Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 804152, 9 pages
http://dx.doi.org/10.1155/2013/804152

Research Article

Some Difference Inequalities for Iterated

Sums with Applications

Wu-Sheng Wang' and Shanhe Wu?

I School of Mathematics and Statistics, Hechi University, Yizhou, Guangxi 546300, China
2 Department of Mathematics and Computer Science, Longyan University, Longyan, Fujian 364012, China

Correspondence should be addressed to Shanhe Wu; shanhewu@gmail.com

Received 4 September 2013; Revised 13 November 2013; Accepted 28 November 2013

Academic Editor: Jaume Giné

Copyright © 2013 W.-S. Wang and S. Wu. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

The main objective of this paper is to establish two new nonlinear sum-difference inequalities with multiple iterated sums. Under
several practical assumptions, the inequalities are solved through rigorous analysis, and explicit bounds for the unknown functions
are given clearly. These new inequalities can be used as handy tools in the study of the estimation of solutions of difference equations.

1. Introduction

One of the best known and widely used inequalities in the
study of nonlinear differential equations is Gronwall-Bellman
inequality [1, 2], which can be stated as follows: if u and f
are nonnegative continuous functions on an interval [a, b]
satisfying

u(t)Sc+th(s)u(s)ds, tefabl, )

for some constant ¢ > 0, then

u(t) Scexp(JZf(s)ds), t€lab]. (2)

It has become one of the very few classic and most
influential results in the theory and applications of inequal-
ities. Because of its fundamental importance, over the years,
many generalizations and analogous results of (2) have been
established, such as [3-14].

Among these references, Bainov and Simeonov [4, P. 107]
considered the following interesting Gronwall-type inequal-

ity:

u(t)
<a(t)+ é Ltfl (t.t))
x (J: f (tl,t2)~-~<)[:ilf,-(t,-_l,ti)u(t,-)dt,)-~->dt1.

3)

Kim [8] considered analogous Gronwall-type integral
inequalities involving iterated integrals,

u(t)

<a+b(t) <rf1 (t;) u(t;)log u(t,)dt,

+ i Jt g1 (t1) (Jtl 9 (t,)

i=2 7% «

X ( e (J;H gi (tiy)



<([ A

xlog (u(t;)) dt,-) dt,-,l)
)
(4)

In 2011, Abdeldaim and Yakout [12] studied some new
integral inequalities of Gronwall-Bellman-Pachpatte type
such as

u(t)

<uy+ Ltf(s)u(s)
X [u(s) + Lsh(r) [u(r)

+| g @u @) dc] as

t

u(t)SuO+J [f(s)u(s)+q(s)]ds

0

+£f@wcﬂuw+£guwwwﬂd&
)

Along with the development of the theory of integral
inequalities and the theory of difference equations, more and
more attentions are paid to discrete versions of Gronwall-
type inequalities; for detailed information, please refer to the
literatures [15-35]. For instance, Pachpatte [19] considered
the following discrete inequality:

n—-1 n—-1
u(n) <uy+ Zf(s)u(s)+ Zg(s)

s=ty s=ty

X (Eh(t)(ik(r)u”r))).

t=nq T=ny

(6)

In 2006, Cheung and Ren [24] studied

m—1 n—-1

uf (m,n) < c+ Z Za(s,t)uq(s,t)

S=My t=ny,

7)

m—1 n—-1

N Z Zb(s,t)uq(S,t)w(u(s,l‘))-

=My t=n,
Later, Zheng et al. [31] discussed the following discrete

inequality:

k n—-1

um <am+ Y Y fins)w, u(s). (8)

i=1s=0
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In 2012, Zhou et al. [33] studied the following inequalities:

n—-1
u(n) <a(n)+ Z i s)w (u(s))

n—1 s—1
+ i) w) ) LEDwu )
n-1

+ Y fims)wu(s)

s=ny

s—1 -1
Y 61 f@HwwmE),

= &=
©)
n-1
w(m) <am)+ Y fi(ms)w (u(s)

n-1 s—1
+ Y fis)w (w(s) Y f(s,7) w, (u(1)

s=ty ="y

n-1

+ 3 fi s w, (u(s))

s=ty

s—1 -1
XY D w @) Y fi (0w, w(©).

=M, E=ny

However, the above results are not applicable to some
certain inequalities with multiple iterated sums. Hence, it is
desirable to consider more general difference inequalities of
these extended types. They can be used in the study of certain
classes of difference equations or applied in many practical
engineering problems.

