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We propose an implicit iterative scheme and an explicit iterative scheme for finding a common element of the set of solutions of
system of equilibrium problems and a constrained convex minimization problem by the general iterative methods. In the setting of
real Hilbert spaces, strong convergence theorems are proved. Our results improve and extend the corresponding results reported
by Tian and Liu (2012) and many others. Furthermore, we give numerical example to demonstrate the effectiveness of our iterative

scheme.

1. Introduction

Let H be a real Hilbert space with inner product (,) and
induced norm |- ||. Let C be a nonempty closed convex subset
of H.

Let {F,} be a countable family of bifunctions from C x
C to R, where R is the set of real numbers. Combettes and
Hirstoaga [1] considered the following system of equilibrium
problems which is to find x € C such that

F.(x,y)>0, Vkel, VyeC, 6))

where I'is an arbitrary index set. If T is a singleton, then prob-
lem (1) becomes the following equilibrium problem:

finding x € C such that F(x,y) >0, VyeC. (2)
The solution set of (2) is denoted by EP(F).

Numerous problems in physics, optimization, and eco-
nomics reduce to finding a solution of the equilibrium prob-
lem. Many methods have been proposed to solve the equilib-
rium problem (2); see [2-4] and the references therein. In par-
ticular, some methods have been proposed to solve the system
of equilibrium problems. See [5-7] and the references therein.

On the other hand, we consider the following constrained
minimization problem:

minimize {f (x) : x € C}, (3)

where f : C — R is a real-valued convex function. It is
known that the gradient projection algorithm (GPA) is a pow-
erful tool for solving the constrained minimization problems
and has extensively been studied; see for instance [8-10]. If f
is (Fréchet) differentiable, then the GPA generates a sequence
{x,} using the following recursive formula:

Xn+1 = PC (xn - AVf (xn)) , Vnx=0, (4)
or more generally,
Xny1 = PC (xn - /\nvf (xn)) » Vnz0, (5)

where in both (4) and (5) the initial guess x, is taken from
C arbitrarily, and the parameters, A or A, are positive real
numbers satisfying certain conditions. The convergence of
the algorithms (4) and (5) depends on the behavior of the
gradient Vf. As a matter of fact, it is known that if Vf is
a-strongly monotone and L-Lipschitzian with constants «,
L > 0, then the operator

T := P (I - AVf) (6)



is a contraction; hence, the sequence {x,,} defined by the algo-
rithm (4) converges in norm to the unique minimizer of (3).
However, if the gradient Vf fails to be strongly monotone, the
operator T by (6) would fail to be contractive; consequently,
the sequence {x,} generated by the algorithm (4) may fail
to converge strongly [11]. If Vf is Lipschitzian, then the
algorithms (4) and (5) can still converge in the weak topology
under certain conditions [10, 12].

In 2007, Marino and Xu [3] introduced the general itera-
tive method and proved that the algorithm converged strong-
ly. In 2009, Liu [2] considered two iterative schemes by the
general iterative method for equilibrium problems and strict
pseudocontractions. In 2011, Xu [11] gave an alternative oper-
ator-oriented approach to algorithm (5), namely, an averaged
mapping approach. He gave his averaged mapping approach
to the GPA (5) and the relaxed GPA. Moreover, he construct-
ed a counter example which shows that the algorithm (4)
does not converge in norm in an infinite-dimensional space
and also presented two modifications of GPA which are
shown to have strong convergence. Recently, Ceng et al. [8]
proposed implicit and explicit iterative schemes for finding
the approximate minimizer of a constrained convex mini-
mization problem and proved that the sequences generated
by their schemes converges strongly to a solution of the
constrained convex minimization problem. Very recently,
Tian and Liu [9] proposed implicit and explicit composite
iterative algorithms for finding a common solution of an
equilibrium problem and a constrained convex minimization
problem; strong convergence theorems are obtained in [9].

In this paper, motivated by the above facts, we introduce
two iterative schemes by the composite general iterative
methods. Further we obtain strong convergence theorems for
finding a common element of the set of solutions of a
constrained convex minimization problems and the set of
solutions of the equilibrium problem

F.(x,y)>0, VkeTl, VyeC, (7)
where I' = {1,2,..., M} is a finite index set.

2. Preliminaries

Throughout this paper, we always write — for weak con-
vergence and — for strong convergence. We need some
definitions and tools in a real Hilbert space H which are listed
as below.

A mapping S of C is said to be a nonexpansive mapping
such that

[$x =Syl < x =l (8)

forall x, y € C. The set of fixed points of S is denoted by F(S);
thatis, F(S) = {x € C: Sx = x}.

