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We study the fractional Laplacian equation (—A) u+AA(x)u = pu+ |u|2*(s)’2u, x € RN, here N > 25,5 € (0,1),2%(s) = 2N/(N -2s)
is the critical exponent, and A(x) > 0 is a real potential function. Employing the variational method we prove the existence of

nontrivial solutions for y small and A large.

1. Introduction

We consider the nonlinear Schrédinger equation:

0 -
ihal; - Ay + Ay -y Py xeRY, )
where £ is the Planck constant. When looking for stationary
waves of the form y(t,x) = e_’“(m)(p(x) with p € RY, one
is led to considering the elliptic equation in RY; namely,
replacing # by ¢, one sees that ¢ must satisfy

—82A¢ +A(x)p= szy(p + |(p|P_2(p. 2)

Setting u(x) := ¢ /P2 ¢(x) and A = &2, this equation is
transformed into

—Au+AA (X)u = pu + |u|2*_2u, x € RY. (3)

Problem (3) has been widely studied in the literature (see, for
instance, [1, 2] and references therein), where 2* = 2N /(N -
2) is the critical exponent N > 4, and A(x) > 0 is a potential
well.

The study of existence and concentration of the semiclas-
sical states of Schrodinger equation goes back to the pioneer
work [3] by Floer and Weinstein. Ever since then, equations of
(3) type with subcritical nonlinearities (p < 2* = 2N/(N -2)
for N > 3) have been studied by many authors. For critical
nonlinearity (p = 2 for N > 4), Clapp and Ding [1, 2]

established the existence and multiplicity of positive solutions
and minimal nodal solutions which localize near the potential
well for y small and A large.

The fractional Schrédinger equation is a fundamental
equation of fractional quantum mechanics. It was discov-
ered by Nick Laskin as a result of extending the Feynman
path integral, from the Brownian-like to Lévy-like quantum
mechanical paths. The term fractional Schrédinger equation
was coined by Nick Laskin.

Recently, a great attention has been devoted to the
fractional and nonlocal operators of elliptic type, both for
their interesting theoretical structure and in view of con-
crete applications in many fields such as combustion and
dislocations in mechanical systems. This type of operator
seems to have a prevalent role in physical situations and has
been studied by many authors [4-9] and references therein.
In [5], Di Nezza et al. deal with the fractional Sobolev
space W and analyze their role in the trace theory. They
prove continuous and compact embeddings, investigating
the problem of the extension domains and other regularity
results. In [8], Felmer et al. proved the existence of positive
solutions of nonlinear Schrodinger equation involving the
fractional Laplacian in RY. They further analyzed regularity,
decay, and symmetry properties of these solutions. Servadei
and Valdinoci [9] studied the existence of nontrivial solutions
for equations driven by a nonlocal integrodifferential oper-
ator Ly with homogeneous Dirichlet boundary conditions.



They give more general and more precise results about the
eigenvalues of a linear operator.

The aim of this paper is to study the fractional Laplacian
equation:

(A 'u+AA (x)u = pu + |u|2*(s)’2u inRY, (4

where N > 25,1 > 0,y € R, s € (0,1), and H*(RY) is the
usual fractional Sobolev space, and 2*(s) = 2N/(N — 2s) is
the corresponding critical exponent. Suppose A(x) satisfies
the following assumptions.
(A1) A € C(RN,R), A >0,Q := intA}(0) isa nonempty
bounded set with smooth boundary, and Q=AY0).
(A2) There exists M,, > 0 such that

L{xeRN:A(x)SM0}<oo, (5)

where L denotes the Lebesgue measure in R".

The fractional Laplace operator (—A)° in (4) can be
defined as

~ (=A)u(x)
1 u(x+y)+u(x—y)-2u(x) N
=5 JRN ly|N+2$ dy, xeR".
(6)

We say that a functionu € H S(RN) solves (4) in the weak
sense if

J W@ -u()le@-¢(),
N+2s Y
RN |x = ¥
+/\J AX)u(x)e(x)dx
RN
(7)
= MJ u(x)e(x)dx
[RN

+ J lu ()2 (x) @ (x) dx,
RN

Vo € H* (RY).
Define the energy functional by

1 J Ju(x) - u(y)f
R2N

L=< leﬂs dxdy

2 lx -

+

N | =

AJ A () |u ()P dx
RN

1 (s
- zyj u ()2 dx — J lu (x)]* Ddx.
RN RN

(8)

1
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Then we know the critical points of I, are exactly the weak
solutions of (7). In this sense we will prove the existence of the
critical points of the functional I,. Fréchet derivative of I, is

(8 ). ) = j . (u(x) —u(y))(zfi) —20) 4y
R |x -y
+AJ A(x)u(x) @ (x)dx
[RN
—yJRNu(x)(p(x) dx

- j () 92 (x) () dx
RN

Vo € H*(RY).
)
Concerning the Schrédinger equation:
—Au+ AA(x)u = pu + |u|2*_2u in RY,
u>0 inRY, (10)
ueH (IRN).

