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The existence of analytic solutions of an iterative functional differential equation is studied when the given functions are all analytic
and when the given functions have regular points. By reducing the equation to another functional equation without iteration of the
unknown function an existence theorem is established for analytic solutions of the original equation.

1. Introduction

Functional differential equations with state-dependent delay
have attracted the attentions of many authors in the last few
years (see [1-8]). In [6-8], analytic solutions of the state-
dependent functional differential equations

x' (2) = x (az + bx (2)),

az + x' (2) = x (az + bx’ (2)),

€]

m—1

fm(x)=G<Zakfk(x)>+F(x), m=2, xe€C
k=0

are found. In this paper, we will be concerned with analytic
solutions of the functional differential equation

az+ px' (z) = F (iqxl (z)> +G(z), z€C, (2

1=0

where «, 8, ¢, ¢,...,¢, are complex numbers, S+0,
Z;ZO lgl < 1, and x(z) = x(x'"(z)) that denote the nth
iterate of a map x. In general, F, G are given complex-valued
functions of a complex variable.

In this paper, analytic solutions of nonlinear iterative
functional differential equations are investigated. Existence of
locally analytic solutions and their construction is given in the
case that all given functions exist regular points. As well as
in previous work [6-8], we still reduce this problem to find
analytic solutions of a differential-difference equation and

a functional differential equation with proportional delay.
The existence of analytic solutions for such equation is
closely related to the position of an indeterminate constant
p depending on the eigenvalue of the linearization of x at its
fixed point 0 in the complex plane. For technical reasons, in
[6, 7], only the situation of y off the unit circle in C and the
situation of y on the circle with the Diophantine condition,
“|ul = 1, pis not a root of unity, and log(1/|u" — 1|) < T'logn,
n = 2,3,... for some positive constant T, are discussed.
The Diophantine condition requires y to be far from all roots
of unity that the fixed point 0 is irrationally neutral. In this
paper, besides the situation that y is the inside of the unit
circle S', we break the restriction of the Diophantine condi-
tion and study the situations that the constant y in (5) (or
U= b bisa complex constant, and A is in (4)) is resonance
and a root of unity in the complex plane C near resonance
under the Brjuno condition.

2. Discussion on Auxiliary Equations

In this section we assume that both F and G are analytic
functions in a neighborhood of the origin, that is, 0 is a
regular point, and have power series expansions

F(z) = Zanz”, G(z) = Zdnz”,
n=0 n=0 (3)
z € C.

ay#0, dy#0,



If there exists a complex constant A and an invertible
function y(z) such that w(w"l(z) + A) is well defined, then
letting x(z) = 1//(1//71(2) + A), we can formally transform (2)
into the differential-difference equation

awww/&H¢WNZ+M=F<ZWHZ+MOWW@(@
1=0

+G (v (2)v' (2).

The indeterminate constant A will be discussed in the follow-
ing cases:

(1) RA > 0;

R2)p = b =¥ and6 e R\ Qisa Brjuno number
[9,10]; that s, B(9) = Y22 (10g(qs1)/qk) < 00, where
{pi/qx} denotes the sequence of partial fraction of the
continued fraction expansion of 0, said to satisfy the
Brjuno condition;

(13) u = b™* = e¥™/P for some integers p € N with p > 2
andq € Z\ {0}, and a# e  forall1 <k < p-1
and! € 7\ {0}.

Take notations S 5
[z < +ool.

A change of variable further transforms (4) into the func-
tional differential equation

={zeC:Rz>-Inp/Inlb|, —co <

ag (2) ¢’ (2) + Pug’ (uz) (Zw(# Z)>¢' (2) -
5

+G(9(2)¢ (2),

where p is a complex constant. The solution of this equation
has properties similar to those of (4). If (5) has an invertible
solution ¢(z), which satisfies the initial value conditions

0)=0, ¢ (0)=1%0, (6)

then we can show that x(z) = (p(‘u(p_1 (2)) is an analytic solu-
tion of (2).

