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This paper deals with the existence results of integral solutions for nondensely defined fractional
evolution differential inclusions. Our approach is based on integrated semigroup theory and a
fixed point theorem for condensing map due to Martelli. An example is also given to illustrate our
results.

1. Introduction

In the past decades, the theory of fractional differential equations and inclusions has become
an important area of investigation because of its wide applicability in many branches of
physics, economics, and technical sciences [1-10].

Our aim in this paper is to study the existence of the integral solutions for the fractional
semilinear differential inclusions, of the form

Dix(t) € Ax(t) + F(£, x(t)), te (0,b],
1.1
x(o) = Xo, ( )

where D1 is the Caputo fractional derivative of order0 < g <1,b>0. A: D(A) c X — X
is a nondensely closed linear operator on X, X is a real Banach space with the norm | - |.
F :[0,00) x X — pP(X) is a nonempty, bounded, closed, and convex multivalued map, and
P(X) denotes the family of all nonempty subsets of X.
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It is well known that one important way to introduce the concepts of mild solutions for
fractional evolution equations is based on some probability densities and Laplace transform.
This method was initialed by El-Borai [11] and developed by Zhou and Jiao [12]. Since
then, many interesting existence results of mild solutions for fractional evolution equations
appeared [13-16]. We will point out that the unbounded operators A in their papers were
assumed to be densely defined and generate a strongly continuous semigroup.

However, as indicated in [17], we sometimes need to deal with nondensely defined
operators and there are extensive work on this subject when equations involve the integral-
order derivative, see monograph [18-23] and references therein. Very recently, Wang and
Zhou [24] considered problem (1.1) in the case when A is densely defined and generates
a strongly continuous semigroup. As far as we know, there are few papers dealing with
semilinear fractional differential systems with nondense domain. Motivated by this, we
discuss the integral solution to problem (1.1) by using probability densities and integral
semigroup. We turn the integral solutions of problem (1.1) to a new formula something
like the mild solutions. This new formula of integral solutions is firstly introduced even in
fractional evolution equations. Thus, our work can be seen as a supplement to work [24]
and a contribution to this emerging field of fractional differential equations with nondense
domain.

This paper will be organized as follows. In Section 2, we recall some basic definitions
and preliminary facts for integrated semigroup, fractional calculus, and multivalued map
which will be used later. Section 3 is devoted to the existence results of integral solutions for
problem (1.1). We will present in Section 4 an example which illustrates our main theorem.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary results which are used in
the rest of the paper.

We denote by C([0, b], X) the Banach space of all continuous functions from [0, b] into
X with the norm

|l = sup{|y(®)] : t € [0,b]}. 2.1)
B(X) denotes the Banach space of bounded linear operators from X into X, with the norm
INIl = sup{[N(y)] : [y| =1}, (2.2)

where N € B(X) and y € X.
Assume that ] C Rand 1 < p < oo. For a measurable function m : | — R, define the

norm
1/p
(J |m(t)|”dt> , 1<p<oo,
J

lmllry = (2.3)
inf {suplm(t)l}, p=oo,

D=0 | tej-7
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where y(j) is the Lebesgue measure on J. Let LP(J,R) be the Banach space of all Lebesgue
measurable functions m : | — Rwith || - [|rr) < 0.

Lemma 2.1 (HoLder inequality). Assume that r,p > 1 and (1/r) + (1/p) = 1. Ifl € L"(J,R),
m € LP(J,R), then for 1 <p < oo, Im € L'(J,R) and

limlipy < WHlpeylimllpy - (24)
Lemma 2.2 (Bochner theorem). A measurable function H : [0,b] — X is Bochner’s integrable if
|H| is Lebesgue integrable.

Definition 2.3 (see [25]). Let X be a Banach space; an integrated semigroup is a family of
operators (5(t)) of bounded linear operators S(t) on X with the following properties:

@) S(0) =0;
(ii) t — S(t) is strongly continuous;
(iii) S(s)S(t) = [;(S(t+7) = S(r))dr for all t,s > 0.