Clapp and Ding [1] proved the following.

(a) Assume (A1) and (A2) hold and N > 4. Then, for
every 0 < u < p(Q), there exists A(u) > 0 such
that (4) has a least solution u, for each A > A(y),
where p} (Q) is the first eigenvalue of —A on Q with
boundary condition u = 0.

(b) Assume (A1) and (A2) hold and N > 4. Then, there
exist 0 < u* < wl(Q) and for each 0 < p < y*
there exist two numbers A(y) > 0and 0 < c(p) <
(1/N)SN? such that if A > A(u), then (4) has at
least cat(Q)) (the number of solutions is bounded
from below by a topological invariant) solutions with
energy Iy , < c(p).

(c) Every sequence of solutions (u,) of (10) such that 0 <
U < M}(Q),/\n — ooandI,\mM(un) — ¢ < (1/N)SN?
asn — 00 concentrates at a solution of

—Au=pu+u? 2uin Q,
u>0 in Q, (1)

u=0 on 0Q,

where S is the best Sobolev constant.

Our aim is to show that (a) and (c) can be extended to
problem (4). In this paper, we have the following results.

Theorem 1. Assume (Al)and (A2) hold N > 2sands € (0, 1).
Then, for every 0 < p < u;(Q), there exists A(u) > 0 such that
(4) has at least a solution u for each A > AMu), where u,(Q)
is the first eigenvalue of (—A)° on Q with boundary condition
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u = 0. There is a great deal of work on p,(Q); see for example
[9]. We have

p (Q)

 ueH(Q)\[0)

2 N+2s
oo () = )] = V") dx dy
2 .
Jo lu () Pdx
(12)
Theorem 2. Every sequence of solutions (u,) of (4) such that

0 < <@ A, — oo, and I(u,) — c < (s/N)SY/* as
n — 00 concentrates at a solution of

(=AY ’u = pu + > 92 inQ,
(13)
u=0 onRV\Q,
where Q) is defined as in (Al).
Here S, is defined as
2 N+2s
S,:= inf Juo (14 @) 0 O 1 = 5] )dxdy, (14)

ueE\(0} |l
where E is an L*(R") space with potential and will be defined
in Section 2.

There is a great deal of work on (13); see, for example, [4,
6, 7] and the references therein. Among them Servadei and
Valdinoci [4, 6, 7] studied the problem

Lyu+ Au+ |u|2*(5)72u +f(xu)=0 inQ,
(15)
u=0 inRY\Q,

where () is an open bounded set with Lipschitz boundary in
RN, N > 25,5 € (0,1), A > 0isareal parameter. L is defined
as follows:

Lxu (x):% jRN (u(x+ y)+u(x—y)—u(x))K(y)dxdy,

x e RY.
(16)

Here K : RN\ {0} — (0,+00) is a function such that
m(x)-K € L (IRN) ,  where m(x) = min{|x|2, l}; 17)

there exists @ > 0 such that K(x) > 6|x|"™** and K(x) =
K(-x) for any x € RN\ {o}. They proved that problem (15)
admits a nontrivial solution for any A > 0. They also studied
the case f(x,u) = 0and K(x) = || ~V*29), respectively.

Clapp and Ding [1] proved the existence of minimizing
sequence for energy function of (10) on Nehari manifold
and assumed that it is a Palais Smale sequence by Ekeland’s
variational principle. Since Palais Smale conditions hold, this
finished the proof of (a). For (c), they analyzed the problem
directly. We will show that their method can be extended to
the case 0 < s < 1.

This paper is organized as follows. In Section 2, we give
some preliminary results. In Section 3, we finish the proof of
Theorem 1. In Section 4, we finish the proof of Theorem 2.

2. Preliminary Results

Throughout this paper we write | - |, for the L? norm for q €
[1, 00]. We always assume that (A1)-(A2) hold, N > 25,1 > 0,
p € R,and s € (0,1). py (Q) is the first eigenvalue of (—~A)* on
Q. Q is a nonempty bounded set with smooth boundary.