Theorem 1. Suppose that (I1) holds, then (5) has an analytic
solution of the form

y(z) =Y bb ™, )
n=1

in the half plane S, for a certain constant p > 0, which satisfies
llmmz_)+001//(z) =0.

Proof. Since F and G are analytic in a neighborhood of the
origin and have the power series expansion (3), there exists a
positive g such that

la,| < o™ |d, <" n=23.... )

Without loss of generality, we can assume that ¢ = 1; that is,
la,l <1,1d,| <1forn=2,3,...1Infact, let F(z) = QF(Qflz),
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G(z) = 0G(o'2), and put y = gz, B = 0B, u = oA, and
y(z) = QI//(Q_lz). Then (4) can be rewritten as

oy (y) ' (y) + By (y +u) = (qu y+lu)>w ()

+GONT (),
)

in the same form as (4) and |a,0' ™| < 1, |d,0' ™| < 1 for
n=23,...by(8).

Consider a solution y(z) of (4) in the formal Dirichlet
series (7); that is, y(z) = Y2 b,b™"™, where b is a complex
constant and |b| > 1. Substituting series (3) and (7) of F, G,

and y in (4) and comparing coeflicients we obtain that

(B — (ay +dy)] Inbb, =0, (10)

(B = (ay +d,)]| b,

:—ocZzb,bn,
+n§ Y i|:dt+at1—[<2cblkm>]bb,bl b,

i=1 I+l 4+l =n—i k=1
t=1,2,...,n—i
n=2.
(11)
Ifb, = 7 = 0, then (4) has a trivial solution y(z) = 0. Assume

that b, = 7+#0, because |b| > 1; from (10) we have a, + d;, =
ﬁb‘A . From (11) we obtain that

po* (6™ — 1) nb,

=—ocZzb,bn,
+n§ y i[dtmﬂ(Zcb’k”)]bblb, b,

i=1 1+l 4+l =n—i k=1
t=1,2,...,n—i
n>2.
(12)

The sequence {b,} 2, is successively determined by (12) in a
unique manner.

In what follows we need to prove that the series (7) is
convergent in a right-half plane. Since RA > 0, so we have

I ol
a nBb* (b- DA _ 1)

«
< lim lod

n~>oo|ﬁb/\ b(nl _l)l

_ e g,

1Bl [~




Journal of Applied Mathematics

i[d,+ T (5]
npb= (b= - 1)

< lim || + || [Tees (5 la|)
T n—oo |ﬁb—A (b—(}’l—l)/\ _ 1)|

n— 00

RA > 0.

(13)
This implies that there exists a constant M > 0 such that

ol

nﬁb”\ (b—(n—l)/\ _ 1)

<u

im
n— 0o

lim i [dt + a:mﬂ (ZZO Clblkm)] <M, (14)
n— 0o nﬁb*A (b*("*l)/\ _ 1)
Vn>2 RA>0.
Therefore, from (12) we obtain
n—1 n—1
B < Y lbllod+Y Y lelfalfe]--fa) )
i=1 i=1 I+l 4+l =n—i
t=1,2,...,n—i
n>2
(15)

In order to construct a majorant series of (7), we consider the
implicit functional equation

. H(2)

H(z) = |‘r|z+M[H2(z) -HG@)

] . (16)

Define the function

2
w(z,H) =w(z,H,7,M) = H — |r|z—M(H2+ ! H)

17)

for (z, H) in a neighborhood of the origin. Then w(0,0) = 0,
w;I(O, 0) = 1#0. Thus, there exists a unique function H(z)
analytic in a neighborhood of zero; that is, there is a constant
0; > 0,as |z|] < &, the function H(z) is analytic, such that
H(0)=0,H'(0) = —w;(O, 0)/w;{(0, 0) = |7] and w(z, H(z)) =
0. Since H(0) = O, there is a constant §, > 0, such that
|H(z)| < 1 for |z| < 8,. Therefore, as |z| < § := min{d;, 5,},
the function H(z) satisfies the equation

