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We propose synchronal algorithm and cyclic algorithm based on the general iterative method for solving a hierarchical fixed
point problem. Under suitable parameters, the iterative sequence converges strongly to a common fixed point of N nonexpansive
mappings and also the unique solution of a variational inequality. The results presented in this paper improve and extend
the corresponding results reported recently by some authors. Furthermore, a numerical example is given to demonstrate the

effectiveness of our iterative schemes.

1. Introduction

Let H be areal Hilbert space with an inner product ¢, ) and its
induced norm || - .. Let C be a nonempty, closed, and convex
subset of H.

Let T : C — H be a nonlinear mapping; we denote the
set of fixed points of T by Fix(T) (i.e., Fix(T) = {x € C :
Tx = x}). Amapping T : C — H is called k-Lipschitzian
continuous if there exists a constant k > 0 such that

[Tx-Ty| <k|x-y|, Vx,yeC. (1)

In particular, T is said to be a nonexpansive mapping if k =
1. A mapping B is called #-strongly monotone on C, if there
exists a constant # > 0 such that

(Bx - By,x—y) 2 n||x - J’"z’ Vx, y € C. )

A variational inequality (short for VI) is formulated as
finding a point x* € C such that

(Bx",x-x")>0, VxeC. (3)

If B is a monotone operator, then VI (3) is known as a
monotone variational inequality. If the set C is replaced by
the set of Fix(T') of fixed points of a mapping T, then the VI
(3) is called a hierarchical variational inequality problem.

Many practical problems in applied sciences such as
signal processing [1], beamforming [2], and power control [3]

are formulated as the monotone variational inequality with a
fixed point constrained. In recent years, several authors paid
attention toward this kind of problem. Some methods have
been proposed to solve the hierarchical fixed point problems
and variational inequalities; see for instance [4-10] and the
references therein.

In 2010, Tian [11] proposed a general iterative method and
revealed the inner contact of the Yamada’s algorithm [12] and
viscosity iterative algorithm; then he obtained the following
result in a real Hilbert space.

Theorem 1. Let x, be generated by algorithm x,_,
a,yf (x,)+I -, puA)Tx, with the sequence {«,} of parameters
satisfying conditions (C1)-(C3):

C) «, — 0,
(C2) Y2y, = 00,

(C3) either Y2 let,,1 — &, | < co orlim,, _, (o, /ex,) = 1.

Then x,, converges strongly to a fixed point X of T which solves
the variational inequality

(MA-yf)x%,Xx-2) <0, VzeFix(T). (4)



Recently, Yao et al. [10] investigated an iterative method
for solving a hierarchical fixed point problem by

Yn = /Snsxn"'(l _ﬂn)x >

Xpt1 = PC (‘xnf (xn) + (1 - (xn) Tyn) >

where S, T are nonexpansive mapping with Fix(T) # @ and f is
a contraction; the sequence converges strongly to the unique
solution of the variational inequality

(I-f)x",p-x") <0,

©)

x* € Fix(T), Vp € Fix (T).

(6)
Very recently, on this basis, Wang and Xu [8] introduced
a new modified iterative method for solving a hierarchical

fixed point problem. To be more precise, they proposed the
following algorithm:

Yn = ﬁnsxn+(1 _ﬂn)x >

Xyl = PC (‘anU'xn + (I - (Xn[’lp) Tyn) >

(7)

where S, T are nonexpansive mappings with Fix(T') # 0, U is
a Lipschitzian mapping, and F is a Lipschitzian and strongly
monotone operator. They proved the sequence generated by
the above algorithm converges strongly to the unique solution
of the variational inequality

((pU —uF)x", p—x") <0,

On the other hand, Tian and Di [13] established a
synchronal algorithm and a cyclic algorithm for fixed point
problems and variational inequalities. In 2012, Ceng et al. [4]
proposed an iterative method to solve a special form of VI (3),
where the constraint set is the set of common fixed points of
N nonexpansive mappings T}, T, ..., Ty.

