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This paper is concerned with the characterization as frames of some sequences in U-invariant spaces of a separable Hilbert space
Z where U denotes an unitary operator defined on 7’; besides, the dual frames having the same form are also found. This general
setting includes, in particular, shift-invariant or modulation-invariant subspaces in L*(R), where these frames are intimately related
to the generalized sampling problem. We also deal with some related perturbation problems. In doing so, we need the unitary
operator U to belong to a continuous group of unitary operators.

1. Introduction

This paper is concerned with the study of some special frames
in U-invariant spaces. Given an unitary operator U on a
separable Hilbert space 7, we consider closed subspaces
having the form &, := span{U”"a : n € Z}, where a denotes
some fixed element in 7. In case that the sequence {U"a},,.»
is a Riesz basis for & ,, we have

o, = { ZocnU"a Ha, e (Z)} . 1)

nez

Recall that a Riesz basis in a separable Hilbert space is
the image of an orthonormal basis by means of a bounded
invertible operator. Any Riesz basis {x,},.» has a unique
biorthogonal (dual) Riesz basis {y,},,c7, that is, {x,,, ¥,,) ¢ =
0,,.m» Such that the expansions

x= Y %Yz = Y (6 %) 590 )

nez nez

hold for every x € #. We state the definition by considering
the integers set Z as the index set since throughout the paper
most of sequences are indexed in Z. A Riesz sequence in Z

is a Riesz basis for its closed span. A necessary and sufficient
condition in order for the sequence {U"a}, ., to be a Riesz
sequence in # is given in Theorem 3 infra.

Given s elements bj, j=12,...,s in o, a challenging

problem is to characterize the sequence {Urkbj}kez;j:1,2,,,,,s as
a frame (Riesz basis) in &/, where r > 1 denotes a positive
integer. Besides, another interesting problem is to look for
those dual frames having the same form {U’kcj}kez; i=1,2,.., fOT
somec; € o, j = 1,2,...,s, so that, for any x € &/, the

]
expansion

x = iz (U™ ) U™, in 3 3)
j=lkezZ

holds.

At this point, we give an explanation about the expression
sampling-related frames appearing in the title. Namely, U-
invariant subspaces in 7 are natural generalizations of shift-
invariant or modulation-invariant subspaces of L*(R); there,
the unitary involved operators are, respectively, the transla-
tion operator T : f(t) — f(t—1) or the modulation operator
M : f(t) - et f(t). In the shift-invariant subspace
V; = X, 0,0t -n) : {a,} € 22(7) ¢ LA(R) generated



by ¢ € L*(R), for any f ¢ V(;, the inner products {(x,

k
U™b)) beezsj=12,..s AT€

[e¢]

| ropE=rma = (7 <) e,

-0 (4)
keZ, j=1,2,...,5

where h;(t) = bj(—t) for each j = 1,2,...,s. Thus, the

above inner products are nothing but samples of some filtered

versions f * h; of the function f itself; this is precisely the

generalized sampling problem in the shift-invariant space

V; . Mathematically, it consists of the stable recovery of any

fe qu from the above sequence of samples, that is, to obtain

sampling formulas in V(; having the following form:

FO=YY (fh)h)s;t-rk), teR, (5)

j=lkez

such that the sequence of reconstruction functions {S j(- -
K)}kez;j-1,...s is @ frame for the shift-invariant space V(j . As
a consequence, expansions (3) and (5) have the same nature.
Recall that a sequence {x,},., is a frame for a separable
Hilbert space 7 if there exist constants A,B > 0 (frame
bounds), such that

Al < Y [ x) < BIx? Vxed. (4

nez

A sequence {x,},.7 in # satisfying only the right hand
inequality above is said to be a Bessel sequence for . Given
a frame {x,},.» for Z, the representation property of any
vector x € J as a series x = ) _,¢,X, is retained, but,
unlike the case of Riesz bases (exact frames), the uniqueness
of this representation (for overcomplete frames) is sacrificed.
Suitable frame coeflicients ¢, which depend continuously and
linearly on x are obtained by using the dual frames {y,},c~
of {x,,},,c7; that is, {y,},c7 is another frame for # such that
X = Yer (% y0x, = Yz x,)y, for each x € . For
more details on the frame theory see [1].

Sampling in shift-invariant spaces of L*(R) has been
profusely treated in the mathematical literature (see, for
instance, [2-13]).

The existence of expansions like (3) in U-invariant sub-
spaces was treated for the first time in [14]; see also [15, 16].
Following similar techniques to those in [14], we give, in
Section 2, a complete characterization in &, of sequences
having the form {Urkbj}kd; j=12,.,s where b; € o, for each
j = L,2,...,s. In other words, we carry out the study of
the completeness, Bessel, frame, or Riesz basis properties of
the sequence {Urkbj}kez;j:m)___,s. Whenever it is a frame for
d ,, we find a family of dual frames having the same form

{Urkcj}kez;j:l’2 s forsomec¢; € o, j = L,2,...,s.In

Section 4, we also discuss the case where some b; ¢ o;

.....

although the sequence {Urkbj}kez;j:L2 ,,,,, . is not contained
in ¢, something can be said in the light of the theory of
pseudoframes (see [17, 18]).
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All the obtained results in Section 2 involve the discrete
group of unitary operators {U"},., which is completely
determined by U. If we want to deal with something similar
to the time-jitter error version of (5), that is, the recovery
of any f ¢ qu from a perturbed sequence of samples
{(f * hj)(rk + €)}kez;j-12,..s With errors €; € R, then
the availability of a continuous group of unitary operators
{U'},cr containing, in particular, the operator U (say for
instance U = U!) becomes essential. In Section 3, after
a brief on groups of unitary operators, we deal with two
types of perturbation problems. The first one concerns the
study of sequences as {Urk“kfbj}kez;]-:1)2’_“,5 in %, for small

enough error sequence € := {ekj}€2-norm, the sequence
is a Riesz sequence in #. The second one goes into the
recovery of any x € o/, from the perturbed sequence of inner
products {(x, U™+ b)) o tkez;j=12,... for small enough errors
€.,j> there exists a frame expansion for x € ¢, having the

inner products {(x, U™ b)) Ykez;j-14,..s as coefficients.

o)

2. U-Invariant Subspaces

In a Hilbert space &, the U-invariant subspaces are inti-
mately related to stationary sequences.

