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Using viscosity approximation method, we study strong convergence to a common element of the set of solutions of an equilibrium
problem and the set of common fixed points of a finite family of multivalued mappings satisfying the condition (E) in the setting
of Hilbert space. Our results improve and extend some recent results in the literature.

1. Introduction

Let H be a real Hilbert space with inner product (:,-) and
norm || - |l. Let C be a nonempty closed convex subset H.
A subset C ¢ H is called proximal if, for each x € H, there
exists an element y € C such that

|x = y| = dist (x,C) = inf {|x - z|| : z € C}. 1)

A single-valued mapping T : C — C is said to be

nonexpansive, if

=Tyl < Jx—5]. veyec. @

Let P be a nearest point projection of H into C; that is, for
x € H, Pox is a unique nearest point in C with the property

s~ Box| =it {lx -yl yech. @)

We denote by CB(C), K(C), and P(C) the collection of
all nonempty closed bounded subsets, nonempty compact
subsets, and nonempty proximal bounded subsets of C
respectively. The Hausdorft metric H on CB(H) is defined by

H (A, B) := max {sup dist (x, B), sup dist (y, A)} , o (4)

x€A y€B

for all A, B € CB(H).

Let T: H — 2" be a multivalued mapping. An element
x € H is said to be a fixed point of T, if x € Tx and the set of
fixed points of T' is denoted by F(T).

A multivalued mapping T': H — CB(H) is called

(i) nonexpansive if

H(Tx,Ty) < |x-y|, xyeH; (5)

(ii) quasi-nonexpansive if F(T) # 0 and H(Tx, Tp) < |lx—
pllforall x € Handall p € F(T).

Recently, Garcia-Falset et al. [1] introduced a new condi-
tion on single-valued mappings, called condition (E), which
is weaker than nonexpansiveness.

Definition 1. A mapping T :
condition (E,) provided that

H — H is said to satisty

lx=Ty|<u lx-Tx|+|x-y||, xyeH. (6)

We say that T satisfies condition (E) whenever T satisfies
(E#) for some py > 1.

Recently, Abkar and Eslamian [2, 3] generalized this
condition for multivalued mappings as follows.



Definition 2. A multivalued mapping T : H — CB(H) is
said to satisfy condition (E) provided that

H(Tx,Ty) < p dist(x,Tx) + [x - y|, xyeH, (7)

for some p > 1.

It is obvious that every nonexpansive multivalued map-
ping T : H — CB(H) satisfies the condition (E), and every
mapping T : H — CB(H) which satisfies the condition (E)
with nonempty fixed point set F(T') is quasi-nonexpansive.

Example 3. Let us define a mapping T on [0, 3] by

X
T(x):{[O’E]’ x#3 (8)
[1,2] x = 3.

It is easy to see that T satisfies the condition (E) but is not
nonexpansive. Indeed, for x, y € [0,3), H(Tx,Ty) = |(x -
y)/3] < |x—yl.Let x = 0and y = 3. Then H(Tx,Ty) =
2 <3 =|x-yllfx € (0,3) and y = 3, then, we have
dist(x, Tx) = 2x/3 and dist(y, Ty) = 1; hence

H(Tx,Ty):2—§S3—x+4—x = |x = y| + 2 dist (x, Tx) .

3
)

Thus, T satisfies the condition (E). However, T is not
nonexpansive; indeed for x = 3 and y = 7/3, H(Tx,Ty) =
11/9 > 2/3 = |x - y|.

Let¥ : Cx C — R be a bifunction. The equilibrium
problem associated with the bifunction ¥ and the set C is:

find x € C  such that ¥ (x,y) >0, Vy € C. (10)

Such a point x € C is called the solution of the equilibrium
problem. The set of solutions is denoted by EP(¥).

A broad class of problems in optimization theory, such as
variational inequality, convex minimization, and fixed point
problems, can be formulated as an equilibrium problem; see
[4, 5]. In the literature, many techniques and algorithms have
been proposed to analyze the existence and approximation of
a solution to equilibrium problem; see [6]. Many researchers
have studied various iteration processes for finding a com-
mon element of the set of solutions of the equilibrium
problems and the set of fixed points of a class of nonlinear
mappings. For example, see [7-22].

