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We study the following second-order neutral functional differential equation with mixed
nonlinearities (r(#)|(u(t) + p(Hu(t — 0))'|* L (u®t) + p(H)u(t - O‘)),), + go®u(ro®)) " tu(ro(t)) +
() |u(mi ()P u(m (1) + g2 (8) [u(m2 (1) u(a () = 0, wherey > a > >0, [7(1/r"/*(1))dt < 0.
Oscillation results for the equation are established which improve the results obtained by Sun and
Meng (2006), Xu and Meng (2006), Sun and Meng (2009), and Han et al. (2010).

1. Introduction

This paper is concerned with the oscillatory behavior of the second-order neutral functional
differential equation with mixed nonlinearities

(r(t) | (ut) + p(yu(t - a))’|”"1 (u(t) + p(Hyu(t - o))’) + qo(H)|u(ro(1))1* (o (1))
(1.1)

+q1(Du(ri ()P u(ri (1) + ga () [u(ra () u(ra(t)) =0, ¢ > to,

where y > a > f > 0 are constants, r € C!([ty,»),(0,0)), p € C([to,»),[0,1)), g; €
C([to, ), R), i = 0,1,2, are nonnegative, c > 0 is a constant. Here, we assume that there

exists T € C!([ty, ), R) such that 7(t) < 7i(t), T(t) < t, lim; ., 7(t) = oo, and 7/(t) > 0 for
t > tp.
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One of our motivations for studying (1.1) is the application of this type of equations in
real word life problems. For instance, neutral delay equations appear in modeling of networks
containing lossless transmission lines, in the study of vibrating masses attached to an elastic
bar; see the Euler equation in some variational problems, in the theory of automatic control
and in neuromechanical systems in which inertia plays an important role. We refer the reader
to Hale [1] and Driver [2], and references cited therein.

Recently, there has been much research activity concerning the oscillation of second-
order differential equations [3-8] and neutral delay differential equations [9-20]. For the
particular case when p(t) = 0, (1.1) reduces to the following equation:

(r)lu() ™ () +go(®)lu(ro®)  u(mo ()
(1.2)

+ (Ot (0) P u(ri (D) + () |u(r2 (1) u(na(t) =0, £ > to.

Sun and Meng [6] established some oscillation criteria for (1.2), under the condition

< 1
J‘ r'lTﬂ(t)dt < oo, (13)

to

they only obtained the sufficient condition [6, Theorem 5], which guarantees that every
solution u of (1.2) oscillates or tends to zero.

Sun and Meng [7] considered the oscillation of second-order nonlinear delay
differential equation

(rOle O ®) + o) u(ro ()" u(m(t) =0, 2 hy (1.4)

and obtained some results for oscillation of (1.4), for example, under the case (1.3), they
obtained some results which guarantee that every solution u of (1.4) oscillates or tends to
zero, see [7, Theorem 2.2].

Xu and Meng [10] discussed the oscillation of the second-order neutral delay
differential equation

(ro]w® +poutt o) | @t +pout 1)) +aOf ) =0, 26 15

and established the sufficient condition [10, Theorem 2.3], which guarantees that every
solution u of (1.5) oscillates or tends to zero.

Han et al. [11] examined the oscillation of second-order neutral delay differential
equation

(r(t)qf<u(t)>|<u<t> wp@utt-) | @) + pleyuc - ﬂ)’) +q(B)f (o (1)) =0, >t
(1.6)
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and established some sufficient conditions for oscillation of (1.6) under the conditions (1.3)
and

ot)<t-r. (1.7)

The condition (1.7) can be restrictive condition, since the results cannot be applied on the
equation

!

(eZt (u(t) + %u(t - 2))') + )L<e2t + %eZHz)u(t ~-1)=0, t>t. (1.8)

The aim of this paper is to derive some sufficient conditions for the oscillation
of solutions of (1.1). The paper is organized as follows. In Section 2, we establish some
oscillation criteria for (1.1) under the assumption (1.3). In Section 3, we will give three
examples to illustrate the main results. In Section 4, we give some conclusions for this paper.

