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The authors introduce two new subclasses denoted by J*(Q, A, p, &) and J3(L, A, p, a) of the class
A(p, n) of p-valent analytic functions. They obtain coefficient inequality for the class J*(€, A, p, a).

They investigate various properties of classes J*(€,A,p,a) and J3(Q, A, p, a). Furthermore, they
derive partial sums associated with the class J%(, A, p, a).

1. Introduction and Definition

Let A(p, n) denote the class of functions of the form

f(z) :zp+iap+kz’”+k (n,peN={1,2,..1}), (1.1)
k=n

which are analytic and p-valent in the open unit disc U = {z : z € C, |z| < 1}. We write
A(1,1) = A.

A function f € A(p,n) is said to be in the class S(p,n,a) of p-valently star-like
functions of order a if it satisfies the condition

Re(zf,(z)> >a (zeC; 0<a<p). (1.2)
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Furthermore, a function f € A(p,n) is said to be in the class K(p,n, a) of p-valently convex
functions of order a if it satisfies the condition

Re<l+%)>a (zel; 0<a<p). (1.3)

The classes S(p, n, a) and K(p,n, a) were studied by Owa [1]. The class S*(p, a) := S(p, 1, a)
was considered by Patil and Thakare [2].

We denote by T(p,n) the subclass of the class A(p,n) consisting of functions of the
form

f(z)=2" = > apiz’™*  (apk >0; n,p eN) (1.4)
k=n

and define two further classes T*(p, n, ) and C(p, n, a) by
T*(p,n,a) := S(p,n,a) NT(p,n), C(p,n,a) :=K(p,n,a)NT(p,n). (1.5)

For the classes T*(p, &) := S*(p,a) N T(p), C(p,a) := K(p,a) NT(p).
The following lemmas were given by Owa [3].

Lemma 1.1. Let the function f be defined by
f(z) =2 - Zap+kz”+k (apk >0; peN). (1.6)
k=1
Then, f is in the class T*(p, a) if and only if

dS(p+k-a)api <p-a (1.7)
k=1

The result is sharp.

Lemma 1.2. Let the function f be defined by (1.6). Then, f is in the class C(p, &) if and only if
Z(p+k)(p+k—a)ap+kSp(p—a). (1.8)
k=1

The result is sharp.

For a function f defined by (1.6) and in the class T*(p, «), Lemma 1.1 yields

p—a
Ap+1 < P+1—_a (19)
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On the other hand, for a function f defined by (1.6) and in the class C(p, a), Lemma 1.2 yields

p(p—a)
ST CE o

In view of the coefficient inequalities (1.9) and (1.10), it would seem to be natural to introduce
and study here two further classes T (p, @) and C,(p, a) of analytic and p-valent functions,
where T} (p, &) denotes the subclass of T*(p, a) consisting of functions of the form

(p-a)e <
f(z)=2F - mz”” - kZ:Zap+kzp+k (apsk 20, peN, keN-{1}; 0<a<p; 0<e<1)
(1.11)
and C.(p, @) denotes the subclass of C(p, a) consisting of functions of the form
p(p-a)e "
fz) =2 - 2
(p+1)(p+1-a)
(1.12)
—Zawkz’“k (apk 20, peN, keN-{1}; 0<a<p, 0<e<1).
k=2
The classes T; (p, «) and C,(p, a) are studied by Aouf et al. [4].
The classes
T:(a) =T;(1,a),  Cla):=Cc(1,a) (1.13)

were considered earlier by Silverman and Silvia [5].
Now, we give the following equalities for the functions f(z) belonging to the class

