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We consider the following class of three point boundary value problem y" (£) + flt,y)=0,0<t<1, y'(0) =0, y(1) = Oy(1), where
8 > 0,0 < < 1, thesource term f(t, y) is Lipschitz and continuous. We use monotone iterative technique in the presence of upper
and lower solutions for both well-order and reverse order cases. Under some sufficient conditions, we prove some new existence
results. We use examples and figures to demonstrate that monotone iterative method can efficiently be used for computation of

solutions of nonlinear BVPs.

1. Introduction

In recent years, multipoint boundary value problems have
been extensively studied by many authors ([1-5] and the ref-
erences there in). Multipoint BVPs have lots of applications
in various branches of science and engineering; for example,
Webb [6] studied a second-order nonlinear boundary value
problem subject to some nonlocal boundary conditions,
which models a thermostat, and Zou et al. [7] studied the
design of a large size bridge with multipoint supports.

It is well known that one of the most important tools for
dealing with existence results for nonlinear problems is the
method of upper and lower solutions. The method of upper
and lower solutions has a long history and some of its ideas
can be traced back to Picard [8]. Later, it was extensively
studied by Dragoni [9].

Recently, there have been numerous results in the pres-
ence of an upper solution u, and a lower solution v, with
Uy > v,. But, in many cases, the upper and lower solutions
may occur in the reversed order also, that is, 1, < v,. Cabada
et al. [10] considered the monotone iterative method for the
following BVP:

yV'=f(ty), Y@=0=y(® )

with reversed ordered upper and lower solutions. So far, there
have been some results in the presence of reverse ordered

upper and lower solutions [10-13]. Xian et al. [14] considered
the following second-order three point BVP:

Y+ fty)=0 0<t<l,
y(©0)=0,  y(1)-3y(n)=0,

where f(I xR,R),I =[0,1],0 <% < 1,0 <§ < 1. They used
the fixed point index theory with non-well-ordered upper
and lower solutions.

Recently, Li et al. [15] studied the existence and unique-
ness of solutions of second-order three point BVP

y'+f(ty) =0,
y(1) =8y (n),

2)

0<t<l,

¥ (0) =0, 0<n<1,8>0

3)

with upper and lower solutions in the reversed order via the
monotone iterative method in Banach space.

The present work proves some new existing results for
three point BVPs. Our technique is based on Picard-type
iterative scheme and is quite simple and efficient from com-
putational point of view. We believe that it can be very well
adapted for this type of problem. In this paper we consider
the following three point BVP:

Y+ f(ty) =0,
y'(0) =0, y(1) =0y (n),

0<t<l,
(4)



where f(I x R,R),I = [0,1],0 < < 1,8 > 0. We have
allowed sup(0f /dy) to take both negative and positive values.

The paper is divided into 4 sections. In Section 2, we
construct Green’s function and establish maximum and anti-
maximum principle. In Section 3, we generate monotone
sequences by using results of Section 2 with upper and lower
solutions as initial iterates ordered in one way or the other.
We prove our final result of existence. In Section 4, we show
that the monotone iterative scheme is a powerful technique.
For that by using iterative scheme proposed in this paper we
have computed the members of sequences in both cases (well-
ordered and non-well-ordered case).

2. Preliminaries

2.1. Construction of Greens Function. To investigate (4), we
consider the following linear three point BVP:

") = Ay (t) = h(t),

y'(0) = 0, y(1) =8y (n)+b,

0<t<l,
(5)

where h € C(I) and b is any constant. In this section, we
construct the Green’s function. We divide it into two cases.

Case I (A > 0). Let us assume that

(Hy) 0 < A < n2/4,sin\/X—8sin\/Xl7 > 0,8COS\/X17—
cos VA > 0.

It is easy to see that (H,)) can be satisfied.

Lemma 1. Green’s function for the following linear three point
BVP

YO +Ay()=0, 0<t<l,
, (©)
y =0, y1)=90n),
is given by
G(t,s) = !
’ Vi (8 cos VA5 — cos \/X)
'[sin\a(l—s)
+8sin VA(s— )| cos VAL, 0<t<s<py,
cos VAssin VA (1 — 1)
x4 +8cosVAssin VA(t-#), s<ts<py
sinﬁ(l—s)cosﬁt, t<s,n<s,
cos VAssin VA (1 — 1)
+8cos VAysin VA (t—s), n<s<t<l,
7)

and if Hy holds then G(t, s) > 0.