2. Main Results

In this section, we give some new oscillation criteria for (1.1).
Below, for the sake of convenience, we denote

t

z(t) =u(t) + p(t)yu(t — o), R(t) := J.

——ds,
to rl/d(s)

§(t) = 7o (r (1)) f (s )1/ar'<s>ds,

t \T(7(5))
Qu(t) = (1-p(r() (),  Qut) = (1-p(m (1)) q1(t),
Qa(t) = (1= p(na(1)) 2(t),

a p
1 1
Go(t) = %(t)<m> , Gi(t) == ‘h(ﬂ(m) ,

1 ¥
Ga(t) = qa(t) <W> ,

= a0 () mo=a0(hs ),

Y
hat) = "“”(1 +;<t)> /
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© 1 * 1 Y-p y-p
o(t) = —d , t) := —d , ki = , ko = ,
® L@ et 70 f T R R ey

a p !
5 6 0
=00 (5005) 00w 5m) 2o (mtm)

Theorem 2.1. Assume that (1.3) holds, p'(t) > 0, and there exists p € C'([to, ), R), such that
pt) >t, p'(t) >0, 7;(t) < p(t) — 0,i = 0,1,2. If for all sufficiently large t1,

2.1)

© ! a-1 1-1/a
f{Ra(T(t))[Qo(f)+[k1Q1(f)]1/k1[szz(t)]l/kz]—aT(t)R () (T(t))}dtzoo,

0
(2.2)
( { [2o(6) + ka1 o012 5701 - (=)™ 6(t)ff/it()p(t)) }dt = oo,
(2.3)

then (1.1) is oscillatory.

Proof. Suppose to the contrary that u is a nonoscillatory solution of (1.1). Without loss of
generality, we may assume that u(t) > 0 for all large t. The case of u(t) < 0 can be considered
by the same method. From (1.1) and (1.3), we can easily obtain that there exists a t; > to such
that

2(t)>0, 2(H>0, [r®)|2() |‘Hz’(t)], <0, (2.4)
or
2(t)>0, 2(t)<0, [r®|Z(®) |“*1z’(t)]' <0. 2.5)
If (2.4) holds, we have
rt)(Z (1) <r@@®)(Z (1), t=t. (2.6)

From the definition of z, we obtain
u(t) = z(t) - p(tyu(t - 0) 2 z(t) - p(t)z(t — o) > (1 - p(t))z(t). (2.7)
Define

_ Ree(en OE D)
wlt) = RU(r(h) o et b 8)
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Then, w(t) > 0 for t > t;. Noting that z'(t) > 0, we get z(7;(t)) > z(7(t)) for i = 0,1,2. Thus,

from (1.1), (2.7), and (2.8), it follows that

at' (YR (z(1)) r(H) (2 (1)"

W'(t) < r/a(r(t)  (2z(T(h))"

— R(r()) (1 - p(r0(t)))“qo(t)

=R ()] (1= (@) q ()@ M) + (1= pm®)) 02 ¢)| (29

r(t)(Z ()"

—aR*(T(t
RO @)™

Z'(t(t))T'(t).

By (2.4), (2.9), and 7'(t) > 0, we get

at' (R (z (1)) r(t) (2 (1)

w'(t) < ri/a(r(t))  (z(t())"

= Rz () [(1 - pra (1) g1 () (x (1) + (1 = p(22(1)) 2()2(7(8))]

In view of (2.4), (2.6), and (2.10), we have

ar' (R (T (1)) r(T(E) (Z (2(D)))"  pa
ri/a(z(t)) (z(r(H)"