Definition 2.4 (see [26]). An operator A is called a generator of an integrated semigroup,
if there exists w € R such that (w,+o0) C p(A) and there exists a strongly continuous
exponentially bounded family (S(t)),s of linear bounded operators such that S(0) = 0 and
(AL - A)' =4[ e MS(t)dt for all A > w.

Proposition 2.5 (see [25]). Let A be the generator of an integrated semigroup (S(t))q. Then for all
x€Xandt>0,

ft S(s)xds € D(A), S(t)x = Aft S(s)xds + tx. (2.5)
0 0

Definition 2.6 (see [26]). We say that linear operator A satisfies the Hille-Yosida condition if
there exist M > 0 and w € R such that (w, +o0) C p(A) and

sup{(A - w)"||R(A, A)"

,MEN,A>w} <M (2.6)

Here and hereafter, we assume that A satisfies the Hille-Yosida condition. Let us
introduce the part Agof Ain D(A) : Ag = Aon D(Ag) = {x € D(A); Ax € D(A)}. Let (S(t)) 0
be the integrated semigroup generated by A. We note that (S'(t));s is a Cp-semigroup on
D(A) generated by Agand ||S'(t)|| < Me*“!, t > 0, where M and w are the constants considered
in the Hille-Yosida condition ([19, 27]).

Let By = AR(A, A) := A(AM] — A)7}; then for all x € D(A), Bjx — xas A — oo. Also
from the Hille-Yosida condition it is easy to see that lim, _, .| Byx| < M|x]|.

For more properties on integral semigroup theory the interested readers may refer to
[18, 27].
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Definition 2.7 (see [3]). The Riemann-Liouville fractional integral of order &« € R* of a function
f:R* — Xis defined by

t
I5f(t) = % fo (t-s)""f(s)ds, t>0, (2.7)

provided the right-hand side is pointwise defined on R*, where I is the gamma function.

Remark 2.8. According to [3], Iglg = Ig+ﬂ holds forall g, § > 0.

Definition 2.9 (see [3]). The Caputo fractional derivative of order 0 < & < 1 of a function
f € CY([0, ), X) is defined by

1 t
D*f(t) = ———— t—s)%f(s)d t . 2.
£ = 5 | =97 F @5, 150 28)
We will remark that integrals which appear in Definitions 2.7 and 2.9 are taken in Bochner’s

sense.

Lemma 2.10 (see [28]). Suppose p > 0, a(t) is a nonnegative, function locally integrable on 0 <
t < T and g(t) is a nonnegative, nondecreasing continuous function definedon 0 <t < T, g(t) < M
(constant), and suppose u(t) is nonnegative and locally integrable on 0 <t < T with

u(t) <a(t) + g(t) ft (t-— s)ﬂ’lu(s)ds (2.9)
0
on this interval. Then
u(t) < a(t) + I [Z (g (rt)(rg;)) s)"ﬂla(s)]ds, 0<t<T (2.10)
0] n=1

Corollary 2.11 (see [28]). Under the hypothesis of Lemma 2.10, let a(t) be a nondecreasing function
n [0,T). Then

u(t) < a(h)Ep (2T (B)H), (2.11)

where Eg is the Mittag-Leffler function defined by Eg(z) = 352 (z* /T (kp + 1)).

We also introduce some basic definitions and results of multivalued maps. See [29] for
more details.

Let (X, d) be a metric space; (X) denotes the family for all nonempty subsets of X.
We use the following notations:

Py(X) ={Y e p(X) : Y closed}, Py(X) ={Y € Pp(X) : Y bounded},
2.12
P.(X)={Y € p(X) : Y convex}, Pp(X) ={Y € p(X) : Y compact}. 212
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A multivalued map F : X — [(X) is convex (closed) valued if F(x) is convex (closed)
for all x € X and F is bounded on bounded sets if F(B) = U,epF(x) is bounded in X for all
B € Py(X), that is, sup, g{sup{ly| : y € F(x)}} < oo. F is called upper semicontinuous
(u.s.c. for short) on X if for each xg € X the set F(x¢) is nonempty, closed subset of X, and
for each open set U of X containing F(xy), there exists an open neighborhood U of x such
that F(U) C U. F is said to be completely continuous if F(B) is relatively compact for every
B € Py(X).

