Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2013, Article ID 267826, 7 pages
http://dx.doi.org/10.1155/2013/267826

Research Article

Resonant Homoclinic Flips Bifurcation in

Principal Eigendirections

Tiansi Zhang,' Xiaoxin Huang,' and Deming Zhu®

! College of Science, University of Shanghai for Science and Technology, Shanghai 200093, China
2 Department of Mathematics, East China Normal University, Shanghai 200062, China

Correspondence should be addressed to Tiansi Zhang; zhangts1209@163.com

Received 12 September 2013; Accepted 19 November 2013

Academic Editor: Svatoslav Stanék

Copyright © 2013 Tiansi Zhang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

A codimension-4 homoclinic bifurcation with one orbit flip and one inclination flip at principal eigenvalue direction resonance is
considered. By introducing a local active coordinate system in some small neighborhood of homoclinic orbit, we get the Poincaré
return map and the bifurcation equation. A detailed investigation produces the number and the existence of 1-homoclinic orbit,
I-periodic orbit, and double I-periodic orbits. We also locate their bifurcation surfaces in certain regions.

1. Introduction and Hypotheses

The study of homoclinic flip bifurcations is comprehensively
developed from the last two decades with the beginning work
of Yanagida (1987) for homoclinic-doubling bifurcations.
Generally there exist two kinds of homoclinic flips, namely
the orbit flips and the inclination flips corresponding to non-
principal homoclinic orbits or critically twisted homoclinic
orbits, respectively. Kisaka et al. in [I, 2] and Naudot in
[3] studied some cases of codimension two inclination flips;
Morales and Pacifico in [4] and Naudot in [5] considered
the orbit flips cases, while Homburg and Krauskopf in [6]
proposed several unfoldings of the resonant homoclinic flip
bifurcations around the central codimension-three point (the
organizing centre) in parameter space to study the qualitative
structure of bifurcation curves on a sphere and also that
of Oldeman et al. in [7] by a numerical investigation with
some software into these bifurcations in a specific three-
dimensional vector field.

Recently, Zhang et al. in [8-10] studied a kind of multiple
flips homoclinic resonant bifurcation and got the existence
of some saddle-node bifurcations and homoclinic-doubling
bifurcations. Meanwhile Geng et al. in [11], Lu et al. in [12],
and Liu in [13] discussed, respectively, a heterodimensional
cycle flip or accompanied by transcritical bifurcation; they

found the double and triple periodic orbit bifurcations and
gave also some coexistence conditions for homoclinic orbits
and periodic orbits.

Asmentionedin [6, 7], due to the break of three genericity
conditions, there are many complicated homoclinic flips
cases to study. In this paper, we confine our attention to
a principal eigenvalue resonance of one orbit flip and one
inclination flip homoclinic bifurcation. Compared with the
above-mentioned work, our subject is very challenging and
difficult because of the stronger degeneracy and the higher
codimension. By constructing specifically a local active coor-
dinate in a small tubular neighborhood of homoclinic orbit,
we establish a regular map and then combine it with a singular
map defined by the approximation solutions of system to
build Poincaré return map (see also [14]). We obtain the
existence of several 1-periodic orbit, 1-homoclinic orbit, and
double 1-periodic orbits, as well as some bifurcation surfaces
with the analysis of the bifurcation equation.

We first consider a C” system

z=f(2)+g(zn) @
and its unperturbed system

z=f(2), (2)



wherer > 3,z € R4,/,¢ eRLI>40< lul < 1, f(0) =0, and
g(0,4) = g(z,0) = 0. Suppose that the linearization D f(0)
has four simple real eigenvalues A;, A,, —p;, and —p, with A, >
A, > 0 > —p; > —p,. Accordingly, the stable manifold W*
and the unstable manifold W* are both two-dimensional. Let
W* and W™ be the strong stable manifold and the strong
unstable manifold of the saddle z = O, respectively. Assume
further that system (2) has a homoclinic orbit I' = {z = r(t) :
t € R,r(+00) = 0}. Hereinafter, our arguments will spread
based on the following three hypotheses.

