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Transitivity of generalized fuzzy matrices over a special type of semiring is considered. The semi-
ring is called incline algebra which generalizes Boolean algebra, fuzzy algebra, and distributive
lattice. This paper studies the transitive incline matrices in detail. The transitive closure of
an incline matrix is studied, and the convergence for powers of transitive incline matrices is
considered. Some properties of compositions of incline matrices are also given, and a new
transitive incline matrix is constructed from given incline matrices. Finally, the issue of the
canonical form of a transitive incline matrix is discussed. The results obtained here generalize
the corresponding ones on fuzzy matrices and lattice matrices shown in the references.

1. Introduction

Generalized transitive matrices [1] over a special type of semiring are introduced. The
semiring is called incline algebra. Boolean algebra, fuzzy algebra, and distributive lattice
are inclines. And the Boolean matrices, the fuzzy matrices, and the lattice matrices are the
prototypical examples of the incline matrices. Inclines are useful tools in diverse areas such
as design of switching circuits, automata theory, medical diagnosis, information systems, and
clustering. Besides inclines are applied to nervous system, probable reasoning, dynamical
programming, and decision theory.

Transitive matrices are an important type of generalized matrices which represent
transitive relation (see, e.g., [2-6]). Transitive relation plays an important role in clustering,
information retrieval, preference, and so on [5, 7, 8]. The transitivity problems of matrices
over some special semirings have been discussed by many authors (see, e.g., [9-17]). In
1982, Kim [18] introduced the concept of transitive binary Boolean matrices. Hashimoto [11]
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presented the concept of transitive fuzzy matrices and considered the convergence of powers
of transitive fuzzy matrices. Kolodziejczyk [10] gave the concept of s-transitive fuzzy
matrices and considered the convergence of powers of s-transitive fuzzy matrices. Tan [17, 19]
discussed the convergence of powers of transitive lattice matrices. Han and Li [1] studied
the convergence of powers of incline matrices. In [12, 13], the canonical form of a transitive
matrix over fuzzy algebra was established, and, in [14, 15, 17], the canonical form of a
transitive matrix over distributive lattice was characterized. In [9, 16, 20], some properties
of compositions of generalized fuzzy matrices and lattice matrices were examined.

In this paper, we continue to study transitive incline matrices. In Section 3, the
transitive closure of an incline matrix is discussed. In Section 4, the convergence of powers
of transitive incline matrices is considered. In Section 5, some properties of compositions of
incline matrices are given and a new transitive incline matrix is constructed from given incline
matrices. In Section 6, the issue of the canonical form of an incline matrix is further discussed.
Some results in this paper generalize the corresponding results in [14, 17, 20].

2. Definitions and Preliminary Lemmas
In this section, we give some definitions and lemmas.

Definition 2.1 (see [1]). A nonempty set L with two binary operations + and - is called an
incline if it satisfies the following conditions:

(1) (L,+) is a semilattice;

)
(2) (L,-) is a commutative semigroup;
B) x(y+z)=xy+xzforallx,y,zeL;
)

(4) x+xy=xforallx,y € L.

In an incline L, define a relation < by x < ¥ & x +y = y. Obviously, xy < x for all
x,y € L. It is easy to see that < is a partial order relation over L and satisfies the following
properties.

Proposition 2.2 (see [21]). Let L be an incline and a,b,c € L. Then,

Boolean algebra ({0,1},V, A), fuzzy algebra ([0,1],V,T) (T is a t-norm) and distribu-
tive lattice are inclines. Let (L, <) be a poset and a,b € L. If a < b or b < a, then a and b are
called comparable. Otherwise, a and b are called incomparable, in notation, a || b. If for any
a,b e L, aand b are comparable, then L is linear and L is called a chain. An unordered poset
is a poset in which a || b for all a#b. A chain B in a poset L is a nonempty subset of L, which,
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as a subposet, is a chain. An antichain B in a poset L is nonempty subset which, as a subposet,
is unordered. The width of a poset L, denoted by w(L), is n, where  is a natural number, iff
there is an antichain in L of n elements and all antichains in L have < n elements. A poset
(L, <) is called an incline if L satisfies Definition 2.1. It is clear that any chain is an incline,
which is called a linear incline.