Proof. See proof of Lemma 2.1 in [15]. O
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Lemma 2. When A > 0, y € C*(I) is a solution of boundary
value problem (5) and is given by

bcos VAt Jl
t) = - | G(t,s)h(s)ds. (8
y® cos VA —8cos VA Jo (b5 1 (s) ®)
Proof. See proof of Lemma 2.3 in [15]. O

Remark 3. Particulary y € C*(I) is a solution of the boundary
value problem (5) if and only if y € C(I) is a solution of the
integral equation

1
y(t) = boos YA JG(t,s)h(s)ds. )

cos VA — 8 cos Vg o
Case II (A < 0). Assume that

(H(')) A < 0, dcosh \/Wn — cosh \/m < 0, sinh \/m -
8 sinh +/|Aly > 0.

It is easy to see that (Hé) can be satisfied.

Lemma 4. Green’s function for the following three point BVP

YO+ Ay =0, 0<t<l,

Yy (©0)=0,  y(1)=0y(n),

(10)

for A < 0 is given by

G(t,s)
[sinh VIA (1 =5s)
+6sinh\/m(s—11)]cosh\/mn 0<t<s<y,
cosh /[A|s sinh \/W(l )
= DLA 1 +8cosh[Alssinh \/]A[(t-7), s<t s<n
sinh \/W(l —s) cosh \/Wt, t<s, n<s,
cosh v/[Assinh /JA] (1 - t)
+6 cosh \/[A[7sin \A] (£ - 5), ngsStSl,)
n

where D, = VIM (S cosh \/WW — cosh +/|A]) and ifH(') holds
then G(t, s) < 0.

Proof. Proof is same as given in Lemma L O

Lemma 5. When A < 0, y € C*(I) is a solution of boundary
value problem (5) and is given by

1
o beosh Vil _ | atoneas
cosh v/JA| =8 cosh \/[A[ o
(12)
Proof. Proof is same as given in Lemma 2. O
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2.2. Maximum and Antimaximum Principle

Proposition 6 (antimaximum principle). Let 0 < A < 71%/4,
sin VA — 8sin VAy = 0, 8 cos VA — cos VA > 0, b > 0, and
h(t) € C[0, 1] is such that h(t) > 0; then y(t) is nonpositive on
I

Proposition 7 (maximum principle). Let A < 0, sinh \/m -
5sinh\/m;7 >0, 8cosh\/W11 —cosh+/[A| < 0,b > 0 and
h(t) € C[0, 1] is such that h(t) > 0; then y(t) is nonnegative on
1.

3. Three Point Nonlinear BVP

Based on maximum and antimaximum Principle we develop
theory to solve the three point nonlinear BVP and divide it
into the following two subsections.

3.1. Reverse Ordered Lower and Upper Solutions

Theorem 8. Let there exist vy, u, in C*[0, 1] such that uy < v,
and satisfies

—u) ()= f(tuy), 0<t<l,

(13)
u(') (0) = uy (1) 2 uy (’7)’
—vy ) < ftvy), 0<t<l,

(14)
v(') 0)=0 vo (1) < 8v, (7).

If f: D — Riscontinuous on D := {(t, y) € [0, 1] xR : u <
y < v} and there exists M > 0 such that for all (¢, y), (t,w) €
D)

fty)sM(w-y), (15

then the boundary value problem (5) has at least one solution
in the region D. Further, if 3 a constant A such that M — 1 < 0
and (H,) is satisfied, then the sequences {u,,} generated by

y<w= f(t,w) -

- u:t’+1 (t) - /\urﬁ-l =F (t’ un)>

u:H.l 0)=0 Unt1 (1) = 6un+1 (’1) >

where F(t,u,) = f(t,u,)— Au,, with initial iterate u, converge
monotonically (non-decreasing) and uniformly towards a solu-
tion u(t) of (5). Similarly, using v, as an initial iterate leads to a
nonincreasing sequences {v,} converging to a solution v(t). Any
solution z(t) in D must satisfy

(16)

u(t)y<z(@®) <v(@). 17)
Proof. From (13) and (16) (for n = 0)

~(ug )" = Ay — ;) 2
(4 ~ “1)I (0) =0, (g —uy) (1) 2 (

mﬂm

(18)
Since h(t) >

uy < u.

