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We introduce an iterative process which converges strongly to solutions of a certain variational inequity problem for #-inverse
strongly accretive mappings in the set of common fixed points of finite family of strictly pseudocontractive mappings in Banach
spaces. Our theorems improve and unify most of the results that have been proved for this important class of nonlinear operators.

1. Introduction

Let E be a real normed linear space with dual E*. For 1 < g <
00, we denote by J, the generalized duality mapping from E

to 2F" defined by
Jo) = {x" € E": (o x™) = Ixl%, "] = 117}

where (-, -) denotes the duality pairing. In particular, J = J, is
called the normalized duality map. It is well known (see e.g.,
(1]) that ], is single valued if E is smooth and that

J, (0 = K172 (x), x#0. (2)

In the sequel, we will denote the single-valued generalized
map by ji,.

A mapping A with domain D(A) < E and range R(A)
in E is called a-strongly accretive if there exist & € (0, 1) and
jq(x -y)€ ]q(x — y) such that

<Ax - Ay, jav— u)> > aflx - y||%. (3)

A is called y-inverse strongly accretive if there exist 17 € (0,1)
and j,(x — y) € J,(x = y) such that

(Ax - Ay, j, (x - y)) 2 | Ax - Ay|",

for every x, y € D (A).

(4)

Let C be a nonempty, closed, and convex subset of E and,
let A : C — E be a nonlinear mapping. The variational
inequality problem is to

find u € C such that (Au, j(v-u)) >0, VYveC, (5)

for some j(v—u) € J(v—u). The set of solutions of variational
inequality problem is denoted by VI(C, A). If E := H, a real
Hilbert space, the variational inequality problem reduces to

find u € C such that (Au,v—-u) >0, VveC, (6)

which was introduced and studied by Stampacchia [2].
Variational inequality theory has emerged as an impor-
tant tool in studying a wide class of related problems arising in
mathematical, physical, regional, engineering, and nonlinear
optimization sciences (see, for instance, [3-12]).
In 1976, Korpelevi¢ [4] introduced the following well-
known extragradient method:

Y= FPc (xn - yAxn) 4
7)
Xnt1 =PC(xn_yAyn)> nz0,
where P is the metric projection from R" onto its subset C,
for somey > 0,and A : C — R” is an accretive operator. He
proved that the sequence {x,} converges to a solution of the
variational inequality (6).



Furthermore, Noor [6] proved that the iterative scheme,
given by

Yn = PC (xn - VAxn) >
(8)
Xue1 = Po (Y = VAY,), n20,
where A : C ¢ R" — R"is an accretive operator, converges
to a solution of the variational inequality (6).

We note that the above algorithms give strong conver-
gence to a solution of the variational inequality (6). However,
both algorithms fail, in general, to converge strongly in the
setting of infinite-dimensional Hilbert spaces.

In 2006, Aoyama et al. [13] introduced and studied
the following iterative algorithm in a uniformly convex
and 2-uniformly smooth Banach spaces possessing weakly
sequentially continuous duality mapping:

Xpy1 = 0 Xy + (1 - “n) QC [‘xn - AnAxn] , n=0, (9)
where Q. is a sunny nonexpansive retraction from E onto a
closed and convex C, A : C — E is an y-inverse strongly
accretive mapping and {«, } and {A,,} subsets of real numbers,
satisfy certain conditions. They proved that the sequence in
(9) converges weakly to a point z € V(C, A).

Recently, Yao et al. [8] introduced and considered the
following iterative method for #-strongly accretive mappings
in a uniformly convex and 2-uniformly smooth Banach space
possessing weakly sequentially continuous duality mapping:

Yn = QC (xn - AnAxn) >

Xpp1 = QU + ﬂnxn + YnQC (yn - /\nAyn) >

(10)
n>0,

where Q. is a sunny nonexpansive retraction from E onto C.
They proved that the sequence {x,,} defined by (10) converges
strongly to Qyyc )¢ provided that real sequences {a,}, {8},
{y,}, and {A,} satisfy certain conditions.

