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We investigate an m-point boundary value problem for nonlinear fractional differential equations.
The associated Green function for the boundary value problem is given at first, and some useful
properties of the Green function are obtained. By using the fixed point theorems of cone expansion
and compression of norm type and Leggett-Williams fixed point theorem, the existence of multiple
positive solutions is obtained.

1. Introduction

In recent years, the existence of positive solutions multipoint boundary value problems
of fractional order differential equations has been studied by many authors using various
methods (see [1-7]).

The study of multipoint boundary value problems for linear second-order ordinary
differential equations was initiated by II'in and Moiseev [8, 9].

Since then, nonlinear multipoint boundary value problems have been studied by
several authors (see [10-14]). Recently, in [15], the authors have studied the existence of at
least one positive solution for the following nth-order three-point boundary value problem:

u™ (t) + h(t) f(t,u(t)) =0, te€a,b],

(1.1)
u(a) =au(n),  w(a)=u"(a)=---=u"(a)=0, u(b) = pu(n),
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wherea<n<b, 0<a<1, feC([ab] x[0,0),[0,00)) and h € C([a,b] x [0,0)) may be
singularatt=aand t =b.

Goodrich [16] considered the BVP for thehigher-dimensional fractional differential
equation as follows:

-Dyy(t) = f(t,y(t)), O0<t<l, n-1<v<nm,
yP0)=0, 0<i<n-2, (1.2)

[Dfy®)],.,=0, 1<a<n-2,

and a Harnack-like inequality associated with the Green function related to the above
problem is obtained improving the results in [17].

Motivated by the aforementioned results and techniques in coping with those
boundary value problems of fractional differential equations, we then turn to investigate the
existence and multiplicity of positive solutions for the following BVP:

“D%u(t) + f(tu(t)) =0, a<t<b, n-1<a<n, n>2, (1.3)

m-2 m-2
W(a)= Y pa(n),  w'(@)=u"(a)=-=u"V(@)=0, u®)=>yu(n), (14
i=1 i=1

where a <71 <12 <+ < 2 < b, S < 1, %y < 1and €D?, are the Caputo
fractional derivative.

In this paper, we study the existence of at least one positive solution, existence of two
positive solutions associated with the BVP (1.3)-(1.4) by applying the fixed point theorems
of cone expansion and compression of norm type, and the existence of at least three positive
solutions for BVP (1.3)-(1.4) by using Leggett-Williams fixed point theorem.

The rest of the paper is organized as follows. In Section 2, we introduce some basic
definitions and preliminaries used later. In Section 3, the existence of multipoint boundary
value problem (1.3)-(1.4) will be discussed.

2. Preliminaries

In this section, we introduce definitions and preliminary facts which are used throughout this
paper.

Definition 2.1 (see [18]). For a function y : (a,0) — R, the Caputo derivative of fractional
order a > 0 is defined as

1 t
C 4 — _ o\n—a-1_ (n) _
Dy y(t) Ti—a) L (t-s) y'"(s)ds, n-1<a<n. (2.1)

r
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Definition 2.2 (see [18]). The standard Riemann-Liouville fractional derivative of order a > 0
of a continuous function y : (a, ) — Ris given by

a = 1 da\" : n-a-1
Da+y(t) = m <E> fa (t - S) y(S)dS, (22)

where n = [a] + 1, provided that the integral on the right-hand side converges.

Definition 2.3 (see [18]). The Riemann-Liouville fractional integral of order a > 0 of a function
y :(a,00) — Ris given by

t
By = s | (-9 w(s)ds 23)

provided that the integral on the right-hand side converges.

Definition 2.4 (see [19]). Let E be a real Banach space. A nonempty closed convex set K C E
is called cone of E if it satisfies the following conditions:

(1) x € K, 0 >0 implies ox € K;
(2) x € K, —x € K implies x = 0.

Definition 2.5. An operator is called completely continuous if it is continuous and maps
bounded sets into precompact sets.