Motivated and inspired by the above works, in this
paper, we combine the hybrid steepest descent algorithm and
hierarchical variational inequalities to propose a synchronal
algorithm and a cyclic algorithm involving finite family
of nonexpansive mappings. Under certain assumptions, we
will prove that the sequences converge strongly. Further an
example will be given to demonstrate the effectiveness of our
iterative schemes.

Vp € Fix(T). (8)

2. Preliminaries

Recall that given a nonempty, closed and convex subset C of
a real Hilbert space H, for any x € H, there exists a unique
nearest point in C, denoted by P-x, such that

[ = Pex]| < [l - ¥ ©)

for all y € C. Such a P is called the metric (or the nearest
point) projection of H onto C. As we all know, y = Pox ifand
only if there holds the relation

(x-y,y-2)>0, VzeC. (10)

In the sequel, we will make use of the following lemmas
in a real Hilbert space H.
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Lemma 2. Let H be a real Hilbert space; the following
inequalities hold:

@) lIx+ yI* < IxI” + 2(y, x + y), Vx, y € H,

(i) ltx + (L= t)yl* < tlxl* + A = DIylIP Vvt € [0,1],
Vx,y € H.

Lemma 3 (see [13]). Let B: H — H be a k-Lipschitzian and
n-strongly monotone operator on a Hilbert space H with k > 0,
7>00<u<2n/k’and0 <t < 1. Then S = (I — tuB) :
H — H is a contraction with contractive coefficient 1 -t and
T=(1/2)u2y - ptkz).

Lemma 4 (see [5]). LetV: C — H beanl-Lipschitz mapping
with coefficient | > 0 and B : C — H a k-Lipschitzian
continuous operator and n-strongly monotone operator with
k>0, >0. Then for 0 <y < un/l,

(x =y, (uB=yV)x ~(uB-yV) y)

5 (11)
>(un-yl)|x-y|, xyeH.

That is, uB — yV is strongly monotone with coefficient un — yl.

Lemma 5 (see [9]). Assume that {a,} is a sequence of nonneg-
ative real numbers such that

Ay S (1 - Yn) a, + 6n’ (12)

where {y,} is a sequence in (0,1) and {3,} is a sequence such
that

(1) sz:)l Yn = 00,
(i) limsup,, _, ., (8,/y,) < 00r Y72 18,] < co.

Then, lim,,_, a, = 0.

Lemma 6 (see [14]). Let H be a real Hilbert, and let T; :
H — H (G = 1,2,...) be all nonexpansive mappings with
N2 Fix(T;) #0. Let T = Y w,T; (i = 1,2,...), where {w;} C
(0,1) such that Y;°, w; = 1. Then T is a nonexpansive mapping
with Fix(T) = N2 Fix(T;).

Lemma 7 (see [13]). Let H be a Hilbert space, and let C be
a nonempty closed convex subset of Hand T : C — Ca
nonexpansive mapping with Fix(T) # 0. If {x, } is a sequence in
C weakly converging to x and if {(I — T)x,} converges strongly
to y, then (I = T)x = y.

We adopt the following notations:

(1) x,, — x stands for the weak convergence of {x,} to x,

(2) x,, — x stands for the strong convergence of {x,} to
X.

3. Synchronal Algorithm

Throughout the rest of this paper, we always assume that
V : C — H is an [-Lipschitzian mapping with coeflicient
I>0and B: C — H isak-Lipschitzian continuous operator
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and #-strongly monotone with k > 0,7 > 0. Let N > 1
be an integer. Let, foreach 1 < i < N,T; : C — Cbea
nonexpansive mapping and § : C — C also nonexpansive.
Assume that0 < u < 217/k2 and0 <y < y(ﬂ—yk2/2)/cx =1/l
Define a mapping U, = f,S + (1 — 3,)I. Since S is
nonexpansive, it is easy to get that U,, is also nonexpansive.
Consider the following mapping G,, on C defined by