2.1. Some Preliminaries on Stationary Sequences. A sequence
s = {s;}rez in a separable Hilbert space # is said to be
stationary if

<5m+k’5n+k>% = <5m’5n>% Vm,nk € Z. (7)

The function R(k) := (s, Sy) o> for every k € Z, is called
the autocovariance function of the sequence s. Moreover, two
stationary sequences s = {s;};c7 and w = {w; }; ., are said to
be stationary correlated if

<Sm+k>wn+k>%’ = <5m’wn>%’ vm,n,k € Z, (8)

and R, (k) := (s, wy) gy, for every k € Z defines the
corresponding cross-covariance function. The following result
is a well-known characterization of stationary sequences (see

(19]).

Lemma 1. To every stationary sequence s = {s,},.z in a
Hilbert space I there exists a unique unitary operator U :
H — H ands € F suchthats, = U's foralln € Z.
Conversely, every pair (U, s) of a unitary operator U and an
s € X defines by s, = U's, n € Z, a stationary sequence
s ={S,}yez in 7.

Moreover, two stationary sequence s and w are stationary
correlated if and only if they are generated by the same unitary
operator U; that is, s,, = U"s and w,, = U"w for some s,w € .

The autocovariance R and the cross-covariance R,
functions admit a spectral representation which is related
to the integral representation of the unitary operator U (see

(19]).
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Theorem 2. For every stationary sequence s = {s,},., in
a Hilbert space #, the autocovariance function Ry admits a
spectral representation

1 ("
Ry(K) = (S5l = 5 J_ My ©), kez, (9

in the form of an integral with respect to a (positive) spectral

measure .
For every two stationary correlated sequences s = {s,},cz
w = {w,},c7 in a Hilbert space 7, the cross-covariance

function admits a spectral representation

Ro (0 = (s00)r = 5 | % (€), keZ, (1)
T J-

in the form of an integral with respect to a (complex) spectral
measure f .

2.1.1. The U-Invariant Subspace </ ,. For a fixed a € 7, we
consider the subspace of # given by &/, := span{U"a, n €
Z}. In case that the sequence {U"a},. is a Riesz sequence in
Z, we have

}ee? (Z)} a1

{ZaUa

nez

A necessary and sufficient condition in order for the
sequence a = {U"a},., to be a Riesz sequence in # can be
stated in terms of the Lebesgue decomposition of the spectral
measure p, into an absolute and a singular part as dy, (6) =
ba(e)d0 + du5(6).

Theorem 3. Leta := {U"a}, ., be a sequence obtained from an
unitary operator in a separable Hilbert space Z with spectral
measure dy, (0) = gba(eie)de +du;(0), and let o , be the closed
subspace spanned by a. Then, a is a Riesz basis for o, if and
only if y; = 0 and

0<A,:= es?;%lf ¢, (0)<B, = es§5';'lp ¢, () < oo, (12)

where T :={e? : 0 € [-7, m)}.

Proof. For a fixed £*-sequence ¢ := {c,},cz> we have

2
chUka = Z Zcma (U"a,U"a)
kezZ meZneZ
= Y Y wa%@
meZneZ
(13)
1 (" ol
=5 J_n k;ckelke du, (0),

it u, is not absolutely continuous with respect to Lebesgue
measure A, Lemma4 below implies that there exists

a bounded sequence {CN}?\]O:I ¢ £%2Z) such that

I3 ez Uka||2 tends to infinity with N, so a cannot
be a Bessel sequence, therefore, not a Riesz basis. Assume
now that i, = 0 and a is a Riesz basis, this implies that there
exists B < oo such that

Z ckUka

keZ

2
< Blicl7. (14)

forall ¢ = {Glicy € €2(2). Let Q, == {{ € T: ¢,({) > n}
assume that B, = oo, this implies that A(Q2,) > 0 for all n.
Now, (13), (14), and Parseval’s theorem imply that

zﬂJ' ZC oiko ¢a( 19) B J chelke

kez kez

forallc = {g )3z € €*(Z). Introducing the Fourier expansion
of the characteristic function Xo, € L*(-m,7) in (15), we
obtain n < B for all n, which contradicts B < co; thus, the
assumptlon B, = oo is false. In a similar way; it can be proved
that 0 < A,.

For the sufficient condition, assume now that 4, = 0;
then, (13) implies that

ZcUa =LJ7T Zcei’“92
k . k

kez kez

do  (15)

¢, (€7)do, (6

if, in addition, condition (12) is satisfied, we get

2
A,
J Zc elke de < chUka
27-[ T |kez kezZ 1)
17
B,
- _j' ZC e1k9 6,
27 Jn keZ

which implies that

2
Aa||c||§z < chUka < Ba||C||§2 for each ¢ € £2(2).
kez
(18)
Therefore, the sequence a is a Riesz basis for o7 ,,. O

Lemma 4. Let y be a finite positive measure on (-, ) which
is not absolutely continuous with respect to Lebesgue measure
A. Then, there exists a bounded sequence {cI\’}(;\IO:1 c 02(2) such
that

2
lim = 00. (19)
- Li(—n,n)

ZcNeike
%
|k

Proof. If the measure y is not absolutely continuous with
respect to Lebesgue measure, then y(M) > 0 for a Lebesgue
measurable set M C (-, 7) of Lebesgue measure zero. Thus,
there exists a Borel set B of Lebesgue measure zero such
that M ¢ B C (-m,7). In fact, the set B is an intersection



of a countable collection of open sets (see [20, page 63]).
Therefore, u(B) > 0 and A(B) = 0. On the other hand, every
finite Borel measure on (-, ) is inner regular (see [20, page
340]); that is,

p(B) = sup {u(C) : C ¢ B,C compact}, (20)
then there exists a compact set C C (-7, 7r) such that
u(C) >0, A(C)=0. (21)

For any ¢ > 0, there exists a sequence of disjoint open
intervals I ;i € (=m,m) such that

CCGI, iA(Ij)sA(C)+s=s, (22)
j=1 j=1

(see [20, pages 58 and 42]). Since C is compact, we may take
the sequence to be finite. Hence, for every N € N, there exist
open disjoint intervals I}, IJ', .. ., Iil;f in (=, ) such that

iy iy 1
Cc iL:JIIiN’ ;)\ (1) < 5% (23)

Besides, Z;Zl M(IiN) > u(C).
Consider the function gy : (-m,m) — R, where gy =
HN/2 XU o that satisfies

in 2N
lanll; = ZNEA (1) < <l (24)
P

We modify and extend each gy to obtain a 27-periodic
function fyy : R — R such that fy and its derivative are
continuous on R, ||fN||§ < land fy(0) = gn(0) for every
0 ¢ Uzi’ (N Let Y g ¢*® be the Fourier series of fy. First,
by using Parseval’s identity, we have