Motivated by the results given in [7, 8, 12, 19, 24, 25,
29, 33], in this paper we discuss the following two types of
inequalities:

n—1
um<am+ Y fi(nt)

ty=n,

X <§ B (t1>t2)"'< i fie (b i) uf (tk)> > ,

b=ny L=y

(10)
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u(n) <a(n)

+mﬂ§ﬁmmwwm+z§ﬂmm

t1=n, i=2t,=n,

(Zfz ti ) (Zfz(tz 1 ti)

ty=ng t;=n,

mwm»)~ﬂ.

(11)

All the assumptions on (10) and (11) are given in the
next sections. The inequalities (10) and (11) consist of mul-
tiple iterated sums. Under several practical assumptions, the
inequalities are solved through rigorous analysis, and explicit
bounds for the unknown functions are given clearly. Further,
the derived results are applied to study the estimation of
solutions of difference equations.

2. Main Results

Throughout this paper, let N, .} and
NZO = {ng,ng + Lng +2,....,ny+n = b} (ny € Nj,n,b €
N). For function u(n), its difference is defined by Au(n) =
u(n + 1) — u(n). Obviously, the linear difference equation
Au(n) = f(n) with the initial condition u(n,) = 0 has the
solution u(n) = ZZ:;O f(s). For convenience, in the sequel we

= {ng,ny + Lny +2,..

complementarily define that Z:ﬂ;ol f(s)=0.

Lemma 1. Let u(n), a(n) and c(n) be real-valued nonnegative
functions defined on N, and satisfy the inequality

Au(n)<am)umn)+cn), Vne Nno, (12)

where u,, is a nonnegative constant. Then,

n—-1

u(n) < <uno + Zc(s) ﬁ(l + a(t))f1

s=n, t=n,
(13)
n-1

xn(l+a(s)),

=0

VnenN,.

Proof. From (12), we have

um+1)-Q+am)um) <cm), VneN,. (14)

Multiplying by H?;io (1+a(s)) ! onboth sides of the above
inequality (14) and summing up both sides from #, ton — 1,
we obtain

n—1
um [[a+a@)™ -

s=ny

(15)
n—1 s
< Yec@[Ja+aw)’, vaeNn,.
s=n, t=n,
From (15), we obtain the desired estimate (13). O

Theorem 2. Let u(n) and a(n) be nonnegative functions
defined on N,, with a(n) nondecreasing on N,, . Moreover, let
fin,s), i = 1 2,...,k, be nonnegatzvefunctzonsfor ny <s <
n (ng,n,s € N, ) and nondecreasing in n for fixed s € N, . If
p = 0.and p is not equal to 1, then the discrete inequality (10)
gives

u(n)<Vy(n,n), Vne NZL, (16)

where V,(n,n) can be successively determined from the formu-
las

Vi (M, n)

M-1 [k-1
= exp (W;‘ (W1 (ln (@M)+ ) (Zﬂ (M, s)>>
$=ny \ i=1

+nz_:fk(M>S))>:

s=ny

17)

V; (M, n)

n-1
< <a(M> Y (M) V(M. 9)

s=ny

X}:[O<1+<Zﬁ(Mt> fJ(Mt>>)l>

xH(l+<Zf,(M $) - f; (M, s)>> =V;(M,n),

s=n,
(18)
e M
Jorj=k-1,....,2,1,n e N,
x ds
Wi (x) = J ————> X, >0, (19)
x exp ((p—1)s)
where W, " is the inverse functions of Wy, M € N,, M < b

is chosen arbitrarily, and b, is the largest natural number such

that
w (o) 3 (209 )

b-1

+ka (by,s) € Dom (Wfl).

5=t

(20)

Remark 3. Firstly, from (17) and (18), we obtain V;(M, n);
then let M = n, and we get V;(n,n) since M is chosen
arbitrarily.

Remark 4. We can obtain b, using MATLAB program: firstly
let b, = ny, when W (In (a(b))) + Zs no(ch i) +



Zfl:;i fe(by,s) < Wi(00); let by = by + 1, when W (In(a(b,))+

Yo (X filb, ) + YL fibns) < Wiloo)
let b = b + 1, and so on until W,(In(a(b)) +
YOATE £, 9) + T fubns) 2 Wileo). If

Wiln(ab)) + YU (T filb,9)) + Y0 filbys) <
W, (c0), forall b, € N,, , then b; = co.

