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We study the complete convergence and complete moment convergence for martingale difference
sequence. Especially, we get the Baum-Katz-type Theorem and Hsu-Robbins-type Theorem for
martingale difference sequence. As a result, the Marcinkiewicz-Zygmund strong law of large
numbers for martingale difference sequence is obtained. Our results generalize the corresponding
ones of Stoica (2007, 2011).

1. Introduction

The concept of complete convergence was introduced by Hsu and Robbins [1] as follows.
A sequence of random variables {U,,n > 1} is said to converge completely to a constant C if
S P{iU, - C| > ¢} < oo for all € > 0. In view of the Borel-Cantelli lemma, this implies
that U, — C almost surely (a.s.). The converse is true if the {U,,n > 1} are independent.
Hsu and Robbins [1] proved that the sequence of arithmetic means of independent and
identically distributed (i.i.d.) random variables converges completely to the expected value
if the variance of the summands is finite. Erdds [2] proved the converse. The result of Hsu-
Robbins-Erdos is a fundamental theorem in probability theory and has been generalized and
extended in several directions by many authors. One of the most important generalizations
is Baum and Katz [3] for the strong law of large numbers as follows.

Theorem A (see Baum and Katz [3]). Let a > 1/2 and let ap > 1. Let {X,,,n > 1} be a sequence
of independent and identically distributed random variables. Assume further that EX; = 0 if a < 1.
Then the following statements are equivalent:

(i) E|X1JP < oo,

(i) 32, n®2P(maxi<k<n| Ik, Xi| > en®) < oo for all & > 0.
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Motivated by Baum and Katz [3] for independent and identically distributed
random variables, many authors studied the Baum-Katz-type Theorem for dependent
random variables; see, for example, ¢-mixing random variables, p-mixing random variables,
negatively associated random variables, martingale difference sequence, and so forth.

Our emphasis in the paper is focused on the Baum-Katz-type Theorem for martingale
difference sequence. Recently, Stoica [4, 5] considered the following series that describes the
rate of convergence in the strong law of large numbers:

> sn”‘>. (1.1)

Theorem B (see Stoica [4]). Let {X,,n > 1} be an LP-bounded martingale difference sequence, and
let 0 <1/a <2 < p. Then series (1.1) converges for all € > 0.

>

i=1

in“p‘2P<
n=1

They obtained the follow results.

Theorem C (see Stoica [5]). (i) Let 1 <p <2,1 < 1/a < pandlet € > 0. Then the series (1.1)
converges for any martingale difference sequence {X,,n > 1} bounded in LP.

(ii) Let p = a« = 1 and € > 0. Then the series (1.1) converges for any martingale difference
sequence { Xy, n > 1} satisfying sup, ., E(|X,/In"|X,]) < co.

The main purpose of the paper is to further study the Baum-Katz-type Theorem for
martingale difference sequence. We have the following generalizations.

(i) Our results include Baum-Katz-type Theorem and Hsu-Robbins-type Theorem (see
Hsu and Robbins [1]) as special cases.

(ii) Our results generalize Theorems B and C for the partial sum to the case of maximal
partial sum.

(iii) Our results not only generalize Theorem B for 0 < 1/a < 2 < p and Theorem C (i)
forl<p<2,1<1/a<ptothecaseofa>1/2,p >1and ap > 1but also generalize
Theorem C (ii) for a = 1 to the case of a > 1.

Throughout the paper, let {X,,,n > 1} be a sequence of random variables defined on
a fixed probability space (Q,F, P). Denote S,, = 371 Xi, So = 0, In"x = In max(x,e), x* =
xI(x > 0),and %o = {Q,0}. a, < b, stands for a, = O(b,). C, C1—C4 denote positive constants
which may be different in various places. |x| denotes the integer part of x. Let I(A) be the
indicator function of the set A.

Let {¥,,n > 1} be an increasing sequence of o fields with ¥, C ¥ for each n > 1. If
Xy is F, measurable for each n > 1, then o fields {,,n > 1} are said to be adapted to the
sequence {X,,n > 1}, and {X,, ¥, n > 1} is said to be an adapted stochastic sequence.

Definition 1.1. If {X,,, Fn,n > 1} is an adapted stochastic sequence with
E(X, | Fu-1) =0 ass. (1.2)

and E|X,| < oo for each n > 1, then the sequence {X,, ¥,,n > 1} is called a martingale
difference sequence.

The following two definitions will be used frequently in the paper.
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Definition 1.2. A real-valued function I(x), positive and measurable on (0, ), is said to be
slowly varying if

I(x))
M

1 (1.3)

for each A > 0.

