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This paper proposes a discontinuous finite volume method for the Darcy-Stokes equations. An
optimal error estimate for the approximation of velocity is obtained in a mesh-dependent norm.
First-order L?-error estimates are derived for the approximations of both velocity and pressure.
Some numerical examples verifying the theoretical predictions are presented.

1. Introduction

The study of discontinuous Galerkin methods has been a very active research field since
they were proposed by Reed and Hill [1] in 1973. Discontinuous Galerkin methods use
discontinuous functions as finite element approximation and enforce the connections of
the approximate solutions between elements by adding some penalty terms. The flexibility
of discontinuous functions gives discontinuous Galerkin methods many advantages, such
as high parallelizability and localizability. Arnold et al. [2] provided a framework for
the analysis of a large class of discontinuous Galerkin methods for second-order elliptic
problems.

Based on the advantages of using discontinuous functions for approximation in
discontinuous Galerkin methods, it is natural to consider using discontinuous functions as
trial functions in the finite volume method, which is called the discontinuous finite volume
method. Such a method has the flexibility of the discontinuous Galerkin method and the
simplicity and conservative properties of the finite volume method. Ye [3] developed a new
discontinuous finite volume method and analyzed it for the second-order elliptic problem. Bi
and Geng [4] proposed the semidiscrete and the backward Euler fully discrete discontinuous
finite volume element methods for the second-order parabolic problems. Ye [5] considered
the discontinuous finite volume method for solving the Stokes problems on both triangular
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and rectangular meshes and derived an optimal order error estimate for the approximation of
velocity in a mesh-dependent norm and first-order L?-error estimates for the approximations
of both velocity and pressure.

The Darcy-Stokes problem is interesting for a variety of reasons. Apart from being a
modeling tool in its own right, it also appears, less obviously, in time-stepping methods for
Stokes and for high Reynolds number flows (where of course the convective term causes
additional difficulties). In [6], the nonconforming Crouzeix-Raviart element is stabilized
for the Darcy-Stokes problem with terms motivated by a discontinuous Galerkin approach.
In [7], a new stabilized mixed finite element method is presented for the Darcy-Stokes
equations.

In this paper, we will extend the discontinuous finite volume methods to solve
the Darcy-Stokes equations. In our methods, velocity is approximated by discontinuous
piecewise linear functions on triangular meshes and by discontinuous piecewise rotated
bilinear functions on rectangular meshes. Piecewise constant functions are used as the test
functions for velocity in the discontinuous finite volume methods. We obtained an optimal
error estimate for the approximation of velocity in a mesh-dependent norm. First-order L2-
error estimates are derived for the approximations of both velocity and pressure. For the sake
of simplicity and easy presentation of the main ideas of our method, we restrict ourselves to
the model problem.

We consider the Darcy-Stokes equations

ocu-puAu+Vp=1f x€Q, (1.1a)
V-u=0, x€Q, (1.1b)
u=0, x€0Q, (1.1c)

where Q is a bounded polygonal domain in R? with boundary 0Q. u = (u1, u,) is the velocity,
p is the pressure, and f is a given force term. We assume o =1, pu =1.

2. Discontinuous Finite Volume Formulation

Let Ry, be a triangular or rectangular partition of Q. The triangles or rectangles in R are
divided into three or four subtriangles by connecting the barycenter of the triangle or the
center of the rectangles to their corner nodes, respectively. Then we define the dual partition
Ty, of the primal partition R, to be the union of the triangles shown in Figures 1 and 2 for
both triangular and rectangular meshes.

Let P (T) consist of all the polynomials with degree less than or equal to k defined on
T. We define the finite dimensional trial function space for velocity on a triangular partition

by
Vj = {veL2(Q)2:v|KeP1(K)2, VKeRh} (2.1)

and on rectangular partition by

Vj = {v € L2(Q)?: vl e O1(K)%, VK € R,,}, (2.2)

where Q; denotes the space of functions of the form a + bxj + cx; +d (x% - x%) on K.
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Figure 2: Element T € Cj, for rectangular mesh.