G,x = Pc(a,yV (x) + (I — a,,uB) TU,x),
(13)
VxeC,neN,

where o, € (0,1),T = 211;11 w;T; with w; > 0, and Zf\zjl w; = 1.
By Lemmas 2 and 3, we obtain

G, - Gyl = [V~ vy

+(1-a,7)|TU,x-TU,y|
(14)
<oyl x = y|+ (1 -a,7)|x -y

=(1-a,(t=yD)[x-y|-

Since 0 < 1 — a,(r — yI) < 1, it follows that G, is a
contraction. Therefore, by the Banach contraction principle,
G, has a unique fixed point x| € C such that

x, =P (cxnyV (x;/) + (I — a,uB) TU,,xZ) . (15)

For simplicity, we will write x, for x| provided that
no confusion occurs. Next we prove that the sequence {x,}
converges strongly to a point x* € Q = nY Fix(T;) which
solves the variational inequality

((yV —uB)x",p—x")y <0,

By the property of the projection, we can get x* = P (I—uB+
yV)x" equivalently.

Vp e Q. (16)

Theorem 8. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H and V : C — H an I-Lipschitzian
mapping with | > 0. Let N = 1 be an integer. Let, for each
1 <i <N, T, : C — C be a nonexpansive mapping
and let S : C — C be also nonexpansive. Assume the set
Q = NY, Fix(T;)#0. Let B : C — H be a k-Lipschitzian
continuous operator and u-strongly monotone with k > 0,
7>0, 0<u<2n/k>and0 <y < u(n—uk*/2)/1 = /1. Given
x, € G, let {x,} be the sequence generated by the following
algorithm:

In = ﬁnsxn + (1 - ﬁn) X
X = Pe (Oén]/VXn + (I - M“nB) Tyn) :
If{a,} and {B,} satisfy the following properties:

17)

@) {a,} € (0,1), lim, _, &, =0and Y >, a, = 0o,
(ii) {B,}  [0,1), lim,,_, ., (B,/ex,) = O,
(iii) ZZZI |0‘n+1 - ‘xnl < 0o and 22(:)1 |/3n+1 - ﬁnl < 0.

Then, {x,} converges strongly to x* € Q, which solves the
variational inequality (16).

Proof. The proof is divided into several steps.

Step 1. Show first that {x,,} is bounded.
Take any p € Q; we have

“yn - P" = "ﬂn (an - p) + (1 - ﬁn) (xn - p)“
< Bu[1Sx, = Sp + B, lISp - P

+(1=B) 1% = pll < |x. - 2| + B [S2 - Pl -
(18)

Further we get
e
= ||Pc (@,yVx, + (I - pet,B) Ty,,) = Pep|
< Jlec, (yVx,, — uBp)
+(I - pot,B) Ty, = (I - pey, B) pl|
< a, ([lyVx, = yVp| + [yVp - uBpl)
+(1-a,7) [Ty, - pl
< aly |x, = pl| + o, |[yVp - uBp|
+ (1= a,7) |7 - pl
= (1-a, (r=1y)) [x. - pl

1) 17VP — Bel + ISP — £l
Y T-ly

lyvp — uBp| +|ISp - p| }
T-ly '

(19)

+a,(t-

>

< max {"xn - pl

By induction, we obtain ||x,, — pll < max{|lx, - pll, (lyVp-
uBpll + IISp = pll)/(r = Iy)}, n > 1. Hence, {x,,} is bounded,
so is {y,}. It follows from the Lipschitz continuity of B and
V that {Bx,}, {Bu,}, and {Vx,} are also bounded. From the
nonexpansivity of T and S, it follows that {Tx,}, {Sx,}, and
{BTy,} are also bounded.