W' (t) <

= R(r())| (1= pra (1)) g1 () (x(6) + (1 - p(:2(1)) 22 (7(8))]-

By (2.4), we obtain

t

2(r(t) = 2(z(8)) + f 2(2(s))7 (s)ds

t

1/a
= 2(e(1)) +£ (ﬁ) [F(r()) (2 (r(5)))"]
t 1/a
> /()2 (r() | (r(fw) (s)ds,
that is,
2(r(t) > ¢()2 (2(1)).
Set

a:= [k1Q1(t)zﬂ—u(T(t))]1/k1, b= [kQa)2(r(t)]", p=

- R*(z(t)) (1= p(70(t))) “go ()

(1) (1 - p(0(t))) go(t)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Using Young's inequality

lab| < 1|a|p + 1|b|q, abeR p>1,4g9>1, 1 + 1. 1, (2.15)
P q P 4q
we have
Q2P (T () + Q)2 (7(t)) > [k Qi1 (1)]"* [kaQa (1)]"/ " (2.16)

Hence, by (2.11), (2.13), and (2.16), we obtain

ar (R (r(0)r' =/ (x (1))
& ()

w'(t) <

= R(z(1)[Qo(®) + [ Qi ()] Q0] V%], (217)

Integrating (2.17) from t; to t, we get

0 <w(t) <w(ty), (2.18)

t
—f {R“(T(S)) |Qo(s) + k1 Qi ()] [kaQa()]' ] -

ty

at'(s)R* (7(s))r'"*(z(s))
F(s) }ds.
(2.19)

Letting t — oo in (2.19), we get a contradiction to (2.2). If (2.5) holds, we define the function
v by

r(t) (=2 (1) 2 ()
z%(p(t))

o(t) = . t>H. (2.20)

Then, v(t) < 0 for t > #;. It follows from [r(t)|z’(t)|“_1z'(t)], < 0 that r(H)|2/()|* 2 (t) is
nonincreasing. Thus, we have

/% (s)2 (s) < r/*(t)Z (t), s>t (2.21)
Dividing (2.21) by r'/%(s) and integrating it from p(t) to I, we obtain

1
=) < 2(p(0) + 1 =) | ) LI P0) 22)
p

s
ri/a(s)’
Letting | — oo in the above inequality, we obtain

0<z(pt)) +r/* (M2 (1)6(t), t>th, (2.23)
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that is,

/e (1)6(t) = ((tt))) >-1, t>t.

Hence, by (2.20), we have

~1<0()8%() <0, t>h.

Differentiating (2.20), we get

v'(t) =

22(p(#))
by the above equality and (1.1), we obtain

ub (1 (1)) u (1a(t))
z(p(®)) z*(p(®))

_ar®EFE) T Z B2 (pM)Z (p(1)P'(H).
22 (p(t))

u®(o(t))

)

- q1(t)

- qa(t)

(rH (=22 () 2 (p(1)) - ar () (-2 (H)* 2 (B (p(1) 2 (p(1))p' (1)

(2.24)

(2.25)

(2.26)

(2.27)

Noticing that p'(t) > 0, from [10, Theorem 2.3], we see that u'(t) < 0 for t > t;, so by 7;(t) <

p(t)-0,i=0,1,2, we have

“(ro(t) _ < u(mo(t)) >
z(p(t))  \ulp®) +p(p(t)u(p(t) - o)

1 a
(u(p(t)) /u(ro(t))) +p(p() (ulp(t) - 0)/u(To(f)))>

1 +P(p(t))>

z(p(t))  \ulp®) +p(p(t)u(p(t) - o)

p
. > 2 (p(t)

(u(p(t)) /u(mi(t)) +p(p(t)) (u(p(t) — o) /u(n(t)))

b (7, (1)) < u(m () >ﬂ (o)

1+p(p (t))> (e ).
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Y
(W (2(0)/ 2 (p(0))) = <u COETIrTeE 0)> 2 (o (1)

— 1 Y o
) <(”(P(t))/“(7'2(t)))+P(P(t))(”(P(t)—0)/M(Tz(t)))> Ze®)