If the multivalued map F is completely continuous with nonempty compact valued,
the F is u.s.c. if and only if F has closed graph, that is, x, — X, Yn — Y, Yu € F(x,) imply
Y« € F(x,).

Definition 2.12 (see [30]). An upper semicontinuous map G : X — X is said to be condensing
if for any bounded subset V C X with a(V) #0, one has a(G(V)) < a(V), where a denotes the
Kuratowski measure of noncompactness.

We remark that a completely continuous multivalued map is the easiest example of a
condensing map.

Theorem 2.13 (see [30]). Let J be a compact interval and X a Banach space. Let F : ] x C(J,X) —

Py (X), (t,u) — F(t,u) be measurable with respect to t for each u € X, upper semicontinuous with
respect to u for each t € J. Moreover, for each fixed u € C(], X) the set

Nry = {f eL'(J,X): f(t) € F(t,u) for ace. t € ]} (2.13)

is nonempty. Also let T be a linear continuous mapping from L' (], X) to C(J, X); then the operator
CoNp:C(J,X) — Poac(C(, X)),  u— (ToNp)(u) =T(NEu) (2.14)

is a closed graph operator in C(J, X) x C(J, X).

Theorem 2.14 (Martelli, [31]). Let X be a Banach space and @ : X — Py (X) a condensing map.
If the set

U= {xeX:06x¢e Dx for some 6> 1} (2.15)

is bounded, then @ has a fixed point.

3. Existence of Integral Solutions

In this section we will establish the existence results for problem (1.1). Let us consider the
following problem:

Dix(t) = Ax(t) + f(t, x(t)), € (0,b],
(3.1)
x(0) = xo,

where f : [0,00) x X — X is a given function and A is the same as that in problem (1.1).
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Definition 3.1. One says that a continuous function x : [0,b] — X is an integral solution of
problem (3.1) if

(i) (1/T(q)) [o(t - 5)" " x(s)ds € D(A) for t € [0,b],
(ii) x(t) = xo + (1/T(q)) A [y (t — 5)" " x(s)ds + (1/T(q)) [y(t — 8)7" f (s, x(s))ds, t € [0,b].

Lemma 3.2. If x is an integral solution of (1.1), then for all t € [0,b], x(t) € D(A). In particular,

x(0) = xp € D(A).

Proof. By Remark 2.8 and ng(t) € D(A), for each t € (0,b], we get that I(l)x(t) = Ié_ngx(t) €
D(A). From I}x(t) = [} x(s)ds € D(A) we have (1/h) " x(s)ds € D(A) for h > 0, t + h €
(0,b]. Hence, we deduce that

1 t+h
x(t) = I’IITBE L x(s)ds € D(A). (3.2)

The proof is completed. O

Lemma 3.3 (see [32]). Let ¥,(0) = (1/r) >* (-1)"'e- " (T(ng + 1)/n!) sin(nrg), 6 € R*;
then W 4(0) is a one-sided stable probability density function and its Laplace transform is given by

f e PP, (0)d0=e?', qe€(0,1), p>0. (3.3)
0

Lemma 3.4. The integral solution in Definition 3.1 is given by

x(t) = Jm hy(0)S'(t10)x0d6 + lim g r Jm ot - s)q’lhq(G)S’((t -5)10)Byf (s, x(s))dOds,
0 A= JoJo 3.4)

where hy(0) = (1/q)07 -/ DW,(671/4) is the probability density function defined on R*.

Proof. From the definition, we have
x(t) = x0 + Y f (t—s)Tx(s)ds + L f (t-s)7f(s,x(s))ds, te]0,b] (3.5)
") o () Jo ’ / S

Consider the Laplace transform

v(p) = J? e P'Byx(t)dt, w(p) = f:o e P'B\f(t,x(t))dt, p>0. (3.6)
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Note that for each t > 0, Byx(t), Bif(t,x(t)) € D(A), then we have v(p), w(p) € D(A).
Applying (3.6) to (3.5) yields