A mapping T : H — H is said to be an averaged map-
ping if it can be written as the average of an identity I and a
nonexpansive mapping; that is,

T=(01-a)l+as, 9)
where « is a number in (0,1) and S is nonexpansive. More

precisely, we say that T' is a-averaged. It is known that the
projection is (1/2)-averaged.
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Lemmal. Let H be a real Hilbert space. There hold the follow-
ing identities:
@) llx = 17 = Ixl* = IyI* = 2¢x = y, ), Vx, y € H,
(i) lex + (1= Dyl = tlxl®+ A=DlyI* ~t(1-1)lx = yII*,
vVt € [0,1], Vx,y € H.

Lemma 2 (see [10]). Assume that {«,} is a sequence of nonneg-
ative real numbers such that

Oy < (1 - yn) o, + 871’ (10)

where {y,} is a sequence in (0,1) and {3,} is a sequence such
that

(1) ZZZI Vu = OO;

(i) limsup,, _, . ,8,/y, <0 or Y21 18, < co.
Then, lim,, _, (o, = 0.

Recall that given a nonempty closed convex subset C of

a real Hilbert space H, for any x € H, there exists a unique
nearest point in C, denoted by P.x;, such that

[ = Pex|| < <=l (1)

for all y € C. Such a P is called the metric (or the nearest
point) projection of H onto C. As we all know, y = P-x ifand
only if there holds the relation:

(x-y,y-2z)=0, VzeC. (12)

Lemma 3 (see [13]). Let A : H — H be an L-Lipschitzian
and n-strongly monotone operator on a Hilbert space H with
L>0,17>0,0<pu<2n/L*and0 <t < 1. ThenS = (I-tyA) :
H — H is a contraction with contractive coefficient 1 —tt and

T=(1/2)u2y - HLZ).

Definition 4. A nonlinear mapping A whose domain D(A) <
H and range R(A) € H is said to be

(i) monotone if

(Ax—Ay,x-y) >0, Vx,yeD(A); (13)

(ii) B-strongly monotone if there exists 8 > 0 such that

B

(Ax - Ay,x-y) = B|x-y Vx,y € D(4); (14)

(iil) v-inverse strongly monotone (for short, v-ism) if
there exists a constant » > 0 such that

(Ax - Ay, x - y) 2 |Ax - Ay|’, Vx,y e D(A). (15)

Lemma 5. Let V : C — H be an I-Lipschitz mapping with
coefficient | > 0 and A : C — H a strong positive bounded
linear operator with’y > 0. Then for 0 <y < uy/l,

(x =y, (uA=yV)x = (WA -yV) y) )
>(up-y) |x- ', xyeH;

that is, uA — yV is strongly monotone with coefficient yy — yl.
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Proof. Since A : C — H is a strong positive bounded linear
operator with y > 0. We have

Ve -y < (x -y, Ax - Ay)
= (x-y.A(x-y)) < Al |x -y~

Hence A is || A|l-Lipschitz and y-strongly monotone:

17)

(x=y, (uA=yV)x = (A -yV) y)

=p{x -y, Ax - Ay) —y{x-y,Vx-Vy)  (18)
— 2

>(uy -y |x-y|" xyeH. -

Proposition 6. For given operators S,T,V: H — H.

WD) IT = (1 -x)S+ aV for some a € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.
(ii) T is firmly nonexpansive if and only if the complement
I - T is firmly nonexpansive.
i) If T = (1 — «)S + aV for some « € (0,1), S is
firmly nonexpansive, and V is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings is
averaged; that is, if each of the mapping {T,}Y, is
averaged, then so is the composite Ty,...,Ty. In
particular, if T, is o, -averaged and T, is a,-averaged,
where oy, , € (0,1), then the composite T\ T, is «-
averaged, where & = o) + &, — 0 ,.

Proposition 7. Let T : H — H be an operator from H to
itself.

(i) T is nonexpansive if and only if the complement I — T
is (1/2)-ism.
(ii) If T is v-ism, then for y > 0, yT is (v/y)-ism.

(iii) T is averaged if and only if the complement I — T is
y-ism for some v > (1/2). Indeed, for « € (0,1), T
is a-averaged if and only if the complement I — T is
(1/2c)-ism.

For solving the equilibrium problem, let us assume that
the bifunction F satisfies the following conditions.

(Al) F(x,x) =0forall x € C.
(A2) F is monotone; that is, F(x, y) + F(y,x) < 0 for any

x,y €G;

(A3) Foreach x, y,z € C, limsup, _, ,F(tz + (1 - t)x, y) <
F(x, y).

(A4) F(x,-) is convex and lower semicontinuous for each
x €C.

We recall some lemmas which will be needed in the rest
of this paper.