0 and b > 0, by using Proposition 6, we have

In view of A > M, from (16) we get

_u:«ll+1 (t) == (M - A) (un+1 - un) + f (t’ un+1) (19)

and ifu,,; > u,, then

_ur,t’+1 (t) f (t> un+1) : (20)

Since u,, < uy, then from (20) (for n = 0) and (16) (forn = 1),
we get

—(uy - ”2)” “Auy —uy) =
(uy = ”2)1 (0) =0, (uy —uy) (1) 2 (u

1= ) ()

(21)

From Proposition 6 we have 1, < u,.
Now from (14) and (16) (for n = 0)

—(uy ~ Vo)” = A(uy =) 20,

(=) © =0, (= v) (1) 2 8 (g =) ().

(22)

Thus, u; < v, follows from Proposition 6.

Now assuming that u,; > u,, u,; < v,;, we show that
Upyy = Uy, and u,,,, < v, for all n. From (16) (for n + 1) and
(20), we get

_(unﬂ - un+2)" A (”n+1 - un+2) >0,
(U1 = Ui2) (0) =0, (23)
(un+1 - un+2) (1) 20 (un+1 - un+2) (11) >

and hence from Proposition 6 we have u,,,; < u,,,,.
From (16) (for n + 1) and (14) we get

n
(s =) = Aty = v9) 20,

(thpsz = %) (0) = 0 (thpia = v9) (1) 2 8 (u0 = vo) (1) -
(24)
Then, from Proposition 6, u,,,, < v, and hence we have
U Sy < <u, Uy <<, (25)
and starting with v, it is easy to get
VIV 2 2V, 2V, 2 2 U, (26)

Finally, we show that u,, < v,, for all n. For this, by assuming
u, < v,, we show that u,,; <v,,. From (16) it is easy to get

_(un+l - Vn+1)” -A (un+1 - Vn+1) >0,
( Uptr — n+1) (0) (27)
(un+1 - Vn+1) (1) >4 (un+1 - VrH—l) (YI) .

Hence, from Proposition 6, u,,,.; < v,,,;. Thus we have

Vo2V 2V 22V, 2V, 2 2

1 2 Upy

(28)
= U,

%
%
5

5]
\%

=
\%
8

o



So, the sequences u,, and v,, are monotonically nondecreasing
and nonincreasing, respectively, and are bounded by u, and
v,. Hence by Dini’s theorem they converge uniformly. Let
u(t) = lim, _, u,(t) and v(t) = lim,, _, v, (¢).

Using Lemma 2, the solution u,, of (16) is given by

bcos VAt !
= -1 G(, ,u,) — Au,) ds.

17 os VA - 0 cos Vy L (t:5) (f (&40) = dy) s

(29)

Then, by Lebesgue’s dominated convergence theorem, taking
the limit as n approaches to co, we get

u(t) =

bcos VAt 1
-1 GG, ,u) — Au) ds,
cos VA — & cos \/Xﬂ Jo (:5) (f (&) = Au) ds

(30)

which is the solution of boundary value problem (5).
Any solution z(t) in D can play the role of u,(t); hence,
z(t) < v(t) and similarly one concludes that z(t) > u(t). [

3.2. Well-Ordered Lower and Upper Solutions

Theorem 9. Let there exist vy, u, in C*[0, 1] such that uy > v,
and satisfies

—uy ()= f (tuy),
uy (1) = Suy (1),
- vy () < £ (t,vp),

v (0)=0, v (1) <dvy(n).