Fixed points and fixed point iteration process for non-
expansive mappings have been studied extensively by many
authors to solve nonlinear operator equations, as well as
variational inequalities; see, for example, [23-28]. In the
recent years, fixed point theory for multivalued mappings has
been studied by many authors; see [29-40] and the references
therein.

In this paper, using viscosity approximation method, we
study strong convergence to a common element of the set of
solutions of an equilibrium problem and the set of common
fixed points of a finite family of multivalued mappings
satisfying the condition (E) in the setting of Hilbert space.
Our results improve and extend some recent results in the
literature.
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2. Preliminaries

For solving the equilibrium problem, we assume that the
bifunction V¥ satisfies the following conditions:

(Al) ¥(x,x) = 0 forany x € C;

(A2) ¥ is monotone; that is, ¥(x, y) + ¥(y, x) < 0 for any

x,y €GC;
(A3) ¥ is upper-hemicontinuous; that is, for each x, y, z €
C)
lim sup¥ (tz+ (1 - £)x, y) < ¥ (x, y); (1)

t—0"

(A4) ¥(x,.) is convex and lower semicontinuous for each
x € C.

Lemma 4 (see [4]). Let C be a nonempty closed convex subset
of H and let ¥ be a bifunction of C x C into R satisfying
(A1)-(A4). Let v > 0 and x € H. Then, there exists z € C
such that

1
Y(z,y)+-(y-z,z-x)20 VyeC. (12)
r

Lemma 5 (see [6]). Assume that ¥V : Cx C — R satisfies
(A1)-(A4). Forr > 0 and x € H, define a mapping S, : H —
C as follows:
1
S,x = {zeC:‘I’(z,y)+—(y—z,z—x) >0, VyEC}.
r
(13)
Then, the following hold:
(1) S, is single valued;
(ii) S, is firmly nonexpansive; that is, for any x, y € H,

I, = S,|* < (S, = S, 3, x - y)s (14)

(iii) F(S,) = EP(Y);
(iv) EP(VW) is closed and convex.

Lemma 6 (see [41]). Let H be a real Hilbert space. Then, for
all x, y,z € Hand «, B,y € [0, 1] with + 3 + y = 1 one has

loce + By + yz[” = allct® + By + vl
~aplx—y|* ~ aylx— 2~ pyle - .
(15)
Lemma 7. For every x and y in a Hilbert space H, the
following inequality holds:
||x + y“z < ||x||2 +2(y, x + y). (16)

Lemma 8 (see [42]). Let {a,} be a sequence of nonnegative real
numbers, {a,} a sequence in (0,1) with Zzzl a, = 00, {y,}
a sequence of nonnegative real numbers with Y ;> y, < 00,
and {3,} a sequence of real numbers with lim sup,,_, .., < 0.
Suppose that the following inequality holds:

A1 < (1 - “n) a, + anﬁn TV N2 0. (17)

Then, lim,,_, a, = 0.
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Lemma 9 (see [43]). Let {u,} be a sequence of real numbers
that does not decrease at infinity, in the sense that there exists
a subsequence {u, } of {u,} such that u, < u, ., foralli > 0.
For every sufficiently large number n > n, define an integer
sequence {t(n)} as

T(n) =max{k <n:u <y }. (18)
Then, 1(n) — coasn — oo and for alln > ny,

max {UT(n n} < UT(H)+1. (19)

Lemma 10 (see [20]). Let C be a closed convex subset of a real
Hilbert space H. Let T : C — CB(C) be a quasi-nonexpansive
multivalued mapping. If F(T) #0 and T(p) = {p} for all p €
F(T). Then F(T) is closed and convex.

Lemma 11 (see [20]). Let C be a closed convex subset of a
real Hilbert space H. Let T : C — P(C) be a multivalued
mapping such that Py is quasi-nonexpansive and F(T) # 0,
where Pp(x) ={y € Tx : |x — y| = dist(x, Tx)}. Then, F(T) is
closed and convex.