Let Qy, be the finite dimensional space for pressure
Qn = {qeLg(Q) g, € Po(K), \-/Kekh}, 2.3)
where

L3(Q) = {qeLz(Q):qudx:O}. (2.4)

Define the finite dimensional test function space W}, for velocity associated with the dual
partition Cj, as

Wy, = {g €LX(Q)?: gy e BTV T € th}. (2.5)
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Multiplying (1.1a) and (1.1b) by ¢ € W, and g € Qp, respectively, we have

ou
(u,¢) - Téh LT 5 Sds+ Tezt:h LT pé&-nds = (£,¢),

(2.6)

V-ugdx =0,
Zf q

KeRry K

where n is the unit outward normal vector on 0OT.
LetT; € Ty (j =1,...,t) be the triangles in K € Rj,, where t = 3 for triangular meshes
and f = 4 for rectangular meshes, as shown as Figures 3 and 4. Then we have

= ds p
TethLT eds = ZZI iCA; an edst Z faKi)n gds, (2.7)

KER;,] 1 KeRy,

where At+1 = Al.
For vectors v = (v1,v;) and n = (ny,n), let v ® n denote the matrix whose ijth
component is v; - n; as in [5]. For two matrix valued variables o and 7, we define o : 7 =

21'2,]‘:1 0i,jTij- LetI' = Y e, OK, To =T\ 0Q. Let e be an interior edge shared by two elements
Kj and K3 in Rj,. We define the average {-} and jump [-] on e for scalar g, vector w, and matrix
T, respectively. If e € I,

1
=(Tlox, + Tlox,),

(4) = 5 @lox, +alo), W) = 2 (Wlak, +Who), 1) = &

[q] = glok,n1 + glak,n2, [W] = wlsk, - n1 + Wlsk, - np, [T] = Tlok, - 1 + Tlok, - M2,
2.8)

where n; and n; are unit normal vectors on e pointing exterior to K; and K, respectively. We
also define a matrix valued jump [-] for a vector w as

[W] = Wlak, ® N1 + W|sk, ® no. (2.9)
If e € 0Q, define
{g}=q [wl=w-:n, (r}=7, [w]=wen (2.10)

A straightforward computation gives

Z gqv-nds = Z J‘ vids + ZJ‘ }[vlds, (2.11)

KeRry, ¥ 0K eely e€el’

Z LKV -Tnds = Z J‘ [T] - {v}ds+ ZJ‘ : [v] ds. (2.12)

KeRy, e€l eel’
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Figure 3: Triangular partition and its dual.

Let [.gds = 3, [, qds. Using (2.7), (2.12), and the fact that [Vu] = 0 for u € (H} () N H? (Q))?
ecl’

on Iy, (2.7) becomes

Teg, LT 6ds = Z Z’[ Aca, O oy §d5+’[ [€] : {Vu}ds

KeRy ]= =1

Since [p] = 0 for p € H'(Q2) on Iy, we also have

f pé- nds— f pé - nds+f {p}1¢lds.
TeT, KeRh] 17 AjiCa; r

Let V(h) = Vi, + (H*(Q) N H}(Q))*. Define a mapping y : V(h) — Wi,
1
yvir = —J‘ vlrds, VT €Ty,
h. ).

where h, is the length of the edge e.
We define two norms for V (h) as follows:

2 2
VI = VI, + D Trvie,

eel

2 2 2
VI = VI + D hglvi

KeRy

(2.13)

(2.14)

(2.15)

(2.16)

where [[V[[, = [V[§ , + VT, IVI§ , = Zker, VIG V1T, = Zker, V17, and b = diameter of K.
As in [5], the standard inverse inequality implies that there is a constant C such that

vl < Clitvlily, Vv € Vi

(2.17)
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Lemma 2.1. There exists a positive constant C independent of h such that
hliviil < Clivll, vl < CliIvlll, Vv € Vi (2.18)
Proof. Asin [4],

hlIvill, < Clivil,  lIvIE< ClVIll,,, - YV € Vi, (2.19)

