (v(t) " (1)) dit

— 0,
(66)
as p | 0.In fact, since
|Q, ®)B; (v(t) = v, (1) - Q" (t) By (v(t) —u” (1))
=|(Q,®-Q ®)B! (vit)-v,®)
(67)

+Q" (t) By (u* (1) - v, ()|
<ClQ, 1) -Q B +CIQ" )Xoy £u s
by the Cauchy-Schwartz inequality we have

T
E L |Q, ®) B} (vt -v, (1) - Q" (1) B (v(t) - u* (1))| dt

T
<CE L lQ, ) -Q" ()] dt

T
+ C\j[E L Q* (1)%dtrd (v, (). u* () — 0,

(68)

as p | 0. With the same method and by a change of variables
we can also prove

T
[ 670, 4B (1), 0)

~E7 Q" (1+8,) B, | (v(&) - u” (1)| dt — 0.
(69)



Next, since

% M}y, [0 @) = (v, )] - My [0 @) - (" ]|

y) [0 @)? - (v, )]

My [ ) - (v, )]

1
= 3 1M (-

<C l)’p - Y*| + G0 0t
(70)

we have
SE LT IMf v [ @) = (v, (t))z]

-Myy* [(v (1)

(vp (), u" (-)) — 0.

In a similar way, we can use a change of variables to get
1 (M &
EEL|%E

BT [M, ] [0 ) - ()] | de — o,
(72)

3 (u* (t))z] ‘dt (71)

SC|Vp_

My ] [ @) - (v, 0) ]

Thus, we can derive (65).

Let us recall that v(-) € % is arbitrarily chosen, so result
(65) holds for all ¥(-) € %. Next, we drop the expectation in
(65). Forany v € U and E € F,, let us define v(t) = vyg +
u” (t) xg- It is obvious that the defined v(-) is an element of .
Applying this v(-) in (65) gives

E {Q* (t)B} (v—u" (t)) xg + %Mtly* [vz —(u" (t))z] XE
+E7[Q (t+6)) t+5] —u" (1) Xe

Y BT M2 ] [V - 0] e} 20

(73)
Since E € &, is arbitrarily chosen, it implies
{Q OB (v—u" (1) + Mty [ - (u* )]
+ET[Q" (t+8,) B}y, | (v—u" () (74)
1 * *
+oy BT M, ] [ - (u (t))z]} >0
which leads to
{Q" B +E™ [Q" (t+8,) B, |} (v—u" (1)
1 * 1 F, 2 2 * 2 (75)
*2Y {M, +E” [Mmsz]} [v - (u" @) ] >0,
which is just the conclusion of (51). O
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4. Maximum Principle for General Control
Domain U

In this section, we study the maximum principle in the case
when U can be unbounded in R. This case can be treated via
the bounded case in Section 3 with a convergence technique.

Let us define U ={eUl <luOl+ihi=12,...
Then U’ is a bounded set in R for fixed i. Besides,

U'. (76)

s

I
—

U cU™, i=1,2,..., U=

We denote by %' the set of progressively measurable pro-
cesses v(t) : A x [-6,,T] — U satistying [|v(:)|| < oo and by
%! , the collection of v(-) € %' satisfying the state constraint
(4). Then from (76) it follows that

(o)
U U, i=12,.., %U=|]U;

i=1

(77)
U, U, =12, Uy= U%Qd.
~ Since u* () € %, 4, by (77) there exists i; such that u*(-) €
U4 fori > i,. Thus, u"(:) is still optimal when the original
admissible control set % 4 is replaced by %, fori > i,. So, by
Theorem 6, for i > i, there exist (', ') € R?, satisfying

|oci|2 + |yi|2 =1, (78)

and the solution (Q(\),K'(-)) € $*(0,T) x M*(0,T) of the
following adjoint equation:

dQ' (t) = - {A}Q () + CIK' (1) +y'I X" (1)
+E7 [AL,,Q (t+0,) +Cls K (t+6))
W1 X7 (0]} dt + K () dW,,
0<t<T,
Q (1) = 'L, (X" (1)) +y'NX" (T),
K@) =0,

Q=0 T<t<T+4,,

(79)
such that

QOB +E™[Q (1 +6,) Bl |} (v—u” (1)
b2y M+ BT M [ - 0)] 20, (80)
Vv eU', aete [0,T], P—a.s.

By (78), there exists a subsequence of (o, yi), still denoted by
(e, 9"), such that

lim (oci,yi) =(a,y), (81)

i—o00
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for some (a, y), with
la” + y* = 1. (82)
Then, by (81) it’s easy to check that
i 2 T 2
E| sup [Q' () - Q) +J |K () - K (t)] dit
0<t<T 0 (83)
— 0,
asi — 00, where (Q(-),K(-)) € S*(0,T) x M?(0,T) is the
solution of

dQ(t) = —{A}Q(®) + C;K (1) + yI} X" (t)
+E7 [Aiﬂ;lQ (t+6,)+ Cf+61K(t +6)

Y17 X ()]} dt + K (8) AW, 54)

0<t<T,
Q(T) = aL, (X" (T)) + yNX" (T),

Q (t) =0,

Let us assume without loss of generality that Q(t) = K(¢) = 0
fort < 0.