Let C be a nonempty subset of a real Banach space E. A
mapping T : C — E is called A-strictly pseudocontractive of
Browder-Petryshyn type [14] if for all x, y € D(T') there exist
A > 0and jq(x -y) € ]q(x — y) such that

(Tx =Ty, jy (x= ) < = " = Alx =y = (Tx - Ty)|".
n

T is called Lipschitz if there exists L > 0 such that
ITx -Ty| <L|x-y| Vx,yeD(T). (12)

If L < 1in (12), then T is called contraction, while T is said to
be nonexpansive if L = 1.

If E = H, a real Hilbert space, then (11) is equivalent to
the inequality

[T =1yl < e = I

+hx—y - (Tx-Ty)|’, k=(1-21),
(13)
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and we can assume also that k > 0, so that k € [0, 1). A point
x € Cisa fixed point of T if Tx = x, and we denote by F(T')
the set of fixed points of T that is, F(T) = {x € C: Tx = x}.
In 2001, Yamada [7] introduced a hybrid steepest descent
method which relates solutions of variational inequality
problems with fixed point of mappings in Hilbert spaces. He
proved that if T is nonexpansive self-map on C and A is an #-
strongly accretive mapping from C into E satisfying certain
conditions, then the sequence defined by
Xy = Tx, —pr,A(Tx,), n=0, (14)
converges strongly to the unique solution of the variational
inequality

Find x* € F(T) such that (Ax",x-x") >0,
(15)
Vx € F(T).

The above results naturally bring us to the following question.

Question. Could we produce an iterative scheme which
approximates a solution of variational inequality (5) for #-
inverse strongly accretive mappings in Banach spaces?

In this paper, motivated by Yao et al. [8] and Yamada
[7], it is our purpose to introduce an iterative scheme which
converges strongly to a solution of the variational inequality
(5) for n-inverse strongly accretive mapping in the set of com-
mon fixed points of finite family of strictly pseudocontractive
mappings in a uniformly convex and g-uniformly smooth
Banach space E possessing weakly sequentially continuous
duality mapping. Our results complement or improve the
results of Yao et al. [8], Aoyama et al. [13], and some authors.

2. Preliminaries

Let E be a real Banach space. The modulus of smoothness of
E is the function pg : [0,00) — [0, 00) defined by pg(7) :=
sup{(1/2)(1x + yl + lx — y) =1+ Il = 1, Iyl = 7). 1f
pe(t) > 0 forall T > 0, then E is said to be smooth. If there
exists a constant ¢ > 0 and a real number 1 < g < co, such
that pg(7) < ¢7, then E is said to be g-uniformly smooth.

If E is a real g-uniformly smooth Banach space, then by
[15], the following geometric inequality holds:

e+ " < Il +qy g () + I a6)

for all x, y € E and some real constant ¢, > 0.
It is well known (see e.g., [16]) that

p-uniformly smooth if 1< p<2,

Lp(lp) orani is{ ifp22.

2-uniformly smooth
17)

The Banach space E is said to be uniformly convex if, given
e > 0, there exists & > 0, such that, for all x,y € E with
lxl <L llyl < land|x - yll = & I(1/2)(x + y)[ < 1-8.Ttis
well known that Ly €y, and Sobolev spaces Wyﬁ, (1 <p<o0)
are uniformly convex.

Let C < E be closed convex and Q a mapping of E onto C.
Then, Q is said to be sunny if Q(Q(x) + t(x — Q(x))) = Q(x)
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forall x € Eandt > 0. A mapping Q of E into C is said
to be a retraction if Q2 = Q. If a mapping Q is a retraction,
then Q(z) = (z) for every z € R(Q), range of Q. A subset
C of E is said to be a sunny nonexpansive retract of E if
there exists a sunny nonexpansive retraction of E onto C, and
it is said to be a nonexpansive retract of E if there exists a
nonexpansive retraction of E onto C. If E = H, the metric
projection Ps is a sunny nonexpansive retraction from H to
any closed convex subset of H. Moreover, if C is a nonempty
closed convex subset of a uniformly convex and uniformly
smooth real Banach space E and T is a nonexpansive mapping
of C into itself with F(T) #0, then the set F(T) is a sunny
nonexpansive retract of C.

In what follows, we will make use of the following
lemmas.

Lemma 1 (see, e.g., [17]). Let E be a smooth Banach space,
and let K be a nonempty subset of E. Let Q : E — K bea
retraction, and let ] be the normalized duality map on E. Then,
the following are equivalent:

(i) Q is sunny nonexpansive,

(ii) (x - Q(x), J(y —Q(x))) < 0forallx € Eand y € K.