A(p,n):
Df(z) = f(2),

D'f(z) = Df(z) = z(D0f<z>)'=z[sz‘1 +§J(p+k)amkzp+k-l] —p2+ 3 (p+ K™,

k=n k=n

D*f(z) = D(Df(z)) = z(D* f(z))’zz[pzp +§:(p+k)a,,+kzp+k] :pzzp+i(p + k) apzrk,

k=n k=n

D9f(z) = D(Dg’l f(z)) = pzP + i(k +p) a2tk
. (1.14)
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We define g : A(p,n) — A(p,n) such that

p@LLp):<;%—A>Dgf@)+§z<D9ﬂzol <0§A§;%,QEFMJKH). (1.15)

A function f(z) € A(p,n) is said to be in the class J(, A, p, a) if it satisfies the inequality

R {z@(@,)»p))’} _ { (1/p°+ (1/p - 1)) (DU () + ()»/P)Z(Dgf(z))"}
eq ————— ¢t =Re{z ; >a,

p(2,1,p) (1/p2 =)D () + (\/p)=(D2 ()
(1.16)

forsomea (0<a<p), 0<A<1/p? QeNU(0}and forall z € U.

If Q =0and A = 0, we obtain the condition (1.2). Furthermore, we obtain the condition
(1.3)forQ=0and A =1.

We denote by T(p,n) the subclass of the class A(p,n) consisting of functions of the
form

f(z) =2 - Zak+pzk+’” (aksp 20; n,p eN), (1.17)
k=n

and define the class J*(, A, p, ) by

T (QApa)=3(Q\p,a)nT(p,n). (1.18)

Furthermore, we denote by J%(€, A, p, «) the subclass of J*(2, A, p, &) consisting of functions
of the form

f(z)=2"-

(P - a)g - ) bk
- + 0<e<1). (119
((P+n)/P)Q(1+)mpg_1)(n+p_a)z kg;rlap kZ (0<e<1). (119)

The main object of the present paper is to investigate interesting properties and characteristics
of the classes J*(Q, A, p, @) and J:(Q, A, p, a). Also, the partial sums is defined for f function
defined by (1.19).

2. A Coefficient Inequality for the Class 7*(Q2, A, p, «) and
Some Theorems for the Class J:(Q, A, p, a)

First, we give a coefficient inequality for the class 3*(L2, A, p, a).

Theorem 2.1. Let the function f be defined by (1.17). Then, f is in the class 3*(Q, A, p, a) if and
only if

i(krg)go+)Lkp9‘1>(k+p—1x)ap+k <p-a (2.1)

k=n
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Proof. Suppose that f(z) € 3(Q, A, p, «). Then, we find from (1.16) that

Re{ Z(@(QJIP))'} _ Re{z (1/p% + (1/p-1)1) (D[ (2)) + (M p)z(Df (2))" }
p(Q 4, p) (1/p2 = 1)D%f(2) + (M/p)z(D2f (2))’

(2.2)

=Re Pz = Xia (k + P)QH (1/pg + )‘k/P) ap+kzp+k >a
2 -3, (k+ p)Q(l/pQ + Ak /p) ay. 2Pk .

If we choose z to be real and let z — 17, we get

RN Q+1 Q
{P Sica (k+p) (1/p ”‘k/’”)”’“"}za (2.3)

1- 32, (k+p)?(1/p® + Ak/p) ap.

or, equivalently,
-3 (k+p)2 (1/;99 + Ak/p)ap+k > a{l - Dk + p)9<1/p9 + )Lk/p>ap+k}. (2.4)
k=n k=n

Thus, we have

i{(k +p) ¥ (1/p2 4 Ak/p) - (k+p)*(1/p% + Ak /p) fapu <p-a 2.5)
k=n
or
kZ:{ (k;p)9<1 + Akp9—1>(k +p —a)}ap+k <p-a 2.6)

Conversely, suppose that the inequality (2.1) holds true and let
zeold={z:z€C, |z| =1}. (2.7)

Then, we find from the definition (1.4) that

2(p(Q\p) ' _(/p®+ (1/p- D) (D2 (2)) + (Mp)2(DUf(2))" '
p(Q L p) (1/p® = 1)DOf (z) + (A/p)z(D9f (2))’

