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We introduce a new twice power type contractive condition for three mappings in G-metric spaces,
and several new common fixed point theorems are established in complete G-metric space. An
example is provided to support our result. The results obtained in this paper differ from other
comparable results already known.

1. Introduction

The study of fixed points of mappings satisfying certain contractive conditions has been in
the center of rigorous research activity. In 2006, a new structure of generalized metric space
was introduced by Mustafa and Sims [1] as an appropriate notion of generalized metric
space called G-metric space. Abbas and Rhoades [2] initiated the study of common fixed
point in generalized metric space. Recently, many fixed point theorems for certain contractive
conditions have been established in G-metric spaces, and for more details one can refer to [3—
27]. Fixed point problems have also been considered in partially ordered G-metric spaces
[28-31], cone metric spaces [32], and generalized cone metric spaces [33].

In 2006, Gu and He [34] introduced a class of twice power type contractive condition
in metric space, proving some common fixed point theorems for four self-maps with twice
power type ®-contractive condition.

In this paper, motivated and inspired by the above results, we introduce a new twice
power type contractive condition in G-metric space, and we prove some new common fixed
point theorems in complete G-metric spaces. Our results obtained in this paper differ from
other comparable results already known.
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Throughout the paper, we mean by N the set of all natural numbers. Consistent with
Mustafa and Sims [1], the following definitions and results will be needed in the sequel.

Definition 1.1 (see [1]). Let X be a nonempty set, and let G : X x X x X — R* be a function
satisfying the following axioms:
(G1) G(x,y,z=0)ifx =y =z
(G2) 0<G(x,x,y), forall x,y € X with x #y;
(G3) G(x,x,y) £G(x,y,z),forall x,y,z € X withz# y;
(G4) G(x,y,2) =G(x,z,¥) =G(y,z,x) =+ (symmetry in all three variables);
(G5) G(x,y,2) <G(x,a,a) +G(a,y, z) forall x,y, z,a € X, (rectangle inequality);

then the function G is called a generalized metric, or, more specifically, a G-metric on X and
the pair (X, G) are called a G-metric space.

Definition 1.2 (see [1]). Let (X, G) be a G-metric space, and let {x, } be a sequence of points in
X, a point x in X is said to be the limit of the sequence {x,} if limy, ,, - . G(x, Xy, x5,,) = 0, and
one says that sequence {x,} is G-convergent to x.

Thus, if x, — x in a G-metric space (X, G), then for any € > 0, there exists N € N such
that G(x, x,,, x;) <€, foralln,m > N.

Proposition 1.3 (see [1]). Let (X, G) be a G-metric space, then the followings are equivalent.

(1) {x,} is G-convergent to x.
(2
(3

(4) G(xp, xpm,x) — 0asn,m — oo.

G(xp, xy,x) — 0asn — oo.
G(xy,x,x) — 0asn — oo.

)
)
)
)

Definition 1.4 (see [1]). Let (X, G) be a G-metric space. A sequence {x,} is called G-Cauchy
sequence if for each € > 0 there exists a positive integer N € N such that G(x,,, x,,,, x1) < € for
all n,m,l > N; thatis, if G(x,,, x,,,x;) — Oasn,m,l — oo.

Definition 1.5 (see [1]). A G-metric space (X, G) is said to be G-complete if every G-Cauchy
sequence in (X, G) is G-convergent in X.

Proposition 1.6 (see [1]). Let (X, G) be a G-metric space. Then the following are equivalent.

(1) The sequence {x,} is G-Cauchy.

(2) For every € > 0, there exists k € N such that G(x,, Xm, X)) < €, for all n,m > k.

Proposition 1.7 (see [1]). Let (X, G) be a G-metric space. Then the function G(x,y, z) is jointly
continuous in all three of its variables.

Definition 1.8 (see [1]). Let (X, G) and (X', G') be G-metric space, and f : (X,G) — (X',G')
be a function. Then f is said to be G-continuous at a point a € X if and only if for every € > 0,
thereis 6 > O such thatx, y € X and G(a, x, y) < 6 implies G'(f(a), f(x), f(y)) < €. A function
f is G-continuous at X if and only if it is G-continuous at all a € X.
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Proposition 1.9 (see [1]). Let (X,G) and (X', G') be G-metric space. Then f : X — X'is G-
continuous at x € X if and only if it is G-sequentially continuous at x; that is, whenever {x,} is
G-convergent to x, { f (x,)} is G-convergent to f(x).

Proposition 1.10 (see, [1]). Let (X, G) be a G-metric space. Then, for any x,y, z, a in X it follows
that:

(1) ifG(x,y,2z) =0, then x =y = z;

(ii) G(x,y,2) < G(x,x,y) + G(x,x, z);

(iii) G(x,y,y) < 2G(y, x, x);

(iv) G(x,y,2) £G(x,a,z) +G(a,y,z);

(v) G(x,y,2) £ (2/3)(G(x,y,a) + G(x,a,z) + G(a,y, z));
)

(vi) G(x,y,2) < (G(x,a,a) + G(y,a,a) + G(z,a,a)).