2
w@iﬂd>=H&rﬁﬂz—M'H%@+I¥ﬂﬁ; -
(18)
Choosing B; = |r| and putting
H@) =) Bb™ (19)

n=1

in (18), we can determine all coefficients recursively by B, =
|7] and

n-1 n-1
B,=M| BB, ;+) BB B, B |,
i=1 i=1 b+l +etl=n—i
t=1,2,..,n—i
nx2.
(20)
Moreover, it is easy to see from (15)
b, <B, n=12,.... (21)
It follows that the power series
o0
$(2) = ) b,2" (22)
n=1

is also convergent as |z| < §. So there exists p < § such that
Dirichlet series (7) is convergent in S o

Furthermore, one has

m lim b % [(cos (BzInb)) —isin (FzInb)]
z— 400

lim b °=
Rz — +oco

=0.
(23)

Thus limg, _, oo ¥(2) = limg, o Doy bb ™ = 0. The
proof is complete. O

We observe that y = b~ is inside the unit circle of (I1) but
on the unit circle in the rest cases. Next we devote attention
to the existence of analytic solutions of (4) under the Brjuno
condition. To do this, we first recall briefly the definition of
Brjuno numbers and some basic facts. As stated in [11], for a
real number 0, we let [0] denote its integer part, and {0} =
0 — [0] its fractional part. Then every irrational number 0 has
a unique expression of the Gauss’ continued fraction

1
O0=a,+6,=aqy+ =,
o T Vo = 4y a + 0, (24)

denoted simply by 6 = [ay, a,,...,4a,,...], where a;’s and s
are calculated by the algorithm: (a) a, = [0], 6, = {0} and
(b) a, = [1/0,.,1,06, = {1/6,_,} for all n > 1. Define the
sequences (p,,),en and (g,,) e as follows:
q-2 = 1, 91 = 0, dn = Oln-1 + 42>
(25)

p72 = 0’ pfl = 1’ pn = npn—l +Pn—2'

It is easy to show that p,/q,, = [ay, a;, .. .,a,]. Thus, for every
0 € R\ Q we associate, using its convergence, an arithmetical
function B(0) = Y ,.,(log(g,.,1)/q,). We say that 0 is a Brjuno
number or that it satisfies Brjuno condition if B(8) < +00. The
Brjuno condition is weaker than the Diophantine condition.
For example, if a,,; < ce™ for alln > 0, where ¢ > 0 is



a constant, then 0 = [ay,4,,...,a,,...] is a Brjuno number
but is not a Diophantine number. So, the case (12) contains
both Diophantine condition and a part of u = b~ “near”
resonance. let

1 4
Ak={n20|lln9||3@}’ Ek:max<qk’ T)’

(26)

Let A} be the set of integers j > 0 such that either j € A or
for some j, and j, in A, with j,—j, < E;,onehas j, < j < j,
and gy divides j — j,. For any integer n > 0, define

I, (n) :max<(1 +11k)£ -2,(m, k+n)i _ 1>’
9k qx
(27)

where m, = max{j | 0 < j <n, j € A}}. We then define the
function i : N — R, as follows:

w—1, if m, + g, € A},
mw=1 * (28)
I, (n), if m, +q, ¢ A}
Let g, (n) := max(hc(n),[n/q;]), and define k(n) by the

condition gy, < 7 < Gy,4;- Clearly, k(n) is nondecreasing.
Moreover, the function g, is nonnegative. Then we are able to
state the following result.

Lemma 2 (Davie’s lemma [12]). Let K(n) =
Z'}i’é) 9;(n)log(2q;,,). Then

nlog2 +

(a) there is a universal constant y > 0 (independent of n

and 0) such that
K0 log g
K(n)Sn<z&+V>, (29)
j=0 J

(b) K(n,) + K(n,) < K(n; + n,) for alln, and n,, and
(c) ~log|b™ - 1| < K(n) - K(n - 1).