N
G

1 1
; = E“fN"i < o for every N € N, (25)

so that {CI\I}?\,OZ1 is a bounded sequence in £2(Z). Besides,
the regularity of each fy ensures that each Fourier series
converges uniformly to fy. Therefore, each series Y, ¢ ek

12
converges to fy in L, (=7, 7) and consequently,

2
k6 i 2 i 2
Yl - [ 1nldu= | lgufan
k Li(—rr,rr) T T
(26)
=23 u (1) 2 2Vu(0),
i1
from which we obtain the desired result. O

The proof of Theorem 3 is similar to that of Theorem
6 in [16], except we do not exclude the case in which the
singular measure is atomless. Recently, we have been aware
that Theorem 3 was exposed in [21].
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2.2. Studying the Sequence {Urkbj}kez;j:l’2 sindl,. Forb; e
9, j=12,...,s consider the sequence {Urkbj}kez;j:u)___’s.
For every j = 1,2,...,s, the spectral measure Hap, in the

.....

integral representation of the cross-covariance function of the
sequences a := {Uka}kez andb; := {Ukbj}kez has no singular
part. Indeed, according to Theorem 3, the spectral measure
associated with the autocovariance function of the sequence

{U*a},e, has no singular part; then by using the Cauchy-
Schwarz type inequality in [22, page 125] we get the result. In

the sequel, we will use the abridged notation by j= U'kbj; our
goal in this section is to study the sequence {b ;}xez;j-15,..s in

9, in terms of an s X r matrix ‘I’a’b(eie) which is introduced
below. For the sake of completeness, we include some needed
calculations which appear in [14].

First of all, we have

k R ) 0
(Uaby) = o= | %0, ()0, @)
where qba,bj stands for the cross spectral density of the station-

ary correlated sequences a := {U*a};, and b; = {Ukbj}kez.
Define

@, (¢7) = (b, () ban, (7)1 nap, (€))7, (28)

In what follows, we will use the left-shift operator S defined
as

S LX(T) — L*(T)

ik i (29)
Zakel 0 — Zakﬂelke’
kez kezZ

or equivalently, by (Sf)(eie) = f(eig)e_ie, where T := {e :
0 € [-m, )} denotes the unidimensional torus. Also, we will
consider the decimation operator D,, r is a positive integer,
defined as

D .

re

L*(T) — L*(T)
Zakelkﬂ — Zarkelk9> ( )
kez kez

which can equivalently be written as

r—1
(D, f) (eie) _ %Zf (ei((9+2k7r)/r))‘ 31)
k=0

Foreachl=0,1,...,r—1, set the sx 1 matrix of functions
on the torus T as follows:

‘I’ix,b (ew) = (Drs_lq)a)b) (eie) > (32)

and define the s x r matrix of functions on the torus T as
follows:

¥, (€7) = (W0, () Wy (7)) Wiy (€9). (33)

It is worth to mention that the matrix W}, was explicitly
computed in [14] for the translation and modulation cases in
L*(R).
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Next, for any x € o/,, we obtain an expression for the
inner products &, ; == (x,U™b;),n € Zand j = 1,2,...,s

Indeed, writing x = Y., x,U¥a where {x;},., € €%(Z), we
have

a,; = <x, Umbj> = k%xk <Uka, Umbj>
€

T[
i(k—rn)0 i6
e ¢a’bj (e )d@

kez 7
_ 21 J Zxkelke(pab ( 16) —1rn9d6
T Jmkez
(34)
that is,
an = (‘xn,l’ ‘xn,Z’ e an,s)T
_ L Jn @, (eie) X (eie) e ™ dp, )
), a,

where X(e'%) := ¥, x,e*
Now, for I = 0,1,...,7 — 1, define the sequence x

{xg) = Xp,41}kez- Thus, we can write
) r—1 ) r—1 . .
X (ele) _ Z Z Ky, g€l ZX(Z) (elre) 9 (36)
I=0keZ =0

where X (e) = =Yz X l) elhf.
Using (36) in (35), we obtam

0 .

ol (T 0\ () [ ir0\ il —irnd
«, = —J d)a,b(e )X (e )e e "7do.  (37)

1 _ i _
T R
. <5y jm §' D, () X (eie) " 19
=27 ) r

r=1r-1 JZﬂ(k+1 S l(Dab( G/r))

- X(l) (eie) efinede (38)

1=0k=0 27k

rn ro1r-1g-1 o, ( ei((9+2nk)/r))

X(l) (eiG) efinede

0 Zok=0 2nr

T 7_1 . . .
[ E s en

=0

Defining C(e”) := ¥, ., e,

C (eie)

(38) implies that

,_‘

r—

(D,s7@,,) () XD (), (39)

1]
o

5
which can be written in matrix form as
C (eie)
.
Z o, eikG, Z (xk)zeikﬂ) - Z “k’seiw)
kez kez kez
— v, () (X (), X (&), XD ()]
-w,, (eie) 3 (eie)
= (Ly, X) ("),
(40)

: Li('l]') — Li('[r) denotes the multiplication
operator by ¥, ;, and

X(eie) = (X(O) (eie) ,X(l) (eie) yene

where Ly

,X(r—l) (eie))T‘

(41)

By Lzr('I]') (resp., Li(-ﬂ')), we denote the product space
LX(T) x --- x L*(T) for r times (resp., s times). Besides,

e,

LA(T)
) i J—: <\I’a,b (eio) X (eie) » \Ila,b (eie) X (619) Crde
= LT (s, (%) Wop (7)) X (%), X () 6.

21
(42)
The above calculations let us prove the following result.

Theorem 5. Let b; € o, for j = 1,2,...,s and let ¥, be
the associated matrix given in (33). Then, the following results
hold.

(a) The sequence {Urkbj}kez;jzl,z ,,,,, s is a complete system in
A, if and only if the rank of the matrix W, ({) is r a.e.
CinT.

(b) The sequence U bitkez;j-12...s is a Bessel sequence for
4, if and only zftilere exists a constant B < 0o such
that

Y, (¥, Q) <Bl, ae{inT. (43)

(c) The sequence {Urkbj}kez;j:m)___’s is a frame for o , if and
only if there exist constants 0 < A < B < 00 such that

Al ¥, (O, (O <Bl, aelinT.  (44)

(d) The sequence {Urkbj}kez;]-:l’zms is a Riesz basis for o,
if and only if it is a frame and s = r.

