Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 280401, 10 pages
http://dx.doi.org/10.1155/2013/280401

Research Article

Multilinear Singular Integrals and their Commutators with
Nonsmooth Kernels on Weighted Morrey Spaces

Songbai Wang and Yinsheng Jiang

College of Mathematics and System Sciences, Xinjiang University, Urumqi 830046, China

Correspondence should be addressed to Yinsheng Jiang; ysjiang@xju.edu.cn

Received 21 October 2013; Accepted 4 December 2013

Academic Editor: Alberto Fiorenza

Copyright © 2013 S. Wang and Y. Jiang. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Some multilinear maximal functions and the generalized Calderén-Zygmund operators and their commutators with nonsmooth
kernels are studied. The purpose of this paper is to establish that these operators are bounded on certain product Morrey spaces

LP*(R™). Based on the boundedness of these operators from L (w;) X - - - X L™ (w,,) to LP(H;ilwf/Pj), we obtained that they are

/pj .
also bounded from L (w,) x --- x LP*(w, ) to LP’k(r[;"zle.’ Pywith0 < k <1,1< p; < 00,1/p=1/p;,..., p, and w; € A,

j=1...,m.

1. Introduction

Let S(R") and &' (R") be the Schwartz spaces of all rapidly
decreasing functions and tempered distributions, respec-
tively. Let T be a multilinear operator initially defined on the
m-fold product of Schwartz spaces and taking values into the
space of tempered distributions,

T:8(R")x---8(R") — &' (R"). )
Following [1], the m-multilinear Calderén-Zygmund opera-
tor T satisfies the following conditions:

(S1) there exist g; < co (i = 1,...,m), it extends to such
that a bounded multilinear operator from LT x --- x
L to L9, where

l—i+...+i~ (2)
qa 4 A’
(S2) there exists a function K, defined off the diagonal x =
Yy ==y, in (R")™!, satisfying
T(F) ) =T (fireeos fun) %)
:J nK(x»)’p---’J’m)fl()’l)”' 3)
(R™)

fm (ym)dyl "'dym’

for all x ¢ ﬂ;":l suppfj and f,..., f,, € SR"),
where
A
IK (> Y15+ -5 Y| < G |yl_yk|)mn; (4)
K (Y- ¥jpeeos Ym) = K (Yoo os Yo Y|
Ay -7 ©
(o i)™

for somee > 0andall 0 < j < m, whenever |y; -y, <
(l/z)maxoskSml)’j = Yl

We also take some notation following [2]. Given a locally
integrable vector function b = (b;,...,b,) € (BMO)™.
The commutator of b and the m-linear Calderén-Zygmund
operator T, denoted here by Ty, was introduced by Pérez and
Torres in [3] and is defined via

Ty (F) = 211 (F), (6)



And the iterated commutators Ty, are defined by
Tog () = [bs- o [Bpess (B T), oy ) (F) - (8)

To clarify the notations, if T' is associated in the usual way
with a Calderén-Zygmund kernel K, then at a formal level

e (7= [ 3 (6 -b(3))

=
X K (%, y15 s Y) fr (1) -+
fm (ym)dyl "'dym’
) ©)
T (6= 11660 -b0)
j=1
XK (%, y15 05 Y) fr (1) -+

fm (ym)dyl dym

In this paper, we will consider T" to be associated with the
kernel satisfying a weaker regularity conditions introduced
by [4, 5]. A special example is the mth Calderén commutator.

Let {A,},,, be a class of integral operators, which play the
role of the approximation to the identity. We always assume
that the operators A, are given by kernels a,(x, y) in the sense
that

Af@=| a0, a0

for all f € U,e(1,00L” and x € R", and the kernels a,(x, y)
satisty the following conditions:

|%@Jm£hxnyr=f“h(“‘”), a

tl/s

where s is a positive fixed constant and h is a positive,
bounded, decreasing function satisfying that for some 77 > 0

. n+n s\ _
rll)ngor h(r') = 0. 12)
Recall that the jth transpose T*/ of the m-linear operator
T is defined via

(T (foe o f) - 9)

= <T*’j (fl"'"fj—l’g’fj+1>‘"’fm)’fj>’

forall f},..., f,, g in S(R"). It is seen that the kernel K*7 of
T/ is related to the kernel K of T via the identity

K* (x,yl,...