(H1) Resonance. A\(p) = p;(u), lul < 1, where
A1(0) = A, and p,(0) = p;.

(H2) Orbit Flip. Define e” = lim, _,_ #(t)/I#(t)]; e; =
lim, o, 7()/7(t)]; thene” € T,W" and e, € TyW*
are unit eigenvectors corresponding to A, and —p,,
respectively, where TyW* (resp., T,W*') is the tangent
space of the corresponding manifold W" (resp., W*°)
at the saddle z = O.

(H3) Inclination Flip. Let e, and e~ be the unit eigen-
vectors corresponding to A, and —p,, respectively, and

Jim AT, oW T W e} = RY,
(3)
Jim AT W T Wee') = RY

Remark 1. Hypothesis (H2) is called an orbit flip because
homoclinic orbit trends from the weak unstable manifold
toward the strong stable manifold. Hypothesis (H3) means an
inclination flip for its equivalence to

T,y W" — span{e,,e'},
(4)
T,yW*® — span{e_,e'}.

2. Poincaré Return Map

This section treats mainly the establishment of Poincaré
return map with two steps. To begin we first need to trans-
form system (1) into a normal form in some neighborhood of
the origin O.

It is well known that there are always two C" and C"™!
transformations successively, also by the stable (or unstable)
manifold theorem in [15], to straighten the local manifolds
Wi .and Wi asW, ={zeUx=u=0and W, ={z ¢
U,y = v = 0}, respectively, W, = {z e Uyx = y = u = 0}
(resp., Wae = {z € U,x = y = v = 0}); see [8-10]. Notice that
nowINWi. ={zeUu=u(x),y=v=0andTnW;_=
Wi, where z = (x, y,u,v) € R* and u(0) = &'(0) = 0. Thus,
system (1) can be changed to a C"2 form in the neighborhood
U as follows:

x=[A (u) +a(u)xv+o(lxv))] x
+0(u) [O (xzv) + O(y)] ,

y=[=pi () +b (1) xv+o(lxv])] y
+O0O W) [O(xyv) +Ow)],
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i=[Ay (1) +c(u)xv+o(lxv)]u
+ x*H, (x, y,v),
v =[=py (1) +d () xv+o(lxv])]v

+y°H, (%, yu),
(5)

where H,(x,0,0) = 0, H,(0,y,0) = 0, A,(0) = A, 1,(0) =
Ay, p1(0) = py, and p,(0) = p,. a(p), b(w), c(p), and d(p) are
parameters depending on .

Owing to the above straightness of the invariant mani-
folds, it is easy to find some moment T, such that #(-T) =
{6,0,98,,0} and (T) = {0, 0, 0, §} for some sufficiently small §
and |8,| = O(8%) with {(x, yu,v) o x| |yl lul, vl < 28} c U.
Wherefore one can choose

So={z=2(T): |xl,|y|,lul,lv| < 28} c U, ©
6
S, ={z=2(T):Ixl,|y|, lul,lvl < 28} cU,

as the cross-sections of I'at t = T and t = —T, respectively.
Let 7 be the time going from q,(xy, ¥o,Ug,vy) € Sy to
q,(x1, v, 1y, v,) € S, and the Silnikov time s = e 7, with
the help of the linear approximation solutions of system (5)
(see [8-10]); we have thereby

xo = x(T) = sx; +O(xfyoszlns ),
y=yT+1)= sp‘(”)/’ll(”)yo+O(x1y§szlns),
uy =u(T)
7)

_ S/\z(#)//\l(ﬂ) @M1 s) ,

u; +0O (xlyouls(
vi=v(T+71)

_ sz(ﬂ)//\l(#)vo +0 (xlyovos(pz(y)/)h(#))ﬂ In s) ,

which give explicitly the definition of the local transition map
Fy:8Sy — S, :qy — q;; see Figure 1(a).

In the following part we construct themap F, : §; — S,.
Firstly consider the linear variational system

z2=Df (r(t) z (8)
and its adjoint system

z=—(Df (rt)) = 9)
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(a) Fp:Sp — S

F1GURE 1: Transition maps.