Proof. To prove (a), assume that there exists a set O € T with
positive measure such that rank[¥, ()] < r for each { € Q.
Then, there exists a measurable function v({), { € Q, such
that W, (()v() = 0 and ||V(C)||L2,(T) = 1 in Q. This function



can be constructed as in [23, Lemma 2.4]. Define V ¢ Lzr('I]')
such that V({) = v({) if{ € Q,and V({) = 0if{ € T\ Q.
Hence, from (40), we obtain that the system is not complete.
Conversely, if the system is not complete, by using (40), we
obtain a V(¢) different from 0 in a set with positive measure
such that ‘I’a)b(f)’\v/'(() = 0. Thus, rank ¥, ,({) < r on a set
with positive measure.

To prove (b), we keep in mind that {Uka}kEZ is a Riesz
basis for </, the mapping T : €*(Z) — o, given by
T{xX ez = X = Yper kaka is bijective and there exist two
constants 0 < m, < M, < oo such that

ml el < T {d e < Mol (49)

Assume first that (43) is satisfied. It follows from (40) and
(42) that

2
LX(T)

2

2y (46)

[#asX];r, < BX

. <2 2
By construction ||‘I’a,bX||L§(T) = Zj’=1 ez 1{x, bk,j)I and

IIXIIiz(T) = ||{xk}kez||§2, using (45), it follows from (46) that

Y3 [Get)f = b @)

j=lkez

Conversely, assume that {b;}ez;j-15,..s is @ Bessel sequence
for o/, then there exists 0 < B' < 0o such that

S5 (b )| < Bl (48)

j=lkez

Using (45), this implies that

2

!
<BM, 2

[ (49)

2o X

forall X € Lzr('ﬂ'). Inserting the right hand side of (42) for

=2
¥, u X Ty it is straightforward to see that (43) holds with

B=B'M - The proof of (¢) is completed proceeding as in (b).
To prove (d), consider the following mapping:

S o, — (2)
(50)
X {<x, bk’j>}kez;j=1,2,...,s‘

According to (40), the mapping S is isometric equivalent
to Ly ,, and assuming that {b j}rcz,j-1,...s is a frame, it is a
Riesz basis if and only if S is surjective.

First, if {b j}kez;j=15,.,s 15 @ Riesz basis, then it is a
frame and § is surjective. Applying (a) yields that Ly is

,,,,,

bijective, and therefore Lfl, . = L‘P*b is bijective. Hence,
rank[¥, (¢ )‘I’:,b(( )] is s for almost every { in T, so

r = rank [‘I’Z,b () Wap (C)] = rank [‘Ila,b (9 2% (C)] =5
(51)

and finally s = r.
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Conversely, if {b; j}xez,j-1,,.,s is @ frame and s = 7, (a)
implies that W,(¢) is invertible for almost every ¢ in T,
which implies that Ly is surjective; then § is surjective and

{bk j kez;j=1,...s 1s @ Riesz basis. U

The following lemma will allow us to restate Theorem 5.

Lemma 6. Let G({) be an s x r matrix with entries in L*(T),
and consider the following constants:

Ag = esg i{;f)»min (G" ()G ()],

. (52)
Bg := esisup Anax [GT (G ()],
€T

where A, (resp., A .. ) denotes the smallest (resp., the largest)
eigenvalue of the positive semidefinite matrix G*({)G(Q).
Then,

(a) the matrix G({) has essentially bounded entries on T if
and only if Bg < 00;

(b) there exist constants 0 < A < B < 00 such that Al, <
G"()G() < Bl,, a.e,{ € Tifand only if 0 < Ag <

Bg < co.
Proof. The first part of lemma follows from that
Anax G (GO = IGO)I;, and
max|aij| <A, < mnmax|aij'
i,] 1Y)
(53)

for any matrix A = [aij] i]ilf,zi ::L,Z,
where [|A]l, denotes the spectral norm of the matrix A (see,
for instance, [24]).

Now, we prove the second part of the lemma. Since
G"({)G({) < BI, means that (Bx - G*({)G({)x, x) > 0 for
all x € C', in particular, taking an eigenvector x associated
with the largest eigenvalue A, of G*({)G({) such that
x| = 1, one has that B > A,..(G*({)G({)). Hence,
B 2 essSup;erAnx[GT(()G())]. In a similar way, Al, <
G"({)G(C) implies that A < ess infrepA i, [G™(()G(O)].

Conversely, Rayleigh-Ritz theorem [24, page 176] yields
that

x"G"(9)G ()
x*

Amax [G* (() G (C)] = gcré%)y( o

(54)
{6 GO xx)
= max .

xeC’ (x, x)

Thus, ess supCETAmax[G*(()G(()] = Bg implies that

maX(G* ()G () x, x) <B
xeC’ (x, x)

e ae (eT. (55

In other words, Bgl, =
G"(OG(Q) > Agl,.

It is easy to deduce from the proof that A and Bg are
the optimal constants A > 0 and B < oo satisfying the
inequalities Al, < G*({)G({) < Bl,,a.e.,{ € T. O

G*({)G({); analogously,
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As a consequence of Lemma 6, statements (b) and (c) in
Theorem 5 can be restated in terms of the following constants:

Ay = essinfA, . [P, ¥ >
- es{sel%l Amm[ ab (O ¥ap (C)]

(56)
By = esi SUP Ay [‘I’:’h Q) ¥,y (C)] ,
eT

as follows.

Theorem 7. Letb; € o, for j = 1,2,...,s, and let ¥, , be the
associated matrix given in (33) and its related constants (56).
Then, the following results hold.

(i) The sequence {U™ bitkez;j=12,..s is @ Bessel sequence for
4, if and only if the constant By < co.

(ii) The sequence {Urkbj}kez;j:1’2)___,S is a frame for o , if and
only if the constants Ay and By satisfy 0 < Ay <
By < 00. In this case, Ay and By are the optimal frame

bounds for {U’kbj}kez;j:l,2 ‘‘‘‘‘ .

2.3. The Frame Expansion. Define the rxs matrix of functions
on the torus T as follows:

L(e) = Y™ = [0, (%) Way ()] WL ().
k
ez (57)

The following expansion involving the inner products o, ; =
(x, Umbj) of x € &/, holds.

Lemma 8. Assume that the matrix W, ({) has essentially

bounded entries on T. For any x = ¥,., x;U%a € o, one
has

X, = Zrkan—k> (58)
kez

where X, denotes the nth Fourier coefficient of the function
X(e') defined in (41), and the sequence {,,} .7 is given in (35).