Theorem 2.6 (see [20]). Let E be a Banach space and K C E is a cone in E. Assume that Qq and
Q, are open subsets of E with 0 € Q1 and Q C Q. Let T : KN (£ \ Q1) — K be completely
continuous operator. In addition, suppose either

(i) ITull < llull, for all u€ K dQ, and |Tul| > |ull, for all u € K N dQ, or

(ii) |Tul| < |lull, for all u€ K N0Qy, and ||Tul| > ||ull, for all u € K NdQ,

holds. Then, T has a fixed point in K 0 (Qy \ Q1).
Lemma 2.7. For a > 0, the general solution of the fractional differential equation €Dl u(t) = 0 is
given by

u) =co+ci(t—a)+cr(t—a)Y +--+cp(t—a)"?, (2.4)

wherec; € R, i=0,1,2,...,n—1.
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Remark 2.8 (see [18]). In view of Lemma 2.7, it follows that
I Do u(t) =u(t) +co+ci(t—a) + ca(t—a)* + -+ e (t—a)" ", (2.5)

forsomec;€R, i=0,1,2,...,n—1.

Definition 2.9. The map 0 is said to be a nonnegative continuous concave functional on a cone
P of a real Banach space E provided that 0 : P — [0, c0) is continuous and

B(Ax + (1-1)y) > 16(x) + (1-1)6(y), (2.6)

forallx,y e P, 0< A<

Lemma 2.10 (see [21]). Let P be a cone in a real Banach space E, P. = {x € P : ||x|| < c}, 0
is a nonnegative continuous concave functional on P such that 6(x) < ||x||, for all x € P., and
P@0,b,d) = {x € P:b <0(x),x <d}. Suppose that T : P. — P, is completely continuous and
there exist positive constants 0 < a < b < d < ¢ such that

(C1) {x e P(6,b,d) : 0(x) > b} #¢ and O(x) > b for x € P(6,b,d),
(C2) ||Tx|| < a for x € P,

(C3) 6(Tx) > b for x € P(6,b,d) with |Tx|| > d,

then T has at least three fixed points x1, x,, and x3 with

lxill <a, b<0(x2), a<|xsl| with @(xs)<b. 2.7)

Lemma 2.11. For a given y(t) € Cla,b] and n -1 < a < n, the unique solution of the boundary
value problem

CDihu(t)+y(t) =0, a<t<b,n-1<a<n n>2 neN, (2.8)

m-2 m-2
W)= 3 pal(n), W@ =u"(@)==u"V@=0, ub)=>yu(y), 29)
i=1 i=1
is given by

b b
u(t) = J G(t,s)y(s)ds +’[ H(t,s;m1,..., Mm-2)y(s)ds, (2.10)

a
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where

1 [-9)""=(t-5)"", a<s<t<h,
G(t9) = a5

(b-s)""1, a<t<s<b,
Sy -9 " - (- s)"]
62F([X)

a-2
H(t,s;m1,..., m—2) = 1 #(t)z 2Bi(ni —s) <s<m i= -
616 (a—1) , a<s<m,i=12,...,m=-2,

m-2 a-1
2~
ZI=16Y§(a)S) , mi<s<b i=12,...,m-2,
2

m-2 m-2 m-2
61=1—Zﬂi, 62=1—ZY1‘, ‘I/l(t)= <b—ZY17],> —62t.
i=1 i=1 i=1

(2.11)

Proof. Using Remark 2.8, for arbitrary constants ¢; € R, i =0,1,2,...,n -1, we have

u(t) = % f (t—s)"ty(s)ds +co+ci(t—a) + ca(t—a)* + -+ cpq(t—a)™"

(2.12)
=-ITy(t)+co+ci(t—a)+c(t- a)*+-

“t Cu (t - ‘1)7171

In view of the relations CD"’ I%,u(t) = u(t) and I;‘Jﬂu(t) ‘Hﬂu(t) for a, p > 0, we obtain

W (t) = -1y (t) + 1+ 2ca(t —a) + -+ (n— 1) (E— a)" 2,

W'(t) = —I52y(t) + 2cr + -+ (n = 1) (n = 2)cpn (t — )™,

(2.13)

um1 (t) = _IZ‘:"J’ly(t) +(n-1)lcy-1.

Applying the boundary conditions (2.9), we find that

- (2.14)
(1 > ZﬂJ“ Yy (),
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then c¢; = —Zl 1Bl 13/(111-)/61, and

Iiy®b) _ Sivliy(n) [b—a) - S22 yi(ni - @)| 272 Bl y ()
(1 pin Yl> (1 i Yl) < ﬁt)( i Yl)

Iiy()  SECnliy(m) | [(b—a) - S yi(ni - @)| 212 Bl y ()
62 62 6162 .