0<t<l,
uy (0) =0,

(31)
0<t<l,

If f: D, — Ris continuous on Dy := {(t, y) € [0,1] x R* :
Vo < ¥ < uy} and there exists M > 0 such that for all (¢, ¥),
(t,w) € D,

J<w= ftw)-f({t,y)=2-M(@-7), (32)

then the boundary value problem (5) has at least one solution
in the region Dy. If 3 a constant A < 0, such that A + M < 0
and (Hy) is satisfied, then the sequences {u,,} generated by

- u;,+l (t) - AMn+1 =F (t’ un) >

Upt1 (1) = 8un+1 (’7) 4

”;+1 0) =0,
(33)

where F(t,u,) = f(t,u,)—Au,, with initial iterate u,, converge
monotonically (nonincreasing) and uniformly towards a solu-
tion u(t) of (5). Similarly, using v, as an initial iterate leads to
a nondecreasing sequences {v,} converging to a solution v(t).
Any solution Z(t) in D, must satisfy

v(t)<z(t)<u(t). (34)
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Proof. Proof follows from the analysis of Theorem 8. O

4. Numerical Illustration

To verify our results, we consider examples and show that
there exists at least one value of A € R\ {0} such that iterative
scheme generates monotone sequences which converge to
solutions of nonlinear problem. Thus, these examples validate
sufficient conditions derived in this paper.

Example 10 (reverse order). Consider the boundary value
problem

Y
—y"(t):§—2—6—14, 0<t<l,
(35)
1
y' (0) =0, y(1)=2y<g)-

Here, f(t, y) = (¢/32)—(1/64),8 = 2,1 = 1/3. This problem
hasv, = 1 and u, = —1 aslower and upper solutions; that s, it
is non-well-ordered case. The nonlinear term is Lipschitz in y
and continuous for all value of y, and Lipschitz constants are
M = ¢/32. For 0.0849463 < A < 7%/4 we can see that (Hy)
will be true. To verify (H,), in Figure 1 we plot inequalities
assumed in (H,). From Figures 2, 3, and 4, we plot members
of monotone sequences u,, v, for different values of A.

Example 11 (well order). Consider the boundary value prob-
lem

" 1 [e* sint 3
-y (t)=3—2 Z_T_z(y(t)) ]
(36)
' (0) = _Lo(1
y (0)=0, y(l)—3y<2)-

Here, f(t, y) = (1/32)[(e?/4) - (sint/4) — 2(y(t))3], 6=1/3,
n = 1/2. This problem has v, = -1 and u;, = 1 as lower and
upper solutions; that is, it is well-ordered case. The nonlinear
term is Lipschitz in y and continuous for all value of y, and
Lipschitz constants are M = 3/16. For A < —0.1875, we can
see that (H(')) will be true. To verify (H(;), in Figure 5 we plot
inequalities assumed in (H;). From Figures 6,7, and 8, we plot
members of monotone sequences u,,, v, for different values of

A.

5. Conclusion

The monotone iterative technique coupled with upper and
lower solutions is a powerful tool for computation of solu-
tions of nonlinear three point boundary value problems. It
proves the existence of solutions analytically and gives us
a tool so that numerical solutions can also be computed
and then some real-life problems, for example, bridge design
problem, thermostat problem, and so forth, can be solved.
We have plotted sequences for both A > 0 and A < 0.
The plots are quite encouraging and will motivate researchers
to explore further possibilities. Employing this technique,
Mathematica/Maple/MATLAB user-friendly packages can be
developed (see [16]).
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FIGURE 1: Plot of sin VA — 8 sin VA and & cos VA — cos VA. SIsiIT}IIIi/mn ot of dcosh VAl — cosh AT and sinh VAl
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FIGURE 2: Plot of u,, (red) and v, (blue), n=0,1,2,3,4 for A = 0.9. FIGURE 6: Plot of u,, (blue) and v, (red), n = 1,2,3,4,5for A = -0.2.
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FIGURE 3: Plot of u,, (red) and v,, (blue), n =0,1,2,3,4 for A = 1. FIGURE 7: Plot of u,, (blue) and v, (red),n=1,2,3,4,5for A = 1.

v =-1
~1.0 0

-1.0

FIGURE 8: Plot of u,, (blue) and v, (red), n = 0,1,2,...,20 for A =

FIGURE 4: Plot of u,, (red) and v,, (blue), n=0,1,2,3,4 for A = 2.3. -20.
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