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We introduce some results on T-stability of the Picard iteration for ¢-contraction and generalized
p-contraction mappings on metric spaces.

1. Introduction

It is known that iteration methods are numerical procedures which compute a sequence
of gradually accurate iterates to approximate the solution of a class of problems. Such
methods are useful tools of applied mathematics for solving real life problems ranging from
economics and finance or biology to transportation, network analysis, or optimization. An
iteration method is considered to be sound if possesses some qualitative properties such as
convergence and stability. That is why several scientists paid and still pay attention to the
qualitative study of iteration methods; please, see [1-7].

There are some papers about the stability or different iteration methods. In [3], Harder
and Hicks studied the stability of Picard iteration for several contractivity conditions [7],
while in [6] Rhoades introduced a contractivity condition independent of that in [7] to
obtain stability results for Mann, Kirk, or Massa iteration processes. Meantime, Bosede and
Rhoades [2] introduced stability results of Picard and Mann iteration for a general class of
functions; also, see [4], while Rezapour et al. [5] studied the almost stability of Mann iteration
for g-contraction mappings and the stability of Picard iteration for mappings satisfying a
contractive condition of integral type. In the present paper, we introduce our new results
on stability of Picard iteration for ¢-contraction and generalized ¢-contraction mappings on
metric spaces.
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2. Previous Notation and Definitions

Let (X, d) be a complete metric space, T : X — X a map and x,.1 = f(T, x,) an iteration
procedure. Suppose that T has at least one fixed point and that sequence {x,} converges to
a fixed point x* € X. We denote the set of fixed points of mapping T by Fr. Let {y,} be an
arbitrary sequence in X and €, = d(Yn+1, f(T, yn)).

If lim, €, = 0 implies that lim, .y, = x* then the iteration procedure x,.; =
f(T, x,) is said to be T-stable (e.g., [1, 6]).

If {y.} is a bounded sequence and lim,, _, .€, = 0 implies that lim, _, . ¥, = x*, then the
iteration procedure x,.1 = f(T, x,,) is said to be boundedly T-stable.

In most papers on T-stability, some authors consider the notion of boundedly T-
stability instead of T-stability. Here, we mention the Picard iteration methods. Let xy € X.
The Picard iteration is given by x,.1 = Txy,.

The following example illustrates that the notion of T-Stability is different from the
notion of boundedly T-stability.

Example 2.1. Consider mapping T : [0,00) — [0, 0) given by Tx = (1/2)(x + 1) whenever
x € [0,1] and Tx = x + 1 whenever x > 1. Put y,, = n + (1/n) for all n > 1. Note that {y,} is
unbounded, while lim,, ., o, |Yn+1 — Tyx| = 0.

3. Main Results

Now, we are ready to state and prove our main results.

Definition 3.1 (see[1]). A function ¢ : [0,00) — [0,00) is said to be comparison if ¢ is
increasing and ¢"(t) converges to 0 for all £ > 0.

Note that if ¢ is comparison, then ¢(t) <t for all ¢ > 0 and ¢(0) = 0.

Definition 3.2 (see[1]). Let (X,d) be a metric space, and let ¢ : [0,00) — [0,00) be a
comparison function. A mapping T : X — X is called ¢-contraction whenever

d(Tx,Ty) < p(d(x,y)), (3.1)

forall x,y € X.

We say that ¢ : [0,00) — [0, c0) is a subadditive comparison function whenever ¢ is
comparison and ¢(f + s) < @(t) + ¢(s) forall t,s € [0, o).

There are many subadditive comparison mappings.

For example, if we consider A < 1 and g : [0,00) — [0, 1) is a decreasing function,

then ¢(t) = fé g(x)dx is a comparison function. In fact, ¢ is increasing because g > 0. Also,
@(t) <min{t, A}. Hence, ¢"(t) converges to 0 for all t > 0. Since g is decreasing, we have

p(u+v) = f g(x)dx = f g(x)dx +f g(x)dx
0 0 u (32)

< j g(x)dx + f g(¥)dx = p(u) + (o),
0 0

for all u,v > 0.
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In particular, if we consider g(t) = Ae™, it follows that ¢(t) = fé g(x)dx is a subadditive
comparison function.

Theorem 3.3. Let (X,d) be a complete metric space, and, ¢ : [0,00) — [0,00) a subadditive
comparison function. If T : X — X is a @-contraction, then the Picard iteration is T-stable.

Proof. By using Theorem 2.7 in [1], we conclude that T has a unique fixed point 4.