Ccy =

(2.15)

Substituting the values of the constants ¢;, i =0,1,2,...,n -1, in (2.12), we obtain

b =it gty s ) STy | (@@ - S - ] ALy ()
() = -1y + 2O ZE -

SR 1y(111)
61

-a)

. IEy®b)  SrP sy (s .
I+ gz _ 1Y62 -y (1:) ”()Zﬁll by ()

T_Z iIaJr i
Iy + I y(b)+( 562)13*3/(1’)_ 2 yiley (i) ﬂ(t)zﬁlIa Ly (1)

62 616
[ 2 poyas f O s+ ZET [ C I
ll i f (’7‘ (s)ds ”—6m12 fﬂ (m_—y)zy(s)ds
. z:g;; Y fﬂ [(b - s)“lr;a()m -9)"! ] y(s)ds

lln (b—s)‘” /4_’“ " (ni—s)"”
f y(s)ds + 5.5 Z;‘ a1 y(s)ds.

a

Lemma 2.12. u(t) = (b- Z:ﬁ]z Yini) — 62t >0, for t,m; € [a,b], i=1,2,...,m—2.
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Proof. We have

m-2
H= <b - Yz'li> — ot
i=1
m-2 m-2
> <b— Yi’li> - (1 - ZYi)b (2.17)
i=1 i=1

Lemma 2.13. The functions G(t,s), H(t,s; 1,12, ..., Mm—2) defined by (2.11) satisfy

(i) G(t,s) >0, H(t,s;m1,1M2, ..., Mm-2) 20, for all t,s € [a,b],

(ii) ming <t<s, G(t,5) > Tomax,«<G(t, s) = 1G(s,s), forall t,s € (a,b), a < 71 < T» <
b, 1o = ming <<, ¢(t) = (b-1)/(b-a),

(iii) N2q(s) < H(t, s;m,1m2,. .., m—2) < N1q(s), where

(b-s)"7? m2
q(s) = 56T @) =(a-1)[61(b- a)zwbzﬁl ,
(2.18)

Nz=min{ 1(2’ LY 512}’1(1’ i }

(iv) ming <<, Ht, ;11,125 - -, Ym—2) > TMaxepH(E, S; 11,12, ..., hm—2), 5 € (a,b),
where

_[6-szum) o)

" = <1, a<m<m<b. (2.19)

(-5 v) o

Proof. 1t is clear that (i) holds. So, we prove that (ii) is true.

(ii) For a > 1, in view of the expression for G(t, s), it follows that G(t,s) < G(s,s) for
all s, t € [a,b], where G(s,s) = (b-s)*' /T (a).



If a <s<t<b,wehave

G(t, S) ) [(b _ S)u—l _ (t _ S)tx—l
G(s,s) (b-s)*"

(b= (b= 5) - (t-9)" (- 9)]
= (b _ S)u—l

L (=9 2[(b-5) = (t-5)]
- (b-s)""

_ (-t
CEN

=¢(t).

If a <t <s<b, then we have

Git,s) _y, (b=t

OO RAL

Thus

max G(t,s) =G(s,s), @(t)G(s,s) <G(t,s) <G(s,s), Vise(ab).

a<t<
Therefore,

II<ltl<1’1 G(t,s) > 1 max G(t s) =19G(s,s), Vt,s€(ab), a<T <m<b.
T] Ty

(iii) Ifa<s<m, i=1,2,...,m-2, then

Abstract and Applied Analysis

(2.20)

(2.21)

(2.22)

(2.23)

pIn y,[(b—s)“ ! = (ni—s)" ] . u(t) Z?:lizﬁi(ﬂi_s)a_z

H(t/ SN, M2,-- -, nm—Z) = 621—~(a) 61521—'(“ — 1)

LS9 (@ Db (- s)"
- 62l (a) 616, (a)

51621"( )[512% (b-s)"+(a- 1)bZﬁl(m_S)“ 2]

(@-1)(b-s)"2[ "2 (S
A [&;mb —5)+ bgﬁi]

- 6162F(£¥)

a-2 m=2 (=
DO 00 Sy 55 = N
i=1 i=1
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pIHN YI[(b—S)”‘1 (mi—5)" ] AODY 2Bi(ni— )"