An element a of an incline L is said to be idempotent if a* = a. The set of all idempotent
elements in L is denoted by I(L), thatis, I(L) = {a € L | a® = a}.

A matrix is called an incline matrix if its entries belong to an incline. In this paper, the
incline (L, <, +,-) is always supposed to be a commutative incline with the least and greatest
elements 0 and 1, respectively. Let M, (L) be the set of all n x n matrices over L. For any A in
M, (L), we will denote by a;; or A;; the element of L which stands in the (i, j)th entry of A.
For convenience, we will use N to denote the set {1,2,...,n}, and Z, denotes the set of all
positive integers.

Forany A, B, Cin M, (L) and a in L, we define
A+ B = Ciff ¢ij = ajj + bjj for all i, j in N;

AB = Ciff ¢jj = 3} aibyj for all i, j in N;

AT=Ciff ¢jj = aj; for alli, j in N;

aA = Ciff ¢ij = aa;j for all i, j in N;

A< Biffa;j <bjjforalli,jin Nand A > Biff B< A;

I, = (t;j), where

T e T 2.1
i ) j
0, i#j,

For any A in M, (L), the powers of A are defined as follows:
AV =1, Al= ATA 1€ Z,.
The (i, j)th entry of A’ is denoted by a! ;(L € Z,), and obviously

I
ai]» = Z Ajiy Aigiy * aiH]-. (22)

1<iy,ip,ip1<n

The following properties will be used in this paper.

(1) M, (L) is a semigroup with the identity element I,, with respect to the multiplica-
tion;

(2) (My(L),+,") is a semiring.

If A2 < A, then A is called transitive; if A2 = A, then A is called idempotent; if AT = A,
then A is called symmetric; if A < A?, then A is called increasing; if A > I,,, then A is called
reflexive; if a; = 0 for all i € N, then A is called irreflexive; if A™ = 0 (m € Z,), then A is
called nilpotent; if a;; = 0 fori,j = 1,2,...,n, then A is called the zero matrix and denoted by
0,; A is called a permutation matrix if exactly one of the elements of its every row and every
column is 1 and the others are 0.
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Let B € M, (L). The matrix B is called the transitive closure of A if B is transitive and
A £ B, and, for any transitive matrix C in M, (L) satisfying A < C, we have B < C. The
transitive closure of A is denoted by A*. It is clear that if A has a transitive closure, then it is
unique.

For any A € M,,(L) with index, the sequence

A A% A% AL (2.3)

is of the form

A A% AR AR AR AR AR L (2.4)

where k = k(A) is the least integer such that A¥ = A4 for some d > 0. The least integers
k = k(A), d = d(A) are called the index and the period of A, respectively.
The following definition will be used in this paper.

Definition 2.3. A matrix A = (a;;) € My (L) is said to be
(1) row diagonally dominant if a;; = a;;a;; for alli,j € N;
(2) column diagonally dominant if a;; = a;ja;; for alli,j € N;
(3) weakly diagonally dominant if for any i € N, either a;a;; = a;; for all j € N or
aiaj; = aj forallj € N;
(4) strongly diagonally dominant if a;; = a;;a;j = a;ja;; for alli,j € N;
(5) nearly irreflexive if a;;a;; = a;; foralli,j € N.

Lemma 2.4. I(L) is a distributive lattice, where I(L) = {a € L | a* = a}.

The proof can be seen in [1].

3. Transitive Closure of an Incline Matrix

In this section, some properties of the transitive closure of an incline matrix are given and an
algorithm for computing the transitive closure of an incline matrix is posed.

Lemma 3.1. For any A in M, (L), we have A* = 37_, A*.
The proof can be seen in [21].

Lemma 3.2. Let A € M, (L). Then,

(1) for any i,j € N withi#j and any k > n, there exists s (s € {1,2,...,n —1}) such that
as. > ak;
ij = 7ij
(2) for any i € N and any k > n, there exists t € N such that a'; > ak.
Proof. (1) Let T = a;;ai,j, - - ai,,j be any term of afj, where k > nand 1 < i,iy,1,...,1k1,

j < n. Since the number of indices in T is greater than 7, a repetition among them must occur.
Let us call the sequence of entries between two occurrences of one index a cycle. If we drop
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the cycle, a new expression T7 with m; < k entries is obtained. If m; > n, there must be a
cycle in T3, then we delete the cycle and obtain a new expression T, with m, < m; entries.
The deleting method can be applied repeatedly until the new expression T contains m, < n
entries. According to properties of the operation “-”, T < T; < --- < Ty, but T is a term of the
(i, j)th entry afj of As forsome s <n,wehave T < Ty <--- < T, < ais]., and so afj < afj. This
completes the proof.