Lemma 2 (see [18]). Let {a,} be a sequence of nonnegative real
numbers satisfying the following relation:
+1 < (1 - “n) a, + (xnén’

a

a n = ny, (18)

where{a,} C (0,1) and {5,} C R satisfyingthe following condi-
tions: lim,,_, oo, = 0, Y02 o, = 00, and limsup,,_, .8, < 0.
Then, lim,,_, ,,a, = 0.

Lemma 3 (see [13]). Let C be a nonempty closed convex subset
of a smooth Banach space E. Let Q¢ be a sunny nonexpansive
retraction from E onto C, and let A be an accretive operator of
C into E. Then, for all A > 0,

VI(C,A) = F(Qc(I-AA)), (19)
where VI(C, A) = {x* € C: (Ax",J(x — x*)) 20, Vx € C}.

Lemma 4 (see [17]). Let C be a nonempty bounded closed
convex subset of a uniformly convex Banach space E, and let T
be nonexpansive mapping of C into itself. If {x,} is a sequence
of C such that x, — x weakly and x,, — Tx,, — 0 strongly,
then x is a fixed point of T.

Lemma 5 (see [19]). Let E be a real Banach space. Then, for
any given x, y € E, the following inequality holds:

I+ y* < IxlP+2 (i (x +¥)), Vi(x+y)eT(x+y) )
(20

Lemma 6 (see [20]). Let K be a nonempty closed convex subset
of a strictly convex Banach space E. Let T; : K — E, i =
1,2,...,1, be a family of nonexpansive mappings such that
N, F(T;) #0. Let ay, y, 05, ... ., &, be real numbers in (0, 1)
such that Y_jo; = 1, and let T := ol + 0T, + -+ + o, T,.
Then, T is nonexpansive, and F(T) = ﬂir:l E(T)).

Lemma 7 (see [21]). Let C be a nonempty, closed and convex
subset of a real uniformly convex and smooth Banach space E.
LetT;:C — E,i=1,...,N, be A;-strictly pseudocontractive
mappings such that ﬂf\_jl F(T;))#0. Let T = 0,T, + 6,T, +
<+ OTy with 0, + 0, +--- + 0y = 1. Then T is A-strictly
pseudocontractive with A := min{A; : i = 1,...,N} and
F(T) = (), F(Ty).

Lemma 8 (see [22]). Let C be a nonempty closed and convex
subset of a real g-uniformly smooth Banach space E for 1 < q <
00. Let T : C — E be a A-strictly pseudocontractive mapping.
Then, for 0 < p < py = min{l,(qk/cq)l/(qfl)}, where L is the
Lipchitz constant of T and c_ is a constant in (16), the mapping
T,x:= (1 — w)x + uTx is nonexpansive, and F(TM) = F(T).

Lemma 9. Let C be a nonempty closed and convex subset of a
a real q-uniformly smooth Banach space E for 1 < q < co. Let
A : C — E be an n-inverse strongly accretive mapping. Then,

for0 <y < (qn/cq)l/(q’l), the mapping A x := (x — YAX) is
nonexpansive.

Proof. Now, using inequality (16), we get that
"Ayx - Ayy"q
=[(x-y) -y (Ax - ay)|"
< fx = yI" - qy (Ax - Ay, jy (x - »))
+ e Ax - Ayl (21)
< = yI* - aynllax - Ay[ +yic | Ax - Ay|°
<=y -y (an-v""e,) |Ax - ay|",

< -"
The proof is complete. O

Lemma 10 (see [10]). Let E be a uniformly convex Banach
space, and let Br(0) be a closed ball of E. Then, there exists
a continuous strictly increasing convex function g : [0,00) —
[0, c0) with g(0) = 0 such that

locoxg + oy + @y + -+ + akxk||2

k , (22)
< Z(xi”xi" — a0, ([l = x.])

i=0
for x; € BR(0) :={x € E: |x|| <R}, i=0,12,...,k with
Zf‘czo o = 1.