Definition 1.3. A sequence {X,,n > 1} of random variables is said to be stochastically
dominated by a random variable X if there exists a positive constant C, such that

P(|Xy| > x) < CP(IX] > x) (1.4)

forallx >0and n > 1.
Our main results are as follows.

Theorem 1.4. Let a > 1/2, p > 1 and let ap > 1. Let {X,,, Fn,n > 1} be a martingale difference
sequence, which is stochastically dominated by a random variable X. Let I(x) > 0 be a slowly varying
function as x — oo. Supposing that sup,., E(X? | Fi-1) < C as. if p > 2 and

E|X|P1(|X|1/“) <o, (1.5)
then for any € > 0,
Zn“”‘zl(n)P<{rS1%§|Sj| > 5n“> < o0. (1.6)

n=1

Theorem 1.5. Let a« > 1/2, p > 1 and let ap > 1. Let {X,,, Fn,n > 1} be a martingale difference
sequence, which is stochastically dominated by a random variable X. Let I(x) > 0 be a slowly varying
function as x — oo. Supposing that sup,., E(Xi|* | Fi-1) < C a.s. if p > 2 and (1.5) holds, then for
any € >0,

< ap-2 SJ
Zn PZl(n)P|( sup|—;
n=1 jzn J

> £> < oo. (1.7)

For p =1 and I(x) = 1, we have the following theorem.

Theorem 1.6. Let a« > 1, and let {X,,, Fn,n > 1} be a martingale difference sequence, which is

stochastically dominated by a random variable X. Supposing that

E|X|In"|X]| < oo, (1.8)
then for any € > 0,
Zn“‘2P<max|S]~| > en“) < o0. (1.9)
n=1 1sjsn
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The following theorem presents the complete moment convergence for martingale
difference sequence.

Theorem 1.7. Letting the conditions of Theorem 1.4 hold, then for any € > 0,

0 +
Znap-z-“l(n)5<%a§>;|s,»| - sn"‘) < o0. (1.10)

n=1

Remark 1.8. 1f we take I(x) = 1 in Theorem 1.4, then we can not only get the Baum-Katz-
type Theorem for martingale difference sequence but also consider the case of pa = 1.
Furthermore, if we take I(x) = 1, « = 1, and p = 2 in Theorem 1.4, then we can get the
Hsu-Robbins-type Theorem (see Hsu and Robbins [1]) for martingale difference sequence.

Remark 1.9. As stated above, our Theorems 1.4 and 1.5 not only generalize the corresponding
results of Theorems B and C for the partial sum to the maximal partial sum but also expand
the scope of a and p.

Remark 1.10. If we take I(x) = 1 in Theorem 1.4, then we can get the Marcinkiewicz-Zygmund
strong law of large numbers for martingale difference sequence as follows:

1 n

—3'X; —0, as. (1.11)
=

2. Preparations

To prove the main results of the paper, we need the following lemmas.

Lemma 2.1 (see [6, Theorem 2.11]). If {X;, i, 1 < i < n} is a martingale difference and q > 0,
then there exists a constant C depending only on p such that

q n q/2
> < C{E<§E<X? | %1)) + E({IS@IXI-I") } (2.1)

Lemma 2.2. Let {X,,, n > 1} be a sequence of random variables, which is stochastically dominated by
a random variable X. Then for any a > 0 and b > 0, the following two statements hold:

k

>

i=1

E( max
1<k<n

E[IX"T(1X,| < b)] < C[EX°I(X]| < b)] + b*P(IX] > b), )
2.2
E[IXI"I(1Xa| > b)] < GE[IXIL(X] > b)],

where Cy and C, are positive constants.

Lemma 2.3 (cf. [7]). IfI(x) > 0 is a slowly varying function as x — oo, then
(1) limy— o (I(tx) /1(x)) =1 for each t > 0; limy _, o (I(x + 1) /1(x)) = 1 for each u > 0,
(i) limy — oSUP ey i (1(x) /1(25)) = 1,
(iii) limy — ,x°I(x) = 00, limy o x~°1(x) = 0 for each 6 > 0,
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(iv) C12k1(25) < Z;‘:l 2iT1(£27) < Co2k1(£2%) for every r > 0, € > 0, positive integer k and
some C1 >0, C, >0,

(v) C32M1(e2%) < 3%, 27"1(e27) < C42M1(e2) for every r < 0, & > 0, positive integer k and
some C3 >0, Cy > 0.