2. Main Results

Theorem 2.1. Let (X, G) be a complete G-metric space. Suppose the three self-mappings T,S, R :
X — X satisfy the following condition:

G*(Tx, Sy, Rz) < aG(x,Tx,Tx)G(y, Sy, Sy) + BG(y, Sy, Sy)G(z, Rz, Rz)
2.1)
+yG(x,Tx, Tx)G(z, Rz, Rz),

forall x,y,z € X, where a, B,y are nonnegative real numbers and a + p+vy < 1. Then T, S, and R
have a unique common fixed point (say u) and T, S, R are all G-continuous at u.

Proof . We will proceed in two steps.
Step 1. We prove any fixed point of T is a fixed point of S and R and conversely. Assume that
p € X is such that Tp = p. However, by (2.1), we have

G*(Tp, Sp,Rp) < aG(p,Tp,Tp)G(p, Sp, Sp) + PG (p, Sp, Sp)G(p, Rp, Rp)
+YG(p, Tp,Tp)G(p, Rp, Rp)
= aG(p,p.p)G(p, Sp, Sp) + PG(p, Sp, Sp)G(p. Rp, Rp) (2.2)
+YG(p.p,p)G(p, Rp, Rp)
= pG(p, Sp, Sp)G(p. Rp, Rp).

Now we discuss the above inequality in three cases.
Case (i). If p# Sp and p # Rp, then, by (G3), we have

G(p.Sp,Sp) <G(p,Sp,Rp),  G(p,Rp,Rp) < G(p,Sp,Rp). (2.3)
So, the above inequality becomes

G*(p,Sp,Rp) = G*(Tp, Sp, Rp) < pG*(p, Sp, Rp). (2.4)
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Since G?(p, Sp, Rp) > 0, hence we have f > 1; however, it contradicts with0 < p < a+f+y < 1,
so we getp = Sp = Rp.
Case (ii). If p = Rp, then we have

G*(p, Sp, Rp) = G*(Tp, Sp, Rp) < pG(p, Sp, Sp)G(p, Rp, Rp) = 0. (2.5)

Hence we have G*(p, Sp, Rp) =0and sop = Sp = Rp.
Case (iii). If p = Sp, we can also get G*(p, Sp, Rp) = 0. Hence we have p = Sp = Rp. Therefore
p is a common fixed point of T, S and R.
The same conclusion holds if p = Sp or p = Rp.
Step 2. We prove that T, S, and R have a unique common fixed point.

Let xg € X be an arbitrary point, and define the sequence {x,} by x3,11 = Tx3,, X3p42 =
SX3p41, X3n43 = Rx3p40, 1 € N If x;, = xp41, fOr some n, with n = 3m, then p = x3,, is a fixed
point of T and, by the first step, p is a common fixed point of S, T, and R. The same holds
if n = 3m + 1 or n = 3m + 2. Without loss of generality, we can assume that x, # x,.1, for all
ne€N.

Next, we prove sequence {x,} is a G-Cauchy sequence. In fact, by (2.1) and (G3), we
have

G (X3n+1, X3n42, X3n13) = G (T3, SX3ns1, Rotans2)

< aG(x3n, Txsn, Tx30) G(X3041, SX3n41, SX3n41)
+ PG (X3n+1, SX3n+1, SX3041) G (X342, RX3012, RX3142)
+yG(x3n, Tx3n, Tx30) G (X342, RX3n+2, RX3n42)

= aG(X3n, X3n+1, X3n+1) G(Xan+1, X3n+2, Xan+2) 26)
+ BG (X341, X3042, X3n42) G (X342, X3043, X3143) .
+YG (X3, X3n+1, X3n41) G(X3n42, X3043, X30+3)

< aG(X3n, X3n41, X3042) G (X341, X3n12, X3143)

+ BG(X3n+1, X3n42, X3n43) G (X342, X3043, X3n+1)

+YG (X310, X3n+1, X3n+2) G(X3n42, X3n43, X3n+1)-
Which gives that
G (3141, X342, X3n43) < (@ + 1) G(X30, X3n41, X3n42) + PG(X3041, X3n42, X3043)- (2.7)
It follows that

(1= B)G(x3n+1, X3n42, X3n43) < (@ + ) G(X30, X341, X3n42)- (2.8)
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From 0 < f <1 we know that 1 - f > 0. Then, we have

a+y
G (3041, X3n42, X3043) < ———G (X34, X341, X3n42)-

1-p
On the other hand, by using (2.1) and (G3), we have

G*(X3n42, X343, X3n+4) = G*(TX3n43, SX3n41, Rx3n42)

< aG(x3n43, Tx3043, TX3143) G (X341, SX3041, SX3141)
+ BG(X341, SX3n41, SX3n41) G (X342, RX3042, RX53442)
+YG (23043, Tx3043, Tx3043) G(X3042, RX3142, RX3142)