1 1 1
v(p) = EB)LxO + EAU(P) + ﬁw(p)
= pT 1 (p71 - A) "' Baxo + (p71 - A) "w(p) (37)
=p7! f e?"*S'(s)Bixods + f e 'S/ (s)w(p)ds,
0 0

where I is the identity operator defined on X.
From (3.3), we get

pq‘lj e""qSS'(s)B)onds=J. p"‘le‘(””qS’(t")B)lxoqtq‘ldt
0 0

_ J' _%% (e")S (1) Byt
0

) f f :O [Q‘Pq(G)e*’”*eS’(tq)leo]dedt (3.8)

_ ”:, [wq(e)er’ss((g)q)mxo] dods
_ f: o U: qrq(e)s'<<é)q>mxod9] dt,

J«n e P S (s)yw(p)ds = J‘J‘me_pqse_ptS'(S)Bxf(t,x(t))dtds
0 0
= H‘”qsq—le—(ps)qe—ptsl(sq)Blf(t,x(t))dt ds
0
= fJ‘OO JOO qqu(9)6_P593_Pt5/(s‘7)3)tf(t,x(t))dedtds
0 J0

_ f f:o J: qqrq(e)e-%’“”)%ls’<<g>q>3A F(t x(t))d0dt ds

- f :o e fo f :O w,(0) _9?,,_1 s ( (s gqt)q > B, f(t, x(t))dOdt ds

I R (t=s)"" o ((t=5)
_foeptqjojo W, (0) 5< = )Blf(s,x(s))dedsdt.
(3.9)
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According to (3.7), (3.8), and (3.9), we have

v(p) = J:O et U: ‘Pq(G)S'<<é)q>B)ond9] dt

3.10
TR i (t=s)"" o ((t=5)] o
+f0 equ'JO W, (0) s( N )Blf(s,x(s))dedsdt.
Inverting the last Laplace transform, we obtain
Byx(t) :f ‘Pq(G)S’<<§> )leode
0
t poo t— q-1 t—g)d
+qu qrq(e)( ;q) s’<( Qj) >Bif(s,x(s))d9ds
070 (3.11)

= Jm hy(6)S' (£90) B xodf
0
t poo
+qf J 6(t - 5)7 ' hy(8)S'((t — 5)70) B, f (s, x(s))d6ds.
070

In view of lim, ., ,B)x = x for x € D(A) and Lemma 3.2, we have

x(t) = f hg(6)S'(+16)x0d6 + lim g ﬂ f:o 6(t - 5)""hy(0)S'((t - 5)76) By f (s, x(s))d6ds.

(3.12)
The proof is completed. O
Remark 3.5. According to [32], one can easily check that
Jm 0h,(0)do = J‘OO lll‘ (0)do = _ (3.13)
0 1 NG I(1+q) '

Based on the Lemma 3.4, we will define the concept of integral solution of (1.1) as follows.

Definition 3.6. One says that a continuous function x : [0,b] — X is an integral solution of
problem (1.1) if

(i) (1/T(q)) fo(t - 5)"x(s)ds € D(A) for t € [0,b],

(ii) x(0) = xo and there exists f € L'([0,b], X) such that f(t) € F(t,x(t)) fora.e.t € [0,b]
and

x(t) = foo hq(0)S'(t10)x0d6 + lim g ft JQO ot - s)q’lhq(G)S’((t -5)70)Byf(s)dbds, t € [0,b].
0 A= JoJo (314)
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We are now in a position to state and prove our main results of the existence of sol-
utions for problem (1.1).
Let us list the following hypotheses:

(H1) A satisfies the Hille-Yosida condition;

(H2) the operator S'(t) is compactin D(A) whenever t > 0 and satisfies SUP;[0,00] IS’ ()] =
M < oo, where M is a constant;

(H3) F : [0,b] x X — Pyoc(X), for each x € X, F(:,x) is measurable and for each
t € [0,b], F(t,-) is upper semicontinuous; for each fixed x € X, the set N, = {f €
LY([0,b],X) : f(t) € F(t,x), for a.e. t € [0,b]} is not empty;

(H4) for each x € X, there exist m € L/ ([0, b],R*) and n € C([0,b], R*) such that

sup{|f(t)] : f(t) € F(t,x)} <m(t) + n(t)|x| for ae. te[0,b], (3.15)

where g1 € [0,9).