3. Proofs of the Main Results
Proof of Theorem 1.4. For fixed n > 1, denote

Y = XiI(|X;| <n®) - E[XiI(|1Xs| < n®) | Fina], i=1,2,.... (3.1)

Since X; = X;I(|X;| > n*) + Yy, + E[X;I(|Xi] < n*) | Fi-1], we can see that
Zn"‘”’ 2l(11)P<max|S | >en )
n=1

< Zn“” 2] n)P<max ZX I(|X;| > n%)
Sjsn

n=1

en”
>
> 3>

ZE [XI(1Xi] <n®) | Fia]
>£n”‘>
-3

For H, we have by Markov’s inequality, Lemma 2.2, and (1.5) that

)

+ Zn"‘” 2l(n)P<rnax

n=1

S en” (3.2)
- 3
j

Zym‘
i=1

< ap-2
+ gn I(n)P <{2]eg

=H+1+].

H « Zn""" 2= "‘l(n)E<max ZX I(|X;| > n%)

n=1

[ee] n
< D) Y ENXIT(Xi| > n)]
1 i=1

n=

< Zn“” S ) E[IX|I(1X] > n%)]

n=1
— < n* 1-a 1/a
- 2‘; p- l(n)mZnE[|X|I<m <IX[V*<m+ 1)]

- ZE[|X|I<m <IX[V" <m+ 1)]2#‘? -2 (n)

m=1 n=1

[log,m|+1 2i

ZE[|X|I<m <IX[Y"<m+ 1)] 5SS wr )

= i=1  p=2i-1

8
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© y |log,m|+1 oo
a ia(p— i
< m§:1E[|X|I<m <IX|VE<m+ 1)] ;:1 2 1(2 )

) v (llogym]+1)a(p-1)1 ( 5 llogym|+1
< mZ:lE[|X|I<m <X Sm+1>]2 ogym]+1)a(p 1(2 og,m]+ )

0o}
1/ (p-1)
< %Ehxu(m <IXIY* < m+ 1)]m PD](m)

<« E|X|”l<|X|1/"‘> < 0.
(3.3)

For I, we have by Markov’s inequality and (3.3) that

j
DEIXGI(Xi] € n%) | Fia]
i=1

)
)

I ap—2-a E
< Zn I(n) <{151]a;1<1

n=1

M

j
ap-2-a . . a .
n l(n)E<{r£],§>; ;E[XJ(IXII >n") | Fial

3
Il
—_

< n“P*2*“l(n)iE[|Xi|I(|Xi| >n")]

i=1

Ms

B
]
—_

< E|X|”l<|X|1/"‘> < 0.

To prove (1.6), it suffices to show that

J = in“”_zl(n)P<max

n=1 1<j<n

j
PR
i=1

> 5’; > < oo. (3.5)

For fixed n > 1, it is easily seen that {Y},;, i, i > 1} is still a martingale difference. By Markov’s
inequality and Lemma 2.1, we have that for any q > 2,

) q
o n o n q9/2
< S 2w (0) S EYlT + S 02 (n) E [ZE(Y@ | %1)]
n=1 i=1 n=1

i=1

j
2
i=1

< ap—Z—aql E
] < En (n) <{r£1]z?r<l

(3.6)

=+ )

We consider the following three cases.
Case 1 (ap > 1 and p > 2). Take g large enough such that g > max(p, (ap — 1)/(a - 1/2)),
which implies thatap -2 —ag + /2 < 1.
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For J1, we have by C,’s inequality, Lemma 2.2, (3.3), Lemma 2.3, and (1.5) that

Ji < D (n) 3 E[IXG1T(1X| < n®)]
n=1 i=1

« ;nuP—Z—aql(n)Zlg[|X|q1(|X| < n“)] n ;nap—z—uql(n);naqp(l}(l > %)

= in"‘”‘l‘“ql(n)E[|X|"I(|X| <n%)] + inar’-ll(n)pum > n%)

n=1 n=1

< STuP T U E[XII(X] < n)] + 3w EIXII(X] > 1)

n=1 n=1

< Y nP () E[|X1I(1X] < n)]

n=1

Mis

< na(P—q)—ll(n)i]’“‘?PO ~1< X" <)

j=1

B
]
—_

o (3.7)
1P (j =1 < X7 < ) S0 ()

n=j

o

-
]
—_

0 2i+1
jaqP<]‘ -1< |X|1/"‘ < j) Z Zn“(”“?)‘ll(n)

i= llogz]'J n=21

< SP(j-1< X <)) 3 2mran(2)

= i oz

M

-
Il
—_

<

« 3p(j -1 <X < )0 91(j)
j=1

= S G)P(j -1 <X < )
j=1
< E|X|”l<|X|1/"‘> < 0.