Lemma 12 (see [16, 20]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let T : C — K(C)
be a multivalued mapping satisfying the condition (E). If x,,
converges weakly to v and lim,, _, ., dist(x,,, Tx,) = 0, then
veTw

3. A Strong Convergence Theorem

Theorem 13. Let C be a nonempty closed convex subset of a
real Hilbert space H and ¥ a bifunction of C x C into R satis-
fying (A1)-(A4). Let T, : C — CB(C) (i = 1,2,...,m) bea
finite family of multivalued mappings, each satisfying condition
(E). Assume further that & = (", F(T;)(\EP(Y) #0 and
T.(p) = {p}, (i = 1,2,...,m) for each p € F. Let f be a
k-contraction of C into itself. Let {x,} and {u,} be sequences
generated the following algorithm:

xg €C,
1
u, € C such that ¥ (u,, y) + ~ (y —upu, —x,) >0,
n
VyeC
yn,l = an,lun + bn,lxn + Cn,lzn,l’
yn,Z = an,Zun + bn,ZZn,l + Cn,ZZn,2>
Yn3 = Ozl +5,32,5 + 6,323
yn,m = an,mun + bn,mzn,m—l + Cn,mzn,m’
Xn+1 = nf( ) (1 _Sn)yn,m’
Vn=>0,
(20)

where z,, € T\(u,), 2, € Ti(Yur1) fork = 2,...,m, and

{a,;}, {bn:i}, {c.i} 19}, and {r, } satisfy the following conditions:
(@) {a,,,},{ } { i C lab] c (0,1),a,; +b,; +¢,; =
L(i= L, m),

(i) {9,} € (0,1), lim, 9, =0, Y2, 9, = oo,

(iii) {r,,} € (0, 00), and lim inf > 0.

n— 00 ?’l

Then, the sequences {
where q = Py f(q).

x,} and {u,} converge strongly to q € F,

Proof. Let Q = Pg. It is easy to see that Qf is a contraction.
By Banach contraction principle, there exists a g € & such
that g = Py f(q). From Lemma 5 for all n > 0, we have

= all = S (21

Xy — S

We show that {x,} is bounded. Since, for eachi = 1,2,...,m
T; satisfies the condition (E) and we have

171 -4l
= |y 14 + By X + G201 — 4
6o 201 =l
1 dist (2,1, T1q) (22)

< a,, "un - q” + bn,l "Xn - q” +
= 91 "”n - q” + bn,l "xn - q” )

< a1 "un - q” + bn,l "xn - q“ + Cn,lH (Tlun’ qu)

< A1 "un - q“ + bn,l "xn - q“ Gl “un - q"
< |x, -4l
152~ dl

= "an,Zun +b Zan Ci2%n2 ~ CI"

bn,Z "Zn,l - q" G ||Zn,2 - q"

< %) "un - 6]” +
=0 "”n - ‘IH +b,, dist (zn,l’ T\q) + Gy dist (Zn,Z’ T,q)

<ay,, |u, —4q| + b,.H (Tyu,, T

1q) + G H (TZyn,l’ T,q)
S %) "un - q” + bn,2 "un - qn + Cn2 "yn,l - q"

<lhx,—ql.
(23)

By continuing this process, we obtain

1Y = all < 1% = al - (24)



4 Abstract and Applied Analysis

This implies that Applying Lemma 6 once more, we have

%1 =4l
= ]9, fx + (1= 9,) v, — 4
<O, || fxu =gl + (1 = 9,) [y, — al
<9, (| fx, — fall + | fa—qll) + (1 = 9,) |x, - 4

192 — al’

= "an,Zun + bn,ZZn,l + Cu2%n2 — q“2

< aylun =l +busllzns —al’ + Giallzns —al’