H(t,s;m,M2, ., Mm-2) =

62F(a) 6162F(¢x 1)
S| - 9" - (- s)"]
>
N 6 (a)
S| -9)-9) - (1 -5)" (- 5)
B 5T (o)

b a-2m-2
- O Snb=m) > Nag(s).
i=1

(2.24)

If;<s<b,i=1,2,...,m—2, then we have

Sy - )
6,1 ()

H(ts;m, 1M, fma) =

~ — ‘ (b— S)a72
=6 Xl 5 Er

m-2
<61 3 yi(b - a)q(s)

i=1
< Niq(s), (2.25)
Silya-1)(b-9)""

(a=1)6T(ax)

S yib—s)"?
(a —1)6T ()

121 1 Vi
T (a-1)

H(t, s;11, M2, s m—2) =

————4(s) 2 Nag(s).

(iv) Since OH (t, s; 11,12, - .-, fm-2) /Ot = —(Z1"7° Bi(ni — )" /6:T(a — 1)) < 0, then
H(t,s;m, M2, ..., Mm-2) is nonincreasing in ¢, so

max H(t,s;m1, 12, ..., im—2) = H(a,s; 11,12, ..., m—2)

a<t<b

S |- 9" - (=)
5.7 (@)
[(b pIiey Yz”lz) 6211] Zlf’gz Bi(ni _S)u—z

+ ’

6162F(a - 1)
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Sy [ -9 = (- )]

min H(t, s; 11,12, .-, m-2) =

T1<t<T) 52r(a)
[(b pIiey Yﬂll) - 627‘2] ZZ{Z Bi (i — S)a—z
' 616, (a - 1)
S |- 9™ - (-9)"]
) 5.1(@)
[(b i Yz’lz) - 52a] ZZ{Z Bi(n; - S)a—z
- 616 (a—1)

>T maxH(t N, M2, -y Nm-2, 5)~

a<t<

(2.26)

3. Main Results

Let us denote by E = C[a,b] the Banach space of all continuous real functions on [a, b]
endowed with the norm ||u|| = max,<<p|u(t)| and P the cone

P = {u €E:u>0, minu(t) > 7|ul, t € [a,b] }, (3.1)
T1<t<T)

where T = min{my, 7*}, since 79, 7* are constants do not depend on ¢.

Let the nonnegative continuous concave functional € on the cone P be defined by
0(u) = ming <<, u(t).
SetT:P — Eby

b
Tu(t) = J‘ [G(t,s) + H(t, ;11,12 ..., m—2)] f(s,u(s))ds, a<t<b, (3.2)

a

where G(t,s), H(t,s;11,12, ..., Nm-2) are defined as in Lemma 2.11.
From (3.2) and Lemma 2.13, we have

b
Tf1<1t1<r;2(Tu(t)) > L [T()G(S, s) + T*{zrgltag)le(t' S, .- Mm—2) | f(s,u(s))ds

(3.3)
> 7||Tu|.

Hence, we have T(P) C P.

By standard argument, one can prove that T : P — P is a completely continuous
operator.
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The Existence of One Positive Solution

We introduce the following definitions:

f(u) == sup f(t,u), j_f(u) = tei[r;’fb]f(t,u),

te[a,b]
f f(u)
fo = limsupu_>0+M, fo =liminf, _,o-=——,
u u
_ 3.4
. fo L fw 54
f* = hmsupuﬁwT, foo = hmmfu_)ooT,

T -1
j T[G(s,s)+N2q(s)]ds> .

71

b -1
M = <f [G(s,s) +N1q(s)]ds> , N = <

Theorem 3.1. Let f(t,u) be continuous on [a,b] x [0,00) — [0, 00). If there exist two positive
constants ry > ry > 0 such that

(Hi) f(t,u) < Mr,, for (t,u) € [a,b] x [0,12],

(Ha) f(t,u) > Nry, for (t,u) € [a,b] x [0,11],

then the BVP (1.3)-(1.4) has at least a positive solution.