= aG(X3n43, X3n+4, X3044) G(X3041, X342, X3n42)
+ PG(X3n41, X3n42, X3n42) G (X3042, X3043, X3n+3)
+YG(X3n43, X3n+4, X3n+4) G(X3042, X3n43, X3n43)

< aG (X342, X3n+3, X3n+4) G (X3041, X342, X3043)
+ PG(X3041, X342, X3n43) G (X342, X3043, X3p+4)

+ YG (X342, X3n43, X3n+4) G (X3n+2, X3043, X3n44)-

Which implies that

G(X3n42, X3n43, X3n44) < (&0 + B)G(X3041, X3n42, X3n43) + Y G(X3n42, X343, X3n44)-

It follows that

(1 - y)G(x3n+2, X3n43, X3n4a) < (@ + B) G (X341, X3n42, X3043)-

Form the condition 0 <y < a + f+y < 1, we know that 1 — y > 0. Therefore, we have

a+p
G(x3n42, X3n43, X3n+4) < ﬂc(xl’rrﬁl/ X3n+2, X3n+3)-

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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Again, using (2.1) and (G3), we can get

G (3143, X3n+4, X3n45) = G* (T X343, SXansa, RX3n42)
< aG(x3n43, Tx3n43, Tx3143) G(X3n14, SX3n44, SX3144)
+ PG(X344, SX3p44, SX3n44) G(X3n42, RX3042, RX3442)
+ YG (%3143, TxX3n43, Tx3013) G (X3n+2, RX3n42, RX3442)
= aG(X3143, X3n+4, X3n44) G(X3044, X30145, X345)
+ PG(X3n44, X345, X3n45) G (X342, X3043, X3n+3)
+ YG (X343, X3n+4, X3n+4) G (X3042, X3n+3, X3n43)
< “G(x3n+3r X3n+4, x3n+5)G(x3n+3/ X3n+4, x3n+5)
+ BG(X3143, X3n+4, X3145) G (X342, X3n43, X3n44)

+ YG (X345, X3n+3, X3n+4) G (X342, X3143, X3n44)-
Which implies that
G (X343, X3n+4, X3n+5) < AG (X343, X3p+4, X3n45) + (,3 + Y)G(x3n+2/x3n+3/x3n+4)-
It follows that
(1 — ) G(X3143, X3n44, X3n45) < (B + 1) G(X3042, X3043, X3n44).-

By the condition 0 < a < a + f +y < 1, we know that 1 — a > 0. Hence, we have

Pry
G(Xane3, Xaned, Xanes) S T G(Xane, Xanes, Xanes).

(2.14)

(2.15)

(2.16)

(2.17)

Let g = max{(a+y)/(1 =), (a+p)/(1-y), B+7)/(1-a)}, thenfromO<a+p+y<1we

know that 0 < g < 1. Combining (2.9), (2.13), and (2.17), we have
G(xn, Xns1, Xnv2) < 4G (Xn-1, X, Xni1) < -+ < q"G(x0, X1, X2)-
Thus, by (G3) and (G5), for every m,n € N, m > n, noting that 0 < g < 1, we have

G, Xm, Xm) < G(Xn, Xna1, Xne1) + G(Xna1, Xna2, Xns2) + - + G(Xm-1, X, Xim),

< G(xp, X1, Xna2) + G(Xpi1, Xna2, Xna3) + -+ + G(Xme1, X, Xma1)

IN

<qn + qfl+1 4ot qm_1>G(.X'0, X1, X2)

< q"
<7

G(x0,x1,x2).

(2.18)

(2.19)
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Which implies that G(x,, X, x) — 0, as n,m — oo. Thus {x,} is a G-Cauchy sequence.
Due to the completeness of (X, G), there exists u € X, such that {x,} is G-convergent to u.
Next we prove u is a common fixed point of T, S, and R. By using (2.1), we have

G*(Tu, X3n42, X3n43) = G*(Tth, Sx3ns1, Rxani2)
< aG(u, Tu, Tu)G(x3n+1, SX3n41, SX3041)

+ PG(X3n41, SX3n+1, SX3n41) G(X3n42, RX342, RX3442)

+yG(u, Tu, Tu)G(x3n12, Rx3442, RX3442) (2.20)
= aG(u, Tu, Tu)G(X3n+1, X3n+2, X3n+2)

+ PG (X301, X3n42, X3142) G (X342, X3043, X3043)

+yG(u, Tu, Tu)G(X3p+2, X3n43, X3n43)-
Letting n — oo, and using the fact that G is continuous on its variables, we can get
G*(Tu,u,u) =0. (2.21)
Which gives that Tu = u, that is u is a fixed point of T. By using (2.1) again, we have

G?(x3n41, SU, X3043) = G*(Tx3n, S, Rx3,42)

< aG(x3n, X3n+1, X3n4+1) G (1, Su, Su)
(2.22)
+ PG (u, Su, Su)G(X3n42, X3743, X30+3)

+YG (X310, X3n41, X3041) G (3042, X3043, X3143)-
Letting n — oo at both sides, for G is continuous on its variables, it follows that
G?(u, Su,u) = 0. (2.23)
Therefore, Su = u; that is, u is a fixed point of S. Similarly, by (2.1), we can also get

G? (X341, X3ns2, Rut) = G*(Tx3n, Sx3ns1, Rut)

< aG(x3n, X341, X3n+1) G (X3n41, X3n+2, X3n42)
(2.24)

+ BG(X3n41, X3n42, X3n4+2) G (1, Ru, Ru)

+ yYG (X3, X341, X3041) G (1, Ru, Ru).