Theorem 3.7. Assume that hypotheses (H1)—(H4) hold; then problem (1.1) has an integral solution

x € C([0,b], D(A)).

Proof. Denote Cy = C([0,b], D(A)), which is a closed subset of C([0,b],X). Obviously, Cy
with the same norm in C([0,b], X) is also a Banach space. Transform the problem (1.1)
into a fixed point problem. Consider the multivalued operator ® : Cy — [(Cp) defined

by

Dx = {h €Co: h(t) = f: hy(6)S' (196)xd6
(3.16)

A— oo

+1im g f; f 6(t—5)" 1, (0)S'((t - 5)76) By f(s)deds},

where f € N, = {f € LY([0,b],X) : f(t) € F(t,x(t)), for a.e. t € [0,b]}. Obviously, the
fixed points of the operator @ are integral solutions of problem (1.1). Now we will show that
@ satisfies all conditions of Theorem 2.14. The proof would be divided into the following
steps.

Step 1 (@(x) is convex for each x € Cp). Indeed, if hy and h; belong to ®x, then there exist fi,
f2 € N4 such that for each t € [0, b], we have

hi(t) :Jw hq(0)S'(t10)xod6+ lim g f foo ot - s)‘th(Q)S’((t -5)70)By fi(s)dOds, i=1,2.
0 A= JoJo (317)
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Let 0 < k < 1; then for each t € [0, b], we have

(khy + (1 - k)ha)(t) = f he(6)S'(£0)x0d6

+ llqu‘; J:o Q(t_ S)q_lhq(G)S'((t _ s)qg)B)t (318)

A— oo

x (kfi(s) + (1= k) f2(s))dOds.

Since Ng, is convex, we have khy + (1 — k)h, € ®x.

Step 2 (@ maps bounded sets into bounded sets in Cp). Indeed, it is enough to show that
there exists a positive constant I such that for each h € ®x, x € B, = {x € Cy, ||x|| < r} one has
Al <L

Let h € @x; then there exists f € N, such that for ¢ € [0, b], we have

[’ t poo
h(t) = f hq(0)S' (t10)x0d0 + )Llim qJ f ot - s)"‘lhq(G)S’((t -5)70)Byf(s)d0ds. (3.19)
0 —w JoJo
From (H2) and the fact that || B, || < M, for t € [0, b] we have
)1 < |[” ha(@)s )0t
0

+|lim g f; J:O 0(t - 5)7 ' hy(0)S'((t - 5)90) By f (s)d6ds

Al—oo
t (3.20)
< Mylxo| + MMOI f th(9)|(t —5)T f(s) |d9ds
0/0
qMM, It -1
<M t—s)7 ds.
< Molol+ s | |69 79| ds
From Lemma 2.1 and (H4), for t € [0,b] we have
t t 1-q t
f |(t — )11 f(s)|ds < < f (t—s)a b/ <“h>ds> 17l L1/ar 0,1 +ﬁrj (t-s)1ds
‘ ‘ ’ (3.21)

« M asaa-g YT
(1+a)™ q

where a = (q-1)/(1-q1) € (-1,0), My = |[ml|p/mop), 1 = sup{n(t),t € [0,b]}.
Then from (3.20) and (3.21), we get that

Il < Molxol + Mo (M1 paari-g) | 0 ) o . (3.22)
FI+g) \(1+a)'™™
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Step 3 (® maps bounded sets into equicontinuous sets of Cy). Let t1, t, € [0,b], t; < tp, and

B, = {x € Cy,||x|]| £ r} be a bounded set of Cy. For each x € B, and h € ®x, there exists
f € Ngx such that

h(t) = Jm hy(0)S'(t70)x0d6 + lim g J‘t Jm ot - s)q_lhq(G)S’((t -5)70)B, f (s)dbds.
0 A= Jo o (323)