Lemmall (see [5]). Let{a,} be sequences of real numbers such
that there exists a subsequence {n;} of {n} such that a, < a, .,
for all i € N. Then, there exists a nondecreasing lsequelnce
{m} ¢ N such that m, — o0, and the following properties
are satisfied by all (sufficiently large) numbers k € N:

a, <a

my = Y+l G <a

m+1*

(23)

In fact, m = max{j < k :a; <aj;,}.



3. Main Results

Let C be a nonempty closed convex subset of a real uniformly
convex and g-uniformly smooth Banach space E (1 < g <
). LetT; : C — C,fori = 1,...,N, be a A;-strictly
pseudocontractive mappings, and let A : C — E be an -
inverse strongly accretive mapping. Then, in what follows, we
will study the variational inequality

Find x* € N F(T;) such that (Ax",] (x-x")) 20,

Vx e NN, F(Ty),
(24)
and the following iteration process:
x, € C,
z, = ¢,x, + (1 —¢,) Sx,,

Xu = Qe [(1 - an) (ﬁnxn + (1 - ﬁn) Qc [I - YA] zn)] >
(25)

where § = [(1 — W) + uT], for T := 0,1, + 0,T, + --- +
0,Ty,suchthat 0, + 0, + -+ 0y = 1,0 < py < Y =
min{l,(q)t/cq)l/(‘l’l)}, for A ;= min{A; : i = 1,2,..., N}, and
0<yc< (qn/cq)l/(qfl), and ¢, is the real number in (16). In
addition, we assume {e,,} € (0,¢) ¢ (0,1) and {f,},{c,} €
[a,b] ¢ (0,1) as real sequences satisfying the following
control conditions: (i) lim,_, &, = 0, (ii) Yo, = o0,
limn—»oo(u;n - ﬁn—ll/(xn—l) =0, hmn—»oo(l(xn - an—1|/(xn—1) =
0, and lim,, _, .. (lc, — ¢,-11/e,,—;) = 0.

We now prove our main theorem.

Theorem 12. Let C be a nonempty closed convex subset of a
real uniformly convex and q-uniformly smooth Banach space E
possessing weakly sequentially continuous duality mapping. Let
T,:C — C, fori=1,...,N, be A;-strictly pseudocontractive
mappings, and let A : C — E be n-inverse strongly accretive
mapping. Let {x,} be a sequence defined by (25). Assume that
F = F N VI, A)#0, where F = nY F(T;) = F(S).
Then, {x,} converges strongly to Q4 (0), where Qg is a sunny
nonexpansive retraction of E onto &, which is a solution of the
variational inequality (24).

Proof. By Lemmas 7 and 8 we have that S is nonexpansive. In
addition, by Lemma 9 we get that Q- [I—yA] is nonexpansive.
Let p € # and, let y, := B,x, + (1 — 5,)Qc[I — yAlz,. Then
from (25), Lemmas 8 and 9 we have that

lzw = pll < G llx = P+ (1= 6,) [Sx, - £l
< Bullxw = ol + (1= Bo) [x. - 2l (26)
<, - pl»
Iy = 2l < B % - 2l
+(1=B) QeI -vAlz, - Qc [p - vAp]|
< Bullxw = Pl + (1= Bo) 20 = P
< Bullxn = pll + (1= B.) |, - 2l

< %, - 2l o
27
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Thus, from (25) and (27), we get that
%t = Pl = Qe [(1 = ) 3] - Qe
<(-a)ly-pl+ealel @8
< (1-a,) [, = pll + o [l -
Therefore, by induction,

[ner = pll < max{llxo = o | 2]

which implies that {x,} and hence {y,}, {z,}, and {Ax,} are
bounded. Furthermore, from (25), we obtain that

||Zn+1 - Zn"

}, vn=0, (29)

=[G Xner + (1= Gur) SXpa
= (6%, + (1-6,) Sx,)|
= [[(Gu1%ns1 = 6u%) + (1= 601) Sx,01 = (1= 6,) S, |
< Jer = Gal [l + 60 201 = %
* s = Gl S| + (1= 6) [%n1 = %

< “xn+1 - xn" + |Cn+1 - Cn| [“xn+1“ + strﬁl"] >
(30)