On taking n — oo at both sides, since G is continuous on its variables, we get that

G*(u,u, Ru) = 0. (2.25)



8 Abstract and Applied Analysis

Which gives that u = Ru, therefore, u is fixed point of R. Consequently, we have u = Tu =
Su = Ru, and u is a common fixed point of T, S and R. Suppose v is another common fixed
point of T, S, and R, and we have v = Tv = Sv = Ro, then by (2.1), we have

G?(u,u,v) = G*(Tu, Su, Rv)
< aG(u, Tu, Tu)G(u, Su, Su) + pG(u, Su, Su)G(v, Rv, Rv)
+yG(u, Tu, Tu)G(v, Ru, Rv)
(2.26)
= aG(u, u, u)G(u,u,u) + pG(u, u,u)G(v,v,v)
+yG(u,u,u)G(v,v,v)

=0.

Which implies that G%*(u,u,v) = 0, hence, u = v. Then we know the common fixed point of
T,S, and R is unique.

To show that T is G-continuous at u, let {y,} be any sequence in X such that {y,} is
G-convergent to u. For n € N, we have

G*(Tyn, u,u) = G*(Tyn, Su, Ru)
< aG(Yn, TYn, Tyn)G(u, Su, Su) + pG(u, Su, Su)G(u, Ru, Ru)

+YG(Yn, TYn, Ty ) G(u, Ru, Ru)
(2.27)
= aG(Yn, TYn, Tyn)G(u, u, u) + pG(u, u, u)G(u, u, u)

+YG(Yn, TYn, Tyn) G(u, 1, 1)
=0.

Which implies that lim,, _, . G? (Tyn,u,u) = 0. Hence {Ty,} is G-convergent to u = Tu. So T is
G-continuous at u. Similarly, we can also prove that S, R are G-continuous at u. Therefore, we
complete the proof. O

Corollary 2.2. Let (X,G) be a complete G-metric space. Suppose the three self-mappings T, S, R :
X — X satisfy the condition:

GZ(T”x, 5%y, R'z) < aG(x,T?x,T"x)G(y, S°y, S°y) + BG(y, S°y, S°y)G(z, Rz, R z)
(2.28)
+yG(x, TP x,T?x)G(z,R"z, R z),

forall x,y,z € X, where p,s,r € N, a, B,y are nonnegative real numbers and a + p +y < 1. Then
T,S, and R have a unique common fixed point (say u) and TP, S°, R” are all G-continuous at u.

Proof. From Theorem 2.1 we know that T?, S°, R" have a unique common fixed point (say u);
thatis, TPu = u, S°u = u, R"u = u, and T?,S°%, R" are G-continuous at u. Since Tu = TTPu =
TPy = TPTu, so Tu is another fixed point of T?, Su = SS*u = S5*'u = ¢°gu, so Su is another
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fixed point of S°, and Ru = RR"u = R™"'u = R"Ru, so Ru is another fixed point of R". By (G3)
and the condition (2.28) in Corollary 2.2, we have

G*(Tu, S°Tu, R'Tu) = G*(TPTu, S°Tu, R'Tu)
< aG(Tu, TPTu, TPTu)G(Tu, S°Tu, S°Tu)
+ pG(Tu, S°Tu, S°Tu)G(Tu, R'Tu, R"Tu)
(2.29)
+yG(Tu, TPTu, T"Tu)G(Tu, R"Tu, R"Tu)
= pG(Tu, S°Tu, S°Tu)G(Tu, R'Tu, R"Tu)

< BG(Tu, S°Tu, R'Tu)G(Tu, S°Tu, R"Tu).

Since 0 < f < 1, we can get G?*(Tu, S°Tu, R'Tu) = 0. That means Tu = TPTu = S°Tu = R'Tu,
hence Tu is another common fixed point of T, S°-and R’. Since the common fixed point
of T?,S°-and R" is unique, we deduce that u = Tu. By the same argument, we can prove
u = Su,u = Ru. Thus, we have u = Tu = Su = Ru. Suppose v is another common fixed point
of T, S, and R, then v = TPv = S%v = R'v, and by using the condition (2.28) in Corollary 2.2
again, we have

G*(v,u,u) = G*(TPv, S°u, R"u)
< aG(v, TPv, TPv)G(u, S*u, S°u) + pG(u, S°u, S°u)G(u, R"u, R'u)
+yG(v, TPv, TPv)G(u, R'u, R"u) (2.30)
= aG(v,v,v)G(u, u,u) + pG(u, u, u)G(u,u,u) + yG(v,v,v)G(u, u, u)
=0.