(25) —a, 2Cn2"un - Zn2||2
< Snk "xn - q" + ‘9n ”fq - q“ + (1 - ‘9n) “xn - q" o ) ’ )
=(1-9,1-K) |x, - q| +9,]fq-4| = a,[u, - ql” + b, dist (2,1, T1q)
"fq _ q” + Cn,Z dist (zn,Z’ TZq)z - an,ZCn,leun - Zn,2 ||2
< max -l LA 2 2
= aﬂ,2"un - q” + bn,ZH(Tl Uyp» qu)
By induction, we get +6,H (len,l’ Tz@)2 BTy ““n - Zn,2||2
"x _ q” < max {"x _ q“ "fq B q" } (26) < an,2||un - qHZ + bn,Z”“n - q"2 + Cn,2||yn,1 - 11"2
n = 0 > 1 _ k >

2
- an,zcn,zuun ~Zn2 "

for all n € N. This implies that {x,} is bounded and we also < ||x a "2 Cac ||u s ”2

obtain that {u,}, {y,}, {fx,}, and {z, ;} are bounded. Next, we = 1% =4 n2n2lln - =n2

show that lim,, , , dist(u,, T;u,) = 0 for each i € N. By

Lemma 6, we have

- an,lcn,lcn,Znun - Zn,1||2 - an,lbn,lcn,z “xn - unnz'

(28)
2
171 4l
R By continuing this process we have
= "art,lun + bn,lxn +Gu1Zn1 — q"
2
< ay e, —al” + bl - al’ 19 — al
+C1 "Zn,l - q"2 = "an,mun + bn,mzn,mfl + ComZnm ~ q"2
= B = 0 = 1ol = 2 < ity =l + bunllensnr = al” + Gl = al’
2
= a1t - al* + b, - a = g [Un = Z |
+ Cn,l diSt (Zn,l’ qu)2 = an,mllun - q”z + bn,m diSt (Zn,m—l’ Tm—lq)2
- an,lbn,l "xn - un"2 - an,lcn,l ”un - Zn,l "2 * Cn’m dist (Zn,m’ qu)2 - an’mcn’m"un B Z"’mnz
< a1 ||un - q"2 + an”xn - q“z < an,m”un - q”Z + bn,mH(Tm—lyn,m—Z’ Tm—lQ)z
+ Cn,lH(Tlun’ qu)z + Cn,mH(Tmyn,m—l’ qu)Z - an,mcn,m"un - Zn,m”2
2 2
— b % = tl® = G |t — 2| < Gyllttn = al” + Bl V-2 = al
? ? + Gl ot = Al = GGl = 2ol
<a,|u, —q|" +b,.|x, -4l nml Ynm-1 "9 nmCuml|Un = Znm
e < Yt = al? = Gl — 2l
+ cn’1||un q“ n— 4 nmnm||“n n,m
2 2 -a G C ||u -z ||2
- an,lbn,lllxn - un" - an,lcn,lllun - Zn,l" mm=1tnm=1"nmi[*n nm=1
2
S "xn - q"2 - an,lbn,lllxn - un”2 T T oG C”)m"un T H
— 3,161 "un ~ 21 "2 - a",lb"’lc”:z tee Cn,m”uﬂ - xnuz’

(27) (29)
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which implies that

161 = all” = 19,2, + (1= 9,) ym — all’
< 9,0 = all” + (1= 9,) |y - all’
<9, fx, —al +(1-9,) Ju, - alf
= (1=9.) GuCupmlltn = Zomll”
= (1=9.) G- 1Gam1 Gl ttn = Zuoa |
— = (129,) 801601605 - €, 18 = 2 [

-(1-9,)a,.b,:6,5- - cn)m”un - anz.
(30)

Therefore, we have that

(1-9,)a,,b,16,5--- cn’m”un - xn”Z
(31)

<% = all® = [%ues = al* + O lyfx, —all-

In order to prove that x, — gasn — 00, we consider the
following two cases.