Proof. Indeed,

% ! Jn X (eie) e 40

R 2 I

- % J_ﬂn <kzzrk eike) v, ( eie) 3 (eie) e 49
€

(59)
= Y rs [ ()R () g
kez -
= Zrk an_k.
kez
O

At this point, we are ready to prove the following expan-
sion result.

Theorem 9. Letb; € o, for j = 1,2,...,s, and assume that
the associated matrix ¥y, given in (33) has essentially bounded
entries on T, that is, By < oo0. The following statements are
equivalent.

(i) The constant Ay > 0.
(ii) There exist ¢; € d, j = 1,2,...,s, such that the

sequence {Urkcj}kez;j:l,2 ..... , is a frame for o ,, yielding,
for any x € d ,, the following expansion:

x = ZS: Z <x, Urkbj> Urkcj in I. (60)
j=lkez

; iy k
In case the equivalent conditions hold, {U™b;}iez,i-15, s

and {Urkcj}kez;jﬂ’z,___,sform a pair of dual frames in o ,.

Proof. First, we prove that (i) implies (ii). Observe that
x = Yoy XU a can be written as Y., X, a, where @, =
(Unra Unr+1a Unr+r—1a)T Next

T
X = i;ﬁn = Z(Zrk(xn_k> ﬁn

nezZ neZ \keZ

= Z Z“I—kr;cran = Z Zall‘,{imk (61)

nezZkeZ nezZkeZ

_ Za;(Zrkamk).

nezZ kez

Forle€ Zand j=1,2,...,sdefineq; := Urlcj,where (¢1>6)
¢) =Yz T A, and b= Urlbj. Then, (61) implies

v Yol Trisu )

nez keZ

=Y a,U" ( D r,jak> (62)

nez kez
S

= ZZ (x.b,) ¢, inZ.
I=1neZ

In order to be allowed to use [1, Lemma 5.6.2], we have
to prove that the above constructed sequence {q ;}xez;j-12,...s
is a Bessel sequence for o/,. To this end, we compute the
corresponding ¥, . matrix for ¢ = {g j}kez;j-12,..s Setting

[1";],»]- = afj, we obtain

<Uka, cn,j>
= lzzil <Uk61, U”r (a;iUlr+ir+i_1a)>
eZi=
— LS _ kanr—lr,iﬂ )
= lzzzl:aji < a)a>
eZi=

r b4
B 1 i(k—nr—lr—i+1)0 i0
=2 2 . J_n e 9a (") do.

leZi=1
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Now,
<U a,c 1>
<U a, cn)2>
(00,6,
L (" kenr-ine , [ _i6
1(K—Nr— 1
- J e o, (e )d@
1 i(k—nr—Ir—1) i6
_ do
=31 | 2 J "9 (")
lez : (64)
L (" ik 1. 06, (.6
L eltk—nr=lr=r %) do
20T J—n ¢a ( )
ei(kfnr)ﬂ
ei(k—nr—l)@
J ZFT —ilro (pa (ele)de
ez _ .
el(k—m’—r+l)9
_ 1 r PE (70) 5 () b, () do
21 )n @ ’
where &(e?) = (1,e7,...,e7 " D) Hence, we have de-
duced that

o, (eie) - (eire) E(eie) ¢, (eie) _ (65)
Therefore, for! =0,1,...,r
‘I’i,c (eie) =D,S" [F* (eire)"e' (eie) ¢, (eie)] , (66)

and consequently, the s x r matrix ‘I’a,c(eie)
0 (06Y l (.6
(Woc(e9), ¥, (e7),...

— 1, we have

> ‘I’:cl(eio)) can be written as

¥ () =D, [0, ()T (). @
where
1 eig ei(r—l)@
-6 e llr20
E(eie) = e: 1 . ) : ' (68)
efi(t;l)e e—i(r‘—2)9 1

As a consequence of Theorem 7, the proof ends if we
prove that the matrix ‘I’a)c(eie) has essentially bounded
entries. Clearly, the decimation operator D, sends bounded
functions into bounded functions; Theorem 3 implies that ¢,
is bounded so, taking into account (67), it remains to check
that the matrix T* (¢") has essentially bounded entries.

NOW, r* (eirﬂ) _ \Pa’b(eire)[\I,:)b(eirﬂ)\ya)b(eire)]fl’ the
lower bound condition (c) in Theorem 5 and Lemma 6 imply
that [‘I’:)b(e"e)‘l’a)b(eire)]’1 has bounded entries, and there-
fore the matrix I'* (") has bounded entries. We have shown
that ¥, (e‘e) has bounded entries; then Theorem 7, part (a)
and Lemma 6 guarantee that the sequence {¢; j}xez;j-1,,..s I8

,,,,
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a Bessel sequence; then, the sequences {b j}xez,j-1,, s and
{6 j kez,j=1,,..s form a pair of dual frames in &/, (see [1,
Lemma 5.6.2]).

Finally, condition (ii) implies condition (i). According to
[1, Lemma 5.6.2], the sequence {Urkbj}kez;jﬂ)z)___,s is a frame
for &/, since it is a Bessel sequence and the expansion in (ii)
holds. By using Theorem 7 we obtain that Ay > 0. O

It is worth to observe that the analysis done in Theorem 9
provides a whole family of dual frames for the sequence

{Urkb Ykezj=1,,..s In fact, everything works if we replace
r (ele) in (57) by any matrix of the following form:

Ty () =l (€9) + U () 1. - Wap () 2L, ()]
(69)

.....

where U(e!?) is any r x s matrix with entries in L*(T),
and ‘I’lb denotes the Moore-Penrose left-inverse ‘I’Z,b () :=
[‘I’;‘,b(eig)‘l’a)b(eie)]_I‘I’;‘)b(eie). Note that we need essentially
bounded entries in the matrix I' (¢'?) since the multiplication
operator Mp — Ff in L*(T) is well-defined (and
consequently bounded) if and only if F € L™(T).

Notice that if s = r, we have ‘I’z’b = ‘I’;’L which implies a
unique I'y;, and we are in the presence of a pair of dual Riesz
bases. In fact, the following result holds.

Corollary 10. Letb; € o/, for j = 1,2,...,r; thatis, r = s in
Theorem 9. Assume that the square matrix ¥,y given in (33)
has entries essentially bounded on T, that is, By < 0. The
following statements are equivalent.

(a) The constant Ay > 0.

(b) There exists a Riesz basis {Cy j}kez;j-1
any x € o ,, the expansion

x=Y Y (U p,)Cp; inx (70)

j=lkez

; such that for

.....

holds.