_|p# S (k+p)/p)” (k +p) (1 + Akp® )@y 2.8)
2P = 3, ((k+ P)/P)Q(l + )‘kPQ_l)ap+kZp+k

ST k(R +p)/p) (1 + Akp™ )@y
T 1-32, ((k+p)/p) P (1 + Akp®) apu



6 Abstract and Applied Analysis

By means of inequality (2.1), we can write

0

Z(%)QO + )Lkpg‘1> (k+p—a)ap.

k=n

o Q
<p-a= Zk(""#) (1 +)Lka’1>ap+k (2.9)
k=n

Q

Sp—a—i',(kw) (1+f\kPQ’1)(P—“)ap+k

k=n p

or

e rk+p\? o1 & (k+p\* Q-1

Zk(T) <1+)Lkp )ap+k§p—a—(p—a)z<7> <1+/\kp )ap+k. (2.10)
k=n

Thus, we obtain

_Wp+ (Up - D) (Df(2)) + M/p)z(D°f(2)" ‘
(1/p2 - ))Df (z) + (A/p)z(D2 (2))
S, k((k+p)/p)” (1+ Mkp® ) apoiz*
1- 32, (k+p)/p)® (1 + \kp2T) apizk

(2.11)
P (p-a) 52, (k+p)/p)”(1+ kp® aye
S ISR (k)R (L Mt
=p-a

This evidently completes the proof of Theorem 2.1. O

Now, we give a characterization theorem for the class J3 (2, A, p, a).

Theorem 2.2. Let the function f be defined by (1.19). Then, f is in the class T:(Q, A, p, &) if and
only if

o Q
> <k;p> <1 +)tkp9*1>(k+p—vc)ap+k

k=n+l (2.12)

<(p-a)(1-e) (0S(X<p,0§g<1l 05)‘5%)
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The result is sharp for the function f given by

(P B “) € P+

— P
J(z) == ((p +n)/p)Q(1 +Anp ) (n+p - a)

(2.13)
~ (p-a)(l-e) ik
((p+k)/p)?(1+ Akp® 1) (k +p - a)

(k=n+1,n+2,...; neN).

Proof. Using inequality (2.1), we have

Q 0 k Q
(n;p> (1+/\np9_1>(n+p—(x)ap+n+ > <%> <1+)Lka_1>(k+p—a)ap+k <p-a

k=n+1
(2.14)

& /k+p Q o1 n+p Q o
Z(—p > <1+)Lkp )(k+P—a)ap+k§p—a—< » ) <1+/\np >(n+P—a)ap+n.

k=n+1
(2.15)
Thus, by setting
Gpon = poa)e : (2.16)
((p+n)/p)” (L+Anp? ) (n+p-a)
we obtain
< (k+p ¢ Q-1
Z( ) <1+)Lkp >(k+p—rx)ap+k
k=n+1 4
n+P>Q a1 (p-a)e
<p-a- 1+ An n+p-a
P < p < P >( P )((p+n)/p)9(1+Anp9‘1)(n+p—zx)
(2.17)
or
- [k+p “ Q-1
Z( ’ ) <1+)Lkp )(k+p—a)ap+k§(p—a)(1—£). (2.18)
k=n+1

A closure theorem for the class J%(€2, A, p, a) is given by the following. O
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Theorem 2.3. Let

(p—a)g P
((p+ n)/p)Q(l +Anpe ) (n+p-a)

fs(z) =zF -

[ee]
- Z ap+k,szp+k (apks 20, pneN; 0<e<1; s=1,23,...,m).

k=n+1
If fs € 3:(Q, A, p, a), then the function g given by

—-a)e x
o) (P )Q—l Z;Hn — Z bp+kZp+k/
((p+mn)/p)"(1+AnpS?)(n+p-a) Konrl

g(z) =2 -

with

1 m
bp+k = _Zap+k,s >0,
n15=1

is also in the class J:(Q, A, p, a).