Lemma 8 (see [14]). Let C be a nonempty closed convex subset
of H, let F be bifunction from C x C to R satisfying (A1)-(A4),
and letr > 0 and x € H. Then there exists z € C such that

F(z,y)+l(y—z,z—x)20, Vy e C. (19)
r

Lemma 9 (see [1]). Forr > 0, x € H, define a mapping T, :
H — C as follows:

T,(x)z{zeC | F(z,y)+%(y—z,z—x> >0, VyeC}
(20)

for all x € H. Then, the following statements hold:

(i) T, is single-valued;

(ii) T, is firmly nonexpansive; that is, for any x, y € H,
|T,x - T,y"2 <(T,x-T,y,x—y); (21)

(ifi) F(T,) = EP(F);

(iv) EP(F) is closed and convex.

Lemma 10 (see [4]). Let C,H, F, and T,x be as in Lemma 9.
Then the following holds:

|Tx - Ttx”2 < ST_t (Tyx — Tyx, Tyx — x) (22)

foralls,t >0andx € H.

Lemma 11 (see [13]). Let H be a Hilbert space, C a nonempty
closed convex subset of H, and T : C — C a nonexpansive
mapping with F(T)#0. If {x,} is a sequence in C weakly
converging to x and if {(I — T)x,,} converges strongly to y, then
(I-T)x=y.

3. Main Result

Throughout the rest of this paper, we always assume that V'
is an [-Lipschitzian mapping with coefficient [ > 0, and A is
a strongly positive bounded linear operator with coefficient
7. Then we obtain that A is ||Al|-Lipschitzian and y-strongly
monotone. Let f: C — R be a real-valued convex function
and assume that Vf is v-ism with v > 0, which then implies
that AVf is v/A-ism. So by Proposition 7, its complement
I — AVf is A/(2v)-averaged. Since the projection P is 1/2-
averaged, we obtain from Proposition 6 that the composition
Po(I — AVf) is (2v + A)/(4v)-averaged for 0 < A < 2/L.
Hence we have that, for each n, Po(I-1,Vf) is 2v+A,,)/(4v)-
averaged. Therefore, we can write

2v=A 2v+ A
Po(I-1,Vf) = v4v oy v4 ns.,

(23)
where S, is nonexpansive.

Suppose that the minimization problem (3) is consistent
and let U denote its solution set. Assume that 0 < u <

27/IAIP and 0 < y < w(¥ = (Ul AIP/2)/1 = 7/1.



Denote ®fl = TrF" ---sz Tfl for every k € {1,2,..., M}

kn 2,n 1n
and (92 = I for all n € N. Define a mapping W, = Sn®nM.
Since both §,, and T:Z" k€ {1,2,...

it is easy to get that W, is also nonexpansive. Consider the
following mapping G,, on H defined by

, M} are nonexpansive,

Gx = a,p)VOMx + (I — o,uA)W,x, Vx e H,neN,

(24)
where «,, € (0,1). By Lemmas 3 and 9, we have
"an -Gy “

<y [Vie = Vyl + (1= o, 7) [Wx = Wy |
(25)

<l =yl +(1-a1)|x-y]

:(1_

Since 0 < 1 - «, (7 — yl) < 1, it follows that G, is a contrac-
tion. Therefore, by the Banach contraction principle, G,, has
a unique fixed pointed x| € H such that

%, (7 =D))< =¥

x) = a,yVoM (x:l/) + (I - auA) W,x) . (26)

n

For simplicity, we will write x,, for x, provided no con-
fusion occurs. Next we prove the sequences {x,} converges
strongly to a point x* € Q = U n Ny, EP(F,) which solves
the variational inequality

(W —pA)x",p-x") <0,

Equivalently, x* = Po(I — uA + ypV)x".

Vp e Q. (27)

Theorem 12. Let C be a nonempty closed convex subset of
a real Hilbert space H with C + C < C, and let Fi,k €
{1,2,... M} be bifunctions from C x C to R satisfying (Al)-
(A4). Let f : C — R be a real-value convex function and
Vfv-ism with v > 0. Assume the set O = U n N~ EP(E) #0.
LetV: C — C be an I-Lipschitzian mapping with | > 0 and
A a strongly positive bounded linear operator with coefficient
20,0 < < 27/|AP and 0 < y < pu(y — (WIAIP/2)/1 =
7/l. Let {x,} and {u,} be sequences generated by the following
algorithm:

Fy; mF, F F
=TMT Mt ...T " T1
Uy T™Mn " TM-1n ry, Tn X

(28)
x, = o, yVu, + (I — pa, A) S,u,,

where Po(I-A,Vf) = B,I+(1-,)S,, B, = (2v—7,)/4v), and
A, €(0,2v); if {a,} and {r ,} satisfy the following conditions:
(i) {a,} € (0, 1), lim, _, Lo, = 0;

(i) {r,} < (0,00), liminf, _, 7
M})

. > 0fork e{1,2,..

then, as B, — O(A, — 2v), the sequence {x,} converges
strongly to a point x* € Q, which solves the variational
inequality (27).
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Proof. The proof is divided into several steps.