We consider the fractional Sobolev space:

H* (RY)
2
_dyer2(rY J |u (%) —u(y)|
{u ( ) I R2N |x _ y|N+2$ xay (18)
+j [u (x)|2dx < +oo]>
RN
with norm
1/2
u(x)—u 2
il = <I %dxdy + J |u(x)|2dx> .
R fx - y] RY
(19)
And let

E= {u ¢ H* (RN) | JRN A (x)uldx < +oo} (20)

be the Hilbert space equipped with norm

1/2
Iy = (il + [ AGowax) . @D

If A > 0, then it is equivalent to the norms

1/2
lull, = <||u"§_15 +2 JRN A (x) uzdx) . (22)

Thus E is continuously embedded in H S(RN).

Remark 3. We know the embedding H(RY) — L(RN) is
continuous; see [5] or [8]. So the embedding E — L'(RN) is
also continuous for any v € [2,2%(s)].

Thanks to Remark 3, we can define the constant S; as in
formula (14) and get that S, > 0.

Lemma4. Letu, € E be such that A, — 0o and ||Mn||i <C.
Then, there is a u € Hy(Q) such that, up to a subsequence,
u, — uin L*(RN).

Proof. If u, — u strongly in LY(RY), we prove u € Hy(Q).
Set F,, = {x : |x| < m, A(x) > 1/m}, and m € N. For n large
enough that A, > 1, thanksto A, — ©00.So ||un||i: < ||un||§L <
C, we get ’

J |u,[Pdx < mJ- A (%) u, [ dx < mC
Fon By A (23)
as n — 00



for every m. This implies that u(x) = 0 for a.e. x € RN\ Q.
Hence, since 0€) is smooth, u € Hy(Q).

We will show that u, — u strongly in L*(RY). Let F
{x € RN : A(x) < M,} with M, as in (A2), and let F* =
RN\ F. Then

5 1
dx <
Jc”"x‘AM

n*"0

C
LA (x) uld 0
JC " (x)unxs/\M — (24)

n*"*0

asn — 00. Setting B, = R™ \ Bp, where By = {x € R" :
|x| < R}, and choosingr € (1, N/(N-2s)),and ' =r/(r-1),
we have

2 2 r
Lc . (u, —u)dx < |u, —u|, L(Byn F)"

(25)
< Cy|lu, - ulAL(B N F)" — 0
as R — 00, thanks to (A2). Since u,, — uin LIOC([RN),
J (u, — u)’dx — 0 (26)
BR

asn — oo.Byu € Hy(Q),

J (1, — u)’dx = J uidx + J. (u, — u) dx
RN F*

F

< J ufldx + J (u, — u)zdx 27)
F ByNF
+ J (u, — u)’dx — 0
By

asn — oo. Thus u, — u strongly in L*(R"). O

We denote A = (-A)* + AA(x) and by (-, ) the L2-inner
product and write

<MW@ZLWWW>uU»WM—ww)

|x _ y|N+2$

(28)
+A J A(x)uvdx
RN

for u,v € E. Set ay := inf ap(A,\), the infimum of the point
spectrum of A ;. Observe that

0<ay =inf{{Au,u) :uc€E,lul, =1} (29)
and that a, is nondecreasing in A.

Lemma 5. Foreach 0 < p < y,(Q), there exists A(y) > 0 such
that ay > (u + 4, (Q))/2 for A = AMu). Consequently,
cullully < ((Ay - ) u) (30)

forallu € E, A > A(), where ¢, > 0 is a constant.
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Proof. Assume, by contradiction, that there exists a sequence
A, — oo such that a, <(u+ 1,(€))/2 for all n and a, —
¢ < (p+ m(Q))/2. Letu € E be such that |y, |, = 1 "and
((A,\n - a,ln)un,u Y — 0. Then

s

Z_J 4, () 0, ()
RZN

A, T |N+25

dxdy + J |u,, (x)|2dx
RN

lx—y

+A, J A(x) |u, ()| dx
RN

((Ar, —a,) thotty) + (14 @y ) 5

<2(1+u (Q))
(31)

for all n large. By Lemma 4 there is a u € H(Q) such that,
up to a subsequence, u,, — u in L*(RY), and thus lul, = 1.
Using Fatou’s theorem, we know

u(x)-u 2
J . | N(Jr}Z/s)l dxdy —
R -y

I J;) lu (x)|*dx

2
< lim inf(J dedy
R2N

n— 0o N+2s
o=y (32)
2
—a J Ju, ()] dx>
RN
< nango inf <( - aAn) un,un> =0.
Consequently,
2
u(x)—u + 4y (Q)
J N %dxdyﬁq < % < (Q).
B x|
(33)
Since p,(Q) is the first eigenvalue of (-A)° on Q

with boundary condition u = 0, we have y,;(Q) <
JRZN(lu(x) —u(y)*/lx = yIN**)dx dy. This is a contradic-
tion. O