(13)

’yj—l’yj’yjﬂ""’fm)
(14)

= K(yj’yl""’yj—1>x’yj+l"">fm)'

If an m-linear operator T maps a product of Banach
spaces X; X --- x X,, into another Banach space X, then the
transpose T/ maps X; x -+ x X;_; X X X X,y x++- x X,,, to
X ;. Moreover, the norms of T and T*7 are equal. To maintain

uniform notation, we may occasionally denote T by T*° and
K by K*°.
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Assumption 1. Assume that for each i = 1,...,m there exist

operators {A(ti)}t>0 with kernels at(i)(x, y) that satisfy condi-
tions (11) and (12) with constants s and # and that, for every
j=0,1,2,...,m,there exist kernel K*’J’(')(x, Yis-wes V) Such
that

(T (frre e AV fir o i) 9)
:J J Ky ) 1) (19)
R J(Rr)
T V) g () dy, -+ dy,dx,

for all fi,..., f,,»g in S(R") with N}, supp f, Nsuppg =
0. Also assume that there exist a function ¢ € E(R) with
supp ¢ C [-1,1] and constants € > 0 and A so that for every

j=0,1,2,...,mand everyi=1,2,...,m, we have
‘K*J (% Y1s- s ) = KPP (i, yl,...,ym)’
A i ¢<|yi—yk|>
(Zk 1|x ykl)mnk Lk#i /s (16)
Al

+ m mn+e
(Zk:1 |x - J’k|)

whenever t'/° < |x — y;l/2.

If T satisfies Assumption 1 we will say that T' is an m-
linear operator with generalized Calderén-Zygmund kernel
K. The collection of function K satisfying (15) and (16) with
parameters m, A,s,#, and € will be denoted by m-linear
GCZK (A, s, 1, €). We say that T is of class m-GCZO(A, s, 17, €)
if T has an associated kernel K in m-GCZK(A,s,n,e€).
Throughout this paper, we always assume that the m-linear
operator T satisfies the following assumption.

Assumption 2. Assume that there existsome 1 < gq,,...,q,, <
oo and some 0 < g < cowith 1/g = 1/gq, + -+ + 1/4,,> such
that T maps LT (R") x - -- x L (R") to L**°(R").

Theorem 3 (see [4]). Assume that T is a multilinear operator
in m-GCZO(A, s, 1, €). Let 1/m < p < 00,1 < pj < with
1/p=1/p, +---+ 1/ p,, all the following statement are valid:

(i) when all p; > L then T can be extended to be a
bounded operator from the m-fold product LF*(R") x

x LPn(R™) to LP(R™);
(ii) when some pj =1L then T can be extended to be a

bounded operator from the m-fold product LF'(R") x
<o x LPn(R™) to LP(R").

Moreover, there exists a constant C(n,m, p;,q;) such that

||T||L1><...><Ll s [M/meo
17)
< C(mm, pynd;) (A + 1Tl segm — p1e0) -
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Assumption 4. Assume that there exist operators {B,},,, with
kernels b,(x, y) that satisfy condition (11) and (12) with
constants s and #. Let

K2 (%, y1s.s V) = JRn K(z, 915> ¥m) b (x,2) dz.
(18)

We assume that the kernels K (x, y,, ..., y,,) satisfy the
following estimates; there exist a function ¢ € €(R) with
supp ¢ C [-1,1] and constants € > 0 and A such that

A
T (19)

'K(O) x)’1>...,)’m)| W
k=1 k

1/s :
whenever 2t "* < min,_j,,|x - y;|, and

) = K (€ y1s )|

|y; - ykl)
(Zkllx J’k|)mnz¢< /s

|K(x,y1,...