Step 2. Show that
Jim x,.; - x,[ = 0. (20)
By (17), we have
s =
= ||Pc (e4,yVx,, + (I - et B) Ty,,)
=P (@1 YVx,uy + (I = piot, B) Ty, )|
< flet,yVx, + (I - pe,B) Ty,
= (@1 YV,y + (I = pot,  B) Ty, )|
< oy [V, = Vi, |
+ (1 - pet, B) Ty, — (I - e, B) Ty, |
+||(I = e, B) Ty,,-y = (I = piot, 1 B) Ty, |

+ |(Xn - “n—1| Y "Vxn—ln



<a,yl ||xn - X, ||
+ |(xn - an—l' (yl "Vxn—l “ +u ”BTyn—l “)

+ (l - (an) "yn - yn—l" .

(21)
Observe that
1y = Yoo
= 1By + (1= Bo) % = Bua S5,y
— (1= Buet) X |

< [1B,S% = BuS
(= Ba) % = (1= B) X |
+11B4S%n1 = Bt S%cal (22)
1= Ba) Xy = (1= Bocy) X
< Bl = % + (1= Bo) [ = x|
+1Bs = Buca 1% + 1Bs = B | %0 |
= [, = X |

+ |/3n - ﬁnfll ("S'xnfl” + ”xnfl") :
Together with (21) and (22), we get

i1 = x|

< o1, = X
+ oty = et | (7 [Vses | + 4 | BT i1 )
+ (1= a7) [l = x|
1B = Buca| (18-l + [e-s )

= (1= 0, (7= y) |, = 2,4
+ Jot, = oty | (V[ Vs | + 4| BT, )
+ By = Buca| (1821 ]| + 01 )

< (1= a, (= yD) [, = 24|

+ (l(xn - ‘xn—ll + |ﬁn - /3n—1|)M1’

where M, = sup, {llyIVx,_ | + ul BTy, _ I + 1Sx,_, | + lIx,,_ I}
By Lemma 5, we obtain

(23)

||anrl - xn” — 0. (24)
Step 3. Show that
[, = Tx,| — 0. (25)
Observe that
[0 = Tl

= "PC ((x,,)/Vxn + (I - M(anTyn)) - PCTyn” (26)

< a, [yVx, - uBTy,| — o.
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From condition (i) and (ii), we obtain

||xn+1 - Txn ”

< xwer = Tyl + 1Ty = T

(27)
S "xn+1 - Tyn" + "yn - xn"
= "xn+1 - Tyn" + B, ”an - xn“ — 0.
Step 4. Show that
lim sup((yV — uB) x",x, —x*) <0, (28)
n—o00

where x* = Po(I — uB + yV)x" is a unique solution of the
variational inequality (16).
Indeed, take a subsequence {xnj} of {x,,} such that

lim sup {(yV — uB) x*, x,, — x*)
n— oo (29)
= lim ((yV - uB) x", x, —x").
j— oo )

Since {xnj} isbounded, there exists a subsequence {xnj }of
'k
{xnj} which converges weakly to X. Without loss of generality,
we can assume x,, — X and

X, = Tx, || — 0. (30)

By Lemma 7, we have X = TX. From Lemma 6, we get
N
X € Fix(T) = (| Fix(T}). (31)
i=1
Since x* = P, (I — uB + yV)x", it follows that
lim sup ((yV — uB) x*, x,, — x*)
n— 00
= lim <(yV - uB)x",x, — x*> (32)
Jj— o0 7
={((yV -uB)x",x—x") <0.
Step 5. Show that

%

X, — X . (33)

Denote z,, = «,yVx, + (I — y,,B)Ty,, then x,, = Poz,.
From (17), we have

1 = %"
= ”PCZH - x*"2 = <PCZn -z, Pz, — x*>

+ <Zn _x*’xn+l —X*> < <Zn _x*’xn-f-l —X*>
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= <(I - ."l“nB) Tyn - (I - t"uan) Tx*
+a, ()/V.Xn - MBX*) > X1 x*>
< (1=, 1) |y = 7| |20 = X7
+a, (yVx* —uBx", x,,; —x")
< (1=o,7) (|, = x| + B [1Sx™ = x™||) |01 — x|
+ a1 |2, = x| oy — x|

+ o, (YVx" = pBx’, X,y —X7)

l_an (T_Yl) * *
B Ll UM T —

+ ﬁn "xn+1 -x" " "S'x* - 'x*“

+ o, (YVx" — uBx", x,,, — x").