Proof. We know that the operator T : P — P defined by (3.2) is completely continuous.
(a) Let Q, = {u € E : ||u]| < r2}. For any u € P N 0y, we have ||u|| = r, which implies
that 0 < u(t) < r, for every t € [a,b]:

b
Tu(t) = J‘ [G(t,s) + H(t,s;11,. .., m—2)] f(s,u(s))ds

a

b
< Mrzf [G(S, s) + qu(s)]ds (3.5)

a

< r = ||u||/

which implies that

(ITull < |lull, uePnoLy. (3.6)
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(b) Let Q) = {u € E : ||lu|| <ry}. Forany t € [11,72], u € PN 0Q;. We have

b
Tu(t) = J‘ [G(t,s) + H(t,s;11,. .., m—2)] f(s,u(s))ds

a

b
> j 9(1)[G(s,5) + Nag(s)] f (5, u(s))ds

(3.7)
> Nr r T[G(s, s) + Nog(s)]ds
=711 = |lull,
which implies that
ITull > [ul, e PnoQ. (3.8)

In view of Theorem 2.6, T has a fixed point up € PN (Q, \ @) which is a solution of the BVP
(1.3)-(1.4). O

The Existence of Two Positive Solutions

Theorem 3.2. Assume that all assumptions of Theorem 3.1, hold. Moreover, one assumes that f(t, u)
also satisfies

(H3) foo = 0.

Then, the BVP (1.3)-(1.4) has at least two positive solutions.

Proof. At first, it follows from condition (H;) that

[Tul| <|lull, ue€PnNo,. (3.9)
Further, it follows from condition (H;) that

|[Tul| > [ju||, uePno. (3.10)
Finally, since f,, = oo, there exists ¢ > (72 j;z [G(s,s) + qu(s)]ds)_1 and r3 > r; such that

f(t,u) > gu(t), telab], uxrs. (3.11)



Abstract and Applied Analysis 13

Let r* = max{2r,, 7 'r3} and set Q3 = {u € E : |lu|| < r*}, then u € P N dQzimplies
Ming <<, u(t) > 7l|ul| > 7r* > 13,

b
Tu(t) = I [G(t,s) + H(t, s;m1, 12, - .., m—2) ] f (5, u(s))ds

a

b
> ’[ @(t)[G(s,s) + Nagq(s)] f (s, u(s))ds

b (3.12)
> (pf @(t)[G(s,s) + Nag(s)|u(s)ds
3
> r*(pj 72[G(s,5) + Nag(s)]ds > r* = ||ul.
1
Therefore, we have
ITull 2 [ul, € PnoQs. (3.13)

Thus, from (3.6), (3.8), (3.13), and Theorem 2.6, T has a fixed point u;, in PN (ﬁz \Qq)and a
fixed point uy, in P N (23 \ Q). Both are positive solutions of BVP (1.3)-(1.4) and satisfy

0 < |lwa]l < 12 < ||uzl|- (3.14)
O

Theorem 3.3. Assume that f(t,u) be continuous on [a,b] x [0,00) — [0,00). If the following
assumptions hold:

(H1) fo> g,
(HZ) foo > v,

(Hs) there exists a constant p > 0 such that f(t,u) < pM, (t,u) € [a,b] x [0,p],

then the BVP (1.3)-(1.4) has at least two positive solutions uy and uy such that
0 <l < p < luzl. (3.15)
Proof. At first, it follows from condition (H;) that we may choose p; € (0, p) such that

ft,u)>¢pu, O0<ugp, (3.16)
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where ¢ is defined as in Theorem 3.2. Set Q; = {u € E : ||u|| < p1}, and u € PN0OL;y; from (3.2)
and Lemma 2.13, for a <t < b, we have

b
Tu(t) = ’[ [G(t,s) + H(t, s;m1, 12, - .., m—2) ] f (5, u(s))ds

a

b
> I @(t)[G(s,s) + Nag(s)] f (s, u(s))ds

b (3.17)
> q;f @(t)[G(s,s) + Nag(s)|u(s)ds
3
> plqrj 72 [G(s,s) + Naq(s)]ds
T1
> p1 = |ul|-
Therefore, we have
ITul|| > ||ull, ue€ PnoL. (3.18)
Further, it follows from condition (H>) that there exists p, > p such that
f(t/ u) > ()Uu(t)/ U2 P2- (319)

Let p* = max{2p, 7 !py}, set Qo = {u € E : ||ul| < p*}, then u € P N 0Qyimplies ming, <<, u(t) >
lull 2 7p* 2 po,

b
Tu(t) = I [G(t,s) + H(t, s;m1, 12, - .., m—2) ] f (5, u(s))ds

a

b
2 I @(t)[G(s,s) + Nag(s)] f (s, u(s))ds
’ (3.20)
b
2 qff @(t)[G(s,5) + Nag(s)]u(s)ds