Now we state and prove the following theorem under
Brjuno condition.

Theorem 3. Suppose that (12) holds. Then (4) has an analytic
solution y of the form (7) in the half plane S, = {z € C: Rz >
—Inp/In|b], —co < Jz < +00} for a certain constant p > 0,
which satisfies limg, _, , . w(z) = 0.

Proof. As in the proof of Theorem 1, we find a solution in
the form of the Dirichlet series (7). Using the same method
as above mentioned, for chosen b, = 7 we can uniquely
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determine the sequence {b,},°, recursively by (12). In fact, in

view of (12) we see that y = b~ satisfies the conditions of
Lemma 2, and from (12) we have

M n-1
|b,] < m 2 6] b,

i=1

vy Y lalla

i=1 I+l ++l,=n—i
t=1,2,..,n—i

b, ""blt| ,

n>2,
(30)

where M, = max{|al/|Bl,2/1Bl} > 0.
To construct a governing series of (7), we consider the
implicit functional equation

w(z,U1,M,) =0, (31)

where w is defined in (17). Similarly to the proof of Theorem 1,
using the implicit function theorem we can prove that (31) has
a unique analytic solution U(z, 7, M) in a neighborhood of
the origin; that is, there is a constant §; > 0, as |z| < &3, the
function U(z, 7, M, ) is analytic such that U(0, 7, M;) = 0 and
U;(O, T,M;) = |7|. Thus U(z, 7, M;) in (31) can be expanded
into a convergent series

U(z,7,M,) = Zan”, (32)

n=1

in a neighborhood of the origin. Replacing (32) into (31) and
comparing coefficients, we obtain that C; = |7| and

n—-1 n—1
C,=M,| YCCp,i+) CC,C,C |
i=1 i=1 [+l ++l,=n—i
t=1,2,...,n—1
nx2.

(33)

Note that the series (32) converges in a neighborhood of the
origin. So, there is a constant T > 0 such that

C,<T", n>1. (34)

Now, we can deduce, by induction, that |b,| < C, ek

forn > 1, where K : N — R is defined in Lemma 2. In
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fact || = |7| = Cy, for inductive proof, and we assume that
ijl < CjeK(Jfl), j < n. From (30) and Lemma 2 we obtain

B

<M
NG
n
x| Y 16l [bain
i=1
n
DIEEDY <[]
i=1 I+l ++l,=n—i+1
t=1,2,....,n—i+1
M s
< m ZC Cpoie VD
n
+y Y CCCL G
i=1 1+l ++l,=n—i+1
t=1,2,...,n—i+1
x eK(i—1)+K(Zl—1)+---+K(lt—1)
(35)
Note that
KGi-1)+Kmn-i)
<K(n-1) <K (n)+log|p™" -1,
Kl,-1)+K(,-1)+--+K(1,-1)
(36)
<Kn-i+l1l-t)<Kmn-i,
K(Gi-1)+Kn-i
<K(n-1) <K (n)+log|p™" - 1|,
then
1B, |
eK(n—l)Ml
< —
o]
X chn ,+1+Z Y GGG, -G,
i=1 [+l + et =n—i+1
t=1,2,...,n—i+1
< Cn+leK(n)
(37)

as desired. Moreover, from Lemma 2, we know that K(n) <
n(B(0) + y) for some universal constant y > 0. Then from
(34) we have |b,| < C,e5"™D < T VEOM; that i,

im, . sup(|b,|""™) < lim, ., sup(Te® D/mMEO)

1

TeP@*Y | which shows that the series (7) converges for |z| <
p = min{d;, (TePP*") 11 So does series (22) in S, Similarly
limg, _, . ¥(2) = 0, as proved in Theorem 1.