2 .
where [[V][[}, = V[} ), + Zeer [YVIo+ Zker, FxIVI5 - Since [[[V][[11 < [[[V]]], we have [[v]| < C]|[v]]].
Note that v € Vj, is a piecewise linear function, and h*[[[v]|[* = h*|v[] , +B*|V[] . +h* 3 cr Iyv]? =

I + I + I. By Lemma 3.6 in [4], I, < C||v||%, Iz < C||v||*, we have hl||v]|| < C||v||. O
Lemma 2.2 (see [4]). The operator y is self-adjoint with respect to the L*-inner product, (u,yv) =
(v,yu), Yu,v € Vj. Define |||v]llo = (v,yv)l/z. Then ||| - |llo and || - || are equivalent; here the
equivalence constants are independent of h. And ||yv|| = ||v||, Vv € V},.
Let
d ov
a(v,&) = (v,) = D >, o dds— | [¢]: (Vv)ds,
KeRry, j=1 Y AjnCA; O r
t
c(éq)= D] Zf qg-nds+f {q)1]ds, (2.20)
KER;[7=1 Aj+1CA]' r

bo(v,q) = D, IKV-qux.

KeRy,

It is clear that the solutions (u,p) of the Darcy-Stokes equations (1.1a)—(1.1c) satisfy the
following:

a()(ll, é) + C(é/ P) = (fr g)/ V§ €Wy,

(2.21)
bo(u,q) =0, VYqeQp.
Define the following bilinear forms:
Ao(v,w) = ag(v,yw), VYw,veV(h),
Bo(v,q) =bo(v,q), VveV(h), Vqe L3(Q), (2.22)
C(v,q) =c(yv,q), WveV(h), VqeLiQ).
Then systems (2.21) are equivalent to
Ao(u,v) +C(v,p) = (f,yv), VeV,
(2.23)

Bo(u,q) = O, Vq S Qh~
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We propose two discontinuous finite volume formulations based on modification of
the weak formulation (2.23) for Darcy-Stokes problem (1.1a)-(1.1c). Let us introduce the
bilinear forms as follows:

A1(v,w) = Ag(v,w) + az [yvl, : [ywl,,
eel’

(2.24)
B(v,q) = Bo(v,q) - [ {a)[rvlds,

where a > 0is a parameter to be determined later. For the exact solution (u, p) of (1.1a)—(1.1c),
we have

AO(u/ V) = Al (u/ V), Vv e Vh/

(2.25)
Bo(u,q) = B(u,q), Vg€ Q.
Therefore, it follows from (2.23) that
Ai(w,v)+C(v,p) = (£, yv), YWVEV,,
(2.26)

B(u,q) =0, Vg€ Q.
The corresponding discontinuous finite volume scheme seeks (uy, pr) € Vi, x Qp, such that

Ai(up,v) +C(v,pn) = (f,yv), YveV,

(2.27)
B(up,q) =0, Vg€ Q.

Let e be an edge of element K. It is well known (see [2]) that there exists a constant C
such that for any function g € H*(K),

Igl2 < C(rllglli + kgl ). (2.28)
a_g 2
HE

< C(h%llgﬁ,K + hKl8|§,K>l (2.29)

where C depends only on the minimum angle of K.
Let Vv and Vj, - v be the functions whose restriction to each element VK € Ry, is equal
to Vvand V - v, respectively.

Lemma 2.3. For v,w € V (h), there exists a positive constant C independent of h such that

Ax(v, w) < C[[v][[l[wl[]. (2.30)
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Proof. Let Aui (v, W) = (v, yw) + A, (V, W),
t
Avw=-F X[ ywds 231)
1A

By Lemma 3.1 in [5],

A.(v,w) = (Vpv, VW) + Z JaK(Yw—w)g%ds+ Z (Av, W —yw) .