Let {y,} be a sequence in X with lim,, _, .. d(Yn+1, Tyn) = 0.

First, we show that {y,} is bounded. If {y,} is not bounded, then there exist
subsequence {z,} of {y,} for which d(z,,q) > n. Since lim,,_, .xd(Y4+1, Tyx) = 0, we can take
a subsequence {x,} of {z,} such that d(x,.1, Tx,) <1/ n? . Now, we have

d(Txy,q) < (d(xn,9)) < @(d(xn, Txn-1)) + ¢*(d(¥n-1,9))

1 1 . ® 1 (3.3)
< 1+§+---+E+q) d(x1,9) S;‘i—z+d(x1,q)-

Thus, {Tx,} is bounded and so is {x,}. This is a contradiction. Therefore {y,} is bounded.
Now, choose M > 0 such that d(y,, q) < M for all n > 1. For each £ > 0 there exist
natural numbers py and N such that

(M) <€, A(Yni, Tyn) <é, (3.4)
for all n > N. But we have

d(Yn+2,9) < d(Yns2, TYni1) + A(TYns1,q) < dYns2, TYns1) + 0(d(Yni1,9)),
A(Yns3,9) < A(Yns3, TYni2) + A(TYni2,q) < d(Ynsz, TYns2) + 9(d(Yni2,q)) (3.5)

< d(Ynsz, Tyns2) + (A (Yns2, Tyn1)) + ¢* (A (Y1, 9))-
By continuing this process, we obtain

A(Ynpor1,9) < A(Ynpos1, TYnspe) + 0(A(Yntpor TYnipp-1))
+ o+ " (d(Yni1, Tyn)) + @7 (d(Yn, q))

(3.6)
< d(]/n+p0+1/ Tym-po) + ‘P(d(]/nﬂyo/ T]/n+pg—1))
g (A, Ty) e
Hence, lim,,_, , sup d(yy, q) < €. Since € > 0 was arbitrary, lim, _, .d(y»,g) = 0. O

Definition 3.4 (see [1]). A function ¢ : R} — R, is called (5-dimensional) comparison function
whenever ¢(u) < ¢(v), for each u, v € R with u < v, and the function

¢: R, —R,, wt) =@t tttt) (3.7)

satisfies lim,, _, ™ (t) = 0, for all £ > 0.
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Note that ¢ is a comparison function, while the following are 5-dimensional
comparison functions:

(i) @(t) = amax{ty, tp, t3,t4,t5} for each t = (t1, 1, t3,14,t5), where a € [0, 1),
(ii) @(t) = amax{ty, ty, t3,t4, (1/2)(ts +t5)}, a € [0,1),
(iii) @(t) = at1 + b(tr +t3), a,b € R, witha +2b < 1,
(iv) @(t) = amax{ty, t3}, a € (0,1).

In the previous four examples, function ¢ given by (3.7) is a subadditive comparison
function.

Definition 3.5. Let (X,d) be a metric space, and, ¢ : R — R,, a 5-dimensional comparison
function. A mapping T : X — X is called generalized ¢p-contraction whenever

d(Tx,Ty) < ¢(d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)), (3.8)

forall x, y in X.
In the sequel, we will use functions ¢ such that ¢ is subadditive.

Lemma 3.6. Let (X, d) be a metric space, and let T : X — X be a generalized -contraction map.
Suppose {y,} is a bounded sequence in X such that lim, ., .d (Y41, Tys) = 0. Let p,, be the diameter
of the set Ay = {Yi} ;s ULTYi} s, Then, limy, . op, = 0. In particular, limy, . d(y,, Ty,) = 0.

Proof. By using definition of T, for each n and i, j > n we have
d(Tyi, Ty;) < ¢(d(vi y;), d(yi Tyi), d(v;, Ty;), d(yi Ty;), d(yj, Tyi)) < ¢ (pn)- (39)
Let € = d(yi+1/ Tyl) Then

d(yi,yj) < d(yi, Tyia) + d(Tyia, Tyj1) + d(Tyj-, y5)
<€+ @(paa) + €, (3.10)
d(yi, Tyj) < d(yi, Tyiz1) + d(Tyiz1, Ty;) < €i1 + ¢ (Pn-1).