1Yt = 7l
= 1B Xner + (1 = Brt) Qc [Zne1 = VAZ11]
= (Buxu + (1= B) Qc [z, — vAz,))|
= (Bt Xner = Buxa) + (1= Brsr)
X Qc (201 = YAZ,1] = (1= B) Qc [2, — vAz,]|
< 1Buer = Bal I%nea | + B llxis = .l
+1Buer = Bl 1Qc [2041 = YAZ I + (1= B,)
* 21 = 2l
< B [%ner = x4
+[Buer = Bal s + 1Qc [2n1 = vAZu 1]
+ (1= Ba) 201 = 2l
< Bul%ner = x4
1Basr = Bl [[%ner | + Qe [261 = ¥AZpi ][]
+ (1= Ba) %1 = x|
+16u1 = Gl (s + 1% ]
< [r = %l + [Buss = Bal
([l +1Qc [zt = YAZui] ]

+ |Cn+1 - Cnl ["xn+1" + "an+1”] .
(31)
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And, hence, from (25) and (31), we have that

||xn+1 _xn”
= [Qc [(1 - a,) yu] = Qe [(1 = o y) ]
< "(1 - (xn) Yn — (1 - (Xn—l)yn—ll’
= "(1 - ‘xn) Yn— (1 - anfl)yn
(32)
+ (1 - (xn—l)yn - (1 - (xn—l)yn—ln
< |“n - Ocn—ll Ilyn" + (1 - Ocn—l) "yn—l - yn"

= (1 - ‘anl) ”xn - xrﬁl" + |(xn - ‘Xn71| M

+ |Bn - ﬂn—llM + |Cn _Cn—llM’

for some M > 0. Thus, using the properties of {«,}, {,}, {c,},
(32), and Lemma 2, we obtain that ||x,,,; — x,| — 0,asn —
00, which implies from (31) that || y,.., -y, — 0,asn — oo.
Again from (25), we have that [|x,,,; — y,Il = [Qc[(1-«,)y,] -
Qcyull = @, lly, | — 0,asn — oo. Consequently,

%, = | — 0, asn— co. (33)

Now, we prove that {x,} converges strongly to the point
x* = Qg(0). Lett, = QclI — yAlz,, and letd,, = (1 — «,) y,,.
Then, since «,, — 0, we have that

||dn - yn" =a, ||yn|| — 0, asn— oo. (34)

Furthermore, from (25), Lemma 5, and Lemma 10, we get that

Jnr =
= Qe [(1 - ) 3] - Qex”|?
< Jlo, (=x7) + (1 = a,) (3, = )|
< (=) lyn - 2" = 20, (%", j(d, = x"))
< (1=a,) [Bullxn = x|+ (1= B) e - %7
B, (1= B) g (Jtu = )]
=20, (x", j(d, - x7))
< (=) Bullxy = x" I+ (1= e,) (1= B,) 12 = %"
=B (1= B) (1 =) g ([t = x,)

= 2a, (x", j (d, = x7))

5
<(1=a) Bullxy = x" I + (1= e,) (1= B,)
x[eullx, = pI” + (1= 6,) [, - pI’
~ 6, (1-¢,) g (5%, = x,])]
=B (1= B,) (1 =a,) g ([t - x,]))
=20, (x", j (d, - x7))
<(1=a,) Bullxs = %"+ (1 - e,) (1= B,)
x[lxu =PI+ (1= 6) 5, - oI
6 (1-6)g (155, - 5,])]
BB -a) g (-5
=20, (x7,j(d, - x7))
(35)
which implies that
s = %I
<(1-a) |, —x" " -6, (1-6) (1 -a,) (1 - B,)
x g ([Sx, - x,[)
=B (1= B,) (1= a,) g (It — x,])
=2, (x", j(d, - x7))
(36)

< (=) o 5P~ 20, " (dy ~ 7). (37)

Now, following the method of proof of Lemma 3.2 of
Maingé [5], we consider two cases.