Then,

Ih(t2) - h(t)] = U: hq(e)s'(t;’e)xode - f:o hq(6)5’<t‘1’9>x0d6
A—oo

+ limg f ; f 0(t, - 5)7 1y (0)S'((t2 — 5)70) By f (s)d6ds

-limg J? J:D 0t - s)q_lhq(G)S’((tl -5)70) B, f (s)dOds

A— oo

< J: hy(0) || (£50) - 5'(#16) | xolde

+

lim g : f “ oty - $)77 hy (0)S ((t2 - 5)70) B, f (s)d6ds
t1 /O

A— oo

+ [ 1im qJZl f 6(t: - 5)7 1y (0)S'((t — 5)70) By f (s)d6ds

A— o0

A— o0

~lim g f; f: 6t - 5)7 "y (0)S'((t2 - 5)70) B, f (s)d6ds

+

lim g f; f :o 6(t: - 5)7 1y (0)S'((t — 5)76) B, f (s)d6ds

A— o0

A— o0

~limg f; f:o 0(t1 - 5)7 "1y (8)S'((t1 — 5)70) By f (s)d6ds

- f he(0)]|5'(136) - 5'(116) 1ol

t

+|limg Jm Ot - s)q_lhq(G)S'((tz —5)10)B, f (s)d0ds
0

— 0 H

A— o0

+ | lim g J; f :o 0 [(t2 —8) T~ (- s)q] hy(8)S'((t2 - 5)90) By f (s)d6ds

+|lim g f; f : 0t — 5)7 hy(0) [(S(t2 - 5)70) - S'((t1 — 5)760)] By f (s)dOds

A— oo

=h+qL+L+1),
(3.24)
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where

I = I :, hy(6) ns (tge) ~g (tie) n |x0|d6,

7

L = | lim : ro O(t2 - 5)7 "y (0)S'((t2 — 5)70) By f (5)dOds
t1 /O

A— o0

7

I = | lim " Jw 9[(t2 —8) 1 — (- s)q_l]hq(G)S’((tz ~ 5)70) B, f (s)d6ds
0J0

A— o0

I = | tim [ fweal—s)"‘lhqw)[S’((tz—s)qe)—S’((tl—s)qe)]Bms)deds
0 /0

A— oo

(3.25)

By using analogous argument performed in (3.20) and (3.21), we can conclude that

M M 7ir(ty — )1
I < MM, 11_ (tz—t1)<1+“><1—ql>+"r(2 1) ’
F(1+g9)\ (1+a)'™ 4

1*[]1

MM h _ A\ /()
I3 < F(l n ;> [(fo <(t1 -s)7 - (t2 —s)1 1>1 o d5> lmll1a [0,t1]
h 1 1
= — o) (- 5)1 g
+nr jo <(t1 S) (tr —s) > s]
t =
< MMy M, <J‘ ((tl - S)a - (tz - S)a)d5>
I(1+q) 0 (3.26)

_ q q tq
+HT<M — t_z + _1>
q 9 49

MM, M; <t1+a _lva (th—t )1+u>1_q1
T(1+q) \ (1+a) @ \' 2 2

nr
+— | (¢t —t)"—tq+tq>
q[ 2 1 2 1]

< MMo (Mg, pyweaea B, gy,
Mg \(+a) g

Hence limy, 4, I = 0 and limy, 4, I3 = 0.
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On the other hand, (H2) implies that S'(f) for t > 0 is continuous in the uniform

operator topology; then from the Lebesgue dominated convergence theorem, we get
limtzﬁtlIl =0and

bh—th bh—h

lim I < lim M ' fm Ot — 5)7 ' hy(0)||S'((t2 — 5)70) — S'((t1 - 5)90) ||| f ()| dOds
0 J0

i poo
< Mj f 8(t1 — 5)"hy(6) im [|S'((t2 ~ )°8) - S'((t: - 5)76) || £ (s)| dBs
0 /0 2—h

= 0.
(3.27)

Consequently, |h(t;)—h(t;)| — 0independently of x € B, ast, — t;, which means that ®(13,)
is equicontinuous.