Which implies that G*(v, u, u) = 0, hence v = u. So the common fixed of T, S, and R is unique.
It is obvious that every fixed point of T is a fixed point of S and R and conversely. O

Corollary 2.3. Let (X, G) be a complete G-metric space. Suppose the self-mapping T : X — X
satisfies the following condition:

G*(Tx,Ty,Tz) < aG(x,Tx, Tx)G(y, Ty, Ty) + pG(y, Ty, Ty)G(z, Tz, Tz)
(2.31)
+yG(x, Tx,Tx)G(z,Tz,Tz),

forall x,y,z € X, where a, B, y are nonnegative real numbers and a + p+vy < 1. Then T has a unique
fixed point (say u) and T is G-continuous at u.

Proof. Let T = S = Rin Theorem 2.1, we can get this conclusion holds. O
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Corollary 2.4. Let (X, G) be a complete G-metric space. Suppose the self-mapping T : X — X
satisfies the following condition:

G*(TPx, TPy, TPz) < aG(x, TPx, TPx)G(y, TPy, TPy) + BG(y, TPy, T’ y)G(z, TF z, TPz)
(2.32)
+yG(x, TPx, TP x)G(z, TPz, TP z).

forall x,y,z € X, where a, B,y are nonnegative real numbers and a + p+y < 1. Then T has a unique
fixed point (say u) and TP is G-continuous at u.

Proof. LetT =S =R, p = s =r in Corollary 2.2, we can get this conclusion holds. O

Theorem 2.5. Let (X,G) be a complete G-metric space, and let T,S,R : X — X be three self-
mappings in X, which satisfy the following condition.

G*(Tx,Sy,Rz) < aG(x,Tx,Sy)G(y, Sy, Rz) + pG(y, Sy, Rz)G(z, Rz, Tx)
(2.33)
+yG(x,Tx,Sy)G(z, Rz, Tx).

forall x,y,z € X, a, B,y are nonnegative real numbers and a + p+y < 1. Then T, S and R have a
unique common fixed point (say u) and T, S, R are all G-continuous at u.

Proof. We will proceed in two steps.

Step 1. We prove any fixed point of T is a fixed point of S and R and conversely. Assume that
p € X is such that Tp = p. Now we prove that p = Sp and p = Rp. If it is not the case, then for
p# Sp and p # Rp, by (2.33) and (G3) we have

G*(Tp, Sp, Rp) < aG(p,Tp, Sp)G(p, Sp, Rp) + pG(p, Sp, Rp) G (p, Rp, Tp)
+YG(p, Tp, Sp)G(p, Rp, Tp)
= aG(p,p, Sp)G(p, Sp, Rp) + PG(p, Sp, Rp)G(p, Rp, p)
+YG(p.p,Sp)G(p. Rp,p) (2.34)
< aG(p, Rp, Sp)G(p, Sp, Rp) + PG(p, Sp, Rp)G(p, Rp, Sp)
+YG(p, Rp, Sp)G(p, Rp, Sp)
= (a+p+7)G*(p,Rp, Sp).

It follows that
G*(p.Sp,Rp) = G*(Tp, Sp, Rp) < (a+p+7)G*(p, Sp, Rp). (2.35)

Since G? (p, Sp, Rp) > 0, hence we have a + +7 > 1, however it contradicts with the condition
0<a+p+y <1, sowecanhavep = Sp = Rp, hence p is a common fixed point of T, S, and R.

Analogously, following the similar arguments to those given above, we can obtain a
contradiction for p# Sp and p = Rp or p = Sp and p # Rp. Hence in all the cases, we conclude
that p = Sp = Rp. The same conclusion holds if p = Sp or p = Rp.



Abstract and Applied Analysis

11

Step 2. We prove that T, S and R have a unique common fixed point. Let xy € X be an arbitrary
point, and define the sequence {x,} by x3,11 = TX3n, X312 = SX3p41, X3n43 = RX340, 1 € N If
Xn = Xn41, for some n, with n = 3m, then p = x3,, is a fixed point of T and, by the first step, p is
a common fixed point of S, T, and R. The same holds if n = 3m +1 or n = 3m + 2. Without loss
of generality, we can assume that x, # x,,.1, for all n € N. We first prove the sequence {x,} is

a G-Cauchy sequence. In fact, by using (2.33) and (G3), we have

G?(X3n41, X342, X3n33) = G*(T X3y, Sx3041, RX3042)
< aG(x3n, X3n+1, X3n+2) G (X341, X3n42, X3043)
+ PG (x3n+1, X3n42, X3143) G (X3142, X3043, X3n41)

+ YG (X310, X3n41, X3n42) G(X3042, X343, X341 -
Which gives that
G (3041, X342, X3n43) < (@ + 1) G(X30, X3n41, X3042) + PG(X3041, X3n42, X3043)-
It follows that
(1= B)G(x3n41, X3n42, X3n43) < (@ +¥) G(X30, X341, X3n42)-