Lemma 2. There exists a fundamental solution matrix Z(t) =
(z,(1), 2,(t), z5(t), z,(t)) of system (8) satisfying

wy Wy 0 wy
wp, 0 0 wy

Z(=T) W3 Wy 1wy |7
0 0 0 wy
(10)
0 0wy O
_| wis 0wy 1
Z(M = 1 0wy 0 )
0 1 wy O

where z,(t) € (T, W) 0 (T,(yW*)", 2,(t) = =i(t) /|7 (T)| €
T,(t)Wu n Tr(t)Ws, Z3(t) € Tr(t)Wu, Z4(t) € Tr(t)WS and
W, Wy Wy Wy 0, Wy < 0. Moreover, |wywy,| < 1, i#2,
lwywy | < 1, i#1, lwyw,, | < 1,i#4for T — +oo.

Proof. Notice that the tangent subspace T, _y)W* is invariant
and Wi;¢ N U is straightened to be u axis; it is possible to
choose z;(-T) = (0,0,1,0) since z;(t) € Ty(t)W”. While
for wy; #0, it is because lim, _, o, T, W" = spanfe’, e } and
z3(T) € T),yW" corresponding to x axis.

As to z;(-T) or z;(T), i = 1,2,4, one may refer to [8, 9]
for the similar proof, but we omit the details here. O

Remark 3. The matrix (Z7'(¢))* is a fundamental solu-
tion matrix of system (9). We denote it as O(t) =
(@10, (D), 451, $4()) = (Z7'(1)"; then (1) €
(T, nW*)" N (T,(z,W*)" is bounded and tends to zero expo-
nentially as [t| — +o00 due to < ¢;(f), z;(t) > 1 and z;(t)
tends exponentially to infinity.

In fact (z,(t), z,(t), z5(t), z,(t)) can be regarded as a new
local coordinate system along I'. So we may make a coordinate
change as

s(t)=r )+ Z )N
(11)

=r(t) +z(t)ny + 25 (t) ny + 2, () ny,

where N = N(t) = (n,(t), 0,n5(t), ny(t))". Note that the new
s(t) should satisfy system (1); that is,

$)=f(s@®)+g(s(t),p)
=frO+ZON)+g(r®O+ZFN,p).

(12)

3
) F:S, — S,
An asymptotic expansion with respect to r(¢) shows that
i = ¢ (19,0, 0 1+ O (|u[’)
(13)

+O(INP)+O(|u]INI), i=1,3,4.

Via integrating both sides from —T to T of this equation, one
can finally obtain

n,(T)=n;(-T)+ M;u+hot, i=1,34, (14)

where M; = _[_TT (/)f(t)gﬂ(r(t),O) dt, i = 1,3,4 are the
Melnikov vectors. And further M, = I_TT qﬁf(t)gﬂ(r(t), 0)dt =

7% 61 (£)g,,(r(t), 0) dt.

Equation (14) defines exactly the map F, : §; — Sy
N(-T) + N(T) under the new coordinate system; see
Figure 1(b).

In order to combine F, and F, into the Poincaré return
map, we still need to establish a relationship between the
original and the new coordinate systems. In doing so, recall
that z(¢t) = r(t) + Z(t)N(t); then by taking time t = T and
t = —T, respectively, together with z(T) = q,;(x,;, ¥, U,},
V) € S0 2(=T) = Gajs1(X25115 Yajr1> Uajirs Vajrr) € S; and
Npi(T) = (1351, 0, 133, 134)> Nojy (=T) = (Mg 15 011541 3
M) J = 0,1,2,..., we obtain immediately the following
formulas:

_ -1
Myj1 = Upyj — Wi3W;) Xy
o
My = Wy Xy
_ -1
Myja = Va5 — Wialyj + (w4ws3 — ws,) wy) X2j>

-1 -1 -1
Myjr1,1 = Wi Vaju1 = Wy Wyy Vajsrs (15)
15
_ B -1
Myjr1,3 = Ugjp1 — Oy — WisWy; Vajin

-1 -1
+ (w13w42w12 - w43) Wyy Vajr1>

-
Myjv1a = Wy Vajiro

Xyj1 = 0, vy = 6.