(34)
This implies that
s = I
]
1+a,(t—1y) 1+a, (t—9yl)
X (B lleasr = 7| $x" = (35)

oy, (YVx© = pBx", %, = X))

<(1-a,(t=9D)|x, - x*”2
+2B,M, + 20, (yVx" — uBx", x,,,; — x"),

where M, = sup,|x,,; — x*[ISx* = x*[, n > 1. Puty, =
o, (T = 1y), 8, = 23,M, + 20, (yVx" — uBx", x,,,; — x*). It is
easy to see that limsup, _, ..6,/y, < 0. Hence by Lemma 5,
the sequence {x,,} converges strongly to x*. O

Remark 9. Let N = 1 in Theorem 8; we can get Theorem 3.1
of [8].

Remark 10. Let N = 1,y = 1,y = 1, B = Tand V, bea
contraction in Theorem 8; it is easy to get the theorem of [10].

4. Cyclic Algorithm

In this section, we consider the cyclic algorithm of N
nonexpansive mappings T}, T,, ..., Ty. Similarly, we can get
that the mapping G, on C defined by

G,x = P (e,yV (x) + (I — a,uB) T(, U, x) 5
(36)
VxeC,neN,

is a contraction, where T,; = T; with i = n(mod)N taking
valuesin {1,2,..., N}.

Theorem 11. Let C be a nonempty, closed, and convex subset
of a real Hilbert space H, and let V : C — H be an I-
Lipschitzian mapping with | > 0. Let N > 1 be an integer.
Let, foreach1 < i < N, T; : C — C be a nonexpansive
mapping and let S : C — C be also nonexpansive. Assume the
set O = (Y, Fix(T;) #0. Let B : C — H be a k-Lipschitzian
continuous operator and n-strongly monotone with k > 0,
7>0,0<p<2q/k? and0 <y < u(n—uk*/2)/1 = /1. Given
x, € C, let {x,} be the sequence generated by the following
algorithm:

Yn = ﬂnsxn + (1 - Bn) Xn>

Xn+1 = PC (“nyvxn + (I - /’uan) T[n]yn) .

(37)

If{a,} and {B,} satisfy the following properties:

@) {a,} € (0,1), lim,,_, (v, = 0 and ¥ 2| &, = 00,
(ii) {B,} < [0,1), lim,, _, . (B,/«,) =0,

(iii) z:(:l |“n+1 - ‘xnl < 0o and ZZ(;] |/3n+1 - ﬁnl < 0.

Assume in addition that

-

Il
—

Fix (T;) = Fix(TyTy_, -+~ T,Ty)

(38)
= Fix (T, T\Ty- -+ To)

= oo = Fix (T,T, Ty -+ Ts).

Then, {x,} converges strongly to x* € (, which solves the
variational inequality (16).

Proof. The proof is divided into several steps.

Step 1. Show first that {x,} is bounded.
The proof of Step 1 is similar to that of Theorem 8.

Step 2. Show that
nll,r%o "xn+N - xn" =0. (39)

By (37), we have

% ener = %]l
< [ nYVEan + (I = 0 B) Tiy Vs
0, PV, = (I = e, B) Ty 3,
< Y [VXn = Vi, |
+[|( = pty B) Tiy Ymen
— (I - pot, N B) Tpy vl
+[|(I - ot v B) Ty 3,
— (I = o, B) Ty 3|

+ |“n+N - ocn| Y ”Vxn”



(40)

6
< (xn+Nyl “xm—N - xn"
+ (1 - ‘xn+NT) ”yn+N - yn"
+ I‘xn+N - ‘xn| ()/l Hvxn” Tu "BT[n]yn") .
Observe that