1 ——
> <W> 2 (p(®))-

On the other hand, from (r(t)(—z'(t))“_lz’(t)), <0, p(t) > t, we obtain

Tl/a(t)

Aot

Z(p(t) <

Thus, by (2.20) and (2.27), we get

ap'(t)

_ (a+l)/a
Aoy

() <[ + GO (pM) + L2 (p1)] -

Set

]l/kl

a:= GO ()], b= [b®2 (0", p=ki q:= ko

Using Young's inequality (2.15), we obtain
a2 (p(1) + ()2 (p(1)) > [kiga (D]  [kata (5]

Hence, from (2.30), we have

ap'(t)

_ (a+1)/a
e iy OO

V(1) < = [20() + Taga (0]% oo (0] -

that is,

ap'(t)
r/*(p(®))

u'(t) + [go(t) + [kig (D] [kzgz(t)]l/kz] N

(o) @V/e <0, t>4.

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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Multiplying (2.34) by 6*(t) and integrating it from #; to t implies that

t
5% (Hvu(t) — 6%(t1)v(t) + af V% (p(s))p' ()6 (s)v(s)ds
t
+ f [0(5) + K11 ()15 [kata()]'/ 2| 6(s)dis (2.35)
t

It 60‘(5)P’(S) (_U(S))(u+l)/uds <0.

t rl/zx (P(S))

Setp:=(a+1)/a,g:=a+1,and

a:= (a+ 1)~ @D g/ @) by ), b:= 4

=1/ (a+1)
_ma (). (2.36)

Using Young's inequality (2.15), we get

—a6™ ! (Bo(t) < ab® () (~v(t) D/ + <%>1$ (237
Thus,
L e a(py(_ (a+1)/a at
_ap OB gy BT OCOO) (O] p— (2.38)

rla(p(t)) r/a(p(t)) 6(t)ri/a(p(t))’
Therefore, (2.35) yields

5%(Hu(t) < 6%(t)v(h),

t ; 1 ca a \atl P’(s)
_Ll { [go(s) + Raba (&)1 Thada()] ]6 (s) - <a + 1) 5(s)r/+(p(s)) }ds.
(2.39)

Letting t — oo in the above inequality, by (2.3), we get a contradiction with (2.25). This
completes the proof of Theorem 2.1. O

From Theorem 2.1, when p(t) = t, we have the following result.

Corollary 2.2. Assume that (1.3) holds, p'(t) > 0, and 7;(t) <t — 0, i = 0,1,2. If for all sufficiently
large t1 such that (2.2) holds and

a >a+1 1

f {[ho(t) N [klhl(t)]l/h[kzhz(t)]l/kz]y[“(f) - <a+l 2B

}dt =,  (240)

then (1.1) is oscillatory.
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Theorem 2.3. Assume that (1.3) holds, p'(t) > 0, and there exists p € C!([to, 0), R), such that
pt) >t p'(t) >0, Ti(t) < p(t) — 0,1 =0,1,2. If for all sufficiently large t1 such that (2.2) holds and

[ + a1 a6+ )t = o, @241)

then (1.1) is oscillatory.

Proof. Suppose to the contrary that u is a nonoscillatory solution of (1.1). Without loss of
generality, we may assume that u(t) > O for all large t. The case of u(t) < 0 can be considered
by the same method. From (1.1) and (1.3), we can easily obtain that there exists a t; > to such
that (2.4) or (2.5) holds.

If (2.4) holds, proceeding as in the proof of Theorem 2.1, we obtain a contradiction
with (2.2).

If (2.5) holds, we proceed as in the proof of Theorem 2.1, then we get (2.25) and (2.34).
Multiplying (2.34) by 6%*1(t) and integrating it from #; to t implies that

8% L (Hu(t) - 8™ L (t)v(t) + (a + 1) t V% (p(s))p' (s)6%(s)v(s)ds

a1

[ oo+ Bt 01 et (0)1 267 (5)ds (242)

It w(—v(s))(wwdS <0.