Proof. Since fs € J:(Q, A, p,a) fors =1,2,...,m, it follows from Theorem 2.2 that

k=n+1

By applying (2.22) and the definition (2.21), we write

o Q
D (%) (14 2kp® ) (k o+ p - @)y

k=n+1
5 (et of )
N me3 "

Q

1| & /k+p i
S S5 G-
< S p-a)1-9 = (p-a)1-e).

s=1

o Q
3 <k+p) <1+)Lkp9‘1>(k+p—a)ap+k,55 (p-a)l-e) (s=1,2,...,m).

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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Theorem 2.4. Let
fp+n(z) =P _ = (p - a)g Zp+n,
((p+m)/p)”"(1+Anp® ) (n+p - a)
fokl() = 2 - e 2 (224
(p+n)/p)”"(1+Anp® ) (n +p - a)
_ (P B a) (1 - 5) ZP+k
((p+k)/p)*(1+ Akp@1) (k +p - a)
wherek € (n+1,n+2,...}.
Then, f is in the class J5(, A, p, &) if and only if it can be expressed in the form
f(z) = Z’lp+kfp+k (2) <7lp+k 20; Z’Zp+k = 1>' (2.25)
k=n k=n

Proof. Suppose that f is given by (2.25), so that we find from (2.24) that
-a)e
f(Z) — Zp _ 5 (p )
((p+n)/p)"(L+ Anp® ) (n+p - a)

~ (p-a)(1-¢)
Ko ((p +5)/p) % (1+ Akp ) (k +p - a)

Zp+n

[*e]

(2.26)

+k
ﬂp+kzp ’

where the coefficients 7,k are given with S Np+k = 1, Mpek > 0. Then, since,

0

Z (%) <1+)Lkp9—1>(k+p_a) (P—a)(l—g)

Kot ((k+p)/p)® (1 +kp2 1) (k +p - a) et

=(p-a)(1-¢) D, 7wk (2.27)
k=n+1

=(p-a)1-e)(1-1pen)
S (p_a)(]-_g)/

we conclude from Theorem 2.2 that f € J3(Q, A, p, a).

Conversely, let us assume that the function f defined by (1.19) is in the class
J:(Q, A, p,a). Then,

(p-a)(1-¢)

ke < , 2.28
R ((k+p)/p)® (1 +Mkep21) (k +p - a) (229

which follows readily from (2.12) fork € {n+1,n+2,...}.
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Forke{n+1,n+2,...}, setting

ook = L& +p)/p)” (1 + Akp?™) (k +p — a)
’ (p-a)(1-e)

Ay (2.29)

and 7y, = 1 = 32,11 Mp+k, We thus arrive at (2.25). This completes the proof of Theorem 2.4.

O
Theorem 2.5. Let f be given by (1.19) and define the partial sums s,,(z) by
Q(y —
o ¥ (p ff)s o men
(p+n) " (1+Anp? ) (n+p-a)
Sm(z) = o
zP — 5 P (p—a)s ZP*m — Zap+kzp+k, m=n+1ln+2,....
(p+n) " (1+Anp® ) (n+p-a) k=1
(2.30)
Suppose also that
® Cp-a)e
Z dp+kap+k <1- o P (P ) ’
k=n+1 (p+n) " (1+Anp® ) (n+p-a)
k) (1+ Mkp®) (k+p -
<wheredp+k= (P+ ) <Q+ p )( P a); 0<a<p 0<e<], 0515%).
pe(p-a)(1-e) p
(2.31)
Then, for m > n + 1, one has
Q
—a)(1 -
Re{ fz) } >1- P (p-m)d-2) , (2.32)
Sm(2) (p+m+1)"[1+A(m+1p* | (p+m+1-a)
Q Q-1 _
Re(sm(z)>> (p+m+1) {1+)L(n;+1)p f(m+p+1-a) 233)
f(2) pPrp-a)l-e)+(p+m+1) {1+ A(m+1Dp*}(m+p+1-a)