(2) LetT = aj,ai,j, - - - a;,_,; be any term of afi, wherek >n+land 1 <i,iy,iy,...,ik1 < N.
Since the number of indices in T is greater than n, there must be two indices i, and i, such
that i, = i, for some u, v (u < v). Then, we delete a;;,,, - - ai, ,i, from T and obtain a new
expression Ty = aij, @j,i,  * * Qi i, Diyiysy **  Aipyi With my < k entries. If m; > n + 1, there are
still two identical numbers in the subscripts i,i1, ..., 11,1y, iv+1,- - ., ik-1, then we apply the
deleting method used in the above. The method can be applied repeatedly until the subscripts
left are pairwise different. Finally, we can get a new term T; with m; < n entries. According to
properties of the operation “-”, T < T7 < --- < Ty, but Ty is a term of the (i,i)th entry afl. of At

forsomet<n,wehave T <T; <---<T; < aﬁi, and so afi < afi. This completes the proof. [

Lemma 3.3. Let A € M, (L). Then,

(1) X Al > A forany k > 1;
() Sr, Al =30 Al forany m > n.

Proof. From Lemma 3.2, the proof is obvious. O
Proposition 3.4. If A" is reflexive, then (A*)" = A™.

Proof. Since A* > I,,, we have A* < (A+)2. On the other hand, by Lemmas 3.1 and 3.3, we see
that (A*)*> < A*. Hence, (A*)" = A*. O

Proposition 3.5. For any A = (a;;)) € M,(L) with index, if A is column (or row) diagonally
dominant, then At = A%, where AS® is transitive.

Proof. We only consider the case A is column diagonally dominant.

For any integer [ > 0, we have A’® < A® since A® is transitive, and so a
1
ij
aﬁjajjajj -+-ajj is the sum of some term in aﬁ.;.‘) < aj;. Hence, S af.]. < ajj, then A™ < A%. On
the other hand, since A* = 3| Al = 3", A for any m > n, we have A* > A®. Therefore,
AT =A% O

Is
ij
N X 777 TTr Is

= ajajjajj- - ajj < a; (because

< af’j, for all

i,j € N. Since A is column diagonally dominant, we have a

Corollary 3.6. For any A = (a;j) € M, (L) with index, if A is strongly diagonally dominant, then
At = A, where A® is transitive.

Proof. Obviously, any strongly diagonally dominant matrix is column (or row) diagonally
dominant. Hence, the conclusion follows from Proposition 3.5. O

Proposition 3.7. For any A = (a;j) € M, (L) with index, if A is weakly diagonally dominant, then
At = AS, where AS is transitive.

Proof. Since A® is transitive, we have A® > A’s, and so al?]. > aﬁf, for any i,j € N and any
integer [ > 0. Since A is weakly diagonally dominant, we have for any i € N, either a;;a;; = a;;
forall j € N or ajaj; = aji forall j € N.
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Let

ay= D audi,--ai,; (Vi jeN). (3.1)

1<iy, i1 <n

Case 1. If a;;,a;,j = a;,j for all j € N, we have a;,;, a;,;, = a;,;,- Then,

I _ T T
aj; = Z i) Aiyiy Aiy_yj
1<iy,. ij1<n

E Aiiy Aiyiy *** Aiyiy gy~ Aigyj
1<iy,.. ij1<n

Is : : : Is
< a;; | since Z Qii, Ay, *+* Aigiy Aiyiy * *+ @iy, is the sum of some term in a;;
1<iy e ij1<n
S
< aj;;.
(3.2)
Case 2. If aji,a;,;, = aj;, for all j € N, we have a;; a;,;, = a;;,. Then,
- I T T
a;; = Qiiy Aigiy * "+ Qipy
1<y, ij1<n
= Z iy Aiyiy *** Aigig Aiyiy *** ipyj
1<iy, e ii1<n
Is : : : Is
< a;; \ since Z @ii, Qi+ Aigiy Aigiy *** iy, j 18 the sum of some term in a;;
1<y, i1<n
S
< aj;-
(3.3)