The next theorem is devoted to the case of (13), where b
is not only on the unit circle in C but also a root of unity. In
this case the Diophantine condition and Brjuno condition are
not satisfied. The idea of our proof is acquired from [13]. Let

{A,}2, be asequence defined by A; = 7 and
n—-1 n—-1
A, =&M, ZAiAn—i + Z Z AALAL AL s
i=1 i=1 b+l +etl=n—i
t=1,2,..,n—i
n>2,
(38)

where & = max{l, |’ — 1|7, i = 1,2 ...»p—1}and M, is
defined in Theorem 3. O

Theorem 4. Suppose that (I3) holds and p is given as above
mentioned. Let {b,},° | be determined recursively by b, = T and
n=23..., (39)

Bot (b7~ 1) b, = Q(m, 1),

where

Q(n,A)
= —(xrfibibn_i
+n§ Yo [dt +atl_[ (Zcb ’k”)]bbl b, b,

i=1 [+l ++l=n—i k=1
t=1,2,...,n—i

(40)
IfQ(vp+1,A) =0forallv =1,2,..., then (4) has an analytic
solution y(z) = ¢(b™*) in the half plane S, = {zeC:Rz >
—Inp/In|b|,—co < Jz < +00} for a certain p > 0, where ¢ is
an analytic function of the form (22) in U ,(0) = {z | lz] < p}

such that $(0) = 0, and $"F*V(0) = (vp+ DT,y for all v =

0,1,2,... where Tvp .18 are arbitrary constants satisfying the
inequality |7,,,,| < A, ., and the sequence {A,}}2, is defined
in (38). The other derivatives at 0 satisfy that gb(i)(O) = il for
i#vp + 1. Otherwise, if Q(vp + 1,1) # 0 for somev = 1,2,...,
then (4) has no analytic solutions in the half plane S, := {z €
C:Rz>-Inp/In|bl, —co < Fz < +o0} for any p > 0.

Proof. Analogously to the proof of Theorem 1, we seek for a
solution of (4) in Dirichlet (7). Without loss of generality, as
in the proof of Theorem 1 we still assume that p = 1 in (8).
Taking (3) and (7) in (4) and defining b, = 7+ 0, we obtain
(12) or (39). If Q(vp + 1,A) = 0 for all natural numbers 7,
then for each v, b™"?* — 1 = 0, the corresponding b,,,; h

infinitely many choices in C; that is, the formal series solutlon



(7) or (22) defines a family of solutions with infinitely many
parameters. Choose b,,,; = T, arbitrarily such that

v=0,12,..., (41)

Tvp+1| < Avp+1’

where A, is defined by (38). In what follows, we prove that

the formal series solution (7) converges in a neighborhood of

the origin. Observe that Ilf"’\ —1 ' <&forns vp. It follows
from (12) or (39) that

n—-1

Y lb] b,

i=1

|b,| < &M,
(42)
n-1
I
i=1 I+l 4+l =n—i
t=1,2,...,n—i

"|blt|

forall n#vp + 1, v = 0,1,2,..
Theorem 3. Let

., where M, is defined in

V(z,1,EM,) = ZAnz”, A, =1|. (43)

n=1

It is easy to check that there exists a constant p > 0, for |z| < p,
and (43) satisfies the implicit functional equation

w(z,V,1,EM,) =0, (44)

where w is defined in (17). Moreover, similarly to the proof
of Theorem 1, we can prove that (44) has a unique analytic
solution V(Z, 7,EM,) in a neighborhood of the origin such
that V(0,7,EM;) = 0 and V.(0,7,EM,) = |7| #0. Thus (43)
converges in a neighborhood of the origin. Moreover, it is easy
to show that, by induction,
bl <A, n=12... (45)
By inequality (45) we see that the series (22) converges in
U,(0) = {z | |z| < p}. Thus series (7) converges in S,. This
completes the proof. O

The following theorem shows that each analytic solution
of (4) leads to an analytic solution of (5). We shall discuss (5)
in the following cases:

(HD 0 < |ul# 1

(H2) u = ¢ where @ € R\Qisa Brjuno number, B(0) =
Y reo(0g(qr1)/qr) < oo, where {p;/q;} denotes the
sequence of partial fraction of the continued fraction
expansion of 0, said to satisfy the Brjuno condition;

(H3) u = *™'P for some integers p € N with p > 2 and
q € Z\ {0}, and M#ezril/k foralll <k < p-1and
lez\{o}.