Proof. Fix M € NZL, where M is chosen arbitrarily and b, is
defined by (20). For n € Nx , from (10) we have

n—-1

um<aM)+ Y fi(Mt)
t-1 te
X < Z fz(M’tz)"( Z fk(M’tk)up(tk)>"'>'
2 0 k 0 (21)
Now we introduce the functions
n—1
vi(m)=aM)+ Y fi(Mt)
ty=nyg
-1 [}
X <Z 1 (Matz)"'<z fre (M, ) uf (tk)>"‘>>
(22)

n—1
vj (n) = Vin (n) + tz fj (M, tj)

i~

tj—l
( § fo (M) -
t

j+1=1g

x(fnwumﬂw)~)

t=n,

Forn € Nﬁgandj:Z,S,...,k,thenvj,j: 1,2,...,k,are

all positive and nondecreasing functions on Nﬁf withv;(n,) =
a(M), j =1,2,...,k, and the inequalities (22) and (23) imply
that

u(n) <v,(n) <vy(n) <--- < v (n), VneN;‘j. (24)
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From (22), we observe that

Avy (n) = vy (n+1) = v, (n)

= f1(M,n)
x (HZ_: f2 (Mxtz)"‘<kzfk(M,tk)uP(tk)>...>

< fi (M, n) (Vz (n) = v (”))

=~ f L () + i (M) vy (), Ve N,
(25)

We claim that

j-1
Av; (n) < :(M,n) - f;(M,n) |v;(n)
KA (Zlf =S, n>vjn (26)

+ fj (M, n) Vin (n),

k-1
Avy (n) < (Zﬁ M, n)) Ve () + e M) Ve (), (27)

i=1

forne Nyl j=2,3,...,k-1.

Now we prove (26) and (27) by induction. Obviously, (26)
is true for j = 1 by (26). We make the inductive assumption
that (26) is true for j — 1. By the inductive assumption and
(24), from (23) we obtain

Av;(n) < Av;_y (n) + fj (M, n)

X <t > S (Maty)--

j+171g

x(iMmeQO>

< <J=ij (M,n) = fiy (M,n)>vj_1 (n)

F fi M) v, () + f; (Mom) (v, (n) = v; ()
< <]ij (M,n)> vi () + fi (M,n)v; (n)

+ f; (M,n) viyy (n) = f; (M, n)v; (n)
= <§fl (M,n) - f; (M,n)> v; (n)

+f;(M,n)v;,, (n), Vne Ni‘f.
(28)
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It actually proves (26) by induction. From (23) and (26),
we have

Avi (n) = Avi_y () + fi. (M, ) u? (n)
k=2
< (Zfz (M, n) = fiy (M, ”)) Vg (n)
i

+ fro1 (M) v (n) + f (M, n) vE () (29)

k-1
< (z.fz (M,I’l)) Vk (I’l) +fk (Mxn) Vﬁ (”))
i=1

Vn € Nﬁf.
It proves (27). From (27), we have
Av, (n) k1 _
—k = < ( fi M) ) + fie M) v (),
Vi (1’1) -1 (30)
Vn € Nﬁf.

On the other hand, by the mean-value theorem for
integrals, for arbitrarily given integers n,n + 1 € Nx, there
exists & in the open interval (v;.(n), vi(n + 1)) such that

v (n+1) ds

In(ve (n+1)) —In(v (n) = J <

Vi (n)

_Ave() - Avy () (31)
AN

Vn € Nx.

By setting n = s in (31) and substituting s = ny, 1y + 1, 1y +
2,...,n— 1, successively, we obtain

In (v () < In (v () + 3 (z £M, s))

=y \ i=1

n—1
+ Y fi (M, ) v (s)

s=ny

(32)

<In (v (n)) + Zl<ifi (M,s))

s=ny \ i=1
n-1
+ ka (M,s) vi_l (s), Vne Nx.
s=n,

Let w,(n) denote the right-hand side of (32), which is a
positive and nondecreasing function on Nﬁf with

M-1 [k-1
wy (1) = In (v (o)) + Z <Zf; (M, 5)) . (33
=ty \ i=1
Then, (32) is equivalent to

v (n) < exp (wy (n)), Vne N%. (34)

By the definition of w,, we obtain
Aw, (1) = fi (M, m) Ve ()
< fitM,mexp((p-1w (M),  (35)
v e N,
From (34) and (35), we get

Aw, (n)
exp ((p— 1w, (n)

< fi(M,n), VneNy.  (36)

Once again, performing the similar procedure from (30)
to (32), (36) gives

n-1
Wi (w; () < W (w, () + ka (M,s),
s=ny (37)
Vn € Nf,

where W, is defined by (19). By combining (33), (34), and (37),
we can obtain that

v (n) < exp (w; (1))

< exp (Wl_l (Wl (wy (no)) + nz_:lfk (M’5)>>

s=n,

< exp (W;‘ (Wl (ln (a(M))
(38)