Each of the bounds in (2.32) and (2.33) is the best possible.
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Proof. From (2.31) and Theorem 2.2, we have that f € J:(€2, A, p, a). By definition d,x, we can
write

e ((p+Kk)/p)? (1 +1kp ) (k +p - a)
" (p-a)(1-e)

= <1 + S)Q<1 + )Lkpg’1> :—(pp—_a;[(Jlr Ij s)] (2.34)

K\ [ 1 k
=<1+5> (1+2kp) -1_8+(p_a)(1_8)]>1.

Under the hypothesis of this theorem, we can see from (2.31) that dp.ki1 > dpx > 1, for
k=n+1,n+2.... Therefore, we have

m 0 0 Q
pe(p - a)e
Apsk + Apimet Apsk < dpikpe <1 -
k:Zml e k:znm " k:ZnJrl e (p+n)°(1+Anp®1) (p+n—a)

(2.35)

Using (1.19) and (2.30), we can write

flz) & (P2 (p-a)e/ (p+m)® (1 + Anp® ) (n+p - a) )27 = 52,0 apuizP™
(@) 22— (p2(p-a@)e/ (p+m) (L+ dnp® 1) (n+p—a) )2 = S,y

Zl?:mﬂ Ap+k zPk

=1- .
2= (P (p - @)/ (p+ m) (L + dnpat) (nt p - ) 27— Sy s
(2.36)
Set
1Pl(z) = dp+m+1 [% - <1 - ﬁ>]
(2.37)

k
dp+m+l Z]?;mﬂ Ap+kZ

= 1 — .
1= (PP - @)e/ (p+ ) (s dnp 1) (n+p— ) )2 = S0y Ay
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By applying (2.35) and (2.37), we find that

¢1(z) -1
pi(z)+1

o k
_dp+m+l Zk:m+1 Ap+kZ

m
>Zn_2 Zk:n+1 aP+ka - dP+m+1 Zf:mﬂ aP+kzk

2_< 2p°(p-a)e
(p+ n)Q(l +Anpe ) (n+p-a)

o k
dp+m+1 Zk:m+1 ap+kzp+

2 [1— < 5 Pp-a)e > = 2kni ap+k] = dpmst Xk Gpk
(p+n)"(1+Anp* ) (n+p-a)

<

<1 (zeU; m>n+1),

(2.38)
which shows that Re ¥1(z) > 0. Thus, we obtain
ReW¥(z) = Re{dp+m+1 [—s{n((zz)) - <1 - dp+1m+1 >] } >0= Re{ sfm((zz)) } >1- dp+1m+1
(2.39)
or
Q(y, _ —
Re{ BAC) } >1- - (p-a)-e) . (2.40)
Sm(2) (p+m+1)"[1+Am+1p* ] (p+m+1-a)
Let
pe(p-a)e
— P _ p+n
J@E) == (p+n)g(1+)mp9*1)(n+p—a)z
(2.41)

Q —
1P @e/ () (LAt ) (e p-a)
dp+m+1 '
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Then, f(z) satisfies the condition (2.31) and f € J%(€, A, p, a). Thus, we can write
1- (p2(p-a)e/(p+n)?(1+ Anp®™ ) (n+p - a))z"
f(z) p\p-—a)e/\ptn p P
@) 1= (p2(p-a)e/ (p+m) (1 + Anp® ) (n+p-a))z"