Case 1. Suppose that there exists #, such that {||x, — g} is
nonincreasing, for all n > n;. Boundedness of {|x, — ql}
implies that |[x,, — gl| is convergent. From (31) and conditions
(i), (ii) we have that

nli_{%o ”un - xn" =0. (32)
By a similar argument, for k = 1,2,...,m, we obtain that
Jim [lu, -z, = 0. (33)

Hence,

lim_dist (4, Tyuty,) < Jim [, = 21| = 0,

nlg%O dist (un’ Tkyn,k—l) < nlgl’olo "un - Zn,k" =0, (34)
(k=2,....,m).
Therefore, we have
,,IH%O ||un - yn,l" < nli_{réobn,l "un - xn"
(35)
+ nli_)rréocn,l ||u,, - zn’1|| =0.
Fork = 2,...,m, we have
nango “un - yn,k” < nli_)ngobn,k "un ~ Znk-1 "
(36)

+ nli—{%ocn’k ||un - Zn,k“ =0.

5
Using the previous inequality for k = 2,...,m, we have
dist (14, Tith,) < dist (o T Y1) + H (T g1 Tit)
< dist (1, Ty Y1) + prdist (Vg1 Te Vg 1)
Vs = v
< (u+ 1) dist (4> Teymp1) + (1) [[pr — 4]
< (u+ 1) s = 2o + (e ) s = 1] — 0,
n— 00.
(37)
Next, we show that
lim sup {q - fg.q - x,) <0, (38)

where g = Pg f(q). To show this inequality, we choose a
subsequence {xni} of {x,} such that

lim (q- fa.q-x,) =lim sup(q - fg.q-%,). (39)

Since {x,, } is bounded, there exists a subsequence {x,, } of
1 Xj

{x,,.} which converges weakly to v. Without loss of gener-
ality, we can assume that x, converges weakly to v. Since
lim, _, ,lIx, —u,l = 0, we have u,, converges weakly to v. We
show that v € F. Let us show v € EP(¥). Since u,, = §, x,,
we have

\F(un’y)+l<y_un’un_xn>20 V)/GC (40)
r}’l
From (A2), we have

1
1’_ <y Uy Uy — xn> = \P(y’ un) . (41)

n

Replacing n with »;, we have

Uy — Xy,
<y—uni, " > Z‘I’(y,uni). (42)

n;

From (A4), we have

0>¥(y,v), VyeC. (43)

Fort € (0,1]and y € C,let y, = ty + (1 — t)v. Since y,v € C,
and C is convex, we have y, € C and hence ¥(y,,v) < 0. So,
from (Al) and (A4) we have

0=Y(¥py) <tY(ypy)+ Q1 -)¥ (y,v) <t¥ (yt,y(h)

which gives 0 < W¥(y,, y). Letting t — 0, we have, for
each y € C,0 < Y¥(v,y) Also, since U, — v and
lim, _, ,, dist(u,, T;u,) = 0, by Lemmal2 we have v €
iz, F(T;). Hence, v € %. Since q = Py f(q) and v € &,
it follows that

lim sup (q - fq,q - x,) = lim (g~ fg,q - x,,)
=(q- fg,.q-v) <0.



By using Lemma 7 and inequality (31) we have

%1 — 4l
< (1= 9,) Grn = DI + 29, (fx = 4 %01 — @)
< (1= 9,) [ — al” +29, (fx, — f2 %01 — @)
+29,(fd -4 %p1 — )
< (1-9,) %, - al +29,kx, - gl |x,.. )
+29,(fq -4 %p1 — )
< (1=9,) %, = all” + 9.k (%, = all” + 1 )
+29,(fa -4 %p1 — )
< ((1=9,)" +9,k) [, = ql” + Okl 1 — gl
+29,(fa- 9 %p1 - 4) -
This implies that
A = e
T @)
29

ok 19X —a)-

From Lemma 8, we conclude that the sequence {x,} con-
verges strongly to g.