Step 4 (For each t € [0,b], V(t) = {(Dx)(t),x € B,} is relatively compact in X). Obviously,
V(0) = {xo} is relatively compact in X. Let 0 < t < b be fixed. For x € B, and h € ®x, there
exists f € Nr, such that

h(t) = Jm hy(0)S' (t10)x0d0 + lim g J‘t J.OO ot - s)q_lhq(G)S’((t —5)70)B, f (s)dOds.
0 A= JoJo (328)

For arbitrary € € (0,t) and 6 > 0, define an operator F,s on BB, by

(Fesx)(t) = J:O hy(0)S'(t16)x0d6

A— o0

t-e Ao

; limqj f 0(t - 5)" 1, (0)S' (¢ - 5)70) By f (5)dOds
0o Js

_ Jm hy(0)S'(16)S'((t16) — £15) x0d0
5

t—-e poo

+ )Llim q f ot - s)"_lhq(G)S'(eq(‘})S'((t -5)70 — €96) B, f (s)d0ds

- Jo Js

= S'(176) F hy(6)S'((£16) — t16)x0d6
o

+5/(e%6) lim q f(: j: 6(t - 5)7 1y (8)S'((t - 5)70 — €96) By f (5)dOds.
(3.29)
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Then from the compactness of S'(t), t > 0, we get that the set V. 5(t) = {(Fesx)(t), x € B,} is
relatively compact in X for each € € (0,t) and 6 > 0. Moreover, for every x € B,, we have

|(Dx) (£) = (Fe,5%) (8)] =

1)
f hq(Q)S’(tqQ)xon‘
0

hmqj J‘ Ot — 5)7 " hy(0)S'((t - 5)70) By f (s)dOds

+ lim g f ; Jj 6(t —5)7"hy(0)S'((t - 5)70) By f (5)dOds

A— o0

~lim g ft ) fm 6(t - 5)7 ", (0)S'((t - 5)70) B, f (s)d6ds
0 6

A— o0

6
< Mo|xo|f h,(6)d6

)l~>oo

g| lim f f 6(t - 5)7 "y (0)S'((t - 5)70) B, f (s)d6ds

hm f f Ot —s)7 " hy(0)S'((t - 5)70) B, f (5)dOds
t—e

15} t I3)
< M|l fo hy(6)d0 + gMM, fo (t- )17 | f(s)|ds fo Oh,(0)d6
t

+ qMM()J‘

t—e

(t-9)""|f(s)|ds f:o Oh,(0)do.

(3.30)

In view of (3.21), we have

[(Dx) (£) = (Fe5%) (8]

5 5 =19
< M0|x0|J‘ hy(6)do + qMMof Oh,(0)do Lllbﬂ”)ﬂ-qﬂ b
0 0 (1+a) ™™ q

1*1]1 t
L AMM, I G-1)/(-q1) = f -1
- Vd Vay t—s)"d
F(l ) [< (t-s) s Il pegy + 107 . (t-s) s

5 5 =1
< M0|x0|J‘ hy(6)do + qMMoj Oh,(0)do Lllbma)(l-ql) b
0 0 (1+a) ™™ q

LAMMo [ My aeayaegy  TTE
€ +— ).
T \ara) 9

(3.31)
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From limgs_, g _fg hy(0)dO = 0 and lims o _[g Oh,(0)d0 = 0, we get that there are relatively
compact sets arbitrarily close to the set V (¢), t > 0. Hence the set V (t), t > 0, is also relatively
compact in X.

Step 5 (@ has a closed graph). Letx, — x., h, € ®x,, and h, — h,asn — oo; we will prove
that h, € ®x,. h, € ®x, means that there exists f,, € N, such that

ha(t) = J‘OO he(0)S' (1) x0d0 + lim g ft Jw ot - s)q"lhq(Q)S'((t —5)70) By fu(s)d0ds.
0 A= JoJo (332)

We must prove that there exists f. € N, such that

ho(t) = f 1y (6)S'(+10)x0d + lim g f; f 6(t - 5)7 1, (0)S'((t - 5)70) B, f.(s)dOds.