KeRy, KeRy,

A (v, W) < [ (v, yW)| +[(V4v, V)] + l

Z (Av,w—yw)

KeRry

> LK (yw - w) g—:lds

KeRry

1/2
< C<|V|O,h|w|0,h + VWl + Z <hf<1 [[w - YW||§< + hi |w - YWliK)
KeRry

) (AP + V) T+ S vl lwl
K IViLk KIViz,x KVl kWl x
KeRy,

1/2
2
<C <|V|0,h|W|o,h + ||y Wl + < Z |W|1,I<>

KeRry,

1/2 1/2
2 2 2 2
x| vl + < Z hK|V|2,K> +< Z hK|V|2,K> (Wl
KeRry, KeRry

< Cliivliiwlll,

Ai(v,w) = A (v, W) — L[[ywﬂ :{Vv}ds + aZ[[yve]] lywel,

eel’
12 1/2
<C( Iviiwli+ < S, (IWhx + v i) > <Z[[rw§ >
KeRry eel’
1/2 1/2
w(Zhv) (S >
ecl’ eel
< CIIIvIIlwlll
(2.32)
O

Lemma 2.4 (see [5]). Forany (v,q) € V(h) x Qp, one has

C(v,q) =-B(v,q). (2.33)



Journal of Applied Mathematics 9

Ay By Ay

P e xC > P

A, ° As

Figure 4: Rectangular partition and its dual.

Lemma 2.5 (see [5]). For (v,q) € V(h) x L(Z) (Q), there exists a positive constant M independent of
h such that

1/2
C(v,q) < M|||v|||<||q|| + ( > h%<|q|iK> > (2.34)

KeRry

If (v,q) € Vi, x Qy, then

C(v,q) < Mvll l|q]|- (2.35)

Lemma 2.6. For any v € Vy, there is a constant Cy independent of h such that for a large enough
A1(v,v) 2 CollIvIIP. (236)

Proof. Using the proof of Lemmas 3.1 and 3.5 in [5], for v € V},,

1/2
fr yv: [V]ds < Clv]ll (ZM@) ,

eel

(2.37)
A*(V, W) = (VhV, VhW), Yv,w eV,
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we have
A1(v,v) = (v,yv) + (Vpv, Viv) + “Z [[yv]]i —f [yv] : {Vv}ds,
eel’ r
1/2
(2.38)
> |V[5, + VI, + a > [yvIZ - CliIvill, <Z[[YV]]§>
eel’ eel

> ClIvIIIF = ColllvIII%,

when « is large enough. O

The value of & depends on the constant in the inverse inequality. Therefore, the value
of a for which A;(:,-) is coercive is mesh dependent. We introduce a second discontinuous
finite volume scheme which is parameter insensitive. Define a bilinear form as follows:

Ax(v,w) = A1(v,w) + -[r [yv] : {Vw}ds. (2.39)

Similar to the bilinear form A1 (-, -), for the exact solution (u, p) of the Darcy-Stokes problem
we have

Az(u,v) = Ag(u,v), VYveV, (2.40)

Consequently, the solution of the Darcy-Stokes problem satisfies the following variational
equations:

A(w,v)+C(v,p) = (£,yv), WYWeV,,

B(u,q) =0, Vg€ Q.

(2.41)

Our second discontinuous finite volume scheme for (1.1a)—(1.1c) seeks (up, pr) € Vi x Qp,
such that

Ay(up,v) +C(v,pn) = (£ yv), VveV,

(2.42)
B(up,q) =0, Vg€ Q.
For any value of a > 0, we have
Ar(v,v) = (v,yv) + (Viv, Viv) + a > [yv]2 > ClIVIIE > CollvIIP, ¥ € Vi (2.43)

eel’
Similarly, we can prove that

Az (v, w) < Cl[[wl[lIlvlll, Vv, w e V(h). (2.44)
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Let A(v,w) = Ai(v,w) or A(v,w) = A(v,w). In the rest of the paper, we assume that the
following is true:

A(v,v) > ColllvlII*. (2.45)

If A(v,w) = Ax(v,w), (2.45) holds for any a > 0. If A(v,w) = A;(v,w), (2.45) holds for only
a large enough.

3. Error Estimates

We will derive optimal error estimates for velocity in the norm ||| - ||| and for pressure in the
L2-norm. A first-order error estimate for velocity in L?-norm will be obtained.

Let e be an interior edge shared by two elements K; and K; in Ry. If fe v|g,ds =
[, vlk,ds, we say that v is continuous on e. We say that v is zero at e € 0Q if [, vds = 0.