Case 2. Assume that there exists a subsequence {xnj} of {x,}
such that

_ q“ <%, ~ q" , (48)
for all j € N. In this case, from Lemma 9, there exists a
nondecreasing sequence {r(n)} of N for all n > n, (for some
ny large enough) such that 7(n) — ocoasn — oo and the
following inequalities hold for all n > ,, :

1% = all < |%consr =4l > 1% = all < [l%zoe1 = 4ll-
(49)

From (31) we obtain lim, _, 4,y — Tittyyll = 0, and
limnﬁoollur(n = Xyl = 0. Following an argument similar
to that in Case 1, we have

lim {1 = 4l = (50)

n— 00

lim_x,) — 4] =0,

n— 00

Thus, by Lemma 9 we have

0 < [lx, - q| < max{fxe) =l %, = all} < [xeier - %II g
51

Therefore, {x,} converges strongly to q = P f(q). This
completes the proof. O
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Now, we remove the condition that T(p) = {p} forall p €
F, and state the following theorem.

Theorem 14. Let C be a nonempty closed convex subset of
a real Hilbert space H and ¥ a bifunction of C x C into R
satisfying (A1)-(A4). Let, foreach1 <i <m, T; : C — P(C)
be multivalued mappings such that Py, satisfies the condition
(E). Assume that & = (o, F(I;)(VEP(¥Y)#0. Let f be
a k-contraction of C into itself. Let {x,} and {u,} be sequences
generated the following algorithm:

xy € C,
1
u, € C such that ¥ (u,, y) + - (y —u,,u, - x,) =0,
n
VyeC

yn,l = an,lun + bn,lxn + Cn,lzn,1>

Vna = Oy + 6,521 + 61220,

Yn3 = Oualy + 5,325 + 6,323

yn,m = an,mun + bn,mzn,m—l + Cn,mzn,m’
Xyl = Snfxn + (1 - Sn) Ynm> Vn >0,
(52)

where z,,, € Pr (u,), 2, € Pr (Y1) fork =2,...,m, and
{a,;} b, i} {c, b 19, ) and, {r, } satisfy the following conditions:

(1) {an,i}r {bn,i}a {Cn,i} C [61, b] C (O> 1)’ an,i + bn,i + Cn,i =
L,i=1,2,...,m),

(i) {9,} € (0,1), lim, 9, =0, Y2, 9, = oo,
(iii) {r,} < (0,00), and lim inf, _, 7, > 0.

Then, the sequences {x,} and {u,} converge strongly to q € F
where g = Py f(q).

Proof. Let p € &; then PT(p) = {phL( = 1,2,...,m).
Now by substituting Pr, instead of T}, and using a similar
argument as in the proof of Theorem 13, the desired result
follows. O

As a corollary for single-valued mappings, we obtain the
following result.

Corollary 15. Let C be a nonempty closed convex subset of
a real Hilbert space H and ¥ a bifunction of C x C into R
satisfying (A1)-(A4). Let, foreach1 <i <m, T, : C — C
be a finite family of mappings satisfying condition (E). Assume
that F = (2, F(T;) (VEP(Y) #0. Let f be a k-contraction
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of C into itself. Let {x,} and {u,} be sequences generated the
following algorithm:

xq €C,

u, € C such that ¥ (u,, y) + 1 (y —upu, —x,) 20,
r

n
VyeC
yn,l = an,lun + bn,lxn + Cn,lTlun’

yn,2 = an,2un + bn,ZTlun + Cn,ZTZyn,l

yn,m = an,mun + bn,me—lyn,m—Z + Tmyn,m—P

Xne1 = Snf'xn + (1 - ‘9n) Vumo Vn =0,

(53)

where {a,;}, {b,;}{c,;}, {9,}, and {r,} satisfy the following
conditions:

(1) {an,j}’ {bn,i}) {Cn,i} C [a) b] C (0> 1)) an’j + bn,i + Cn,i = 1)
(i=12,...,m),

(ii) {9,} < (0,1), 1im,, (9, =0, ¥,2, 9, = 00

(iii) {r,,} € (0,00), and lim inf, _, 7, > 0.

Then, the sequences {x,} and {u,} converge strongly to q € F,
where q = Pg f(q).

Remark 16. Our results generalize the corresponding results
of S. Takahashi and W. Takahashi [9] from a single valued
nonexpansive mapping to a finite family of multivalued map-
pings satisfying the condition (E). Our results also improve
the recent results of Eslamian [16].
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