In case the equivalent conditions are satisfied, necessarily,
there exist ¢; € 9, j = 1,2,...,1, such that C ; = Urkcj
for k € Zand j = 1,2,...,r. Moreover, the sequences
{Urkc‘}kez]' 1.2,..,s and {Urkb'}kEZj 1,2,.
in o ,, and the mterpolatzon property (c U by) =68 16k0
wherek € Z and j,j' = 1,2,...,r, holds.

s are dual Riesz bases

Proof. To prove (a) = (b), we use Theorem 9; whenever 0 <
Ay < By < 00, there exist¢; € &, j = 1,2,...,s, such that

the sequence {Urkcj}kez; j=1,2,..,s is @ frame for &/, and for any

x € o ,, the expansion
S
x= Z Z <x, Urkbj> Urkcj in Z, (71)
j=lkez
holds. Actually, from Theorem 5, we get that r = s implies
that {Urklaj}kez;J-=L2 ,,,,, . is a Riesz basis, and consequently,

{Urkcj}kez; i=1,2,..,s 18 indeed its dual Riesz basis.
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The converse follows easily from the fact that if
{Ck j}kez;j=1,,..s 1s a Riesz basis, then (b) implies that

{U’kbj}kgz; j=1,2,..,s 18 its dual Riesz basis; hence, Theorem 5
provides Ay > 0. The interpolation property comes out from
the biorthogonal condition of a pair of dual Riesz bases. [J

Closing this section it is worth to mention that the results
stated and proved in Sections 2.2 and 2.3 mathematically
enrich some of the remarkable results concerning regular
sampling contained in the interesting [14]. Here, we have
assumed only one generator a € % and that b, € o, for
all j = 1,2,...,s. If b; ¢ o/, for some j, see the additional
remarks in Section 4. The case of several generators a;, € %,
I=1,2,...,L, can be essentially treated in the same way.

3. Some Perturbation Results

In Section 2, we have only used the discrete group of unitary
operators {U"},., which is completely determined by the
unitary operator U. In order to carry out the study of some
perturbation results stated below, we need the availability
of a continuous group of unitary operators {U'},.r which
includes the unitary operator U, say, for instance, that U :=
U

3.1 On Continuous Groups of Unitary Operators. Let {U'},cg
denote a continuous group of unitary operators in Z such that
U := U'. Recall that {U'},, is a family of unitary operators
in Z satistying (see [25, vol. 2; page 29]) the following:

1) UtUt’ _ Ut+t',
(2) UO = I/”[;

(3) (U'x, ¥) o is a continuous function of t for any x, y €

Note that (U") ™ = U™, and since (U")* = (U")™*, we have
uH =u".

Classical Stone’s theorem [26] assures us the existence
of a self-adjoint operator T' (possibly unbounded) such that
U' = €T, This self-adjoint operator T, defined on the dense
domain of # as follows:

Dy = {x € X such that J

wd|E x| < oo}, 72)

admits the spectral representation T = _[_OZO wdE,, which

means that
(Tx, y) = J wd (E,x,y) foranyxe Dy, ye,
-0
(73)

where {E,}, g is the corresponding resolution of the identity,
that is, a one-parameter family of projection operators E,, in
# such that

(i) E_
I%,
(ii) E,- = E,, for every —0co < w < 00,

oo = lim, ,_E, = Og, E = lim, ,E, =

(iii) E,E, = E,, where w = min{u, v}.

Recall that IIwall2 and (E,x, y), as functions of w, have
bounded variation and define, respectively, a positive and a
complex Borel measure on R.

Furthermore, for any x € Dy, we have thatlim, _, ,((U*x~
x)/t) = iTx and the operator iT is said to be the infinitesimal
generator of the group {U'},cg. For each x € Dy, U'x is a
continuous differentiable function of t. Notice that, whenever
the self-adjoint operator T is bounded, Dy = % and e can
be defined as the usual exponential series; in any case, U' =

¢'T means that
<Utx, y> = J e d(E,x, y), teR, (74)
—00

where x € Dy and y € Z. A comment on the continuity
of a group of unitary operators is in order: The group is said
to be strongly continuous if, for each x € # and t, € R,
U'x — Ulxast — t, If % is a separable Hilbert space,
strong continuity can be deduced from continuity and even
from weak measurability; that is, (U'x, )4, is a Lebesgue
measurable function of ¢ for any x, y € #.

The following result taken from [25, vol. 2; page 24] will
be used later. For x € Dy and y € #, the inequality

SbA[ lpwrd e,

(75)

ij ¢ (w)d (E,x, y)

holds, where ¢ is a real or complex function which is contin-
uous in R with the possible exception of a finite number of
points.

For the details on the theory of continuous groups of
unitary operators, see [22, 25, 27, 28].

3.2. Studying the Perturbed Sequence {Urk+€’<fbj}

Given an error sequence €

kE€Z;j=1,2,05"
= A{exjlkez;jo1,.5 cOnsider

. rk+e;
the corresponding perturbed sequence {U Jlaj}kG Zijm12,.5"

Consider the following perturbation result (see [1, page 354]
for the proof).

Lemmall. Let{x,}’ bea frame for the Hilbert space # with
frame bounds A, B, and let {y,}, be a sequence in I . If there
exists a constant R < A such that

[ee]
Z|<xn ~ ¥ X)|* <Rlx|*  for each x € %, (76)
n=1

then, the sequence {y,}.-, is also a frame for Z with bounds

A(1 — \/R/A)? and B(1 + \/R/B)*. If {x,},2, is a Riesz basis,

then {y,},, is a Riesz basis.

Note that it cannot be directly applied to the sequences
{Urkbj}kez; i=12,.,s and {Ures bi}kez;j1,,..,s since the first one
isnot a frame for the entire Hilbert space %, and its perturbed
sequence does not necessarily belong to the subspace o/,.
However, something can be said in case {U'kbj}kez; i-1.2
a Riesz sequence in 7.

.....

T 18
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Theorem 12. Assume that for some b; € Dr; that is,

jj:owzdllebjllz < 00 for each 1 < j < r, the sequence

{Ukrbj}kez;j:L2 ,,,, . is a Riesz basis for o, with Riesz bounds
0 < Ay < By < co. For a sequence € := {exj}rez,j-1,,.r Of
errors, let R be the constant given by

<16l mox {[" wiales ) o

.....

where ||€|| denotes the Kf—norm of the sequence €.
If R < Ay, then the sequence {Uk”E"fbj}kez;j:um, is a
Riesz sequence in I with Riesz bounds Ay (1 — \/[R/Ay)* and

By(1 + +/R/By).