Define a subspace Vj, of V;, by

Vi = {v e L2(Q)%: vk € (:)1(K)2 VK € Ry, is continuous at e € Iy and is zero at e € OQ}
(3.1)

for rectangular meshes and by

Vi = {v € L2(Q)% : v|g € P(K)? VK € R}, is continuous at e € Ty and is zero at e € GQ}
(3.2)

for triangular mesh.
It has been proven in [8, 9] that the following discrete inf-sup condition is satisfied;
that is, there exists a positive constant f3 such that

Vv,
Sup( v, q)

vev, |V|1,h

>pollqll,  vq € Qn (33)

Lemma 3.1. The bilinear form B(-,-) satisfies the discrete inf-sup condition

B(v,q)
su >
P 2 Plla

veVy,

, Vq€Qn, (3.4)

where P is a positive constant independent of the mesh size h.

Proof. For v € V;, € Vy and g € Qp,, we have B(v,q) = (Vi - v,q), and ||[V|[l; = [IV]lis- By
Poincare-Friedrichs ||v||1, < C|v|1 5, with (3.3), and (2.17) we get for any g € Q,

B(v, B(v,
<Csu M SC1SLIPM,
vey, VIl vev, NVl

V-v,
pollall < sup VD 65)

veV, |v|1,h

With g = fy/C1, we have proven (3.4). O
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Define an operator rx : H'(K) — P;(K) or 0O1(K). For all v € HY(K),

f Jrdes:f vds, i=1,...,1, (3.6)

€i

wheree;, i=1,...,t, are the t sides of the element K. t = 3 if K is a triangleand t =4 if K isa
rectangle. It was proven in [8] that

lrkv — vl g < Ch2*5|v|2,K, s=0,1,2. (3.7)

Forallv = (vy,v,) € HS(Q)z, define I'Tyv = (ITyvy, I[1yvp) € Vj, by
IMvi|x = wxv;, VK eERy i=1,2. (3.8)
Using the definition of I'ly and integration by parts, we can show that
B(v-ILv,q) =0, Vg€ Q. (3.9)

The Cauchy-Schwarz inequality implies

[yv]? = <hl L[[v]]ds)z < <hi)2J' [v]?ds f ds = J' hle[[vﬂzds. (3.10)

Equations (2.28) and (3.8) imply that

Sly(u-Thu)? < C<|u ~Thulf, + > h72|u —Hluni) < Ch*||ul3. (3.11)

eel KeRy,
The definitions of the norm ||| - |||, (3.7), and (3.11) give

[l = TThull® = [u-TTul, + ju-Thuff, + > [y(@-Thw]2+ > Ku-Thulj .
eel’ KeRry (312)
< CH?||ulf5.

Theorem 3.2. Let (uy, pp) € Vi x Qp be the solution of (2.27), and let (u,p) € (H*(Q)NH; (Q))*x
(L%(Q) N HY(Q)) be the solution of (1.1a)—(1.1c). Then there exists a constant C independent of h
such that

e = wnlll + [lp = pul| < Ch(llull, + [[p[l,), (3.13)

l[u = |l < Ch(Jlull, + ||p]|,)- (3.14)
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Figure 5: Triangular and its dual partition of (0,1) x (0,1).

Proof. Lete =u—-Thu, ¢, =u, —Iliu, n=p-Ihp, n, = pn — Ip, where I, is L? projection
from L%(Q) — Qp. Thenu—uy, = € — €, p—pn = 1 — . Subtracting (2.26) from (2.27) and
using Lemma 2.4, we get error equations

A(en,v) = B(v,m) = A(e,v) +C(v,17), VVEV,, (3.15a)

B(en q) = B(e,q) =0, Vg€ Q. (3.15b)
By letting v = €5, in (3.15a) and g = 7, in (3.15b), the sum of (3.15a) and (3.15b) gives

A(en, en) = A(g, en) + C(en, 7). (3.16)

Thus, it follows from the coercivity (2.45), the boundedness (2.30), (2.44), and (2.34) that