(20)

Atels
+ m
(Zk:I |x ~ Yk

|)mn+e 4

whenever 2|x — x'| < t'/*

< max i, lx = y;1/2.

It is known that condition (16) is weaker than, and indeed
a consequence of, the Calderén-Zygmund kernel condition
(5) from the proof of Proposition 2.1 in [4]. And also it is
pointed out that Assumption 4 is weaker than the condition
(5) for K(x, y;,..., ,,) in [6].

For T be an m-linear Calderén-Zygmund operator, & €

Apand vy = ]_[J lwf/‘p’ with 1/p =1/p; +-+- + P, and b ¢
BMO™, Lerner et al. [7] proved that T and Ty; bounded from
LPY(w) %+ - x LP"(w,,) to LP (vz) and Pérez et al. [2] extended
the result to Tjj; when all 1 < p; < oo, in the case of the
endpoint, that is, some p; = 1, weak type estimates have been
established; for some details refer [2, 7]. To obtain the same
results for the multilinear singular integral operators T in m-
GCZO(A, s, 1, €) with kernel satisfying Assumption 4, some
authors have done so much work. Duong et al. [5] obtained
that T maps L' (w) x --- x LP"(w) to L (w), where w € A,
with p, = min(p,,..., p,,) > 1. Grafakos et al. [8] proved that
T maps L (w;) x- - -x LP"(«w,,) to L? (v;) whereall p; > 1 and
@ € Ap, and maps L (w;) X -+ x LP"(w,,) to LP’OO(VJ,) with
some p; = L. For@ € [[[L,A, with p; > 1,j = 1,...,m,
Anh and Duong [6] established that Ty; are of boundedness
from L (w;) x - -+ x LP"(w,,) to L¥(v); after that, Chen and
Wu [9] extended the results of Lerner et al. [7] and Pérez et
al. [2] to the multilinear singular integral operators T' in m-
GCZO(A, s, i, €) without the endpoint case.

Definition 5. Some multilinear maximal function used in
Theorem 6 will be listed in the following, which are intro-
duced by Lerner et al. [7] and Grafakos et al. [8]:

() ) ‘SuPH|Q| J 15 (7))l 4y

Qax'j=]

( )(x) - SupH|Q| (_[Q |f] (yj)'rdyj)l/r’ (21)

QBX] 1

LlogL,Q’

‘%LlogL (f) (.X') = SUpH”f]'
Qax j=1

The following relationship with the above three maximal
functions is easy to check:

M (f) (X) < Mpog1 (]?) (x) < CAM, (f) (x). (22)

Letr > 1,1 <1 < myo = {j,....,j;} € {l,...,m},

and o' = {1,...,m} \ 0. We define the following multilinear
maximal functions:
My (f)(x)
knl
= Z‘;E;)Z Q|Q| j 15 ()]
Jl;[ |2kQ| |f1 Vi |dy],
My (f) (x)

Hr 23
‘Supzz k"ﬂ( J |fJ Vi 'dy1> )

Qdxk= jeo

1/r
H( Q] |fj (yj)' dyj) J

jeo'

crLlogL (f) (x)
(o)
= SQ‘;I;};)fknlg”fjuLlog L,lee_[(j,||fj||f~103 L2Q’

We have that
My (f)(x) S Mypiogr (f) () < Cl,, (F) (x).  (24)
The following statements are our main results.

Theorem 6. Let0 <k <1,1<py,...,p, <00,1/p=1/p +
o+ 1/p,, and @ € ]'[;ZlAPi.Letl <j<mo={i,...,ij}c
{1,...,m}, and for some r > 1 (r depending only on &), if all

p; > L, then M, and M, , are bounded from LR () x - x

LP (w,,) to LP*(v), and or else, bounded from LP**(w,) x
o x Pk (e ) to WLPK(v).