) (1 - <p9(p —a)e/(p+n)°(1+Anp ) (n+p - a))/dp+m+1>zm+1

(2.42)
1- (pg(p —a)e/(p+ n)Q(l +Anpe ) (n+p - a)>zn
1= (P =)/ (p+ m) (L dnp® ) (=) ) ey ) 27
(PG ) A ) ()2
and takingasz — 1~
ST S _ pip-a)1-e) , 043)
Apim+1 (p+m+1)"[1+A(m+1)p2 | (p+m+1-a)

which shows that the bound in (2.32) is the best possible.
By using definitions of f(z) and s,,(z), we can write

sm(z) 2P - <(P —a)e/((p+ ")/P)Q(l + )‘"P&l) (n+p- “))me — en ap+kzp+k
f@ wr((p-a)e/ ((prn)/p)* L+ Anp® 1) (n + p - @) )27 = 52, a2k

P — <(p -a)e/((p+ n)/p)Q(l +np* ) (n+p- a)>zr’+"
- zP — <(p —a)e/((p+ n)/p)g(l +Anp@ ) (n+p - a))zpm = > 1 Apek 2P K

k k
Shinst k2P 0 apezPt

2~ ((p-a)e/ ((p+m) /p)° (L+ Anp® 1) (n+ p @) ) 2P = 520 @™t

o k
Zk:m+1 Ap+kZ

1= ((p-a)e/ ((p+m)/p) (1 + dnp 1) (n+ p - ) ) 2" = 52, Ayt
(2.44)

=1+

If we put

sm(z)  dpmn }

wr(z)=(1+ d,,+m+1){ 7@ T+ dyomn

(1 + dp+m+1> Zlimﬂ ap+kzk

1= ((p-a@)e/((p +m)/p)* (1+ dnp2 1) (n+p - ) ) 2" = 5 Apes
(2.45)

=1+
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and make use of (2.35), we can deduce that

¢a(z) -1 ‘
(P’z(Z) +1
i (1 + dpeme1) 252 a1 Apekz®
2(p—a)e
o_ — (p-a) 2" =230 ApkZ5H pema = 1) 2 ApekZF
(p p ) (1+Anp ) (n+p-a)

(1 + dpams1) X min Apsk

<
2- pn 3 2p—a)e =2 3kl Aprk — (dp+m+1 1) X a Ap+k
( , > 1+ Anpe ) (n+p-a)
_ (1 + dpims1) Xt Gprk
241 - oo S ik p = (pomer=1) s

<p;n>g(1 +Anp ) (n+p-a)

(1 + dp+m+1) Z]?;mﬂ Ap+k _
B 2dp+m+1 Z;timﬂ Ap+k — (dp+m+l - 1) Zlofszrl Ap+k

7

(2.46)
[(p2(2) = 1)/ (g2(2) + 1)| < 1 requires that Re{¢2(z)} > 0. Thus, we obtain
_ Sm(Z) dp+m+1
Re{¥>(2)} = (1 + dpim1) Re[ ) - <1 - >] >0 (2.47)
or
Sm(Z) dp+m+l
re{ 35} <1 + dpert > (249

It follows from the last inequality that assertion (2.33) of the Theorem 2.5 holds.
The bound in (2.33) is sharp with the extremal function given by (2.41). The proof of
the theorem is thus completed. O
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IfQ=0,1=0,and n = 1 are taken in Theorem 2.5, the following result is obtained given by
Liu [6].

Corollary 2.6. Let f be given by (1.19) and define the partial sums s,,(z) by

— MZPH

zP p m=1,
p+l-a
Sm(z) = ( ) . (2.49)
—a)e
o PTVE pa Zap+kz”+k, m=2,3,....
(n+p-a) k=2

Suppose also that

& (p-a)e k+p-a
d <l-—— here dyx = ————; 0< , 0< 1). (250
kZ:2 pik@pik < pri-a where dp.k p—a)1-2) a<p £< (2.50)

Then, for m > 2, one has

Re{ f(z) }> (p-—a)e+m+1

Sm(2) p+m+l-a

Sm(2) p+m+l-a
Re( f(z) ) D@ rmrl

(2.51)

Each of the bounds in (2.51) is the best possible.
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