Proof. By using (75), we have

(o0t -

- EO e ™d (E,x,b) - J_O:O ety (B x,b)
_ EO e (1 ¢ 4%) d (E,x,b,)
_ J"; e (1 - &%) d (E by, x
< Jlxl \“_Z 1 - e Pd| B, by
b [ et
- fyltet || el

(78)
Hence,
X3 [0 -0 )
j=lkez
by 3 ([ wdeal )il oo
j=lkez N~
<ixt* max {[” wtd]E,b) }ZZl%i

j=lkez

Hence, Lemma 11 and Theorem 15.3.2 in [1, page 356] give the
desired results. 0

3.3. On the Perturbed Frame Expansion. Next, we deal with
the problem of the recovery of any x € o/, in a stable way
from the following perturbed sequence:

{<x, Urm+€Mjbj>%’}mez;j:1,2,...,5, (80)

Abstract and Applied Analysis

where € = {€,;}nez;j-12,.s denotes a sequence of real
errors. In order to face this problem, we propose a possible
strategy. Let 7, : L*(0,1) — &/, be the isomorphism
which maps the orthonormal basis {e*""*}, ., onto the Riesz

basis {U"a}, ., for & ,. In other words,
L*(0,1) — o,

; 81
Z(xneZmnw — x = Z(xnUna' ( )

nezZ nez

gU,a:

Thus,

<x, Utbj>% = < ZocnU"a, Utb]->
#

nez

- T (U807,

nez

F, Z <Utbj’Una>%eZ7rinw>
nez 12(0,1)

= <F’ K§>L2(0,1)’

where 7, ,F = x, and the function K;.(w) = Yz (Utbj,
U"a) %ezmnw belongs to L*(0,1) since the sequence {(U'b,
U"a) 4}, belongs to £%(Z) for each t € R.

Hence, for any x € &/, we have the following expressions:

(82)

<X, Urmbj>% — <F, g] (w)eZmrmw>L2(O)l)) (83)
<x, Urm+emj b]>% - <F, gm,j (w)e2nirmw>Lz(0’1)’
where the functions
gj (LU) = Z <a, Ukbj>%62nikw’

keZ

| (84)

gm’j (U)) = Z <a) Uk+emjbj>%e2mkw

kez

belong to LZ(O, 1). Therefore, we can see the sequence
{gm)j (w)eZTL'lew}
{gj(w)ezmrmw}meZ;j:I,Z,...,s
this sequence is a frame for L*(0, 1) if and only if 0 < ag <
B < 0o where the constants o and fBg are given by

mez;j=1,,..,s a8 @ perturbation of the sequence

. From [6, Lemma 3], we know that

ag = ess 1nf Amm [G" (w) G (w)],

we(0,1/
. (85)
Bs =esssup A, [G" (w) G (w)],
we(0,1/r)
and G(w) is the s X r matrix
k-1
G(w) := [gj (u) + ; >] 12s (86)
k=1,2,...,r
Besides, the optimal frame bounds for

2rirmw }

{gj(w)e mez;j=1,2,..,s are og/r and Bg/r.
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Given an error sequence € := {€ , we define

mj}meZ;j:I,z,..,,s

d’(qfk — <£1, Urm—k+emjbj> _ <a, Urm—kbj> . (87)

For any sequence ¢ = {G }ycz € £*(Z), we have

J .
ZZ Zdii,)k < Z Z Z ,,J,)zcl Z)k kl
j=1lmeZl|kezZ j=1lmeZlkeZ
S - -
=22 lallad 2, a2 d]
j=1lLkezZ meZ
(88)
< i Z M |d(1)d(1) ’
j=llkezZ 2 meZ
- (7 4
’d’ d¥

Now, for |y| < 1/2, define the following functions:

My, () = s [(a,.U'b;) - (a,U"D})|,
kezZ
Na,bj ()))
=  max Z max |<a Urm+k+tb> < Urm+kb>|

k=0,1,...,r— 1
(89)

Notice that Ng‘bj(y) < Mgy, (y) and for r = 1, the equality
holds. Moreover, assuming that the continuous functions
¢;t) = (a, Utbj),j = 1,2,...,s, satisfy a decay condition
as goj(t) = O(|t|""*")) when |t| — oo for some n; > 0, we
may deduce that the functions Na)bj(y) and Mu)bj(y) are
continuous near to 0.

Theorem 13. Assume that for the functions g, j = 1,2,...,s,
given in (84) one has 0 < ag < B < 0o. For an error sequence

€ := {€jlmez;j-1,.. define the constant y; := sup,,.sl€,,;| for
each j =1,2,...,s. Then the following condition:

j:ZIMu,bj (YJ) Nu

5 (1) <=2 (90)

implies that there exists a frame {C:, imezsj=12,...s Jor A, such
that, for any x € 9, the following sampling expansion:

N
x= Z Z (x, U”"J’e'“f'bj) #Crn j in (91)

j=lmeZ

holds. Moreover, when r = s, the sequence {C;, ]}mEZ =12,

is a Riesz basis for o, and the interpolation property
(G, U™ mib) 5 = 8,16, holds.

1

Proof. The sequence {gj(w)ezmrmw}mez;jzl,zws is a frame

(a Riesz basis if = s) for L*(0, 1) with frame (Riesz) bounds
ag and Bg. For any F(w) = ¥, ¢,e™ in L*(0, 1), we have

S - o 2
TTIrm- TTrm:-
(Gmj (e —9;()e ’F(')>L2(0,1)’
meZ j=1

Yy

meZ j=1

) <<a Ukenib; )

kez

- <a, Ukbj>> Mk F () >

12(0,1)

Yy

mezZj=1

Z <<(1, Urm—k+emj b]>

keZ

_ <a, Urmfkbj>> e2rrik-, F () >

L%(0,1)

2

Yy

j=1lmezZ

Z ( <a’ Urm—k+emj b]> _ <a’ Urm—kbj> ) ak

keZ

2
()
Z dm)kak .

kez

(92)

From (88) and the definition of the functions My, and
b W obtain

Z Z'(gmj e —9j g; ()™ E (- )>L2(0 1)‘

meZ j=1

< 3 Mg, (1) Ve

N,

a,l

() [faihea | (93)