Corollary 7. Under the same assumptions as in Theorem 6.
My My rog 1> Mg Mg 110g1 are bounded from LPrR(w,) x -+ x
L (w, ) to LP*(v) or WLPK(v,,).

Theorem 8. Assume that T is a multilinear operator in m-
GCZO(A, s, n,€) with kernel K satisfying Assumption 4. Let
0 <k<1ll/m<p<ool<p; <oowithl/p =
Upy+-+1/pyandw;j € Ay, j=1,....m. Then we have
the following:

(i) when all pi>1L there exists a constant C such that

"T(]?)"Ll”k(m) = C”fj"LPj’k(“’j)’ 2)

(ii) when some pi=1 there exists a constant C such that

[T lnssr < Wil (26)

/p;
where vz = H;’;lwf b,

Theorem 9. Assume that T is a multilinear operator in m-
GCZO(A, s, n,€) with kernel K satisfying Assumption 4. Let

o /P
0<k<1,d=(w,...,w,) € HT:IAP;” and v =[] 1@ !
with1/p=1/py+---+p,and1 < p; <o0o,j=1,....,mand

b=(b,...,b,) € BMO™. Then, there exists a constant C such
that

[T D
[T Pl

C||ff||L"f’k(wj)’

C"fj ||Lpf’k(wj)'

Following [2], for positive integers m and j with 1 <
Jj < m, we denote by C'" the family of all finite subsets o =
{o(1),...,0(j)} of {1,...,m} of j different elements, where
we always take o(l) < o(k) if I < k. For any o € Cm the

assoc1ated complementary sequence ¢’ € C_ j is given by
= {1,...,m} \ o with the convention C{' 0. Given an
m—tuple of functions b and o € C;”, we also use the notation
b, for the j-tuple obtained from b given by (byy), .-, 3(j).

Slmllar to Tz, we define for T in m-GCZO(A, s, 4, €),0 € Cm

b
and b(7 = (byay>-- > bo(j) in BMO/, the jth order 1terated
commutator
Ty, (f) = [ (1) [ 5(2)> [ o (j) ]o(j)m]g(z)]g(l) (f);
(28)

that is, formally

j
( )(X)J <H o(i) (x) a(z) (yaz))>

- (29)

XK (%31 y) [ [ () dp-
i=1
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Clearly, THEC, = Ty wheno = {1,...,m},and THE,, = TZJ_ when

o = {j}. We have the following general forms of Theorem 9
without the proof.

Theorem 10. Assume that T is a multilinear operator in m-
GCZO(A, s, 1, €) with kernel K satisfying Assumption 4. Let
l<j<moeCl,d= (w,...,0,) € [[}A,, and
vg = 100! with 1/p = 1/p, + -+ ppand 1 < p; <
00,i = 1,...,m andl; ¥ (1),...,ba(j)) € BMO/. Then,
there exists a constant C such that

j m
”THEL, (f)"LP,k(m) = CH "bcr(i) " H"fillL"i’k(wi)' (30)

2. Some Definitions and Results

In this section, we introduce some definitions and results
used be later on.

Definition 11 (A, weights). A weight w is a nonnegative,
locally integrable function on R". Let 1 < p < oo; we call
that a weight function w that belongs to the class A ,, if there
is a constant C such that, for any cube Q,

-1

()i o0 <. on

and w belongs to the class A, if there is a constant C such
that, for any cube Q,

|_(12| JQ w(x)dx <C f&fzw (x). (32)

We denote A, = U A

p>1

Definition 12 (see [7]). For m exponents p;, ..., p,, € [1,00),
we often write p for the number given by p = Z;"zl pj and

denote P by the vector B = (p,,..., p,,). A multiple weight
@ = (w,,...,w,,) is said to satisfy the A condition if for

m
v =[], (3)
j=1

it holds that

. Upm /4 -, 1/p,
S“p<|Q|J % (%) x> .=1<@ JQ“’J‘(X) ")