Let a, = sup;,,2¢;. It is easy to see that lim,,_, ,a, = 0, and we have
Pn < G+ ¢ (Pu-1)- (3.11)
By using (3.11), we observe that

@ (pn) < ¢(an) + ¢ (Pnr)- (3.12)
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Since {y,} is bounded, {Ty,} so is. Choose M > 0 such that p,, < M for all n > 1. Since ¢ is
comparison, for each ¢ > 0 there exists a natural number kq such that ¢* (M) < &/2. But, for
each n > 1 we obtain

¢ (Pus1) < @(ani) + 97 (Pn) < ¢(an) + ¢*(an) + ¢ (pnr)- (3.13)
Hence,
(If(pn+2) < (P(an+2) + (Pz(an+l) + (P3(an) + ‘PA (pn—l)- (314)

Since ¢(t) < t, for all t > 0, and ¢ is increasing, then Zf:ll qri(an_i+3) — 0, for all natural
numbers k. Thus by continuing these relations, for each k > ky we have

k+1 k+1

¢ (Psk) < Z(Pi(an—i+3) + ¢ (ppr) < Z‘Pi(an—HS) +e. (3.15)
i-1 i1

It implies that lim, ., sup ¢(p,) < €. Since € > 0 was arbitrary, lim,_,, sup ¢(p,) = 0.
Therefore by using (3.11), lim, _, ,,p» = 0. O

Theorem 3.7. Let (X, d) be a metric space, let T : X — X be a generalized (-contraction map, and
let Fr = {q}. Then the Picard iteration is boundedly T-stable.

Proof. Let {y, } be a bounded sequence in X such that lim, _, .d (41, Tyx) = 0. Choose M > 0
such that d(y,,q) < M for all n > 1. Observe that

A(Tyn,q) < 9(d(Yn ), dYn, TYn),0,d(Yn,q),4(q,Tyn))

(3.16)
< g(max{d(Yn, q), d(Yn, Tyn),d(q, Tyn) })-

If max{d(yn, q), d(Yn, Tyn), d(q,Tyn)} = d(Tyn, q), then d(Tyn,q) = 0.
Without loss of generality, suppose that the last equality does not hold. Therefore, we
get

d(Tyn,q) < ¢(max{d(yn,q),d(Yn Tyn)})

(3.17)
< ¢(d(Yn q) +dYn Tyn)) < ¢(dYn 9)) +¢(d(Yn Tyn)).

For any given € > 0, choose pg € N such that

¢P (M) < e. (3.18)
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Now, for each n > 1 we have

A(TYn+1,9) < ¢(d(Yne1, TYne1)) + ¢(d(Yns1,9))
< ¢ (d(WYne1, TYne1)) + ¢ (A(Yne1, Tyn)) + d(TYn, q) (3.19)
< @ (d(Yns1, TYne1)) + ¢ (d(Yns1, Tyn)) + ¢ (A (Y, Tyn)) + 47 (d(Yn,q))-

Similarly

A(TYns2,9) < ¢(d(Yne2, Tym2)) + ¢(d(Yne2,q))
< ¢(d(Yne2, TYne2)) + ¢ (A(Yne2, TYne1)) + A(TYna1, 9)
< ¢(d(Yni2, Tyni2)) + ¢ (d(Ynr2, Tyni1)) + ¢ (d(Yn1, Tyne1))
+ 42 (d(Yni1, Tyn)) + ¢ (d(Yn, Tyn)) + ¢° (d(yn, 9))-

(3.20)

Now for each p > py we obtain

p . p .
A(TYnip,q) < D07 (A Ynris Tynei)) + D47 (d(Ynsis TYnaic1))

i=1 i=1

+ " (d(Yn ) + ¢ (d(Yn, Tyn))

P ) P )
< D" (A Yneis Tynei)) + 257 (AWnsis Tynsicn)) + 9P (d (Y, Tyn)) + .
i=1 i=1
(3.21)
If n — oo, then by a similar method in Lemma 3.6, lim,,_, . sup d(Ty,,q) < €. Since

€ > 0 is arbitrary, lim,, _, .d(Ty,,q) = 0.
Finally note that the inequality

d(Yn 9) < d(Yn, Tyn) + d(Tyn, q) (3.22)

implies that lim,,_, ,.d(y,, q) = 0.
The proof is complete. O

Remark 3.8. Let (X, d) be a complete metric space, and let T : X — X be a mapping for which
there exists h € [0, 1) satisfying

d(Tx,Ty) < hmax{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}, (3.23)

for all x,y in X. If we define ¢(t) = hmax{t, tp,t3,t4,t5}, then by using Theorem 3.7, the
Picard iteration is boundedly T-stable. Consider that some contractive conditions are special
cases of (3.8), and, for each of those, the Picard iteration is boundedly T-stable. For example,
Theorem 1 in [6] and Theorems 1 and 2 in [3] are special cases of Theorem 3.7.
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