From 0 < f <1, we know that 1 — > 0. Then, we have

a+y
G(X3n+1, X3n42, X3n43) < mG(XSn, X341, X3n42)-

On the other hand, by using (2.33) and (G3), we have

2 2
G* (x3n+2, X3n43, X3n44) = G (TX3443, SX3n41, RX3142)
< aG(X3n43, X3n+4, X3n42) G(X3041, X3042, X3043)

+ PG(X3041, X342, X3n43) G (X3442, X3n43, X3n+4)

+ YG (X343, X3n+4, X3n+2) G (X3n+2, X3n43, X3n44)-

Which implies that

G (X3n42, X343, X3n+4) < (@ + B)G(X3n41, X3n42, X3n43) + YG (X342, X3043, X3n+4)-

It follows that

(1 - 7)G(X3n42, X303, X3n44) < (@ + B) G(X3n41, X3n42, X3043)-

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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Since 0 < y < 1, we know that 1 — y > 0. So, we have
a+p
G(X3n42, X343, X3p44) < EG(X&LH/ X342, X343 (2.43)

Again, using (2.33) and (G3), we can get

2 2
G (%3043, X3n+4, X3n45) = G (TX3443, SX3n+4, RX3142)

< aG(X3n43, X3n+4, X3n45) G(X3p+4, X3045, X3043)

(2.44)
+ BG(X3n14, X3n+5, X3143) G (X342, X3n+3, X3n+4)
+YG(X3n42, X3n43, X3n+4) G(X3143, X3n14, X345)-
Which implies that
G (X343, X314, X3n45) < AG(X3043, Xan+a, X3n45) + (B + 1) G(X3n42, X3n43, X3n+4)- (2.45)
It follows that
(1 — @) G (X343, X314, X3n45) < (B +7) G(X3042, X343, X3n44)- (2.46)
Since0<a<a+pf+7y <1, weknow that1-a > 0. So we have
G(X3n+3, X3n+4, X3n45) < %G(J@mzl X3n+3, X3n+4)- (2.47)

Let g = max{(a+y)/(1-p),(a+p)/(1—-y),(p+7)/(1-a)}, then 0 < g < 1, and by combining
(2.39), (2.43), and (2.47), we have

G(xXn, Xni1, Xn12) < 4G (Xn-1, X, Xni1) < -+ - < q"G(x0, X1, X2). (2.48)
Thus, by (G3) and (G5), for every m,n € N, if m > n, noting that 0 < g < 1, we have

G, Xm, Xm) < G(Xn, Xna1, Xna1) + G(Xna1, Xna2, Xns2) + - + G(Xm-1, X, Xim)

< G(xn/ Xn+1, xn+2) + G(xn+1/ Xn+2, xn+3) tet G(xm—ll Xm, xm+1)

IN

<qn + qn+1 4ot qm—1>G(x0, x1,%2) (2.49)

<
=1-¢

G(xo, x1,x2).

Which implies that G(x,, X, x) — 0, as n,m — oo. Thus {x,} is a G-Cauchy sequence.
Due to the completeness of (X, G), there exists u € X, such that {x,} is G-convergent to u.
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Now we prove u is a common fixed point of T, S, and R. By using (2.33), we have

G (T, X332, X3n+3) = G (T, SX3n11, RX3012)
< aG(u, Tu, Sx3p1) G(X3n+1, SX3p41, RX3042)
+ BG(x3n+1, Sx3n+1, RX31042) G (X342, RX30040, T1t)
+yG(u, Tu, Sxzn1) G(X3n42, RX3142, T1) (2.50)
= aG(u, Tu, X3n42) G(X3n+1, X3n+2, X3n+3)
+ BG (X341, X3042, X30+3) G (X3042, X3n43, TU)

+yG(u, Tut, X342) G (X3n42, X3n43, Tth).
Letting n — oo, and using the fact that G is continuous on its variables and y < 1, we can get
G*(Tu,u,u) < sz(u, u, Tu). (2.51)
Which gives that Tu = u, hence u is a fixed point of T. By using (2.33) again, we have

G*(x3n+1, SU, X3n43) = G*(Tx3n, Stt, RXzp42)
< aG(x3p, X3n41, SU)G(u, S, X343) + PG (U, S, x3143) G (X342, X3043, X3n+1)
+ YG (X3, X341, SU) G (X342, X3n43, X341 )-

(2.52)

Letting n — oo at both sides, for G is continuous in its variables, it follows that

G*(u, Su,u) < aG*(u, Su, u). (2.53)

For 0 < a < 1, Therefore, we can get G?(u, Su,u) = 0, hence Su = u, hence u is a fixed point of
S. Similarly, by (2.33), we can also get

G?(x3n41, Xans2, Ru) = G*(Tx3, Sx3ns1, Ru)

< aG(x3n, X3n+1, X3n+2) G (X3041, X3n+2, Rut)
(2.54)

+ PG(x341, X342, Ru) G (1, Ru, x3,41)

+YG (X3, X3n41, X3042) G (1, Ru, X3541).