]
>y [ P[6(5,9) + Nag(©)]ds > " =
T1

Therefore, we have

ITull > lul, ue€Pnoy. (3.21)
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Finally, let Q3 = {u € E : ||u|| < p} and u € P N 0€Q;. By condition (H3), we have
b

Tu(t) < [ [6(5,5) + Nig(s)] £ (s, u(s))ds

a

< Mp fb [G(s, s) + N1g(s)]ds (3.22)
= p = lull,
which implies
|[Tul| <|lull, ue€PnNoQs. (3.23)

Thus, from (3.18), (3.21), (3.23), and Theorem 2.6, T has a fixed point u; in PN (Q; \ Q1) and
a fixed point up, in PN (Q \ Q3). Both are positive solutions of BVP (1.3)-(1.4) and satisfy

0< sl < p < fluall (3.24)
]

Theorem 3.4. Assume that f(t,u) be continuous on [a,b] x [0,00) — [0,00). If the following
assumptions hold:

(H;) fo= oo,
(Hé) fOO = OO,
(H3) there exists a constant p' > 0 such that f(t,u) < p'M, (t,u) € [a,b] x [0,p'],

then the BVP (1.3)-(1.4) has at least two positive solutions wuy and u, such that

0 <l <p' < el (3.25)

The proof of Theorem 3.4 is very similar to that of Theorem 3.3 and therefore is omitted.

Theorem 3.5. Assume that f(t,u) be continuous on [a,b] x [0,00) — [0,00). If the following
assumptions hold:

(Hy) f°<M,

(Hz) f* <M,

(Hs) there exists a constant 1 > 0 such that f(t,u) > NI, (t,u) € [a,b] x [7],1],
then the BVP (1.3)-(1.4) has at least two positive solutions uy and uy such that

0 < |lmal <1< |juzl (3.26)

Proof. It follows from condition (H;) that we may choose p3 € (0,1) such that

ft,u) < Mu, 0O<uc<ps. (3.27)



16 Abstract and Applied Analysis

Set Q4 = {u € E: ||lu|| < ps}, and u € PN 0Qy; from (3.2) and Lemma 2.13, for a < t < b, we
have

b
Tu(t) = J‘ [G(t,s) + H(t,s;m1, 12, - .., m—2) ] f (5, u(s))ds

. (3.28)
<M L [G(s,8) + Nig(s)]ds - [ull = M - M~ [[ul| = |Jul.
Therefore, we have
ITu|| < |ju|l, uePnoy. (3.29)
It follows from condition (H>) that there exists ps > I such that
ft,u) < Mu, u2>p,, (3.30)

and we consider two cases.
Case 1. Suppose that f is unbounded, there exists I* > p4 such that f(t,u) < f(¢,I*) for O<u<I*.

Then, for u € P and ||u|| = I*, we have

b
Tu(t) = f [G(t,s) + H(t, s;m1,M2, -, m—2)] f (s, u(s))ds

b
< f [G(s,s) + N1g(s)] f (s, 1*)ds (3.31)

a

b
< MZ*I [G(s,s) + Nig(s)]ds = 1* = ||u].

a

Case 2. If f is bounded, that is, f(t,u) < k for all u € [0, o), taking I* > max{2], kM), for
u € P and |lu|| = I*, then we have

b
Tu(t) = f [G(t,s) + H(t, ;11,12 - -, im—2) | £ (5, u(s))ds

a

) (3.32)
< kf [G(s,8) + N1g(s)]ds = kM™ < I* = ||u]|.

Hence, in either case, we always may set Qs = {u € E : ||u|| < I*} such that

ITull < |lul, € PnoQs. (3.33)
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Finally, set Q¢ = {u € E : |Ju|| <1}, then u € P N 0Q4 and

min u(t) > 7||ul| = 7l, (3.34)

TI<IST)

and by condition (H3) and (3.2), we have

b
Tu(t) = I [G(t,s) + H(t,s;m1,12,- ., m—2)] f (s, u(s))ds

a

b
> le ¢(t)[G(s,s) + Nag(s)]ds (3.35)

> le T[G(s,s) + Nog(s)]ds =1 = ||u].