} is bounded.
First, since lim,, _, .., = 0, we can assume that o, €
o, |AII™). By Lemma 3, we have || — o, Al < 1 — &, 7.
Take any p € €, since for each k € {1,2,..., M}, Tr‘:"’1 is

nonexpansive, p = Tri ‘ prandu, = ©x,; we have

Step 1. It shows first that {x,,

lu, - p| = |©) %, - O)p| < |- p] (29

foralln € N.
Thus, by (28) and Lemma 3, we derive that

%, - 2l
= e, yVu, + (I - par,, A) S,u, — p|
— (I - pat, A) S,p
VP + ,yVp — a, uAp|
= pl + e (W~ uA) p|
< (1=, (r=yD) %, = pll + @, [(yV - pA) p -

= "(I - #“nA) Snun
+a,yVu,, —

<(1-a,7) |, - p|| + .yl |u,

(30)

It follows that ||lx,, — pll < (I(yV — uA)pll/(x — y1)).

Hence, {x,} is bounded and so {u,}. It follows from
the Lipschitz continuity of A, Vf, and V that {Ax,}, {Au,},
{Vf(u,)} and {Vu,} are also bounded. From the nonexpan-
sivity of S,,, it follows that {S,u,} is also bounded.

Step 2. It shows that
nleréo [[4,, = x,.|| = 0. (31)
Next we will show that

hm||@x-®’<1 =0, k=12,...,M.  (32)

Indeed, for p € €, it follows from the firmly nonexpan-

sivity of Tri’; that for each k € {1, 2,..., M}, we have
o, - o
S G Tf;“zp\lz
< (&3x, - p, O} 'x, - p) (33)

=5 (lekx. - PHZ +[o s - ol
_“®flxn - G)ﬁ*lxn'ﬁ).
Thus we get

_ 2
< &5l

- |&hx, - @ﬁ‘lxnﬂz, k=1,2...,M,
(34)

&%, - o
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which implies that for each k € {1,2,..., M},

o5, - |

< H@San - p“z - "@ﬁxnz— @ﬁflxn ? 5)
o CORETRCHRe N IR (IR cle N

< |x, - oI - [©x, - 51, |

Thus, from Lemma 1 and (35), we get
I, = I” = oty Vs, + (I - pex, A) S, — p
= ||(I - pe, A) Sy, = (I - pet, A) S,,p
+ o yVis, — a uAp|°
< (1=, 7)’Ju, - p|’
+ 2, (yVu,, — pAp, x, - p)
< (1-a,7)’u, - p|
+ 20, {yVu,, = yVp +yVp — pAp, x,, - p)
< (1= ) (b - 21 - | )
+ 20, yl|x, = p|* + 20, JyVp - wAp| |x, - pl

< Jew = oI + () - 2l

k k-1
®nxn - ®n Xn

-(1- ocnr)z"(aflxn - G)};lxn'r

+ 20, |[yVp - uAp| |x, - p| -

(36)
It follows that
_ 2
(-l ol )
< (“nT) ”xn - p" + 2(Xn “pr - A"‘Ap" "xn - Pll :
Since «, — 0, (32) holds, then we have
o, = x| < ”un - @y_lxn"
+ | G)nM_lxn - ®nM_2xn (38)
+---+|®;xn—xn — 0.
Step 3. It shows that
Jim %, = S| = 0. (39)
Observe that
“xn - Snxn”
= "xn - Snun + Snun - sn'xn"
(40)

< ||xn - Snun” + ||Snun - Snxn"
s oy “YV”n - .“Asnun" + "un - xn" .

Since &, — Oand |lu, — x, || — 0, itis easy to get (39).

Thus,
"un - Snun”

= ”uﬂ X, X, - Snxn + Sn'xn - Snun" (41)
<2 ”xn - un” * ”xn - Snxn” :

We obtain |lu,, — S,u,| — 0.
Notice that

||PC (I - Anvf) U, = un"
= "ﬁnun + (1 - ;Bn) Snun - un"
= (1 - :Bn) “un - Snun"

< "un - Snun" ’

(42)

where f3, € (0,1/2). Hence we have
|1Pc (T = 20Vf ), = 1|
< |Pe (1 = 29Vf) uy, = Pc (I = A, Vf) u, |
+||Pc (I = A, Vf)u, —u,|
< (T =20Vf) u, = (1= A, 9f) |
+[|Po (1= A, 9f) = |

< (21} - An) "Vf (un)” + ||Snun - un" .