Case 1. Suppose that there exists 1, € N such that {||x,, — x|}
is decreasing for all n > n,. Then, we get that {|x, — x|}
is convergent. Thus, from (36) and the fact that @, — 0, as
n — 00, we have that

9(||an—xn||) — 0, g("tn_xn") —0,

(38)
as n — 09,
which implies that
[$x, = x,|| — 0,
It - %)l = Qe [1 - yA] x, - %, — 0, as n— co.
(39)

In addition, since {d,} is bounded subset of a reflex-
ive space E, we can choose a subsequence {d,} of {d,}
such that d, — z and lim sup, oo {x", jld, — x*)) =
limi_,oo(x*,j(dni — x%)). This implies from (34) and (33)
that X, — Z. Then, from (39) and Lemma 4, we have that
z € F(S) = ﬂfilF(Ti). Moreover, from (39) and Lemma 4,
we have that z € F(Qg[I — pA]), and by Lemma 3, we get



z € VI(C, A), and hence z € #. Therefore, using the fact that
E has a weakly sequentially continuous duality mapping and
Lemma 1, we immediately obtain that

limsup (x*, j(d, - x"))

= lim <x*,j(dni - x*)> (40)

11— 00

(x*,j(z-x")) = 0.
Then, it follows from (37), (40), and Lemma 2 that |x, —
x*| = 0,asn — co. Consequently, x, — x* = Q0.

Case 2. Suppose that there exists a subsequence {n;} of {n}
such that

[, = "] < Jenr = (40

foralli € N. Then, by Lemma 11, there exists a nondecreasing
sequence {m;} ¢ N such thatm;, — o0, and

[, = 7] < e = 7]

(42)
b = B -
for all k € N. Now, from (36) and the fact that «, — 0, we
get that x,,, —Sx,, — Oand [Qc[I - yAlx,, —x, | — 0,
as k — o00. Thus, like in Case 1, we obtain that

li;n sup <x*,j(dmk - x*)> > 0. (43)

Moreover, from (37), we have that

2

*

“‘xmk-f-l -X

*

2 (5,1 (d, ')

< (1 —ocmk) "xmk -x

(44)
which implies from (42) and (44) that
)
amk '|xmk X
LT
-2a,, <x*,](dm —x*)>
< -2a, <x*,j(dmk x )>
Now, since «,,, > 0, we obtain that
oo 5T <200 ). 0

and using (43), we get that [|x,, - x*| — 0. This together
with (44) implies that |lx,,, ,; — x*| — 0,ask — oo.But
llx, — x*|| < 1%6m,41 — x*|, for all k € N; thus, we obtain that
x; — x". Therefore, from both cases, we can conclude that
{x,} converges strongly to x* = Pg(0), which is a solution of
the variational inequality (24), and the proof is complete. [

Abstract and Applied Analysis

If in Theorem 12, we consider that N = 1, we get the
following corollary.

Corollary 13. Let C be a nonempty closed convex subset of a
real uniformly convex and q-uniformly smooth Banach space
E possessing weakly sequentially continuous duality mapping.
Let T : C — C be a A-strictly pseudocontractive mapping,
and let A : C — E be an n-inverse strongly accretive
mapping. Let {x,} be a sequence defined by (25), where S :=
[(1 — wI + uT]. Assume that F := F(T) n VI(C, A) 0.
Then, {x,} converges strongly to Qg(0) which is a solution of
the variational inequality

Find x* € F(T) suchthat (Ax",] (x-x")) > 0,
(47)
Vx € F(T).

If in Theorem 12, we assume that T}, fori = 1,2,..., N,
are nonexpansive, we get the following corollary.

Corollary 14. Let C be a nonempty closed convex subset of a
real uniformly convex and q-uniformly smooth Banach space E
possessing weakly sequentially continuous duality mapping. Let
T,:C — C, fori = 1,2,...,N, be nonexpansive mappings,
andlet A: C — E be an n-inverse strongly accretive mapping.
For x, € C, let the sequence {x,} be generated iteratively by

z, = c,x, + (1 —¢,) Tx,,

Xnt1 = QC [(1 - “n) (ﬁn‘xn + (1 - ﬁn) QC [I - YA] Zn)] >
(48)

where T := 0,1 + 0T, + --- + Oy Ty for {0}, {a,}, {B.)
y are as in (24). Assume that ¥ = F N VI(C, A) # 0, where
F:= ﬂfilF(T,-) = F(T). Then, {x,,} converges strongly to Qg (0),
which is a solution of the variational inequality problem (24).

Proof. Lemma 6 and the method of proof of Theorem 12
provide the required assertion. O

If in Corollary 14, we consider that N = 1, we get the
following corollary.