In the following, enlarging A(y) if necessary, we assume
Mu) = pu/M,; thus

AMy—pu=0 VA= A(u). (34)

3. The Proof of Theorem 1

In this section we will finish the proof of Theorem 1.
The critical points of I lie on the Nehari manifold

M ={ueE\{0}: (I (u),u) =0}. (35)

Since 0 < p < u;(Q) and 2 < 27%(s), the functiont € R, —
I, (tu) has a unique maximum point #(#) > 0 and t(u)u € M.
Define

¢ = i?AfIA, (36)



Abstract and Applied Analysis

and we observe that

¢ = ue}gnfqﬁ  max I) (tu). (37)

From Lemma 5, the constant ¢, is positive. On the other hand,
we define

c= 1;;? max Li(y®), (38)

where
I:={yeC([0,1],E): y(0) =0,I; (y(1)) <0}.  (39)

Proposition 6. Consider ¢ = ¢;.

Proof. Proposition is proved, for instance, in [8, see Section
2]. O

M is radially diffeomorphic V = {v € E : |[v|,.(, = 1}. For
u € M, the functional I, is

S 2%(s)
2 UA, -
: (4,

S
I)(w) = w)u,u) = N|”|2*(s)' (40)
So,
. . N s
¢ := Inflh (u) = inf = (4, - ) v WE @)

We consider the functional

L[ |Jue)-u() 2
I == ——="dxdy - — d
a =3[ L i weordx
1 2 (s)
) JQ lu(x)]” Vdx
1 s
(42)

on Hy(Q). Its Nehari manifold

Mg = {u e Hy (@) \ {0} : (I, ), u) =0} (43)

is radially diffeomorphic Vi, = {v € Hy(Q) : [Vl,+(5) = 1}. Set

s . i _ N/2s
c(Q) = ulef}\gnlo (u) = ‘}EHVEN (Ag =) vv) 7. (49)
Proposition 7. If0 < p < yu,(Q) and A > Mu), then
2
N

where S is defined in formula (14) and c, is given in Lemma 5.

(68)"" e <e@ < 58, (45)

Proof. By Lemma 5, ¢ ||v||E C ||v||)t ((A) — wv,v) for all
v € E. Taking mﬁma over v € V gives the first inequality.
Since Vi, ¢ Vand (A, v,v) = (Ayv,v) for v € V, it follows
that ¢ < ¢(Q). By [6, see Section 7] and [10, see Section 8],
we know ¢(Q) < (s/N)Si\I/zs and ¢(Q) is achieved at some
uy. Thus ¢ < ¢(Q), because other ¢ would be also achieved
at u, which vanishes outside (), contradicting the maximum
principle.

Hence, Proposition 7 is proved. O

By definition of ¢; and Proposition 6, there exists a
minimizing sequence for I} on M, and we note {u;}. By
Ekeland’s variational principle, we may assume that it is a
Palais Smale sequence. So we have

I (u;) — ¢ (46)

sup {|<I)/t (”J) "P>| @ € E ol = 1} —0 (47)

as j — +oo.

Proposition 8. I, has at least one critical point with critical
value c for each 0 < p < u;(Q) and A > A(w).

Proof. We proceed by steps.

Step 1. The sequence {u;} is bounded in E.

Proof. For any j € N by (46) and (47) it easily follows that
there exists C; > 0 such that

L ()] = €,

KIA( ) >c “
"”J "/\
As a consequence of (48) we have
L) - 5 (S) (1 () ;) = < W) (w9)
<6, (1ol
By (49) and the definition of I; we have
ol <s (14 ) 0

Thus {uj} is bounded in E.
Step 2. Problem (7) admits a solution u, € E.