J

< 00,
(34)

ol g VPG
when pj =1 (1/1QDh _[ij(x) Pidx) is understood as
(inf Lw(x)) ™"
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As remarked in [7], [T}L, A, is strictly contained in A;

moreover, in general @ € A does notimply w; € L}, forany
j, but instead
Vg € Ao
WeAp = 1-p P ) (35)
w; JGA o j=Lem

!

e 1-p; . _ .
where the condition w; € Amp; in the case p; = 11is

understood as w;/ MeA,.

Definition 13 (see [10]). Let1 < p < 00,0 < k < 1,and wbea
weight function on R". The weighted Morrey space is define
by

Lp’k (w) {f € Lloc "f“LI”k(w) < OO}’ (36)

where

1/p
W =sop( s [ @) .

The weighted weak Morrey space is defined by
WLPK (w) = { f measurable : || £l 1o, < OO}, (38)

where

w(fx € Q: |f] () > AD*7.
(39)

”f "wmk(w sup sup

(Q)k/"

We say that a weight w satisfies the doubling condition,
denot ing w € A,, if there is a constant C > 0 such that
w(2Q) < Cw(Q) holds for any cube Q. If w € A, with

1 < p < 0o, we know that w(AQ) < A" [w]APw(Q) for all
A>1,thenw € A,.

Lemma 14 (see [10]). Suppose w € A,, then there exists a
constant D > 1 such that

w(2Q) 2 Dw(Q), (40)

for any cube.

Lemma 15 (see [11]).

JH“’ s s ﬁ( IQ‘[‘)]](]JC)dx> W

j=1

Ifw; € Ay, then for any cube Q, we have

0_10<6 <1

where Z] 10

Lemma 16 (see [12]). Suppose w € A, then ||blgyow) =
161l gps0- Here

BMO (@) = {b WBlavio)

= sgpw(lQ) jQ b (x) - by| @ (x)dx < oo} ,
1
bow = m JQb (x) w (x) dx.

(42)

From the fact |byiq — bg| < Cjllbllgpo and Lemma 16, we
can deduce that by, — B! < Cillbllpyo-

Lemma 17 (see [8]). Assume that T is a multilinear operator
in m-GCZO(A, s, n, €) with kernel K satisfying Assumption 4.
Let1/m< p<oo,1<p;<ocowithl/p=1/p; +---+1/p,
and w; € Ap,j=1,....m. Then we have the following:

(1) Tpextends to apbounded operators from LP' (w;) X - - x
;rea(;:;nt)hta(; 114; (vg) if all the exponents p; are strictly
(i) T extends to a bounded operators from LP*(w;) x - - - x
1me (w,,) to LP(v;) if some exponents p; are equal to

In either case, the norm of T is bounded by C(A +
IITIIqux,,,xqm — L1), where C is a positive constant depending
on A, s,n,€ and [w], .

Lemma 18 (see [6]). Assume that T is a multilinear operator
in m-GCZO(A, s, i, €) with kernel K satisfying Assumption 4.
Letb € BMO™ with |bl| = 1 and 1/p = 1/p, +---1/p,, with
1 < p; <00, j=1,...,m. Then we have the following:

(i) there exists a constant C such that
0] Cl_lllf] oot (43)

(i) if w; €A by then there exists a constant C such that

m
"Tzi;(f)"m(m) < CH"fjuij(wj)’ (44)
=

/p;
where v = H;'wa 7,

Lemma 19 (see [9]). Assume that T is a multilinear operator
in m-GCZO(A, s, 1, €) with kernel K satisfying Assumption 4.