J



With all of the above, the Poincaré return map is given as
F = F, o F,. Therefore, the associated successor function G(s,
uys yo) = (G, G3, Gy) = F(qo) — gy is

G, = wizlspl(/‘)/kl(#)yo _ ulslz(#)ml(#) " w33w;116s
— wpwiw,, 6" WM LMy hot,

Gy = uy — 8, — wy;wy, sy, — w;116s
+ (w13’~U42’“U1721 - w43) w;i(;spz(ﬂ)//\l(#) (16)
+ M;u +hot,

G, = wil8sP WM gy MMy,

+ (w32 - w14w33) w;118s + Mup+hot.

3. Bifurcation Results

From the definition of the Silnikov time s = ¢ ®7, we know
that a solution with s > 0 of (16) or equivalently 7 > 0
corresponds to a periodic orbit near I' and a solution with
s = 0 of (16) or equivalently T = +co corresponds to a
homoclinic orbit near I It is enough to study the solutions
of the successor function G(s,u;, y,) = 0 for bifurcation
analysis. Consider for concision that we omit the dependence
on parameter ¢ from now on in the exponent notation.
From G; = 0 and G, = 0, there are

u =6, + w3_1185—M3pt

+O(sy,) + O(sPZM‘),
) (17)
Yo = (w3 —wyswy,) w;, Os

+ Myp +O(sp2M1) +O(s’\2/’\1).
Put 4, and y, into G, = 0; we have

-1 -1
F(s,u) = Myps — wpwy, 85”4 W) W33Ws, 05

- 81&”125)L2//\1 + w12M3#5A2M1

+ (w3, — wyswy,) w;11852 + w;tl55(Pl+P2)Ml

1+(A,/Ay) (p1+A5)/A
Ss 2/ 8145 P11A2) Ay

-1
— WprWs, +wMip+wy
+ w13M4/45(A1+A2)/)” +h.o.t. =0,

(18)
which is the bifurcation equation. Furthermore, for w;; #0,
det G Q=0
u=0

ws;wy, 8 00

(19)

- ~Sw;) 1 0] #o0,

(w32—w33w14)w;118 0 -1
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where G = 0(G;,G5,Gy)/0Q(s, uy, ). Implicit function
theorem reveals that (16) has a unique solution as

s=s(u), uy = uy (4), Yo = Yo (1), (20)

with s(0) = 0, 4,(0) = 0, and y,(0) = 0. It means that system
(1) has a unique periodic orbitas s > 0 or a unique homoclinic
orbit as s = 0, and they cannot coexist.

Theorem 4. Suppose that M;+0 and ws;#0 are true;
then system (1) has a unique I-periodic orbit near I' for
w3 wysMyp < 0 or has a unique 1-homoclinic orbit T, near

Tasye H' = {¢: Myp + h.ot. = 0}, and they do not coexist.

Proof. Clearly F(s, ) = 0 has a small positive solution s =
8wy wy; My + hout,, for wywys My < 0, and has a
zero solution s = 0 for 4 € H' which is a codimension-one
hypersurface. O

In the following part we restrict our attention on the case
wy3 = 0 for 2A; > A, > p,. Define

R = {1 (wn) Mgedtp > o],
(21
I
El;l - {P‘: (—l)k(wlz) WyWyy M > 0} ’

wherek,/=0,1, i=1,3, j=1,3,4.

In order to well solve (18), we rewrite it into two parts,
namely, a line W = P(s,u) and a curve W = Q(s, u) with
respect to s:

P(s,p) = Myps + w,Myp + hot.,

Aa/ Ay Ax/Ay

-1 A
Q (s, 1) = wypwy, osPM 4 8, wiys — Wy, Mspus

.2 -1
- wy,w;, 0s” —wy, §stPPlh

+ wlzu.);ll85(]“”2)/]Ll +h.o.t..
(22)

Then there are firstly the following conclusions based on
an analysis of the relative position of the line W = P(s, y) and
the curve W = Q(s, p).