From the boundedness of {Vf(u,)}, 5, — 0and |S,u, —
u,ll — 0, we conclude that

Jim ([P (1= 20VF) u, - u,| = 0. (44)

(43)

Since {u,,} is bounded, there exists a subsequence {u,, }
. * !
which converges weakly to x*.

Step 4.1t shows that x* € Q.
Since C is closed and convex, C is weakly closed. So we
have x* € C. By Lemma 11 and (44), we have x* € U.
Next we will show that x* € N, EP(F,).
Indeed, by Lemma 9, we have that for each k = 1,2,
.M,

F, (@an,y) + ri <y - ®’;xn,®’;xn - @ﬁflxn> >0,
kn

(45)
Vy eC.
From (A2), we get
1 k k k-1 k
; <y_®nxn’ ®n'x‘rl_®n xn> 2 Fk (y’®nxn)’ (46)
n 46
Vy eC.
Hence,
®I:L.xn- - ®I;-_1xn‘
<y@— - (10, ).
k,nj
Vy eC.
(47)



From (32), we obtain that ®]:l,xnj — x"asj — oo for each
7
k=1,2,..., M (especially, u, = ®yxnj). Together with (32),
)
condition (ii), and (A4) we have, foreach k = 1,2, ..., M, that
0>F.(y,x"), VyeC. (48)
Forany,0 <t < landy € Clety, =ty +(1-1t)x".

Since y € C and x* € C, we obtain that y, € C, and hence
F(y,,x™) < 0. So, we have

0=F (¥ ) <tF (ypy) + (1 =t) F (3, x7)

(49)
< tF (v y)-
Dividing by ¢, we get, for each k = 1,2,..., M, that
F.(y»y)20, VyeC. (50)
Lettingt — 0 and from (A3), we get
F.(x",y)=0. (51)

Forall y € Cand x* € EP(F,) for each k = 1,2,..., M; that
is, x* € ﬂ,?il EP(F,). Hence x™ € Q.

Step 5.Itshowsthatx, — x*,wherex” = Po(I-puA+yV)x"
x,—x" = a, (yVu, — pAx")
(52)
+ (I - pa,A) S,u, — (I = po, A) x™.
Hence, we obtain
12
e, = 7|
=a, (yVu, — pAx", x,, — x*)
+{(I - pee,, A) S, u, — (I — pa,A) x*, x, — x*)  (53)
<a, (YVu, — pAx", x, — x*)

+ (1= e,7) |, — x*||2.

It follows that
= [
1
sz (YVu, — pAx", x, - x")
= (Vi = Vi, = ) (V- A x, - 1))
T
1 . . . .
<= (ylllx, = x"|* + (pVa" — pwAx", x, - x*)).
(54)
This implies that
w2 (pVax" — pAx", x, — x*)
“xn X ” < . (55)

T—yl
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In particular,

*

. 2 g <ny* —‘qu*,xnj —x*>.

T—vl

. (56)

nj

Since x,, — x*, it follows from (56) that X, = x"
as j — 0. Next, we show that x* solves the variational
inequality (27).

By the iterative algorithm (28), we have

x, = o, yVu, + (I — pa, A) S,u,. (57)
Therefore we have
o, (A =YV) x,
= o, (A —yV) (I =W,)) x, + &, (WA = yV) S,
+ o, YVt + (I - pet, A) S,u, = x, (58)
= o, (A —yV) (1= W,) x,
+a,y (Vu, - VS,u,) — (I - Sn®nM) X,
that is,

(MA—yV)x, = (HA—yV) (I -W,)x,

1 (59)
+y(Vu, - VS,u,) — — (I -W,) x,,
(xn

Due to the nonexpansivity of W,, we have that I — W, is
monotone; that is, (x — y, (I - W,)x — (I - W,)y) > 0, for all
X,y € H. Hence for any p € Q,

<(/’1A - YV) X Xy — P)

:—(XL (I-W,)x, - (I-W,)p,x, - p)

+ (A= yV) (I = W,) x,0 X, — )

+y{(Vu, - VS, u,, x, - p) (60)
< (A - YV) (1= W,) %%, — p)

+ 9 Vit = V8,10, |, - o
< ((uA=yV) (I-W,) x,,x, - p)

+ |, = St [, = Pl -

Now replacing # in (60) with 7; and letting j — o0, we
obtain

(uA=yV)x",x" = p)
= i A=YV x,,x, —
jg{;((# YV) %y X = )

< m <(14A —V) (xn]. - Snjunj),xnl_ — p> = 0;
(61)

that is, x* € () is a solution of the variational inequality (27).
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Further, by the uniqueness of the solution of the varia-
tional inequality (27), we conclude that x, — x" asn — oo.
We rewrite (27) as