Letb € BMO™ with |b| = 1 and 1/p = 1/p, +---1/p,, with
1<p;<co j=1,..,mIfw; € Az withP = (py,...,p,),
then there exists a constant C such that

1T (Pl < Cl_lllfjllm ; (43)

/ .
where vy = H;lef b



3. Proof of Theorems

Proof of Theorem 6. Here, we only prove the boundedness of
M .. From [9], there exists some t € (0, 1) only depend on @
such that

M(f)(x) < cﬁ{M;L_u <(|fjlpjwj/v@)t) (x)}l/tpj, o)
j=1

where M is the weighted centered maximal operator. Then
by the Holder inequality,

||/%(,,(f )(x)"mk(m

[T (1P )}

i=1 LP,k(V&)

{Mm ([|ﬁ|p"wi/,,&)]t)}l/tpi
: {M% (“ﬁip"wi/%]f)}l/tpi

1/tp;

m
B ([T
i=1 @

<C

LPik ()
1/tp; (47)

Ll/t’k(vw)

m
< CH”fi”mk(w)
i=1

The weak version is a very similar process by the Holder
inequality for the weak spaces. We omit the details. O

Proof of Theorem 8. For any B = B(xg, r5) C R”, we split f; =
f2+ f° where f) = fixp,.i = 1,2,...,m,and B* = 8B; then

[TA00=TT(R 00+ 52 ()

Y TG 45)

A5,y €00,00} =1

1700+ XA G0 7 ),
i=1
where each term of "' contains at least one a; # 0. Write then

<JB IT (oo fn) )7 () dx>1/p

1 (JB 1T (£, £2) @) 7 () dx>1/p

< -
V5 (B)MP

1
V5 (B)MP

+i—%(;)k/p(L IT (...

!

1/
 fom) (0o x)dx) g

(49)
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From Definition 12, Lemma 17, we can get

s S (], ool war)
B kipi m
< Tl 50

v(B)P i

m
< CH"fi"LP'k(w,-)‘
i=1

consider the casewhena; = - -+ = «,,, = 00. Taking t = (2rp)",
since x € Band y; € R" \ 8B, we get

lyi — x| > 7rg > 26", forall j=1,...,m;  (51)

hence, h(|y; - xl/tl/s) = 0. By Assumption 4, we have that
IESTNSTES S CSTRINS ]
Arelt A (52)
O )T L)
For any x € B, then by Assumption 4,

T (%0 fo) ()

| K G ) <K ()|
(R™\B")
X H |7 ()| dy
i=1

m
+ K? (%, y1s- s Y > (y)|dy
LW\B*)J R CS RPN )|g|f, ()| dy

A
cj .
@\ (Jx =y ]+ oo+ = )™

<

m

X H |7 ()| dy

i=1

iﬁj i 0l

§1B\8IB |x — y,|

21j |85 1B (J g |fi ()’i)|Pi“’i () d)’i)

i

1/pi

, 1/p}
1-p:
w(y,) " d)’i)

(8’”B)k/p’ |81*IB'

<O

I=1i=1

|81+1B| ”fi"LPi’k(w,)wi(sl_,,lB)l/Pi

= 1+1 o\ k=1/p B
< CZ%(S B) H"J(i"LPi’k(wi)'
1=1 i=1

(53)
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Since v; € A, then there is a positive § such that

5
Y, (B) <C B . (54)
Y, (8I+IB) |81+IB|
Hence
19 < 9y (B)Psup T (f7 . £7) ()]
©/ |B 8(1-K)/p m
s CZ( 81+IB ) H||ﬁ||LPi’k(wi) (55)
I=1 | l i=1
m
< CH"ﬁ"m*(«m
i=1
It remains to estimate the terms with o, = -+ = a =0 for
some {il,...,i]-} c{l,...,m}and 1 < j < m. We have

[T (£ fr) ()]
SJ m|K(x,y1,...,ym)
®RMB)
V(o g )| [T157 ()] 5
i=1
+ K9 (%5 9 T )| d
LW\B*)J e (B, )|£[|fz (i)l dy