1pwen = 7l
= [|BuinSxpan + (1= Buon) Xninv
~BuSx, = (1= B,) x|
< [1BusnSxuin = BuenS%al
(= Bun) Xpeny = (1= Bran) %,
+ |BuinSx = BiSx,|
(= Bun) % = (1= B) x|
< Bran [%nen = %]
+ (1= Boen) [xen = x4
B = Bal Il + [Brsns = Bl [l
= [nen =
+ |Buen = Bl (1826, + 124 ]) -

Together with (40) and (41), we have

st = %
< Q¥ i =
oty = ol (V]| + 0[BT 1 )
+ (1= o) [nen = %
+1Bren = Bl (1854 + 1.1

= (1 ~ &N (T - Yl)) |lxn+N - xn”

(42)

+ [ = ot (V[ Vx, | + gt | BT 4]))
+ Buen = Bal ([S2,]) + 1. l1)
< (1 N (T - Yl)) ||xn+N - xn“

+ (l‘xn+N - ‘xn| + |ﬁn+N - ﬁn')M >

where M3 = sup, {[lyIVx, || + pll BTy, 1l + 11Sx, 1 + lIx, 11}
By Lemma 5, we get

l|xn+N - xn" — 0.

Step 3. Show that

||xn - T[n+N71]T[n+N72] "’T[n]xn" — 0. (44)
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Observe that
1 = Tl
= ||Pc (a,yVix, + (I = pex,) BT 9,,) = PeT vl (45)
< o, [[yVx, = BTy, — .
From conditions (i) and (ii) of Theorem 11, we obtain
%1 = Tl

< "xn+1 - T[n]yn” + ”T[n]yn - T[n]xn”

(46)
< "xnﬂ - T[n]yn” + ”)’n - xn”
= "xn+1 - T[n]yn” + ﬁn ”SXn - xn” — 0.
Recursively,
"xn+N - T[n+N—1]xn+N—1 || — 0,
(47)

"xn+N—1 - T[n+N—2]Xn+N—2 “ — 0.

Since every T}, is nonexpansive, it is easy to get
I Then-11%msn-1 = Tinen-1 TineN-2%nin2]] — 0. (48)
Similarly, we obtain

I T n-21%men—2

T n-11 T N-21 Tine N-31 %3] — 0

(49)
||T[n+N—1]T[n+N—2] T T[n+1]xn+1
“Tinen-11Tpnsn-21 T %l — 0.
Thus we get
"xn+N = Tipen-1y " T[n]xn”
< "me = T N-11%n+N-1 "
+ "T[n+N—1]xn+N—1
(50)
T N-11 T (s N-21 %4 N-2 I
toot ||T[n+N—1]T[n+N—2] w T X
~Tipen-11 T %all — 0.
Since
1 = Ten1) Timen-2y =~ Ti X -
< o = %enll + 1208 = Tpeny ==~ T Xl »
we obtain (44).
Step 4. Show that
li}ll‘llsolip«yv —uB)x",x,-x") <0, (52)
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where x* = Po(I — uB + yV)x" is a unique solution of the
variational inequality (16).
Indeed, take a subsequence {x”;} of {x,,} such that

limsup ((yV — uB) x*, x,, — x*)
n—00
(53)
= lim ((yV - uB) x",x, —x").
j— 00 ]

Since {xn]_} isbounded, there exists a subsequence {xnj }of

'k
{xnj} which converges weakly to X. Without loss of generality,
we can assume x,, — X and

— 0. (54)

Xn, — T[nj+N—1]T[nj+N—2] "‘T[nj]xnj

Notice that, for each n;, T[nj +N,1]T[nj N-2] " T[n].] is some
permutation of the mappings T, T, --- Ty. Since T\ T, --- Ty
are finite, all the finite permutations are N!; there must be
some permutation that appears infinite times. Without loss of
generality, we can assume this permutation is TTn_; -+ T}.
We obtain

X, =TTy Ty, (55)

Obviously, TxTy_; - -+ T} is nonexpansive. By Lemma 7,
we have X = TyTy_; - -+ T} X. Further by the assumption in
Theorem 11, we get