From above, we see that a! ; < ai.]s: < aj; for any i,j € N. Hence, > al ; < aj;, then
A* < A®. On the other hand, since A* = 3, Al = =1 A, we have A* > A°. Therefore,
At = A°. O

Proposition 3.8. Let A = (a;j) € M, (L). If the entries of A satisfy a;ajx = ajx (1 <1i,j,k <n),
then

(1) A2 < A3;
(2) ai=a’=---=alforallie N;

(3) A converges to AKX with k(A) <n-1.
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Proof. (1) Since any term T of the (i, j)th entry aizj of A? is of the form aj,a;,;, we have
al.zj = da aixarj (1 < i,j,k < n). Because the hypothesis a;iajx = ajx, we can get al.zj =
ko1 ik ki k. SInce aixakax; is a term of af’]., we have al.z]. = i QikAkkakj < a?j.

Thus, A% < A3.

(2) Because the hypothesis a;;ajx = ajx, we have a;;a;; - - - a;; = a;;. Hence,

aii < aj; = Z Qiiy Qi+ i i < Z aik = Z aiiaik < Z aii = ajj, (3.4)

1<iy,ejig-1<n keN keN keN

then a;; = a;, (for all s € N).
(3) Since A% < A3, we have AK! < A¥ (for any integer k > 3), and so A"! < A™. Now
we prove that A""! > A", By (2), it is sufficient only to show that a:;._l > aj; fori# j. Let

al= > aua-a,,; (YijeN). (3.5)

1<y, ip1<n

Since the number of indices in aj; aj,;, - - a;, ,;j is n + 1, there must be two indices i, and i,
such that i, = i, for some u,v(u < v). Then, a;; ai;, -+~ ai, ,j < i, Qiyiy *** iy, Bigiyy " Wiy
Since  ajj, @y, -+ Qi i, Aigiyy - Aipyj IS @ term of az._(v_”)
Z._(v_u) and so af; < a:;._(v_u), thatis, A" < A™(m =n—(v-u) <
n) < A™! (because A¥! < AF for any integer k > 3). Therefore, A"! = A". This proves the
proposition. O

, we have aj ai,-a,_j <

iy Aigiy "+ Wiy yiy Vi """ Vi 1j S 4

iv+1

Lemma 3.9. Let A = (a;j) € My(L). If the entries of A satisfy ajajx = ajx (1 <1i,j,k < n), then
adj(A) = AL,

The proof can be seen in [22].

Proposition 3.10. Let A = (a;;) € My(L). If the entries of A satisfy a;iajx = ajx (1 <1i,j,k <n),
then (adjA)" = A",

Proof. By the Proposition 3.8, we have A""! = A". By Lemma 3.9, we can get adj(A) = A",
Thus, (adjA)* = (A" )" = A", O

Corollary 3.11. Let A = (a;;) € My (L). If A is reflexive, then
(1) A< A%
(2)ai=a’=a,=---=al=1foralli€N;

(3) A converges to AN with k(A) <n-1;
(4) (adjA)" = A",
(5) ((adjA)")" = A",

Proof. From Propositions 3.10 and 3.8, the proof is obvious. O
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Proposition 3.12. Let A = (a;;) € My(L). If L has no nilpotent elements and A is nilpotent, then
(1) (adjA)* =0;
(2) (adjA)" = adjA.

Proof. (1) The proof can be seen in [23].
(2) Form (1), the proof is obvious. O

Proposition 3.13. Let A = (a;;) € Mu(L), A* = (tij) s (In + A)* = (i) s then
1) (I, + A =L, +A)"=1,+ 3L, A,
@) I+ A" = (I, + A" =L, + T AL
(3) tij = XLy ai.]. =t;; (foralli,j € N and i # j).

Proof. (1) Since (I, + A) is reflexive, we have (I, + A) is increasing. By Lemma 3.1, we can get
the conclusion.