<C l_[ J |f; ()| dy;

iefiy...
x J (" higgiiy 1 02) Ay,
nm\B*)m-J mn+e
e (Zi¢{i1,...,ij} |x - y,-l)
Hzé{zl ..... ]} |f1 (y, |dy1

xznj

Jj+l J
= 11¢{1 i 8/*1B\8/B

|fi ()’i)' dy;

NS (gt KD/
< sz®(8 B) H”fi"LPi’k(wi)'
=1 i=1
(56)

Therefore, we also have

m
[0 < CH"fi"LPi’k(wi)‘ (57)
i=1

Combining the above estimates and then taking the super-
mum over all balls B in R", we have proved the previous part
of Theorem 8.

Next, we turn to complete the proof of the weak inequal-
ity. For any A > 0, we can write

fu) @] > AN

LF2) ] > ApT

ve({x € B:|T(fyh-..,

<va([x € B: |T(f,..
!

+ Y va(lx € BT (f{ 0 f2) (0] > A})7P

By Lemmas 17 and 15, we can easily check that

1/p;

~

—
L
E

IN

AH(J )"

Cry(B)P 2
A H”fi"Ll’i’k(w,-)'
i=1

w; (31) d)’i)

(59)

From the proof of (53) and (56), we have the following
pointwise estimate:

[P )0 < O Tt [ 1Ol
I=1i=1 |8 Bl
(60)
Since at least one p; = 1, we can assume that {i},...,i;} C

{L,...,m} such that p, =
than 1. Then,

c= Py = 1 and others greater

[T (fi% o fr) ()]

& 1
<C TS ol J |f1 (J’i)l w; ()’i) dy;
l:zlie{,l],z | |8l+lB| gi+1p

-1
x( inf w (y,))
yESlHB

I @(J | G)lP i (3) dy,>1/1>,~ (61)

i {1}

X <J l wi(yi)lipildyi>
8H+1B

T 1

Suppose that {x € B : IT(f“I,...,f,‘f;")(x)I > A} # 0; then we
have that

v, (B)/P < 220220 & (B)

H||f1||u,k(w)> (62)



therefore,
104 04 (j 2 13 k/p -
e <y @) < ST L )
i=1

Taking the supremum over all balls B ¢ R" and all A > 0, we
complete the proof of Theorem 6. O

Proof of Theorem 9. We will show the proof for T};; because
the proof for Ty is very similar but easier. Moreover, for
simplicity of the expansion, we only present the case m = 2.

For any cube B, we also split f; as f; = f{ + f° with
£ = fixs- and f° = f; - f. Then it remains only to verify
the following inequalities:

P Yp
(v (Q) J | IIb fpfz (x)‘ Ve (x)dx)

2 2
< CH"bj“BMOH”'fjHLpf’k(wj)’
j=1 j=1
1/p
(v o e, I (0 £57) 0l (x)dx)

2 2
<1 ol Tl

(64)

1/p
IH:(v O Jo T (7 ) (x)dx)

2 2
< CL [ llwol TIilrsvco,
j=1 j=1
1/p
V= (v % J [T (27 1 )(x)|Pv‘7’(x)dx>

5 2
= CH"bJ'“BMOHHfjHLP"'k(“’j)‘
j=1 j=1

From Lemma 19, Lemma 15, and Holder’s inequality, we can
get

]‘? (x)|waj (x) dx)upj

o

¢ gl [l 5],

2
= CH ["bj“BMO"fj"LPf’k(wj)] ’

j=1
(65)

Abstract and Applied Analysis

Since II and III are symmetric, we only estimate II. Taking
A= (b)) Bw;» T €an be divided into four part:

Ty (15 £5°) (%)
= (b () = 1,) (b, () = 1) T (£, £5°) (x)
~ (B 0= A)T(f) (b= 15) £7) (%)
~ (b ()= A) T ((br - 1) 715 15°) (%)

+T((b - 1y) f1s (b= 1) £5°) (%)
=101, + I, + Iy + I1,.