(I-puA+yV)x" —=x",x" - p) >0, VpeQ. (62)

This is equivalent to the fixed point equation

Po(I-pA+yV)x" =x". (63)
O

Theorem 13. Let C be a nonempty closed convex subset of
a real Hilbert space H with C + C C C, and let Fi,k €
{1,2,... M} be bifunctions from C x C to R which satisfies
conditions (Al1)-(A4). Let f: C — R be a real-value convex
function and Vf a v-ism mapping with v > 0. Assume the set
Q=UnnY EP(F) #0. Let V: C — Cis an I-Lipschitzian
mapping with | > 0 and A is a strongly positive bounded
linear operator with coefficienty > 0,0 < p < 2?/||A||2 and
0<y<uly- (/,tIIAIIZ/Z))/l = 1/l. Given x, € H, let {x,} and
{u,} be sequences generated by the following algorithm:

"M-1,n

u, = TFM TFM 1 ’_l"F2 T:;l X,
Ton (64)
Xps1 = “nYV” + (I M(x A)

HH’

where Po(I — A, Vf) = B, 1+ (1 - 3,)S,, B, = (2v—A,)/4v),
and A, € (0,2v); if {,)}, {B,}, and {ry,} satisfy the following
conditions:

@) {a,} € (0,1), lim,,_, o, = 0 and Y2 lot,,q — &
[S0H

<

n |

(ii) {r,,} € (0,00), liminf, , 7¢,, > 0and Y2 |1, —
rnl <00 fork € {1,2,... M};

(i) {B,} < (0,(1/2)), lim, B, = 0 and 3>, 1By —

Bl < o0,
then, the sequence {x,} converges strongly to a point x* € Q,
which solves the variational inequality (27).

Proof. The proof is divided into several steps.

Step 1. It shows first that {x,} is bounded.
Take any p € Q, we have

lun - pll = |©) 5, - O p| < |xu -l (65)

Thus, by (64), we derive that

%1 = 2l
= oy Ve, + (I = por, A) S0, = p
= (I - pex, A) S, = (I - pex, A) S, p
o, YVp + a, YVp — o, uAp|
< (1= a,7) Ju, = pl| + oy fu, = pl| + o5, [ ¥V — uAp|
< (1-a, (z=y0)) %, = pll + s [lyVp - pAp|

Vp — uA
(15 (2= D) b~ - - y) 2L

YVp —uAp
Smax{”xn— || " ) “}

+a,yVu, -

(66)

By induction, we obtain |x,, — pll < max{llx, — pl, (lyVp -
uApll/(z — yI))}, n > 1. Hence, {x,} is bounded and so {u,}.
It follows from the Lipschitz continuity of A, Vf, and V that
{Ax,}, {Au, }{Vf(u,)}, and {Vu,} are also bounded. From the
nonexpansivity of S,,, it follows that {S,u,} is also bounded.

Step 2. It shows that

"xn+1 - xn“ — 0. (67)

By (68), we have
"xn+1 - xn"
= |lec,yVu, + (I - per, A) S,u,,

- (I - .”(xn—lA) Sn—l“n—l"

<o,y “VMH - Vun—l“ + I(x" -

0 YV,
oy [ [ Vit |

thy, = (I = o, A) S,

= (I - pe, A) S,y

= (I - pot, 1 A) Syt |

un—l“ + |‘xn - an—1|

+ (1 - pe, A) S,

+ (1 - per, A) S,
+ (T - pet, A) S,y gty

< oyl u, —
x (lyVetp || + |4AS, 11, )
+ (1= 0,7) (ot = st |+ 1St41 = Samatna [)

o, (1= 1)) |1, = 4,4

| (lyVita| + |4AS, 1,4 ])

+(1-a,7) [S,u,

<(1-
+ e, —

1 Sn—1”n—1" .
(68)

Next we estimate ||S,,u,,_; — S, t,,_1 |l



Observe that

”Snun—l - Sn—lun—l "

_ PC(I_Aan)_ﬁnI

1- ﬁn ot
Po(I =Xy Vf) = Buid
- Uy
1- lgn—l
4P (I-AVf)-(2v-21,)1
= Uy
2v+ A,

41}PC (I - An—lvf) - (27/ - An—l) I
2v+ A, Hna

_[[4Pe (I -1, Vf)
- 29+ A, 1

4P (I - A, Vf)
- u

29+ A, ol
2v-A,_ 2y — /\
29+ A, oy /\

= "(47/ (ZV + An—l) PC (I - Anvf) Upy
—4v (27} + /\n) PC (I - Anflvf) unfl)
x((2v+A,) (2v+ An—l))71"

ey W
2v+21,)(2v+A,.) Hna

< "(41} (/\nfl - An) PC (I - Aan) U, | +4v (27/ + /\n)
x (PC (I - Aan) Uy — PC (I - /\nflvf) unfl))

x((2v+A,) (2v+ /\n—l))71 “

S
(2v+/\)(2v+)tn_1) o

< 4y IAn—l - An| “PC (I - Anvf) un—l”
- 2v+A,)(2v+A, ;)