On taking n — oo at both sides, since G is continuous in its variables, we get that

G?(u,u, Ru) < pG*(u, u, Ru). (2.55)
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Since 0 < < 1, so we get G?(u,u, Ru) = 0, hence u = Ru, therefore, u is a fixed point of R.
Consequently, we have u = Tu = Su = Ru, and u is a common fixed point of T, S, and R.
Suppose v # u is another common fixed point of T, S, and R, and we have v = Tv = Sv = Ry,
then by (2.33), we have

G?(u,u,v) = G*(Tu, Su, Rv)
< aG(u, Tu, Su)G(u, Su, Rv) + pG(u, Su, Rv)G(v, Ru, Tu)

(2.56)
+yG(u, Tu, Su)G(v, Rv, Tu)
= aG(u, u, u)G(u,u,v) + pG(u, u,v)G(v,v,u) + yG(u, u,u)G(v, v, u).
Which gives that
G*(u,u,v) < pG(u,u,v)G(v,v,u). (2.57)
Hence, we can get G(u, u, v) < pG(v,v,u). By using (2.33) again, we get
G*(u, v,V) = G*(Tu, Sv, Rv)
< aG(u,Tu, Sv)G(v, Sv, Rv) + pG(v, Sv, Rv)G(v, Rv, Tu)
(2.58)
+yG(u, Tu, Sv)G(v, Rv, Tu)
= aG(u,u,v)G(v,v,v) + pG(v,v,0)G(v,v,u) + yG(u, u,v)G(v, v, u).
Which implies that
G*(u,v,v) < yG(u,u,v)G(v,v,u). (2.59)
Hence, we can get
G(u,v,v) <yG(u,u,v). (2.60)
By combining G(u, u, v) < pG(v, v, u), we can have
G(u,v,v) <yG(u,u,v) < pyG(v, v, u). (2.61)

Since v #u, G(u,v,v) > 0, so we have that fy > 1. Since 0 < 3, y <1, we know 0 < fy <1, s0
it’s a contradiction. Hence, we get u = v. Then we know the common fixed point of T, S, and
R is unique.
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To show that T is G-continuous at u, let {y, } be any sequence in X such that {y,} is
G-convergent to u. For n € N, we have
G*(Tyn, u,u) = G*(Tyn, Su, Ru)
< aG(Yn, Tyn, Su)G(u, Su, Ru) + pG(u, Su, Ru)G(u, Ru, Ty,)
+YG(Yn, Tyn, Su)G(u, Ru, Ty,)

(2.62)
= aG(Yn, Ty, u)G(u, u,u) + pG(u, u, u)G(u,u, Ty,)
+YG(Yn, Tyn, u)G (1, u, Tyn)
= YG(Yn Tyn, u)G(u, 1, Tyy).
Which implies that
G(Tyn, u,u) < YG(Yn, TYn, 1) (2.63)

On taking n — oo at both sides, considering y < 1, we get lim,, . ,G(Ty,, u,u) = 0. Hence
{Tyn} is G-convergent to u = Tu. So T is G-continuous at u. Similarly, we can also prove that
S, R are G-continuous at u. Therefore, we complete the proof. O

Now we introduce an example to support Theorem 2.5.

Example 2.6. Let X = [0,1], and let (X, G) be a G-metric space defined by G(x,y,z) = |[x - y| +
ly —z|+|z—-x| forall x,y,zin X. Let T, S, and R be three self-mappings defined by

1
1, X € [0, E]

6 1.1
?l X € <§,1:|

Next we proof the mappings T, S, and R are satisfying Condition (2.33) of Theorem 2.5
witha=1/7, p=1/7andy =4/7.

<
=
m
—_—
o
N
| —
—_—

Sx =

7
8 6

) Re=z, xe[01].  (264)
7

=
m
N
N| —
I—J

Case 1. If x,y € [0, 1/2], z € [0,1], then

L87) 5
7 1.1 3 1
— = — - — — > — — — =
G(x,Tx,Sy) G( ’8) lx—1] + [x t325%tgtg=L
76 7 1.3 5 1 3 (269
G(V'SV'RZFG(%@a):‘V‘g Y7t e 8 a6 4
6 6] 1 1 1
— = — — — — > — = —.
G(z,Rz, Tx) G<2,7,1> z - +7+|z 1|_0+7+O -
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Thus, we have

G*(Tx,Sy,Rz) = % Szx-l-2+ﬁ-;;+y-1-;
< aG(x,Tx,Sy)G(y, Sy, Rz) + pG(v, Sy, Rz)G(z, Rz, Tx) (2.66)
+yG(x,Tx,Sy)G(z, Rz, Tx).