F()

$=n, i=1

+nifk (M,s)))

s=n,
=V, (M,n), Vne Nﬁf,

where V.(M, n) is defined by (17). Applying Lemma 1 to (26)

forj=k-1,...,2,1, we have

n-1
vi(n) < <a(M) + Y £ (M,8) V(M)

s=ny

S j1 B
x ]‘[(1 + (Zﬁ (M) - f; (M,t))) )
t=n, i=1 (39)
n—1 j-1
X H (1 + (Zf’ (M)S) _fj (M>S))>

s=n,
M
=V, (M,n), Vne N, »

where Vj(M, n) is defined by (18). From (24) and (39), we have

u(n) <v,(n) <V, (M,n), VneN. (40)
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Since M € N, is arbitrary, from (40), we get the required
estimate
u(n)<Vy(n,n), Vne Nf}o, (41)
where b, is defined by (20). Theorem 2 is proved. O

Theorem 5. Let u(n), a(n), and c(n) be nonnegative functions
defined on N, with a(n) and c(n) nondecreasing on N,, , and
let fi(n,s),i = 1,2,...,k, be nonnegative functions for n,s €
N, » g < s < n, which are nondecreasing inn for fixed s € N,, .
Suppose that g(u) is a nondecreasing continuous function on
[0, co) with g(u) > 0 for u > 0. The inequality (11) implies that

n—1
u(n) <G <G(a ) +c(m) Y fi (n,s)E(n,s)),
(42)

s=n,
Vne N2,
where G~ is the inverse function of G,
“d
G(u) = J ) (43)
uy 9 (s)

E(n,s)
={1+ f,(ns)[1+ f5(n,s)
(o (14 froy (mys) -
x (L4 fi (n.9)) )]},

and b, is the largest natural number such that

(44)

b1
G(a(by))+c(by) Zfl (b,,s) E (by,s) € Dom (G_l).

5=y

(45)
Remark 6. We can obtain b, using Matlab program similar to

Remark 4.

Proof. Let the function a(n) be positive. Fix M € N%O, where

M is chosen arbitrarily and b, is defined by (45). Forn € Nx ,
from (11) we have

u (n)
n—1

<a(M)+c(M) [ > (M) g (ult)
t=ng

+Znil fi (M, t,)

i=2t;=ny

X( ifz(M’tz)'”

t,=nyg

(Zroosuon)-)|

(46)
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We denote the right-hand side of (46) by y(n) for n €
Nx. Then y(n,) = a(M), the function y(n) is positive and
nondecreasing inn € N%, u(n) < y(n), and

Ay (n)

=c(M) [fl (M,n) g (u(n) + f (M,n)

(Zfz (M, t,) g (u

t,=n,

tz))) Zf1 (M, n)

X(Efz(M’tz)“'

ty=ny

(S rmnawan)- )

W+ Y (M 5) g (u(6)

t,=n,

=c(M) f, (M, n) |:g

+Z<ZﬁM@)

t=ng

<(F n0twen)-)

Vn € N;‘f.
(47)

Define a function y, (n) by

=3 M) g (e)

L=ny

+Z(ZEMQ)

t=ny

x(iﬁmewa~),

t;=n,
(48)
foralln e Nx . From (47) and (48), we have
Ay (n) = c(M) f, (M,n) [g (u(m) + y, (m)], VneN.
(49)
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From (48), we have
Ay, (n)

- £, (M) [g W)+ 3 fo (M) g (u(6))

t3=ny

+Z<7§f3(M7t3)"'

i= ty=n,

X( ifi(M’ti)g(u(ti))>"'>:|,

ti=n,
vn e NM.
0
(50)
From (50), we get

Ay, () = f,(M,n) [g(u(m) + y, (m)], VneN,!, (51)
where

¥, (n)

=S ) g (u(ty)

t3=ng

+Z<"§1fs(M,a)---(iﬁ(M,t»g(ua,-)))---),
o - (52)

foralln € Nx .
Continuing in this way, we obtain

Ay, (n) = fio, (M,n) [gu(n) + yy ()], Vne Nﬁf,
(53)

where

n—-1
Y )= ) fi (M) g(u(ty)), ¥neNy.  (54)

t,=ng
From (54) and the inequality u(n) < y(n), we have
Ay ()
g(ym)
We define the functions (s), y;(s) (i = 1,2...,k - 1),
which are nondecreasing and continuously differentiable on
(119, 00) with ¥(n) = y(n), y;(n) = y;(n) (i=1,2...,k—1)on
NM,

" On the other hand, by the formula of partial integration,

we have

n+l 5!
J yk—l (S) ds

M
<fiM,n), VneN,. (55)

n gy ()
_ 1 (m)
%) (56)
1 5 () g (7)) 7 () M
+ L 7G5 06) ds, Vne Nno.