Lemma 5. Suppose that 21, > A, > p,, w3 = 0, and w,, #0
hold; then F(s,u) = 0 has a unique small positive solution
§ € (0,5") for u € EY, where s* = [wyw,, 8Qw,,Mu +
M4‘u)]A1/Pz_

Proof. Tt is clear that
P(0,u) = w;,Mpu +ho.t, Q(0,u) =0,
P'(s,u) = M,u +ho.t, (23)
Q' (s, 1) = pA, wypwy, 85?7t hot.,

Therefore, the line W = P(s, ) intersects the curve W =
Q(s, ¢) at a unique point 5 for y € E(l)l. Notice that Q(s*, ) =
2w, M, p+ Mypt+h.o.t. > wi, Myu+M,us™ +ho.t. = P(s*, u),
sos € (0,s). O
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(a) Double I-periodic orbit

(b) Two 1-periodic orbits

Mg NI
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(¢) No I-periodic orbit

FIGURE 2: Rank (M, M,) =2and y € E;' NR},.

Theorem 6. Supposethat2A; > A, > p,, ws3 =0, andw,, #0
hold; then system (1) has exactly a unique (resp., not any) I-
periodic orbit for u € EX" (resp., y € E}' N RY}).

Proof. From Lemma 5, we know that F(s, ¢) = 0 has exactly a
unique small positive solution for y € E(l)1 which corresponds
exactly to a I-periodic orbit of system (1). Moreover, F(s, u) =
0 does not have any small positive solutions for 4 € E;' N
RY. O

Theorem 7. Suppose that 24, > A, > p,, w33 = 0, and
Wy, # 0 hold; then, for u € E}' N R}, and Rank (M, M,) = 2,
system (1) has a unique double I-periodic orbit near T on the
bifurcation surface

Y Mi/prAy)
SN - WM, + P2 1< AWy )
w0

P2 (24)

s (Myp)™ ™) L hot. =0,

which has a normal vector M, at u = 0. The corresponding
double positive zero point is

_ (M)Al“"”" hou (25)
PyWy,0

*

asy € Ego (see Figure 2(a)).

Proof. We know that the existence of a double 1-periodic orbit
corresponds to the equations P(s,y) = Q(s, p), P'(s, W =
Q'(s,u), and P" (s, ) Q" (s, ), that is,

Myps + wipMip = wpwig 8™ + 8wy,

Ay/A 142
— Wy, Myps™" — wyyws, Os
“15 LA/,
5108

—15(Pitp,)/A
—w,, 0s" Lt wyw

+h.o.t,,

_ P s (oAl Mg (A,/4))-1
Myp = /\—w42w4485 PalAU=h A—Suwlzs 2/
1

1

(A2/A)-1

A -1
- A—2w12M3//‘5 — 2w3,w; Os
1

+ -1 A
pl p2w4485p2/ 1

A

AL+ A, -1

+ wy,Ws, 8s2™M 4 hot,

1
0+ p,(py—A;) w42w;1155(p2/)t1)—2
+ A, (Ay = 1)) 8, w,,s MM
Ay (Ay = A)) wy, Mypus?/M072
- 2)&? w32w3’115

1 (py/A)-1
+ 0 (1 + py) wyy 85

+ A, (A + A,) w,wy 8sMM T L hot,
(26)

having solutions. Indeed, the second equation of (26) permits
the double positive zero point s, as 4 € E5°. Putting it into the
first equation of (26), there is

/\ M M/ (py=Ay)
M4,,,<M> w, M,

Paws0
[(p2=A1) @)
3 A M P2l{p2=Ay
= w42w4415(M> +h.o.t..
Pyws0
Then SN exists for y € E}' N Ry;. 0

From the above proof, we see that, when M,y > 0 and
w, M pu < 0, the line W = P(s, u) has a positive slope lying
under the curve W = Q(s, 4) when wy,w,, > 0, so if w;, M, u



y

(a) F(O,u) =0, yy = Myp+h.ot.#0
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x 1-OH

y

(b) F(0,u) =0, yp = Myp +h.ot. =0

F1GURE 3: I-homoclinic orbit (1-H) and (1-OH).

increases, the line must intersect the curve at two sufficiently
small positive points, which can be equal to the existence of
two 1-periodic orbits of system (1). For Myu < 0, wyw,, <
0, and w;, M,y > 0, the arguments are similar. So we have
immediately a complement of Theorem 7.