N
X € Fix (TyTy -+ Ty) = [ | Fix(T;). (56)
i=1

Since x* = P, (I — uB + yV)x", it follows that

lim sup ((yV — uB) x*, x,, — x*)
n— 00

= lim <(yV—MB) X", x, —x*> (57)
j— 00 7

=((yV -uB)x",x—x") <0.
Step 5. Show that
x, — x". (58)

Denote z,, = o, yVx, + (I - pe, B) T, v, then x,,.,, = Pz,
From (37), we have

e = %"
= ||PCZn - x*”2 = <PCzn ~ Zp PCZn - )C*>
-x")y <{z,

(I - pex,B) Ty x”

+(2, — %", X =X Xy = X7)
= ((I = pt,B) Ty, =
+a, (YVx, — uBx"), x4y — X7)
< (1= a,7) [y, = %" | 0 = 7|
+ o, (YVx, — pVx™, x, — x*)

+at, YV = pBx”, X,y = x7)

7
<(1-a,7) (|, = x| + B ||Sx™ = x"|)
o B E R B | EEEY
+ o, YV = pBx”, X,y = X7)
1-«, (7—yl . .
(T N
+ By [l = x" [ 27 - 7|
+ o, (yVx" — uBx", x,,; — x).
(59)
This implies that
% = %"
1+ocn(T yl) 1+(Xn(T—)/l)
X (By [l = x| 5" = x7 (60)
+a, (yVx" — uBx", x,,, —x"))

<(1-

a, (= y0) e, = 2"
+2B,M; + 20, (yVx" — uBx", x,,; — x"),

where M, = sup,||x, — x*|ISx™ —x"[,n > 1. Puty, = (7 —
ly), 6, = 2B,M; + 20, (yVx" — uBx", x,,, — x*). It is easy
to see that limsup,, _, . 8,/y, < 0. Hence, by Lemma 6, the
sequence {x,,} converges strongly to x*. O

5. Numerical Result

In this section, we consider the following simple example to
demonstrate the effectiveness, realization, and convergence of
the algorithms in Theorems 8 and 11.

Example12. LetH = R,C = [1/4,+00). Define T} : x — +/x,
T, : x — x+m/4—arctanx, S : x — sinx. Take B = I with
Lipschitz constant k = 1 and strongly monotone constant # =
1, Vx = 2x, Vx € H, with Lipschitz coefficient I = 2. Give the
parameters «,, = 1/2m; B, = 1/n” for everyn > 1; fix yu = 1
and y = 1/4. Then by Theorems 8 and 11, respectively, the
sequence {x,,} is generated by

1 1
yn—;sm(xn)+<l—;>xn,
1
Xn+1 = PC( —Xn +( n >Tyn)
1 . 1
yn:;s1n(xn)+<1—z>xn,

1
b (- ) )

Asn — o0, we have {x,} — x" =1.

(61)

(62)



TABLEL: x; = 2.

n (iterative number) x,, (iterative point) Errors (n)
50 0.9901 9.9x107°
500 0.9990 9.9852 x107*
2000 0.9999 9.9985 x 10"
TABLE 2: x, = 2.
n (iterative number) x,, (iterative point) Errors (n)
50 0.9902 9.8 x107°
500 0.9990 9.9814 x 1074
2000 0.9999 9.9981 x 107°

Let w; = 1/2,i = 1,2; then we have Tx = (1/2)(v/x + x +
/4 —arctan x), Tj,;x = v/x if nis odd and Tpyx=x+m/4-
arctan x if nis even. Put z,, = (1/4n)x,, + (1 — 1/2n)Ty,; then
(61) is equivalent to

z,, ifz,eC,

1511 _ (63)
" é_l’ if ZnEC.

X

Using the same method to treat (62), we can get similar
equation as the above formula.

Now we turn to numerical simulation using the algo-
rithms (17) and (37), respectively. Take the initial guess x, =
2; using software Matlab R2012, we obtain the numerical
experiment results in Tables 1 and 2.

From the computer programming point of view, the
algorithms are easier to implement in this paper.
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