(3.33)

Consider the linear continuous operator T : L'([0,b], X) — C([0,b], X) defined by

t pco
(TH() = )llim qf f ot - s)q’lhq(G)S’((t - 5)70) B, f (s)dOds. (3.34)
—o JoJo
We can easily see that C is continuous. On the other hand,
'(hn(t) —f hq(G)S’(th)xod6> - (h*(t) —f hq(Q)S/(tqQ)xod6>‘

0 0 (3.35)

<Hhy = hi|| — 0, asn—0.
From Theorem 2.13, it follows that To NF is a closed graph operator. Moreover, we have that

hy — fw hy(60)S' (#16)x0d6 € T(NEy, ). (3.36)
0

Since x, — x,, it follows from Theorem 2.13 that there exists f. € Nf,, such that

ha(t) - f B hy(0)S (170)x0d = lim g f foo 0(t - 5)7 ' hy(8)S'((t - 5)70) B f.(s)d6ds.
0 - JoJo (337)
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Thus,

) t a0
h.(t) = f hy(0)S' (t19)x0d0 + lim qf f Ot — 5)""hy(0)S'((t - 5)10) By f.(s)dOds.
0 —® 070
(3.38)
This implies that h, € ®x,.

Therefore @ is a completely continuous multivalued map, u.s.c. with convex closed
values. In order to prove that @ has a fixed point, we need one more step.

Step 6 (ThesetU = {x € Cy : 6x € Dx, for some 6 > 1} isbounded). Let x € U; then 6x € ®x
for some 6 > 1. Thus there exists f € N, such that for ¢ € [0, b],

x(t) = ’[ hq(0)S' (t16)x0d6 + hm qf I Ot — 5)7 " hy(0)S'((t - 5)70) B, f (5)dOds.
(339)

From (H4), for each t € [0, b] we have

1 (% ! . q L -1 !
Ix(t)] = 5J'O 1g(6)S'(176)x0d + lim = J'OJ'O 0(t - 5)"hy(0)S'((t - 5)70) By f (5)dOds

MM
< Mo|xo| + 1 .

-5)7|f(s)|ds

I'(1+q)
< Mol|xo| + 1?(1 ) $)1 'm(s)ds + F(l f (t—s)Tx(s)|ds
MMM nM M,
< Molxo| + ——— 0L __paa-gy  T2270 (= 8y x(s)lds
I(1+q)Q+a) ™ I'(1+q) Jo

_ ot
<a+ bf (t—s)T 1 x(s)|ds,
0

(3.40)
where @ = Mo|xo| + (gMMoM; /T(1 + q)(1 + a) ™ 1)p(+00=4) b = guMM,/T(1 + q).
Then from Corollary 2.11, we have
lxe(t)] < @E, (BT (q)17). (3.41)
Therefore, we obtain that
x|l < aE, (Er(q)bq>. (3.42)

This shows that U is bounded.
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As a consequence of Theorem 2.14, we conclude that @ has a fixed point which is the
integral solution of problem (1.1). This completes the proof. O

4. An Example

As an application of our results we consider the following fractional differential inclusions of
the form

2
Du(t, z) € %u(t, 2)+G(tult,z)), zel0,x], te(0,b],

u(t,0) =u(t,r) =0, tel0,b], (4.1)

u(0,z) =uy, ze€l[0,x],

where b >0,G: [0,b] x X — P(X) satisfies semi-continuous assumptions (H3) and (H4).
Consider X = C([0,or];R) endowed with the supnorm and the operator A : D(A) C
X — X defined by

D(A) = {u € C2([0,r];R) : u(t,0) = u(t, x) = 0}, Au = a—zzu(t, 2). (4.2)
0z

Now, we have D(A) = {u € X : u(t,0) = u(t,or) = 0} # X. As we know from [17] that
A satisfies the Hille-Yosida condition with (0, +o0) C p(A) and A > 0, ||[R(A, A)|| < 1/A. Hence,
operator A satisfies (H1), (H2), and M = M, = 1.

Then the system (4.1) can be reformulated as

Dix(t) € Ax(t) + F(t,x(t)), te€][0,b],
(4.3)
x(0) = uo,

where x(t)(z) = u(t, z), F(t,x(t))(z) = G(t, u(t, z)).
If we assume that F satisfies (H3) and (H4), then all conditions of Theorem 3.7 are
satisfied and we deduce (4.1) has at least one integral solution.
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