By the monotonicity of g, y, from (56) we have

S Vi1 (1)
T glym)

Jn+1 )7]’(71 (s) e

Vn e NM. 57
) ne 7

My

By the mean-value theorem for integrals, for arbitrarily
given integers n,n+1 € Nﬁf , there exists £ in the open interval
(n,n + 1) such that

g (s) " d (3, (5))
ds = ARl A
L aGE” J (7 )

1 n+1 d B (58)
“a0®) L (Fer (9)
< A g
g(ym) °

From (55), (57), and (58), we have

Vi1 (1) < Ay, (n) <
glym) = glym) ~

fiM,n), Vne Nx. (59)

Next, from the inequalities (53) and (59), we have

Ay, (n)

< fio, Mon) [1+ fi (M,n)], VneNM.
g(ym) )

(60)

Once again, applying the same procedure from (56) to
(59) to the inequality (60), we get

Y-z (1) < Ay, (n)
glym) ~

< frog (M, 1 M, ,
g()/(ﬂ)) fk 1( I’l)[ +fk( I’l)] (61)

M
VneN, .
Proceeding in this way, we obtain

¥ (n)
g(y )

- Ay, (n)
“g(ym)
x{1+ f3 (M,n)

< f2 (M>n)

(62)
x [1+ f, (M,n)

X (- (1+ froy (M, m)
x (1+ fr (M,m)))---)]},

Vn € N%.



Using the inequalities (49) and (62), we have

Ay (n)
<c(M M,
g(y(m) <M fi (Mo

x {1+ f,(M,n) [1+ f5(M,n)
X (- (14 f_, (M, n)
X 1+ fi (M,n))---)]}

=c(M) f, (M,n)E(M,n), Vne Nﬁj,
(63)

where E(M, n) is defined by (44).

Once again, using the mean-value theorem for integrals,
for arbitrarily given integers n,n + 1 € Nﬁf , there exists £ in
the open interval (y(rn), y(n + 1)) such that

y(n+1) ds

Gl D) -Gl =] =

= A)/ (n) <
g @)

Ay (n) (64)
T g(ym)

vn e NM,
0

where G is defined by (43). Using (63), (64), and y(n,) =
a(M), we obtain

um)<ym) <G (G(a (M))

n—-1
+c(M) )Y £y (M,s)E(M,s)),

5=y,

Vn € Nﬁ.
(65)

In (65), let n = M; we have
u (M)

M-1
<G (G(a(M))+c(M) Y h (M,s)E(M,s)),

s=n
Ve Ny
(66)
Due to the randomness of T', (42) is achieved immediately
from (66). O
3. Application

In this section, we apply Theorem 5 to the following differ-
ence equation:

n-1

Ax(n)=F <n,x(n), Zz(s,x(s))) , VneN,. (67)

s=ny

Abstract and Applied Analysis

Corollary 7. Assume that F is defined on N,, X [0, 00)x[0, 00),
and there exist nonnegative functions d;(n), i = 1,2, such that

|E(n,x, )| < dy () g (Ix]) + d; (n) y,
|z (s, 0)| < d, (n) g (Ix]),

(68)

where the function g is as in Theorem 5. If x(n) is any solution
of the problem (67), then

n—1
Ix(n)] <G (G(|x (ny)|) + Zdl (s)E(s)) , Vne N%ﬁ,

5=y

(69)
where the functions G, G™' are as in Theorem 5,
E(n)=1+d,(n)(1+d,(n)), (70)
and b; is the largest natural number such that
by-1
G (|x (ny)]) + Zdl (s)E(s) e Dom (G™).  (71)
E=
Proof. The difference equation (67) is equivalent to

n-1 s—1
x () = x (ny) + ZF(SMS% ZZ“”C(”))’

s=ngy t=n,

(72)
VneN,.
0

Using (68), from (72), we have

n—1
x ()] < |x ()] + Y. d, (5) g (1x (s)])

s=ty

(S o 73
+Zd1 (S)<Zd2(f)9(|x(5)|)>, 73)

$=hy t=n,
VneN,.

Notice that, by the assumption, all functions in (73) satisty
the conditions of Theorem 5. Applying Theorem 5 to the
inequality (73), (69) is immediately derived. This completes
the proof of Corollary 7. O
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