1/2
|||eh|||2SC<|||s||||||sh||| + <II11|| - < > hilnl&) >|||sh|||> . G
KeRry

which implies the following:

1/2
lenll < C<|||e||| il (3 ) > 618)
KeRry,
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The previous estimate can be rewritten as

1/2
ey - Tl < c<|||u— Myl + [[p - TTop]| + ( S |p —n2p|iK> > (3.19)

KeRy

Now using the triangle inequality, (3.7), the definition of Il,, and the inequality mentioned
previously, we get

I = walll < C(llla = Thyull + [ljws ~ Thyull}) < Ch(fjull, + ||p|l,), (3.20)

which completes the estimate for the velocity approximation.
Discrete inf-sup condition (3.4), (3.15a), (3.15b), Lemmas 2.5, 2.4, and inverse
inequality give

1 B V,H = 1 C v, —TII
”Ph —HZP” < Bsupw - —su M

vev, |||V|||1,h - ﬁ vev, |||V|||1,h
C(v,pn - C(v,p-TI

_ 1 p CP=p) + C(vp~Thp)

P vev, (\4ll
_ LgpAtmu v +C (v,p ~Thop) (321)

P vev, vl

1/2
< c<|||u—uh||| +|lp - Tp|| + < > hilp—nzpliK> >
KeRry,

< Ch(flally + |lp|ly)-

Using the previous inequality and the triangle inequality, we have completed the proof of
(3.13).
Using Lemma 2.1, (3.12), and (3.13), we have

lup = Thup|| < Clita, = Thug|[] < C(llw = unll] + [[[a = Thupl]) < Ch(llull, + [|p]l,).  (3.22)

Equations (3.22) and (3.7) and the triangle inequality imply (3.14). We have completed the
proof. O

4. Numerical Experiments

In this section, we present a numerical example for solving the problems (1.1a)-(1.1c) by
using the discontinuous finite volume element method presented with (2.27) and (2.42). Let
Q = (0,1) x (0,1), Ry, be the Delaunay triangulation generated by EasyMesh [10] over Q
with mesh size h as shown in Figure 5. We consider the case of 0 = 1, g = 1, the exact
velocity u1 (x, y) = —x?(x - 1)2y(y -1)(2y -1), ua(x,y) = —u1(y, x) and the pressure p(x,y) =
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Table 1: Error behavior for scheme (2.27).

[l — wapll] llu — woull P = panll
ha h [[[w —upl| Ta=wnll [lu -yl o= llp = pall To=pull
1/8 1.598e — 1 2.082¢e — 2 3.393e - 4 1.068e — 2
1/16 8.372¢ - 2 1.031e -2 2.0 9.649¢ — 5 3.5 5.345e - 3 2.0
1/32 3.679% -2 5.185e -3 2.0 2.598e - 5 3.7 2.650e - 3 2.0
1/64 1.899¢ -2 2.611e-3 2.0 6.795¢ — 6 3.8 1.323e -3 2.0
1/128 9.413e-3 1.307¢ -3 2.0 1.730e - 6 3.9 6.598¢ — 4 2.0

Table 2: Error behavior for scheme (2.42).

[[lu = uyl] [lu — uap| P = panll
ha h [l — wpl] M=l flu— gl o= P = prll To=pall
1/8 1.598e — 1 2.071e -2 3.280e — 4 1.079e - 2
1/16 8.372e - 2 1.027¢ -2 2.0 9.204e - 5 3.5 5.380e — 3 2.0
1/32 3.679%¢ -2 5.175e -3 2.0 2.476e — 5 3.7 2.659%¢ -3 2.0
1/64 1.899¢ -2 2.608e - 3 2.0 6.361e — 6 3.8 1.325e - 3 2.0
1/128 9.413e-3 1.306e — 3 2.0 1.613e -6 3.9 6.603¢ — 4 2.0

(x = 0.5)(y — 0.5). Denote the numerical solution as uj, and p, with step hy; which is used
to generate the mesh data in the EasyMesh input file, and h = max{h, : e € I'}. For a = 2,
the numerical results are presented in Tables 1 and 2. It is observed from the tables that the
numerical results support our theory.
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