(2) By Corollary 3.11, (I,, + A) converges to (I, + A)k(I"+A) with k(I,, + A) <n-1. Thus,
the conclusion is obtained.

(3) From (1) and (2), the proof is obvious. O

At the end of this section, we may establish the following algorithm to find the (A*);;
(i#7)-
Let A € My(L), A* = (i) sns (In + A)* = (£i}) sn, and B = I, + A.

Step 1. Compute successively

B>,B%,...,BY,..., (peZz). (3.6)

In (3.6), find p < k — 1 such that B?" # BY ,but BY' = B¥". Then, (I, + A)* = B¥. Go to Step 2.

Step 2. Find (A*);; (i# ).
Let i’i]' = t;j (17&]) StOp.

4. Convergence of Powers of Transitive Incline Matrices

In this section, the convergence of powers of transitive incline matrices in M,(L) will be
discussed.

Definition 4.1. Let A = (a;j) € My(L). For any i,j € N, if a;jaix # aix = aijaxj = ax;j holds for
all k € N, then A is called a strongly transitive matrix.

Theorem 4.2. If A = (a;;) € M, (L) is a strongly transitive matrix, then A is transitive.

Proof. Since A is strongly transitive, for any i,j € N, we have a;ja;x = aj for all k € N or
a;jja;x # aix and a;jay; = ax; for allk € N.

Case 1. For any i,j € N, suppose a;;aix = ai for all k € N, then we can get a;; > a;jaix = aix >
Qikakj, SO a;j > P aixaxj = aiz]., which means that A is transitive.
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Figure 1

Case 2. For any i,j € N, suppose a;;a;x # ajx and a;jax; = ax;j for all k € N, then we can get
aij > ajjaxj = agj > Ak agj, SO Aij > Py aikakj = al.zj, which means that A > A2. This completes
the proof.

O
Remark 4.3. If A is transitive, but A is not necessary to be a strongly transitive matrix.

Example 4.4. Consider the cline L = {0, a, b, ¢, 1} whose diagram is as Figure 1.

Let now
A c (4.1)
\b c) .

Then, A?> < A which means that A is transitive. But ajja;; = ca#aj;; = a (because
ca < a) # anay = cb = ay = b (because cb < b), which means that A is not a strongly
transitive matrix.

Theorem 4.5. Let A = (a;j) € Mu(L). If A > A?and a;; € I(L) (foralli € N), then

(1) ai=a;=---=alforallie N;
(2) A converges to AKA) with k(A) < n.

Proof. (1) By the hypothesis A > A?, it follows that A¥ > A*! (for all k € N). Hence, A" >
A"l and a;; > a;; (forall s € N).Since a;; € I(L), we can get a;; = a;; --- a;; < aj; (forall s € N).
Thus a;; = af; and aj, € I(L).

(2) By (1), it is sufficient to verify A" < A",

Now, any term T of the (i, j)th entry aj; of A" is of the form ai;, iy, - - - @i, ,j, Where 1 <
i1,12,...,in-1 < 1. Since the number of indices in T is greater than n, there must be two indices
i, and i, such that i, = i, for some u,v (0 <u <v < n,iy =1 i, = j). Then, a;, ai, - a;, ,j =
@ity Diiy " Ry By " iy B " Piyj S @iy Bigiy *** Wi i B 1 By - @i, ,j (because

1 v-u e I s e . . o-u U-u P e . .
Bigiy " Aipi, 18 @ term of al’¥) = aj aii, -+ ai,i,4; " a7 i, - ai,.,j (because (1)
. n+(v—-u
a; = a; (for all i,s € N) and a; € I(L)) < al.].( )(v —u > 1) (because
. L AU—U U U s : n+(v-u) n+l
iy Qiyiy *** Qi Ay 5 Ay 1 Dy * By yj 1S the sum of some term in a; J ) < aj; (because
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Ak > Ak for any k € N). Thus, T < a;“].*l, and so a:;. < a:?j*l. Therefore, A" < A™!. This
completes the proof. O
Corollary 4.6. If A = (a;;) € M, (L) is strongly transitive, then A converges to A¥A) with k(A) <
n.