From the proof of Theorem 8 we know that, for any x € B,

(05 ) = a8 T s
(67)

Applying (67), Holder’s inequality and Lemma 16, we have

1 1/p
<v‘«2% LQUTJPy@(x)dx>
1
< W (JQ |(b1 (x) - /\1) (bz (x) = /\2)|p

1/p
X Vg (x) dx>

(k-1)/
2l+1Q p

x HHfJ ||ij

V'Z’(Q)I/P : 1 2p 1/2p
) 15(Q" j=1<”w Q) jQ '(bj (%) - Al)' V,;,(x)dx)

z S\ K-D/p
<[ Tl e 27a(2'Q)
j:I =1

2
s g“bj”BMO "fj"L"f’k(wj)'
(68)

The last inequality is obtained by the property of A
a constant § > 0 such that

oo: thereis

§
s (Q) Q|
Vg (21+1Q) < C( |21+1Q| ) : (69)



Abstract and Applied Analysis

For II,, by the Assumption 4, Lemma 15, and Lemma 16, it
follows that

|T (f10’(b2 _Az)fzoo) (x)|

<)
(R")?

|f1 () (

+ J K(O)
(R")?

K(x, 91, 32) = KtO) (x>)’1’y2)'

b (1) -1) f5° yz)l dy,dy,

(x, )’1’)’2)' |f10 (1) (& (2) = 1)

xfy' ()’2)| dy,dy,

[ee]

= CLB |f1 (yl)ldylz

=110,

><J-l+1 : (8, (92) = A3) £> (32)] Ay,
271Q\2'Q

1/p,

ko [ 15 e, (),

-] 1/p;
X(J, w; (1) 1dyj>
2H1Q

<I |2 (J’z)l ) (J’z)d)’2>l/p2
(

i / )23
2 - 2/ 2
- A2|P wz()’z) P d)’z)

S ||b2"BMO p; VEj
<] [81B| (LwB 155 )l e, (%‘)‘%‘)

= (1 )k D/P
< C”bz "BMOH”fj||ij’k(wj)lz:lva’(8 B) .
j=1 =1
(70)

Holder’s inequality and Lemma 16 tell us that

1 . 1/p
( 75(Q)* IQ 15 G0 dx)

] ) 1/p
< CW(JQ |b1 (X) - /\ll ’V‘T) (x) dx)

z oo 1+1 ~\k=D/p
[Tl e 2 1a(21Q)
=1 =1

9
S S
2
< Cg“bj"BMO ”fj"LPj,k(wj)_
(71)

Similarly, we also have that

1 1/p 2
( — J e dx) < Tl e

(72)

By Assumption 4, Lemma 15, and Lemma 16, a similar way
deduces that

T (b= 20) £, (8= 1) £5°) ()]

2 NN e
s C"bl ”BMO"bZ”BMOH"ff"LPJ"k(wj)IZZ V@(S B) ’
j=1 =1

(73)
and so,
1 1/p 2
(s o) < Tl
(74)

Finally, we still decompose Ty, (f1°, f5°)(x) into four terms:

Ty (f7° f37) ()

= (b (%) = 41) (b, (%) = A,) T (%, £57) (%)
(b () =A)T(f° (b, - 1y) 5°) (%) 75)
_(bz(x)_kz)T((bl_Al)ffo’fzoo)(x)

T((b =) f175 (b= A3) £57°) (%)
= IV, + 1V, + 1V, + IV,

Because each term of IV; is completely analogous to II;, j =
1,2, 3,4 with a bit difference, so we get the following estimate
without details:

1 , 1/p 2
<v,3(Q)k JQ [TV |Pv (x) dx) < Cg“bj"BMo“fj"LPj,k(wj).
(76)

To this, we end the proof of Theorem 9. O
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