Theorem 5. Suppose that (HI) holds and that a, # 0, d, #0.
Then in a neighborhood of the origin (5) has an analytic
solution ¢ satisfying ¢(0) = 0, ¢'(0) = #.
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Proof. Let
(e8]
¢(@)=)Ybz", b=1 (46)
n=1
be the formal series of the solution ¢ for (5). We are going

to determine {b,} 2 . Substituting (3) and (46) into (5) and
comparing coefficients, we obtain

[Bu = (ag +d)] b =0, (47)
(n+1) [ﬁ‘“nﬂ —(ap + do)] by
= —(xz @i+1)b,,b
n—-1
LDIED)

i=0 I+l ++l,=n—i
t=1,2,...,n—i

(i+1) [dt + at]_[ (qu >]

k=1

n>1.

xbbb, b,
(48)

If b, = n = 0, then (5) has a trivial solution ¢(z) = 0. Assume
that b, = 5 # 0; from (47) we can choose Bu = a, + d,, then
(48) can be changed into

(n+1)Bu(u" -1)b,,

= —OCZ (l + 1) 1+1

n-1 (49)
DY
i=0 [, +l,+-+l,=n—i
t=1,2,...,n—i

(i+1) [dt + atﬁ <§cl‘u”">]
k=1 \1=0

xby bbb, n> L.
From (49) the sequence {b,}2, is determined uniquely in the
recursive way.

Now we show the convergence of series (46) near zero.
Since the power series in (3) are both convergent for |z| < o,
for any fixed r € (0,0) there exists a constant M, > 0 such
that

M2

M
|a,| < |d,| < r—nz (50)

Note that since 1 < i < n — 1, then there exists some positive
number M; as follows:

G+ 1) [T, (er:o Cl.”llk)
(n+1) Bu(u" - 1)

1

= Bl - =™

i+1

<M. (D
(n+1)Bu(u" -1 l Iﬁllullu T

a(i+1) | x|
(n+ 1) Bu (= 1)~ |B||ul | -1 :
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then we have

B

n-1
<L z |bi+1| |bn—l
i=0

(52)
n-1 1
+ 2 =l o]
i=0 I, +1,++l,=n—i
t=1,2,...,n—i
nx1,
where L := max{2M,M;, M5} > 0. Let
@(zW)=W-|y|z-L Wy (53)
’ ! r-Win

for (z, W) from a neighborhood of the origin. Since ®(0, 0) =
0, @(,V(O, 0) = 1 # 0, there exists a unique function W(z),
analytic in a neighborhood of the origin, such that W(0) =

w'(0) = |7l #0, and ®(z, W(z)) = 0. Then define a sequence
{Dn};“;l bY D1 = |T’]| #+0and
n-1
Dy =L ZDHIDn—i

i=0

n—1
1
+z Z FDHlDllDlz Dy |,

i=0 I+l +-+l,=n—i

1212,
nx1.
(54)
By (52) we see that
|b| <D,, n>1 (55)
Let
(o]
P(z)= Y D,2", D, =n, (56)
n=1

with the recursive law of {D,}? . Then

P’ (2)

/—\

ZDnHz > <ZD,,Z">
n=0 n=1

n-1

ZDHID Z
1i=0

MS

"