Proof. By Step 1 and E is a reflexive space, up to a subsequence,
still denoted by u;, there exists u,, € E such that u; — u,
weakly in E; that is,

J (4, (0) — 1, (3)) (9 (%) — 9 (7))

N+2s dx dy
x|
1| A@u 9@
. (51)
. J . (U (%) = Uy (y))N(zs(x) —e (), dy
R |x -yl
+A JRN A (x) Uy (x) @ (x) dx

as j — +oo. Since Step 1 and Remark 3, we have that u ; is

bounded in Lz*(s)(RN ). Since Lz*(s)([R{N ) is a reflexive space,
up to a subsequence
weakly in L (RV) (52)

Uj — Uy,



as j — +00. While by Lemma 4, up to a subsequence,

uj(x) — g, (x) in L* (RN), (53)
Uj — U, ae in RY (54)
2%(s)-2

as j — +00.By (52) and the fact that ;]
in L2 W/ O-D (RN e have

ujis bounded

iy —

] (69)

(55)
weakly in 12 /-1 ([RN)

asj — +oo.
Since (47) holds true, for any ¢ € E

0 — (5 (w).9)

:J (u; ) —u; (1) (p () =9 ()

|N+25

dxdy

[ -

+A JRN A(x)u;(x)p(x) dx —u JRN u; (x) g (x) dx

_ ,[RN 'uj (x)|2*(s)72uj (x) @ (x) dx.
(56)

Passing to the limit in this expression as j — +o0o0 and
taking into account (51), (53), and (55), we get

[ et w0 o0,
|

N+2s
y|

X —

+)LJ A(x)uoo(x)(p(x)dx—yj Uy (x) @ (x) dx
RN RN

- J |too (x)|2*(5)_2uOO (x)p(x)dx =0
RN

(57)
for any ¢ € E; that is, u, is a solution of problem (7).
Step 3. The following equality holds true:
I (h) = % IRN gy, ) Vx> 0. (58)
Proof. By Step 2, taking ¢ = u,, € E as a test function in (7),

we have

J luoo (%) — Uy (y)lzdxd +AJ A(x)|1/l (x)|2dx
o y|N+25 Y RN ®

|-
=y J |too (x)|2dx+J [too (x)|2*(s)dx.
RN RN
(59)
So we get

I (uy) = (60)

Hence, Step 3 is proved.
Now, we conclude the proof of Proposition 8.

% j ; [ttoo (x)|2*(s)dx > 0.
R
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We write v; := u; — u,,, and then v; — 0 weakly in E.
Moreover, since (54) holds true, by the Brézis-Lieb Lemma,
we get

2
J by @-w O Jou A GOl o ax
RZN RN

|x _ |N+2$

y 0= I 5
RZN

|X _ |N+2$
+A J A (x) |vj (x)|2dx
RN

J o () = 11, ()]
R2N lx—le+25

dxdy

+AJ A (x) [ug (x)|2dx+o(1), (e1)
RN

JRN 'uj (x)|2dx = JRN |v]- (x)|2dx
+ J |uOo (x)lzdx +0(1),
RN
J'RN 'uj (x)|2*(s)dx _ JRN 'Vj (x)|2*(s)dx

+ J- |uOO (x)|2*(s)dx +o(1),
RN

as j — +0o0.

Then,

1
c— 1, (uj) =3 JRZN

|N+2$

1 *(s)
- o JRN lu; G Vax

. [r; ) -
2 JraN |x_y

+ %/\ JRN A (x) |vj (x)|2dx

v, ([

|N+25

dxdy

1 |t (36) = Uiy y)|2
EJRZN |x = ¥ N+25 dxdy

J A (x) |u00 (x)|2dx

l\.)l»—‘ NI'—‘

J |uoo (x)|2dx
RN
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1 2
— EM JRN |V] (x)| dx

2* (S) J- | J (x)|

‘z*@>JWJum<xnf@dx+o<n

v, ) - v, )

1
=1 - M gxd
A (uoo) + 2 JRzN |x _ y|N+25 xay

1
+ 3 JRN A (x) |vj (x)|2dx

. %”I ol

-5 L Taxee,

(62)

[5G0~ [

|N+2$

(13 () u;) = JRZN dxdy

| -

+A J A (x) |uj (x)'zdx
RN

of s [ eof s

N ICETLC)
RZN

|x _ |N+Zs

+A J A (x) |vj (x)|2dx
RN

+ J Iuoo (X) Uy (y)lz
RZN

) I A () Jugy (0)fdx
RN
—u JRN |to ()| dx — JRN |vj (x)|2dx

- v (x) 2*(S)dx
[ )
‘Jh%uﬁww+wn
RN
= () (v0) s Uoo)