S
< D Map, (v3) Nag, (7)) 1FI72(0,1-
j=1

By using Lemmall, that the
{Gm,j(w)e mez;j=1,,..,s 18 @ frame for L*(0,1) (a Riesz
basis if r = s). Let {h m]}mez] 12,

we obtain sequence

Znirmw}

s be its canonical dual
frame. Hence, for any F € L2(0, 1),

F = W;Z;<F ¢ s Gm,j ) eZTEirm >L2(0 l)hf"f
(94)
= 3 Y (R UT),
meZ j=1

T ua» one gets (91), where

j). Since I, is an isomorphism between

Applying the isomorphism
Cfn,j = Tualh,

L*(0,1) and & ; the sequence {Chitmezij=12.,..s is a frame for
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9, (a Riesz basis if r = s). The interpolatory property in the
caser = s follows from the uniqueness of the coefficients with
respect to a Riesz basis. U

3.4. A Frame Algorithm in 22(2). Sampling formula (91)
is useless from a practical point of view, it is impossible
to determine the involved frame {C;, iImezij=12,..s0 AS A
consequence, in order to recover x € o/, from the sequence
of inner products {(x, UrerEMjbj>?{‘}m€Z;j:1,2,...,s’ we should
implement a frame algorithm in £*(Z). Another possibility
is given in the recent reference [29].

Next we are going to implement a frame algorithm in the
2(2) setting. To this end, consider the canonical isometry

% :0*(Z) — L*(0,1) such that Zc := chezmkw
keZ (95)
for ¢ = {g}., € £ (2).

For x = Y,,cU"a € ¢, denote by F the following
sequence:

F=%"Tgx={c} € (2). (96)
The inner products {(x, U™ "b,) 3},e7,i-15,... can be
written as
TM+E,,; _ -1 /N 2mirmw
<x,U ]bj>% - <9U,ax’ Gim,j (W)e >L2(o,1) (97)

= ([F, [Lm,j>el(z),

where,forj: 1,2,...,sandm € Z,

-1

Ql

2mrm )

-1 ( a Uk+e’"1b ) eka 2rmrirm- >

-1 k+e,, 27i(rm—k)-
Z“Uﬂjw e ) (98)
kez

I
B

51 ( Zm%ezmk-)
kez

The sequence {L,, }ez;j-15,., is @ frame for X(2).
Indeed, assume that the error sequence € := {€,, j},nez;j-1,..s
satisfies the hypothesis of Theorem 13; that is,

keZ.

N
%6
= ZlMa,hj (Yj) Nap, (Yj) < (99)
where y; := sup,,.l€,,;| for each j = 1,2,...,s. As a conse-
quence, the sequence {gm’ j(w)ezmrmw}méz; j=12,.,s is a frame

for L*(0, 1) with bounds

A, r<1 J(x> 5 r<1 Jﬁ)

(100)
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Since %! is an isometry, the sequence Lo jtmezsjm1,...s 18
a frame for £*(Z) with the same bounds. Hence, the recovery
of the element x = I (%F) € &, from the samples

{(x, UTmemi b)) Y mez;j=1.2,..s 1s reduced to recover [ € *(2)
from the following sequence:

{<[F I]—m]>el(z }mEZ] 1,2,..., (101)

In doing so, the classical frame algorlthm reads (see,
for instance, [1]), let & be the frame operator in £2(Z) of

{Lon,jtmez;j=10,..s» and define
28
"7 A.+B,
A EJZW;OF Lnj) Lo (102)
(x, U™ )L, ,
A + Be ]Zm;z ]
and recursively,
28
Fopp = F + 3 (F-F) foreachkeN. (103)
€ €

Then, the sequence {x,
Yez(F) Ura, satisfies

been In &, given by x, =

I = %all 3 < 1T vall IF - Fill oz
s HgU,a" V§+l||":||ez(z) (104)
< T vall [T e 15l

where y, := (B, — A,)/(B. + A,).

4. Some Additional Remarks

Given s vectors b; € o,, j = 1,2,...,s with s > r, we have

,,,,,,

frame for ¢/, if and only if the constants Ay and By defined
in (56) satisfy 0 < Ay < By < oo. Furthermore, we have
obtained a family of dual frames having the same form. As
it was mentioned in the introduction, now we deal with the
case that some bj ¢ A,

. . Kk .
proved in Section 2 that the sequence {U" bitkez;j-12,..s 15 2

(i) We have assumed in Theorems 5 and 7 that bj belongs
to o/, for each j = 1,2,...,s since we required
the sequence {Urklaj}kGZ;j:L2 ’’’’’ . to be contained in
d,. In case that some b; ¢ o/, the sequence

{Urkbj}kez;jzl)z)___,s is not necessarily contained in &/,.
However, a close look into the proof of Theorem 5
shows that whenever 0 < Ay < By < 00, the
following inequalities:

Ayl < Y Y| (U6

j=1lkez (105)

< Byllx|® Vxed,
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and

hold, conversely. Hence, the sequence
{Urkbj}kez;j:l,z’___,S is a pseudoframe for &/, (see
(17, 18]).

Denotingby P, the orthogonal projection onto &/, since
foreachx € o,

(U™ ) = (x,P, (U™,)), keZ j=12,..,s
(106)

Theorems 5 and 7 can be reformulated in terms of
{Pﬁ,“(U’kbj)}kez;]-zl)z)._qS which is a sequence in &/ ,,.

(ii) An analysis of the proof of Theorem 9 shows that,
even if not all of the b; belong to &/, there exist

¢ € 9, j = 1,2,...,s such that the sequence

{Urkcj}kez; i=1,,.,s isa frame for & ;, and the expansion
(60) holds for each x € /. Therefore, in case that
some b; ¢ o, the sequence {Urkbj},(EZ;FLZ)___,S is a

pseudodual frame of the frame {Urkcj}kez; j=1,2,..,s fOT

d, (see [17]).

(iii) In Section 3.3, having in mind the isomorphism 77,
for x = 7, F € o, we have obtained the following
expressions:

(x, Urmbj>% =(F.9g; (w)ezmrmw>ﬁ(o,1)’

yeensS

(107)
where me Z, j=1,2,...,s.
Furthermore, we know that the sequence
{We mezij=12,.,s i a frame for L*(0,1) if and
only if the constants ag and fBg given in (85) satisfy
0 < ag < Bg < 00; besides, the optimal frame bounds for

2nirmw}

{%j(w)ezmrmw}mez;j:1,2,...,s are ag/r and Bg/r. Hence, we
obtain
S
- 2
"ol "I < 3 T
e (108)
2
< ﬁf“J U,la "x”2) X € 52{“,

As a consequence, since we are dealing with optimal
frame bounds, from (105) and (108), we derive the following
equalities:

(XG =2
Ay = 7II9”U,a|| d

By =Pt 09
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