+ 4y "PC (I B Anvf) Up1— PC (I - An—lvf) un—l"
29+,

el
T r) @i, ) M

< = Ao (5 WP (1= 2,50

#2[9F (o) + = i)
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=418, = fos| (5 1P (1= 4,5t

1
#2197 )]+ 5 )
< Ml |ﬁn - ﬁn—ll ’
(69)

where M, = sup, {4l|lP-(I — A, Vf)u,_;Il + 8IVf(u,_ )l +
Aluay, 4 11}
Substitute (69) into (68), we get

s =
< (1= 0, (7= ) = 40
+ oy = ey | ([yVitos | + [ AS, 111 )
+ My By = B
< (1= 0, (T = D) [y = 14, | (70)
+ (Jotw = @t | + 1By = Bacal)
X ([yVaa]| + |wAS,yu s | + M)
< (1= 0, (7= yD) [l = 14, |
+ M, (|ot, = ety | + By = Bucal)»
for some appropriate positive constant M, such that
M, = sup IV || + |AS, _yta | + My} (71)
Observe that
et =
|
< "@gilxnﬂ - @xlxn"

M M
+ ||®n+1xn - ®n xn"

M
®n+1xn+1 -

< ||xn+1 - xn"

M
+ ||®n+l'xn -

< ||xn+1 - xn"

+ Triy 1®nM+11 Xn — TFM ®n+l n
® ") x —TFMTYIZ"I1 ®n+1 X,
< "xn+1 X " + :34”+1®nM+11 Xn = TFM ®n+1 n
+ ®nM+_11xn - TFM ! ®n+1 X,
tooet TrI:Z +1Trlin+1x" - T’i?nTTIEon"

+

F1 Fl
T' x T,mxn

Tine1” 1

(72)
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By Lemma 10, we get

”unﬂ - un”

< "xn+1 - xn”

r — Tatl
| Man+l ~ "Mal || oFyy  QM-1 M-1
+ TrM,,,+1®n+1 Xn — ®n+1 Xn

rM,rH—l
|rM—1,n+1 - rM—l,n| Foiy M-2 M-2 73
+ Tr;;[,:n@rlﬂ Xn — ®n+1 Xn ( )
TM-1,n+1
|r2,n+1 - r2,n| E, F F,
Tt % Tont1” Tiner 1 - 71,n+1x”
2,n+1
|r1,n+1 - "1,n| F,
+ . Tlfmxn =X, -
1,n+1
Combing (70) and (73), we have
"xn+1 - xn"
< (1 - & (T - Yl)) "xn - xn—l"
|”M,n - rM,n—lI For yM-1 M-1
L — TrAI,\I/In®n Xp-1— ®n Xp-1 ‘
"Mn .
|rM—1,n - ”M—l,n—ll
+ _—
rM—l,n
F M-2 M-2 (74)
X TTI\I/;/I__:,H@n n—-1 " ®n Xn-1 |

|”2,n - T2,n—1|
+ e + —_—

F2 Fl Fl
T>T x_l—T,mxn_1

Ton ™ Tin” 1
N7

+ M2 (|“n - ‘xnfll + |ﬁn - ﬁn71|)'

By Lemma 2, It follows from conditions (i)-(iii) that (67)
holds. Further from (73), we have

r2,n

|”1,n - rl,n—ll
+ S S —
r

Fy
Trl,n Xp-1 = Xp-1

“un+1 - ”n“ — 0. (75)
Step 3. It shows that
|, = Spx,|| — 0. (76)

For any p € (), as the same proof of Theorem 12, we have

R TR P

n

Then from (64) and (77), we derive that
"xn+1 - p||2
= ||%Yvun + (I - [’“an) Snun - P“z

= "(I - tu‘an) Snun_(l - ."lanA) Snp + (Xn)/Vun—(Xn[/lAPHZ

9
< (1- 1) fu, — ol
+2(1 - o7) e, lu, — pl| |yVus, — uAp|
+ a2 lyVu, - uApl’
o P i R
+2(1 - a,7) o Ju, = pll [yVis, - uAp|
+ o lyVu, - uAp]’.
(78)
From a,, — 0and (67), we have
6kx, - &1x,|F — 0. (79)
Further we have
%, = ]l — 0. (80)
Next,
s = S,
= [l = X + Xor = Suthy + Sythy = S|
< [l = X |+ [t = Suttall + [Suttn = Sl
< [l = x| + 0t Vi, = uAS, 10, + s, - xnll(-SD

It follows from (67) and (80) that (76) holds. Further we have
llu, - S,u,ll — 0.