+J Pﬂ@—Vﬂyﬁdx@,
RZN

|X _ y|N+25

+A J- A (x) |vj (x)|2dx
RN

7
2
_‘MJ 'vj (x)| dx
RN
_J [y ol Ve 1)
RN
(63)
By (I)'\(uoo), U.) =0and (I/'\(vj), vj) — 0, we get
[ -y Ol
R2N Ix _ le+25
+A J A (x) |vj (x)|2dx - ‘uJ 'vj (x)|2dx — b,
RN RN
J |vj (x)|2*(s)dx — b.
RN
(64)
As in the proof of Lemma 4 one shows that
J |vj (x)|2dx — 0 (65)
F
as j — 00, where F = {x € RY : A(x) < M,}. Let F© =
R™ \ F. Then, by (34),
2
v; () = v; (y)]
S ||V e (‘)(RN) < JRZN |X _ y|N+25 dx dy
[y =% O
< J de dy
R2N |x _ |
(66)
2
+ L (A (x) — ) |vj (x)| dx

IN

<(A)L —U)vjs vj> +u L |vj (x)|2dx

<(AA —u) vj,vj> +o(1).

Passing to the limit yields b > S,b* ') Eitherb = 0 or b >
SN/ 1f b = 0, the proof is complete. Assuming b > S~/*, we
obtain from Step 3, (45), and (62) that

1 1
%sﬁms < <Z -3 )>b =c< %sﬁms, (67)
S

which is a contradiction. Thus b = 0, and

“u —0 (68)

j_uoo'l)t

as j — +00. This ends the proof of Proposition 8. O

We have finished the proof of Theorem 1 by Proposition 8.



4. The proof of Theorem 2

Proof of Theorem 2. Let (u,) be a sequence of solutions of (4)
such that 0 < p < ¢4;(Q), A, — ©c0,and NI} (u,) = ((A, -
W, u,) — Nc < sSi\]/ZS. Then, by Lemma 4, thereisa u €
H;y(Q) such that, up to a subsequence, u,, — u in E. By u,,
that is a solution of (4), we have

J ()=, ON (@R =9 )

|X _ y|N+25

+A"J' A(x)u, (x)go(x)dx—yj u, (x) @ (x)dx
RN RN
= J |u,, (x)|2*(5)_2un (%) @ (x) dx
RN
(69)

forany ¢ € E.If ¢ € Hy(Q), then A,, [ A(x)u,(x)p(x)dx =
0 for all , so letting n — ©o0 we obtain

J GORCIHICIORTICH NN

lx _ le+25
—u J u(x)g(x)dx = J lu (x)lz*(s)fzu (x) @ (x)dx
RN RN
(70)
for any ¢ € Hj(Q). So, u is a solution of (13). We write v, :=

u, — u. Then, v, — 0in L*(R").
Since A(x) = 0 for x € Q, we get

((An, = 1) thou) = (Ao ) wu) + (A, = 1) V0 v)
(71)

Byv, — 0in E and the Brézis-Lieb Lemma, we have

J N |”n (x)|2*(s)dx
i (72)
= J [u () Ddx + J v, (x)|2 Odx +0(1).
RN RN

So, we can get
(Ar, =) v = | I @F Qdx =), 3)

We claim that -[RN |vn(x)|2*(s)dx — 0. Assume

[ v, (x)* Ddx — b > 0. Then,

. 2/2°(s) _ 2
SS(J v, (x)|2 (s)dx) < J. —lvn ) =7, )] dxdy
RN RZN

|x _ y|N+25
< (A, = #) v vi)

ZJ o ) Vedx+ (1),
RN
(74)
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thanks to (73). It follows that

(27 (5)-2)/2"(s)
) o (1)

S, < q v, (x)lms)dx
RN

IN

(2%(s)=2)/2"(s)
) +o (1),

u, (x) 76 gy
)

limJ |un(x)|2*(5)dx
RN

n— 00

(75)

N/2s
SS

IN

Jim <(Aln - [/L) U, un> = Nc < ssN/%,
This is a contradiction. Thus JRN |vn(x)|2*($)dx — 0 and
((Ay, —wv,,v,) — 0,by (73). Hence, by (71)

lim (A, ~p)tpu,) = (Ao~ p)uur).  (76)

n— 00

Since u,, = v, in RN\ Qand A(x) = 0 for x € Q,

J A (x) |un (x)|2dx < J LA (x) |un (x)|2dx
RN RN
= J LA (x) |vn (x)|2dx (77)
RN

< (s, =) vus).

Therefore, .[RN A(x)lun(x)lzdx — 0 and (76) implies that
u, — uinE. O
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