Corollary 8. Assume that the hypotheses of Theorem 7 are
valid, system (1) then has two (resp., not any) I-periodic orbits
near T when u lies on the side of SN' which points to the
direction (sgn w,w,,wy,) M, (resp., in the opposite direction)
(see Figures 2(b) and 2(c)).

As Melnikov functions generally play an important role
in bifurcation study, the following theorem shows also the
existence of some double 1-periodic orbits relying on the
investigation of M; = 0 fori = 1, 3,4.

Theorem 9. Suppose 21, > A, > p,, ws; = 0, and wy, #0 are
valid; then the following applies.

(1) For M, = 0or Mf +M§ = 0, system (1) has exactly one
I-homoclinic orbit and one (resp., not any) I-periodic
orbit near T and they (resp., do not) coexist as y € E5°
(resp., u € E}lo).

(2) For M = 0, system (1) has exactly one (resp., not any)
I-periodic orbit near T as y € EO* (resp., yu € E}' NRY}}).

system (1) has a unique double 1-periodic orbit near
['asu € E'n R}, and Rank (M, M,) = 2.
Accordingly,  the  double  I-periodic  orbit
bifurcation surface is SN' w,Mip + ((p, —
AW /A we,) (A we, M/ py0w,,)P P 4 hoo.t.
= 0 with a normal vector M, at y = 0, and it may
generate two I-periodic orbits when u lies in the
direction (sgnw,,w,,w,,)M, of SN' and no such a
I-periodic orbit in the opposite direction.

(3) For My = 0 or M + M. = 0, system (1) has only one
(resp. not any) 1-periodic orbit near T as y € E" (resp.,
pekE?)

(4) For M} + M} = 0, system (1) does not have any I-
periodic orbit near T.

(5) For Mf + M§ + MZ = 0, system (1) has only one I-
homoclinic orbit near T.

Proof. When M, = 0or M; = M; = 0, F(s, ) = s(Mypu —
Wyl 3sP I 8 BRIy A s A
ws, w3, 8s + w;4185'°2/’\1 + h.o.t.) = 0 has two solutions s; = 0
and s, = (wy, M, /w8 P £ hot. for u € ES which
correspond to a l-periodic orbit, and a 1-homoclinic orbit
respectively. Thus, (1) is true.

The result of the cases (2) is exactly the same as that of
Theorem 7.

If M, = 0or M; = M, =0, F(s, u) = 0 has only a positive
solution s; = (wyw, M, u/dw,,) P + ho.t. for u € E%,
which means system (1) has a 1-periodic orbit. Then (3) is
valid.

In case of Mf + Mﬁ = 0, it is clear that F(s, 4) = 0 does
not have any small nonnegative solutions, so system (1) does
not have, any I-homoclinic orbits or 1-periodic orbits.

The last conclusion is obvious. Thereby, the proof is
complete. O

Remark 10. Notice that, in Theorem 9 (1) and (5), F(s, 4) = 0
has a solution s = 0, which means that system (1) has a
codimension-1 1-homoclinic orbit (see Figure 3(a)), so the
existing homoclinic orbit is no longer orbit flip for y, =
M,p + h.o.t. #0. But if y;, = 0, an orbit flip homoclinic orbit
could still exist, where y, is given by G, = 0; see Figure 3(b).

Remark 11. There still exist some double 1-periodic orbits or
triple 1-periodic orbits for the case w,, = 0 and §, #0; one
may pursue the similar process to discuss, so we leave it here.
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