Step 4.1t shows that
limsup {(yV — pA) x*,x, - x*) <0, (82)

where x* = P,(I — pA + yV)x" is a unique solution of the
variational inequality (27). Indeed, take a subsequence {xnj}

of {x,,} such that
limsup {(yV — pA) x*, x, — x*)
n— 00
(83)
= ]lin;o<(yV—yA)x »Xp, = X >

Since {an} isbounded, there exists a subsequence {xnj }of

'k
{xnj} which converges weakly to g. Without loss of generality,
we canassume x,, — 4. By the same argument as in the proof

of Theorem 12, we have g € Q. Since x* = P,(I-uA+yV)x",
it follows that

limsup ((yV — pA) x*, x,, — x*)
n— 00
= lim <(yV—yA) x*,x, —x*> (84)
j— 00 J

={((yV -uA)x*,q-x") <0.
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Step 5. It shows that
L X . (85)
Consider
(V= pA) 27,00 = X7)
= ((YV = pA) x7, x001 = X,)
+{(yV - pA) X7, x, - x7) (86)
ne1 ~ X

+{(yV —pA)x", x, - x").

It follows from (67) and (82) that

limsup((yV — pA) x*, x,,,; —x") <0,

s = %"
Vit + (1 i, 2) S,
= (I - per, A) S, = (I - ey, A) x
+at, (YW, - pAx" )|
< (1 - pot, A) S8, — (I - piex, A) "
+ 20, (YW, — uAX", x,,, — x°) (87)
< (1= 1) fu, - [
+ 20, (yVu, — yVx", x,,; — x*)
+ 20, (Y - pA) x7, X0y = X7)
< (1= o)’ %, - [
oyl ([, = x| + s = x7[7)

+ 20, (YV —pA) X7, Xy = 7) -

This implies that
s ="
(1-a,7) +a,yl 2
= ﬁ"xn -
nY
2a, .
yl (W = pA) x", X = X7)
2a, (T —yl)
. (1 I - 5T
Y
2a, o (@)’
A bl
n)/l <(yV 1% )x > X1 — X >+ 1_“,,’/1 3

(88)

where M; = sup,,||lx, — x* I°, 7 > 1. It is easily to see that Vo =
(e, (t—yD)/(1 - a,yD)). Hence by Lemma 2, the sequence
{x,} converges strongly to x*. O

Remark 14. If M = 1, u = 1, then Theorem 13 reduces to
Theorem 3.2 of Tian and Liu [9].

Journal of Applied Mathematics

TaBre L: x'Y = (0,0)" (initial guess).
n (iterative number) x™ errors (n) f @
2262 (1.9986, 1.9979) 25%x107°  -1.9986
22627 (1.9999, 1.9998) 2.479%x107* -1.9999
226274 (2.0000, 2.0000) 2478 x 107° —2.0000

4. Numerical Result

In this section, we consider the following simple example to
demonstrate the effectiveness, realization and convergence of
the algorithm in Theorem 13.

Let R? be the two dimensional Euclidean space with usual

1nner product (x",x®) = xgl)x(lz) + xgl)xgz), (val) =
(x1 (1)) , x@ = (xgz),xz))T € R?) and induced norm

lxl = \lxl +x2 (Vx = (x,%,)" € R?). Next, we consider

the following simple example.

Example 15. Consider the following constrained convex min-
imization problem:

. 2, 15 2

minimize f (x) = x| + 2%~ XX - 2x;, x€RS,

s.t. x, 20,
(89)

In Theorem 13, let H = R?, C = [0, c0) X [0, c0), and F. =0,
forallx,y € C, k € {1,2,...,M}. Give A = I, Vx = 2x, for
all x € H, with Lipschitz coefficient [ = 2

Compute the gradient of f, we have Vf(x) = (2x;, —
2,%x, — x;)" is (1/3)-ism and Vf*(x) = (4 7') is pos1t1ve1y

definite; thus f is convex. Give the parameters a, = (1/n),
B, = (1/4n) for everyn > 1, fix y = 1,and y = (1/10). Then
{x™} is the sequence generated by
1 -1
KD = 00 BT D 0, (90)
5n n
where
P-(I - (n) _ (n)
x(n) _ C( Anvf) X :an . (91)

S‘Vl - 1- ﬁn
(2> 2)T) f(x*) ==

Asn — 00, we have {x™} — x* =

Take the initial guess x =(0,0)", we obtain the numer-
ical results as shown in Table 1.
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