Note that supl.ZlE(Xi2 | $i-1) < C, as. if p > 2. We have by Lemma 2.3 that

00 n q/2
J2 < Zn”‘PZ“ql(n)EI:ZE<Xi2[(|Xi| <n%) | %_1)]
i=1

n=1

0 n q/2
< Znapzuql(n)EI:ZsupE<Xi2 | %_1>] (3.8)
n=1

i=1 i>1

(o)
< DI () < oo,

n=1
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Case 2 (ap > 1 and p < 2). Take g = 2. Similar to the proof of (3.6) and (3.7), we can get that

J < S nw 2“l(n)ZE[qupc |<n%)] < oo

n=1

(3.9)

Case 3 (ap = 1). Note that p = 1/a < 2. Take g = 2, and similar to the proof of (3.9), we still

have | < co.

From the statements mentioned previously, we have proved (3.5). This completes the

proof of the theorem.

Proof of Theorem 1.5. We have by Lemma 2.3 that

)

2m-1
> e> > 2mer=2yem)

n=2m-1

< ap-2 i
Zn I(n)P| sup [Z

n=1 j2n

> i 221 nr- 2l(n)P<sup G

m=1 n=2m-1 j>n

< iP<sup S—

o \jz2 1 ]”

< ZZ"‘”’"W(Z"’)P( sup

m=1 j>2m-1

M:

2m@ap=1yom) P(su max

k>m 2" 1<]<2k

1

3
i

k
1 k=m 1<j<2

k
P( max|S;| > e2%%k-D om(ap-1)]om
1 <1<]<2k| | rnz::l ( )

3
i

Ms

=
11

< Zk(“”l)l<2k>P<max |S;| > g2olk= 1)>

k
k=1 1<j<2

2k+1 1

< ; sz n- 2l(n)P<rr1ax|S | > ( > ”‘>

ap-2 «
< 171 p- l(n)P<max|S | >< )n )

n=

The desired result (1.7) follows from the inequality above and (1.6) immediately.

O

2map=1yom) Z <max|5 | > gpalk= 1)> (3.10)

O

Proof of Theorem 1.6. We use the same notation as that in Theorem 1.4. According to the proof
of Theorem 1.4, we can see that | < oo for p = 1 and I(x) = 1 under the conditions of

Theorem 1.6. So it suffices to show that H < co and I < oo forp =1 and I(x) = 1.



Abstract and Applied Analysis 9

Similar to the proof of (3.3), we have

H < S E[XII(X] > 1]

B
—_

M

[e'e]
- 1/
n 1m§:nE[|X|I<m <IX[V%<m+ 1)]

I
—_

n:

(3.11)

M

m
1/ -1
l]5[|X|I<m< |X]* §m+1>]n§:1n

3
I

< 1/
< %Ehxu(m <IX[Y* < m+ 1)]1n+m

< E|X|In*|X]| < co.

Similar to the proof of (3.4) and (3.11), we can get that

[e'e) n
[ < Y2 Y E[NXI(Xi] > n")]
n=1 i=1

_ (3.12)
< Y 'E[IX|I(1X] > n%)] < oo.

n=1

This completes the proof of the theorem. O

Proof of Theorem 1.7. For any € > 0, we have by Theorem 1.4 that

[ee] +
> P2 (n)E (max|S]-| - 5n“>
n=1

1<j<n

= Zn“p_z_“l(n)f P(max|S]~| —en > t) dt
n=1 0 1sjsn

= Zn“”‘z‘“l(n)f P<max|S]-| —en® > t) dt
n=1 0

1<j<n

(3.13)
ap—2-a 1 a
+ n§=1n I(n) La P({Isl;%)éls]l en” > t) dt

(o) o -
< ap-2 . a ap-2-a .
< En l(n)P<{2]i§|S]| > en > + gn I(n) La P<{1;]%|5]| > t)dt

< Zln“””zf"‘l(n) J‘na P<{I£]g;>é|5j| > t) dt.
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Hence, it suffices to show that

o— < ap—2-a ot .
@ En e Lap<{r<‘f’<’2|51| > t>dt < oo, (3.14)
For t > 0, denote

Zyi = XI(1X| < ) - E[XI(IXi) < #) | Fial, i=1,2,.... (3.15)

Since X; = X;I(|X;| > t) + Zyi + E[X:I(|X;| < t) | Fi-1], it follows that

>dt

DEGI(Xi| < 1) | Fia]
> é)dt

Similar to the proof of (3.3), we have by Markov’s inequality and Lemma 2.2 that

)a

Q< in“r’ -2- “l(n)j <max ZX I(Xi| > t)| >

+ gn"‘f’ 2= ”‘l(n)f <max > £>dt‘ (316)

i
2. Zi
i=1

< ap-2-a “
+ ;n I(n) LH P<{2]as>;
= Q1+ Q2+ Q.