Corollary 15. Let C be a nonempty closed convex subset of a
real uniformly convex and q-uniformly smooth Banach space E
possessing weakly sequentially continuous duality mapping. Let
T :C — C be a nonexpansive mapping, andlet A: C — E
be an n-inverse strongly accretive mapping. For x, € C, let the
sequence {x,} be generated iteratively by

z, = c,x, + (1 —¢,) Tx,,

Xnt1 = QC [(1 - “n) (ﬁnxn + (1 - ﬁn) QC [I - YA] Zn)] :
(49)

Assume that F := F(T) N VI(C, A) # 0. Then, {x,} converges
strongly to Qg(0), which is a solution of the variational
inequality problem

Find x* € F(T) such that (Ax",] (x-x")) > 0,
(50)
Vx € F(T).
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If in Corollary 14, we assume that T =T, =T, = --- =
Ty = I, we obtain the following corollary.

Corollary 16. Let C be a nonempty closed convex subset of a
real uniformly convex and q-uniformly smooth Banach space
E possessing weakly sequentially continuous duality mapping.
Let A : C — E be an n-inverse strongly accretive mapping.
For x, € C, let the sequence {x,,} be generated iteratively by

Xn+1 = QC [(1 - “n) (ﬁnxn + (1 - ﬁn) QC [I - YA] Xn)] :
(51)

Assume that VI(C, A) +0. Then, {x,} converges strongly to
Qvr(c,a)(0), where Qyy(c a) is a sunny nonexpansive retraction
of E onto VI(C, A).

If in Theorem 12, we assume that A is an a-strongly
accretive and L-Lipschitzian continuous mapping, we obtain
the following corollary.

Corollary 17. Let C be a nonempty closed convex subset of a
real uniformly convex and q-uniformly smooth Banach space
E possessing weakly sequentially continuous duality mapping.
Let T, C — C fori = 1,...,N, be A;strictly
pseudocontractive mappings, and Let A : C — E be an «a-
strongly accretive and L-Lipschitzian continuous mapping. Let
{x,} be a sequence defined by (25) forn = a/L?. Assume that
F = FNVI(C, A) #0, where F := N F(T,) = E(S). Then,
{x,} converges strongly to Qg(0), which is a solution of the
variational inequality problem

Find x* € NX,F (T;) such that (Ax*,] (x - x*)) 2 0,

Vx € N F(T)).
(52)

Proof. We note that if A is an a-strongly accretive and L-
Lipschitzian continuous mapping of C into E, then we have
that

. [0
(Ax = Ay, j(x=y)) 2oy = lAx - 4y,
53)
Vx,y € C,

and hence, A is an y-inverse strongly accretive mapping with
# = a/L?. Thus, the conclusion follows from Theorem 12. [

If E = H, a real Hilbert space, then E is a uniformly
convex and g-uniformly smooth Banach space E for 1 <
q < oo possessing weakly sequentially continuous duality
mapping. In this case, we have that Q- = P, projection
mapping from H onto C. Thus, we have the following
corollary.

Corollary 18. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let T, : C — C, fori = 1,...,N, be
A;-strictly pseudocontractive mappings, and let A : C — E
be an n-inverse strongly accretive mapping. For x, € C, let the
sequence {x,} be generated iteratively by

z, = ¢,x, + (1 —¢,) Sx,,,
(54)
Xpt1 = PC [(1 - ‘xn) (ﬁnxn + (1 - :Bn) PC [I - YA] Zn)] >

where S == [(1 — W) + uT1], for T := 0,T, + 0,1, +---+ 0, Ty,
such that 0, + 0, + --- + 0y = 1, 0 < p < min{l1,2A}, for
A= min{A; : i = 1,2,...,N}, and 0 < y < 2. Assume
that & = F N VI(C, A) #0, where F = N\, F(T;) = F(S).
Then, {x,} converges strongly to Pg(0), which is a solution of
the variational inequality

Find x* € N, F (T;) such that (Ax*,x —x") >0,
N (55)
Vx e, F(T;).

Remark 19. Theorem 12 complements Theorem 3.2 of Yao
et al. [8] in more general Banach spaces for #-inverse
strongly accretive mappings. Moreover, Theorem 12 improves
Theorem 3.1 of Aoyama et al. [13] and Theorem 3.7 of Saejung
et al. [23] in the sense that our convergence is strong in
the set of common fixed points of finite family of strictly
pseudocontractive mappings.
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