“) P (os))

In view of (2.25), we have —v(t)6%"! () < 6(t) < o0, — 0. From (1.3), we get

t ()

P
r%(p(s))p'(s)ds = J. r V% uw)du < o, t— oo,
p(t)

ty

p(t)
(—u(s))@D/adg < f r V/%u)du <o, t— oo.
p(t1)

ft 5“*1(S)p’(s)
t rl/a(P(S))

(2.43)

Letting t — oo in (2.42) and using the last inequalities, we obtain
[ oot + D 01 agato] o (0t < o, (2.44)
which contradicts (2.41). This completes the proof of Theorem 2.3. O

From Theorem 2.3, when p(t) = t, we have the following result.
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Corollary 2.4. Assume that (1.3) holds, p'(t) >0, 7;(t) <t — 0,1 =0,1,2. If for all sufficiently large
t1 such that (2.2) holds and

[ [ruto) + G117 o)+ 1t = oo, (245)

then (1.1) is oscillatory.

Theorem 2.5. Assume that (1.3) holds, p'(t) > 0, and there exists p € C'([to, 0),R), such that
p(t) >t, p'(t) >0, 7;(t) < p(t) — 0,1 =0,1,2. If for all sufficiently large t1 such that (2.2) holds and

a1

[oe] % 1/!1
f r Ve (v) [ (p(u)du] dv = oo, (2.46)
t

then (1.1) is oscillatory.

Proof. Suppose to the contrary that u is a nonoscillatory solution of (1.1). Without loss of
generality, we may assume that u(t) > 0 for all large . The case of u(t) < 0 can be considered
by the same method. From (1.1) and (1.3), we can easily obtain that there exists a t; > ty such
that (2.4) or (2.5) holds.

If (2.4) holds, proceeding as in the proof of Theorem 2.1, we obtain a contradiction
with (2.2).

If (2.5) holds, we proceed as in the proof of Theorem 2.1, and we get (2.21). Dividing
(2.21) by r'/#(s) and integrating it from p(t) to [, letting I — oo, yields

z(p(t)) > -rV/* ()2 (t) - r Ve (s)ds = —rV/* ()2 (HE(t) > —rV*(81) 2 (11)6(t) := ab(t).
p(t)
(2.47)

By (1.1), we have
(r() (=2 (1)) = qot)u(to(t)) + qu ()P (11(£)) + (DU (Ta(1)). (2.48)

Noticing that p'(t) > 0, from [10, Theorem 2.3], we see that u'(t) < 0 for t > t;, so by 7;(t) <
p(t)—0,i=0,1,2, we get

u(mi(t)) _ u(zi(t))
z(p(t)) u(p(t)) +p(p(t))u(p(t) - o)

(2.49)
1 1

" (u(p®) /um®) + plp®)) (u(p(t) - o) /u(zi(h))) . 1+p(p(t)

Hence, we obtain

(r(t) (-2 ())")" > bo(t), (2.50)
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where b = min{a%, a?,a"}. Integrating the above inequality from t; to t, we have
t

rt) (=2 ()" > r(t) (=2 (h))* +b (p(u)du>b (p(u)du (2.51)

Integrating the above inequality from #; to f, we obtain

z(k) - z(t) > b'/* ft

5}

v 1/a

r V% (v) [I (p(u)du] do, (2.52)
t

which contradicts (2.46). This completes the proof of Theorem 2.5. O

3. Examples
In this section, three examples are worked out to illustrate the main results.

Example 3.1. Consider the second-order neutral delay differential equation (1.8), where A > 0
is a constant.