Case 2. If x € [0,1/2], y € (1/2,1], z € [0,1], then we can get

6 6 4
2 -2 I
G*(Tx,Sy,Rz) =G <1, 7,7> 19’
6 1.1 5 1
= ) =|x- e I
G(x,Tx,Sy) G(x,1,7> lx—1] + |x oot 1,
(2.67)
Gy, S Rz)—G< 99)— 8 ly-8s0+0-0
y,oY, = ]//7/7 = 7 vy =y,
6 6 1 1 1
= — = — — — — > — = —,
G(z, Rz, Tx) G(z,7,1> z-5 +7+|z 1|_O+7+O >
Thus, we have
4 1 1
2 = — < . . . . — . . —
G*(Tx, Sy, Rz) 5S¢ 1-0+p-0 2Ty 1 -
< aG(x,Tx,Sy)G(y, Sy, Rz) + pG(y, Sy, Rz)G(z, Rz, Tx) (2.68)
+yG(x,Tx,Sy)G(z, Rz, Tx).
Case 3. If x € (1/2,1], y € [0,1/2], z € [0,1], then we have
6 76 1
2 22 L 2\
G*(Tx,Sy,Rz) =G <7'8'7> 81’
6 7 6 7 1 1 1
= f— = —_— —_— _ > _— = —
G(x,Tx,Sy) G(x,7,8> ‘x ARl +56_0+0+56 =5
7 6 7 6| 1.3 5 1 3 (269)
= _ = = — = - = —_ = _— _— = =
G(y, Sy, Rz) G<y’8’7> ‘y 8‘+‘y 71756814 56 4’
6 6 6 6
= =, =)=|z-= -=|> =
G(z,Rz, Tx) G(z, 7,7> ‘z 5 + 7 0+0=0
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Thus, we have

1 1 3 3 1
G*(Tx,Sy,Rz) = =51 ga-%-z+p.z.0+y.%.o
< aG(x,Tx,Sy)G(y, Sy, Rz) + pG(y, Sy, Rz)G(z, Rz, Tx) (2.70)

+yG(x,Tx,Sy)G(z, Rz, Tx).

Case 4. If x, y € (1/2,1], z € [0,1], then we have

6 6 6
2 26 60\ _
G*(Tx,Sy,Rz) =G (7, = 7) 0. (2.71)
Thus, we have
G*(Tx,Sy,Rz) =0
<aG(x,Tx,Sy)G(y, Sy, Rz) + pG(y, Sy, Rz)G(z, Rz, Tx) (2.72)

+yG(x,Tx,Sy)G(z, Rz, Tx).

Then in all of the above cases, the mappings T,S, and R satisfy the contractive
condition (2.33) of Theorem 2.5 with a« =1/7, p=1/7, y =4/7. So that all the conditions of
Theorem 2.5 are satisfied. Moreover, 6/7 is the unique common fixed point for all of the three
mappings T, S, and R.

Atlast, we prove T, S, and R are all G-continuous at the common fixed point 6/7. Since
6/7 € (1/2,1], and let the sequence {y,} C (0,1] and y, — (6/7)(n — o), then there exists
N € Nsuch that {y,} € (1/2,1], for all n > N. Without loss of generality, we can assume that
{yn} c(1/2,1],and so Ty, = 6/7, Sy, =6/7 and Ry, = 6/7. Therefore,

lim Ty, = lim Sy, = lim Ry, = g (2.73)

n—oo n—oo

Which implies that T, S, and R are all G-continuous at the common fixed point 6/7.

Corollary 2.7. Let (X, G) be a complete G-metric space. Suppose the three self-mappings T,S, R :
X — X satisfy the condition:

G*(T*x,S°y,R'z) < aG(x,TPx,S°y)G(y, S°y, R"z) + PG (y, S°y, R"z)G(z, R'z, TP x)
(2.74)
+yG(x,TPx,S°y)G(z, Rz, T"x),

forall x,y,z € X, where p,s,r € N, a, B,y are nonnegative real numbers and a + p+y < 1. Then
T, S, and R have a unique common fixed point (say u) and T?, S, R" are all G-continuous at u.

Proof. Since the proof of Corollary 2.7 is very similar to that of Corollary 2.2, so we delete
it. O



18 Abstract and Applied Analysis

Corollary 2.8. Let (X, G) be a complete G-metric space, and let T : X — X be a self-mapping in X,
which satisfies the following condition:

G*(Tx,Ty,Tz) < aG(x,Tx,Ty)G(y, Ty, Tz) + pG(y, Ty, Tz)G(z, Tz, Tx)
(2.75)
+yG(x,Tx,Ty)G(z, Tz, Tx).

forall x,y,z € X, where a, B, y are nonnegative real numbers and a + p+vy < 1. Then T has a unique
fixed point (say u) and T is G-continuous at u.

Corollary 2.9. Let (X, G) be a complete G-metric space, and let T : X — X be a self-mapping in X,
which satisfies the following condition:

G*(TPx, TPy, TPz) < aG(x, TPx, TPy)G(y, Ty, T z) + BG(y, TPy, T’ z)G(z, TPz, TF x)

+yG(x, TPx, TPy)G(z, TPz, TP x).
(2.76)

forall x,y,z € X, wherep € N, a, f,y are nonnegative real numbers and a + p+y < 1. Then T has
a unique fixed point (say w) and TP is G-continuous at u.
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