For any fixed v € U, from (76) it follows that there exists

i, such that v € U’ for i > i,, and consequently we see from
(80) that

{Q ) By +E7 [Q(t+8,) By, |} (v—u" (1)

K({#)=0, T<t<T+§6;.

o3 P ER M ) [P - 0] z0, 69

Vi>i +i,, ae tel0,T], P—as.

Then, similar to the proof of (65), by (81) and (83), taking
i — oo along a subsequence in (85) leads to

{Q (t) B + E7 [Q (t+ 82)Bf+82]} (v—u" ()
+ %y (M} +E7 [ M |} [V - (" )] 20, (86)

ae. t€[0,T], P—as.

Note that the above inequality holds for all v € U, and
therefore we have the main result of this section.

Theorem 7. For the optimal control u®(-), there exist (a,y) €
R? satisfying (82) and the solution (Q(-), K(-)) € $2(0,T) x
M?(0,T) of the adjoint equation (84) such that

Htv)>H(tLu" (t), VveU, ae te[0,T], P—as.,
(87)

where H is defined by

Htv)=H(®®),vu" (t-6,),ay)

- (88)
+E7 [H(O(t+6,),u" (t+6,),v,a,9)]

with O(t) = (£, X* (1), X*(t — 8,), Q(t), K(¢)).

In what follows, let us investigate under what condition an
admissible control turns out to be optimal. To this end, let us
assume that v(¢t) = y(t) for all v(-) € %4 and t € [-6,,0],
where 7(t) : [-6,,0] — U is a given function satisfying

2
Sup_51§t§0|l’](t)| < 0.
Let us assume that

(H) « = 0 and L is convex or « < 0 and L is concave.

Theorem 8. Assume (H). Assume that u*(-) € U,y is an
admissible control and X (*) is the corresponding trajectory. Let
a € R,y > Osatisfy (82), and (Q(-), K(-)) € $*(0, T)xM*(0,T)
satisfy (84). Then u”(-) is an optimal control if it satisfies (87).

Proof. Let us denote X() = X"() = X*() for v(-) € U g
Applying Itd’s formula to X(H)Q(®) for 0 < ¢t < T and then
using a change of variables lead to

aF [L, (X" (1)) X (T)] + yE [NX" (T) X (T)]
+y[EJT[It1X* OX () + X" (t-8,)X (t-0,)]dt
0
1 T 2 5 N2
+ S1E | {007 - " 0]

M [(v(£=8)) = (" (¢ - 8,)) ]} dt

T

=F j [HEtv(t)-H(tu" @))]dt.
0

(89)

On the one hand, from (87) it follows that
T
E J [H(t,v (@) -H(tu" (t)]dt > 0. (90)
0

On the other hand, since N, I}, and I are nonnegative, by the
property of convex functions we have

%[E [N(X"(1)* - N(X™ ()] = E[NX" () X (T)],
1e JT L [(X" (1)) - (X" ()] dt = E IT I'X* ()X (t)dt
2 )t T ’

L le X' (t-8,)) - (X* (t-6,))] dt
JE| RO (=80 - (X" (¢-8))]

T
> E L X" (t-6,)X (¢ - 8,) dt.
1)

Thus, it follows that aE[L (X" (T)X(T)] + y[J(»(-)) -
Jw*(-))] =0, s0

JwE) =T () = —%[E L. M)XM]. (92
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Let us recall that E[L(X"(T)) - L(X*(T))] = 0 holds for v(-) €
U .- Then, by (H), (92) leads to

- %[E L, (X" (1) X ()]

(93)
> —%[E [L(X*(T)) - L(X*(T))] =0,

which gives J(v(-)) = J(u"(-)) > 0. O

Remark 9. When L = 0, namely, there is no state constraint
for X(-), we have a* = « = 0. In this case, Theorems 6
and 7 degenerate to the maximum principle for stochastic
LQ problem with delays and without state constraints. When
L(x) is a linear function, the assumption (H) holds for any
« €R.

Example 10. Let us take U = (—00,—1] U [1,+00) and L(x) =

((K - x)Jr)2 with a fixed constant K. In this case, L(x) is
a convex function and the state constraint (4) implies that
X(T) = K as. Assume that « > 0,y > 0, and Mt1 +

E” [Mt2+52] > 0. Then we can solve the inequality (87) to
obtain
v(t), if [r(@®=1,
uw(t)=1-1, if —1<v(@t)<0, (94)
1, if 0<v(®)<1,
where () is defined by
QW)B +E” [Q(t+6,)B’
v(t):— t [ ( 2) t+82] (95)

Y {Mfl +E7 [Mt2+82]}

By Theorem 8, this u*(-) is indeed an optimal control if it
satisfies the state constraint (4).
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