Hence, we have

ITull > |lull, uePnoQs. (3.36)

Thus, from (3.29), (3.33), (3.36) and Theorem 2.6, T has a fixed point u; in P N (56 \ Q) and
a fixed point u in P N (Q5 \ Q¢). Both are positive solutions of BVP (1.3)-(1.4) and satisfy

0 <l << |luzll- (3.37)
O

Theorem 3.6. Assume that f(t,u) be continuous on [a,b] x [0,00) — [0, 00). If the following
assumptions hold:

(Hy) f°=0,
(Hy) f* =0,
(Hy) there exists a constant p" > 0 such that f(t,u) > Np", (t,u) € [a,b] x [Tp",p"],

then the BVP (1.3)-(1.4) has at least two positive solutions uy and uy such that

0 <l <p” <llua. (3.38)
The proof of Theorem 3.6 is very similar to that of Theorem 3.5 and therefore omitted.

The Existence of Three Positive Solutions

Theorem 3.7. Let f(t,u) be continuous on [a,b] x [0,00) — [0, o0). If there exist constants 0 <
a1 < ap < ag such that the following assumptions

(i) f(t,u) < May, (t,u) € [a,b] x [0,a1],
(ii) f(t,u) < Mas, (t,u) € [a,b] x [0, az],

(iii) f(t,u) > Nay, (t,u) € [11, 2] % [a2,a2/7],
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hold, then BVP (1.3)-(1.4) has at least three positive solutions uy, uy, and us with

luill < a1, a2 <O(w) < |luz] < a3,
(3.39)
ar < ||lusl|, 0(u3) < aj.

Proof. We will show that all conditions of Lemma 2.10, are satisfied.
First, if u € P,,, then ||u|| < a3.So, 0 < u(t) < a3, t € [a,b].
By condition (ii), we have

b
Tu(t) = f [G(t,s) + H(t,s;11,. .., m—2)] f(s,u(s))ds

a

b
< J‘ [G(s,s) + N1q(s)| Masds (3.40)

a

b
= Ma3f [G(s,s) + N1gq(s)]ds = a3,

a

which implies that | Tu|| < a3, u € ﬁ@. Hence T : ﬁ% — ﬁ%.

Next, by using the analogous argument, it follows from condition (i) that if u € P,
then ||Tu|| < a;.

Choose u(t) = (ax + a»/7)/2, t € [a,b], it is easy to see that u(t) = (a, + a2/7)/2 €
P(0,az,a3), 6(u) = (a2 +a2/7)/2 > as.

Therefore, {u € P(6, a2, a2/7) | O(1) > az} # ¢. On the other hand, if u € P(0, ay, a>/T),
then a, < u(t) < ax/7, t € [T, 72]. By condition (iii), we have f(t,u(t)) > Nay.

Hence,

0(Tu(t)) = Trgg} Tu(t)

b
= min f [G(t,s) + H(t,s;11,. .., m—2)] f(5,u(s))ds

TI<t<n ),
, (3.41)
> Na, I T[G(s,s) + Nag(s)]ds

a

> Nazf T[G(s, S) + qu(s)]ds = a,,

T1

which implies that 8(Tu) > a,, for u € P(0,as,a,/7).
Finally, if u € P(6, a, a3) and ||Tul| > a,/7, then

O(u) = rr<1t1<n Tu(t) > 7||Tul| > as. (3.42)
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Thus, all the conditions of the Leggett-Williams fixed point theorem are satisfied by taking
d = ay/7. Hence, the BVPs have at least three solutions in P, that is, three positive solutions
u; (i =1,2,3) such that

llu1]] < a1, ay < 0(up) < ||uz|| < as,

(3.43)
a1 < |lusl|, 0(u3) < as.
O
Example 3.8. Consider the problem
1

DS u(t) + 3+ue) =0, te(01),

(3.44)

1 (0) = }Iu<%> u"(0) = 1" (0) = u""(0) =0, u(l)z%u(%),

where a=4.2, a=0, b=1, =025 y=075 1=05 7=025 =075 N; =26, Nx=
0.1758, N =168.9596, and M =1.6968, f(t,u)=(1/3)(1 + ue").

Since f(t,u) = (1/3)(1 + ue") is a monotone increasing function on [0, o), we take
ry =0.001, rp, = 0.8. We can get

f(t,u) < £(0.8) = 0.9268 < Mry,
(3.45)
f(t,u) > f(0) = 03333 > Nry.

So, conditions (H;) and (H>) hold. By Theorem 3.1, the BVP (3.44) has at least one positive
solution.
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