7
P*(2)/r
1-(P(2)/r)
PO @M
N a\[((P@)Y
(Z ><n—1< r ))
(o) (£2(50))
n=0 nzlr n=1
= (iDnHz"“) i D 1tDllDl2 D,
n=0 n=11+L++l,=n
t=1,2,...,
XS 1 n+l
) ngl i=0 I+l +;l :nﬂFDHlDllDl Dl ‘
! t:21,2,.. tn—z
(57)
Then we have
P2 (Z) /1" 2 1 - n+l 1
T D ==2.D, =—(P(z) -
Ce@m @I e = (@ hile)
(58)
that is
P@r o]
P(z)-|n|z-L —eamn "’ )|=0. (59

This shows that P(0) = 0,P'(0) = |nl, and ©(z, P(z)) = 0.
So we have P(z) = W(z). It follows that the power series
(56) converges in a neighborhood of the origin. Therefore,
from (55) we see that (46) converges in a neighborhood of
the origin. The proof is complete. O

In the case (H2) we obtain similarly an analogue to
Theorem 3.

Theorem 6. Suppose that (H2) holds and that a, +0, d, #0.
Then in a neighborhood of the origin (5) has an analytic
solution ¢(z) satisfying ¢(0) = 0,9’ (0) = n#0.

In the case (H3) we also obtain similarly an analogue to
Theorem 4.

Theorem 7. Suppose that (H3) holds, a, 0, d, #0, and p is
given as above mentioned. Let {b,},° | be determined recursively
by b, = nand

(n+ 1) Bu(U' =1) by, =E(n+1,p4), (60)



where

E(n+1,p)
n—1
= —ocz (i+1)byb,
i=0
n—-1
£y

i=0 1)+l ++l,=n—i
t=1,2,..,n—i

(i+1) [dt + atﬁ (ic,y”k>:|
1=0

n>1.

x bbb, by,
(61)

IfE(Ip+1,u) =0foralll =1,2,..., then (5) has an analytic
solution in a neighborhood of the origin such that ¢(0) = 0,
¢'(0) = n#0, and 9""(0) = (Ip + 1)!#y,1, where ’71’P+15 are
arbitrary constants satisfying the inequality |r,.,| < djp.1, | =
1,2,... and the sequence {d,},°, is defined as follows: d, = |n|
and

d

n+1

n—1 n-1
1
=IL, Zdiﬂdn—i +Z Z ;dmdlldl2 cedy |
i=0

i=0 I+l ++l,=n—i
t=1,2,..,n—i
nxl,
(62)

where T = max{1,|¢' =1, i = 1,2...,p- 1}, and L, =
max{2/|l, |l/|BI}. Otherwise, if E(Ip + 1, u) # 0 for some ] =
1,2,..., then (5) has no analytic solutions in any neighborhood
of the origin.

3. Analytic Solutions of the Original (2)

Having known analytic solutions of the auxiliary equation (4)
and (5), we can give results to the original (2).

Theorem 8. Suppose that the conditions of Theorems 1, 3,
or 4 are satisfied. Then (2) has an analytic solution x(z) =
(' (z) +A) in a neighborhood of the origin, where y(z) is an
analytic solution of (4) in the half plane S,,.

Proof. In view of Theorems 1, 3, or 4, we may find a sequence
{b,}.2, such that the function y(z) of the form (7) is an
analytic solution of (4) in the half plane S,. As in Theorem 1,
y(z) = ¢(b®). Since ¢'(0) # 0, the function gb*l is analytic
in a neighborhood of the point ¢(0) = 0. Thus l//_l(z) =
~In¢™'(z)/1Inb is analytic in a neighborhood of the origin.
Define x(z) = 1//(1//71(2) + A) which is analytic clearly. Note
that

V(' @+2)

x (2) = @) @)=y (v (@) +kA),

(63)
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then from (4)

By (v (@) +1)
v (v (2)

oz + [Sx' (z2) =az +

=F <§0ch (1//71 (2) + l/\)) +G (w (1//71 (Z)))

This shows that x(z) = 1//(1//71(2) + A) satisfies (2). The proof
is complete. O

Mz

clxl (z)) +G(2).