Letr(t) = ¥, p(t) =1/2,0 =2, qo(t) = A(2e* +e¥*2) /2, a = 1, 7o(t) =t - 1, qu(t) =
q2(t) =0, and 7(t) = 79(t), then

N (eM—e)
RO - [ T
iy (Y e €01
&) = rV/(z(t)) . <T(T(S))) 7'(s)ds = — (3.1)

qo(t) )L(zeZt + e2t+2)

2q0(t) L(2e% + e%*2)
4 ! ’

Qo(t) = =

Go(t) =

Setting p(t) =t + 1, we have 1y(t) = t =1 < p(t) — o, 6(t) = e %72 /2. Therefore, for all
sufficiently large t;,

® ! a-1 1-1/a
f {R”(T(t))[Qo(t)+[k1Q1(t)]1/kl[szz(t)]l/kz]—aT(t)R (z®)r (T(t))}dtzoo,

0]

[ {[goa) b O] 01160 - (755) 5o }dt

©A(2e2+1)-3
:J. ﬁdt:w

6
(3.2)

if L >3/(2e72 + 1). Hence, by Theorem 2.1, (1.8) is oscillatory when A > 3/ (2e72 + 1).
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Note that [11, Theorem 2.1] and [11, Theorem 2.2] cannot be applied in (1.8), since
7p(t) > t — 2. On the other hand, applying [11, Theorem 3.2] to that (1.8), we obtain that (1.8)
is oscillatory if A > 3/(e™2 + 2e™*). So our results improve the results in [11].

Example 3.2. Consider the second-order neutral delay differential equation

1 o\ 1 V65
t TR : _
(e (u(t) + Eu(t ~ 1 )) > +12v65e u<t ~3 arcsin 5 > =0, t>t. (3.3)

Let r(t) = e, p(t) = 1/2, 0 = x/4, qo(t) = 12/65¢!, q1(t) = q2(t) = 0, a = 1, T(t) =
t — (arcsin/65/65)/8, p(t) = t + /4, and 7(t) = t — /4, then

1

e 1t
m) T'(s)ds=e"" -1,

R<t>=f L _gsmetoet, )=o) (

s
to Tl/“(s) h

Q-2 - oviEe,  um - 220 sEE, - et
(3.4)

Therefore, for all sufficiently large t;,

© ! a—1 1-1/a
f{R“(T(t))[Qo(t)+[lel(t)]l/kl[szz(t)]“"Z]—“T(t)R (g(t()t;r (T(t))}dt:oo,

[ {[goa) b O] T80 - (55)" 50w }dt

_ f (8\/@6’”4 . }L>dt - ».

(3.5)
Hence, by Theorem 2.1, (3.3) oscillates. For example, u(t) = sin 8t is a solution of (3.3).
Example 3.3. Consider the second-order neutral differential equation
(e'2' (1)) + e tu(ot) + qi (H)u' P (Ait) + g2 (Mat) =0, >k, (3.6)

where z(t) = u(t) + u(t—1)/2, X; >0 fori =0,1,2, are constants, g1 (t) > 0, g2(t) > 0 for t > to.
Letr(t) = e, 0 =1, qo(t) = et A, = max{\o, Ay, A2}, Ti(f) = Mit, T(H) = A, 0 < A <
min{Ag, A1, A2, 1}, p(t) =Mt + 1, a=1,=1/3,and y =5/3, then k; =k, = 2,

¢
1
R(t) = J. ——ds=e—¢",
, T1/4(s)

£

(3.7)
&(t) = rl/”‘(T(t)) t <71 >1/uT'(s)ds =ellt-h) _q o(t) = e M1
- r(7(s)) B ! - '

t
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It is easy to see that (2.2) and (2.41) hold for all sufficiently large t;. Hence, by Theorem 2.3,
(3.6) is oscillatory.

4. Conclusions

In this paper, we consider the oscillatory behavior of second-order neutral functional
differential equation (1.1). Our results can be applied to the case when 7;(t) > t,i = 0,1,2;
these results improve the results given in [6, 7, 10, 11].
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