j
DIXI(IXi] > t)
i=1

[0 [0.0)
< Y nP2a t'E
Q %n (n) La max

< Znﬂp-l-“l(n)j tLE[X|I(X| > t)]dt
n=1 n*

<9 (m+1)

:Zawwmzj " EXIOX > Dt
n=1

< Y1) S E(IXIT(X] > )] (317)
n=1 m=n

bhs

m E[|X|I(IX] > m®)] > n"" " "1(n)

3
IR

< S mE[|IX|I(|X] > m*)]m* ()

m=1

n () E[XII(1X] > n")] < oo

MS

=
11
—_
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According to the proof of (3.17), we have by Markov’s inequality and Lemma 2.2 that

>dt
>dt (3.18)

j
S EXI(Xi| <t) | Fial
i1

0] [oe)
< N nP 2% (n t1E( max
Q: < Sy )| rE(max

S o j
= Zn“P-Z-“Z(n)f t-1E<max DS EXI(Xi| > t) | Fial
na 1S]Sn i=1

n=1

< in”‘p‘l‘“l(n) Jm tLE[|X|I(1X| > t)]dt < oo.

na

For any t > 0, it is easily seen that {Z;;, ¥;,i > 1} is still a martingale difference. By Markov’s
inequality and Lemma 2.1, we have that for any g > 2,

q

> a

oo o LG "
+ Znap—Z—al(n) I t9E [ZE (Zi | ?i—l)jl dt
") n“« i=1

= Q31 + Oxn.

j
> Z
i1

[ee] [e'e]
< Y'nP 2 (n t9E( ma
Qs < Q) [ <

<« STperr- “z(n)f 95 E|Z|dt
Z Z t (3.19)

We still consider the following three cases.
Case 1 (ap > 1 and p > 2). Take g large enough such that g > max(p, (ap — 1)/ (a - 1/2)),
which implies that ap — 2 — aq + q/2 < ~1. We have by Lemma 2.2 and (3.17) that

Qs < inar’ 2= “l(n)f t qZE IX:91(|X,] < t)]dt

n=1

< Zn"‘”‘l‘“l(n)f FIE(|IX|TI(1X]| < t)]at
n=1 ne

+ in”"”‘l‘“l(n) Jm P(|X| > t)dt
i ! (3.20)

0

< Sonerl- “Mn)f FIE[XII(X] < B)]dt

n=1

+ Zn“”"l"“l(n)f LE[IX|T(1X] > t)]dt
n=1 n*

< Zn“p’l’“l(n)f tIE[IX|TI(1X] < t)]dt
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Hence, similar to the proof of (3.7), we can see that
(m+1)«

Qs < in"‘"’"l"”‘l(n)z f FIE[IX|1(|X| < )] dt
n=1 m=

W70 n) 3t E[XPT (X < (m+ 1)%)]

m=n

=
11
—_

M

m™ " E[|X]T(1X] < (m +1)%)] in“’ﬂ‘l‘“l(n)

n=1

3
JIN

8

< N EE[XPI(X] < (m+ 1)) m™® 1 (m)

m=1

8

= P UME[XPI(X] < (n+1)7)] (321)
n=1

8

= D I m)E[|X|T (0" < |X] < (n+1)%)]

n=1

+ in"‘”’l’“ql(n)E[|X|qI(|X| <nY)]

n=1

< Zn"lE[|X|”l<|X|1/“>I(n <IX|<(n+1)* )] +E|X|Pl<|X|1/“)

n=1

< E|X|’”l<|X|1/“> < 0.

Note that supl.zlE(Xi2 | $i-1) < C, as. if p > 2. We have by Lemma 2.3 that
o q/2
Qn< Zn“p 2" “l(n)f t qE[ZE(szX | <n%) | Fi )] dt

0 o n q/2
< Zn“p_z_“l(n) f tE [ZsupE(Xi2 | Sfi1>:| dt
n=1 n«

im1 i1

(3.22)
SN Al () f £t
n=1 n*

[ee]
< D n P2 () < oo

n=1

Case2 (ap > 1 and p < 2). Take g = 2. Similar to the proof of (3.19) and (3.21), we can get that

Qs < Zn"‘” e n)f ’ZZElth dt < oo. (3.23)
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Case 3 (ap = 1). Note that p = 1/a < 2. Take g = 2, and similar to the proof of (3.23), we still
have Q3 < co.

From the statements mentioned previously, we have proved (3.14). This completes the
proof of the theorem. O
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