Il
(=}

(64)

Under the hypothesis of Theorem 1 the origin 0 is a hyper-
bolic fixed point of x, but under hypotheses of Theorems
3 and 4 it is not. Actually, when the constant y = b~
satisfies the Brjuno condition, the norm of the eigenvalue of
the linearized of x at 0 equals 1, but the eigenvalue is not a
root of unity. Under (I3), the fixed point 0 of x is a resonance.

When 0 < |b| < 1, the same method is applicable and a
similarly result can be obtained; that is, there exists a constant
p > 0 such that (4) has an analytic solution in the left-half
plane {z € C | Rz < —Inp/In|b|, —co < Jz < +00}.

Theorem 9. Under one of the conditions in Theorems 5, 6, or
7, (2) has an analytic solution of the form x(z) = <p(‘uqf1 (2))in
a neighborhood of the origin, where ¢(z) is an analytic solution
of (5) in a neighborhood of the origin.

Proof. In Theorems 5-7 we have found a solution ¢(z) of (5)
in the form (46), which is analytic near 0. Since ¢(0) = 0,
¢'(0) = #0, the function ¢ ™" is also analytic near 0. Thus
x(2) = @(ugp~"(z)) is analytic. Moreover,

u' (up (2)

! — 1 _ I -1 65
Y@=y @ o(do™ (2)), (69)

so from (5) we have

Bug' (up™" (2))
¢ (97 ()

-F (gcﬂ, (W™ (z))> +G(p(e7' @)

oz + ﬁx' (2) =az+

=F (ic,xl (z)) +G(2).
1=0

(66)

Therefore, x(z) = <p(/4(p_1(z)) satisfies (2). The proof is
complete. O
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4. Example

Example 1. Consider the equation

z+x' (z) = 4V/PEE) _ gz % (67)
Itisin the form of (2), wherea = =1, ¢ =¢, =0, ¢, = 1/2,
m = 2, F(z) = 4¢° — (13/3) = Y2 (42"/n!) — (1/3), and
Glz) = (3/2)—¢" = - Y22, (2" /n)) +(1/2). Clearly both G and
Fareanalytic near 0,a, = F(0) = -1/3,d, = G(0) = 1/2,a, =
F'(0) = 4, and d, = G'(0) = -1. For arbitrary |b] > 1,let A =
In6/1n|bl, the0 < |64 < 1. By Theorem 1, there is a constant
p > 0 such that the corresponding auxiliary equation

@)y () +y (z+ 1)
. , , (68)
- F(zy/(z +2A)>1// @)+ Gy () (),

and (67) itself have an analytic solution in the half plane S, =
{z | Rz > —(Inp/Inb), —co < Jz < +00}. In the routine in
the proofs of our theorems we can calculate the solutions

1 35
x(z)=-z- e
6 36

551
. (69)
1944

Example 2. Consider the equation
z-x'(2) = lx (z) - lx(x (2)) +€° - 1 (70)
) 4 4

Itisin the form of (2), wherea =1, 8 = -1,¢, = 0,¢; = -1/2,
o =1/4,m = 2,a, = 1/2,a, = -1,a, = 0(n > 2),
dy=1/4,d, =1,F(z) = -z + (1/2),and G(z) = ¢* - (3/4) =

Y (2"/n) + (1/4). Clearly, ¥/ Il < 1 and p = (1/B)(a, +
dy) = —-3/4 such that 0 < |u| < 1. By Theorem 5 the
corresponding auxiliary equation

@9 @) - pe (12) = (30(2) - 10(42) )¢’ )
+ (e“"(z) - 4_11> ¢ (2)
(71)

and (70) itself have an analytic solution each in a neighbor-
hood of the origin. Proofs of our theorems provide a method
to calculate the solution

1
x(2)=pz+ p(u-2)2"

171
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