Proof. Since A is strongly transitive, by Theorem 4.2, we have A > A? and a; € I(L) (for all
i € N), the conclusion is obtained. O

Theorem 4.7. Let A = (a;j) € M, (L) be transitive. If B = (b;;) € M, (I(L)) and diag(A) < B < A,
where diag(A) = (cij) with c;; = a;; (foralli € N) and ¢;j =0(i#j,i,j € N). Then,

(1) B converges to B€®) with k(B) < n;

(2) if A satisfies axx > X axi (or akx > L, aix) for some k in N, then B converges to BX(®)
withk(B) <n-1;

(3) if B satisfies bxx > S bii (or bk > S0, bik) for some k in N, then B converges to B<(®)
with k(B) <n -1,

Proof. (1) Firstly, b;; = a;; (for all i € N) since diag(A) < B < A. Since b;; € I(L), we have
aii € I(L). By Theorem 4.5, we can get a;; = al.zi =---=aj forallie N.

It follows that any term T of the (i, j)th entry b?j of B" is of the form by;, b, -+ b;, ,j,
where 1 < iy,dp,...,ip-1 < 1. Since {i,i1,12,...,ip-1,j} C {1,2,...,n} and n + 1 > n, there
are u, v such that i, =i, (0 < u < v < m iy = i,i, = j). Then, T < by, b i, and
T < by bii, -+ by, i, bii,,, -+ by, j- Since A is transitive, we have A > Ak for all k > 1, and so
aij > ai.‘]. foralli,j € N. Thus, bl?;f‘l > b;,i, (because B € I(L)) = aj,;, = af.:;;‘ > bl?;;f (because
A > B)>bi,., - bi i, >T.Since b b, -+ bi, i, bZ;:‘*lbi -++b;, ,j is the sum of some term
in b;’lfl, we have b?]fl > b biyi, -+ b bfzklbivim -++b;,,j > T (because B € I,(L)), and so
b?j‘l > b?j (because T is any term of b?j). Thus, B"! > B".

Certainly, B" > B"1 > B2 > ...,

On the other hand, for any term T = b;;, ---b;,,; of b?]., there must be two indices
i, and i, such that i, = i, for some u,v (0 < u < v < n, iy = i,iy, = j). Then, T =

lll
vlv+l

-1ty

bii,biyiy - b, 1j = biinbiiy -+ Ui i, B~ i iy Digir *+ Biyij < Biiy bigiy =+ by i, 07 bii -+ iy

(because b, -+ bi, i, is a term of b]7") = bij by, - - bi, i, b} “b] "bi i, -+ - bi, ,j(because B €
n+(v-u) _ _ .

M, (I(L))) < b;; (because b, b, - - bi, ,i,b7 707 by, -+ b, is the sum of some term

in b?;(v_”);v —u>1)< b:.“].“ (because B* > B¥*! for any k > n - 1). Thus, T < b{’]fl, and so
bj; < bg.”. Therefore, B" < B™1.

Consequently, we have B" = B"*!. This completes the proof.

(2) By the proof of (1), we have B" < B""!. Hence, B"! > B" > B""!1 > B"2 > ... In the
following, we will show that B*™! < B™. It is clear that any term T of the (i, j)th entry bl.';.‘l of
B"!is of the form b;;, b

iiy ** bi,,j, Where 1 < 1,1;,1p,...,in2, j <n. Letip =iand i, 1 = j.

Case 1. 1f i, = i, for some u and v (u < ©v,v —u > 1), then T =
biibiyiy b, oj = biibigiy -+ bi i iy -+ biy i, iy *++ binj < iy biiy -+ by 1, b77 b bi,,j
(because b;,,,, ---b is a term of bf;:‘) = biybii, - bi, i, bYBPTHD

Tyly  dyly e bin,zj (because
B € My(I(L))) < b?]fl*(v*u) (because bj; by, - - - bi, i b¥7“b?*b

[y ipipe1

ip-1iy iplps1

iis *** bi i 0] 0] iy, -+ by, s the sum of some
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term in bl."]f“(v*")) < bj; (because B*! > B" > B! > ...). Thus, T < by, and so bl’?j‘l < bji.
Therefore, B*! < B".

Case 2. Suppose that iy, #1, for all u # v. By the hypothesis axx > >, ax; for some k, we have
biuiu = A, > Z?:l ai,i > Z?:l biui (because A > B) > biuiu+1' Then, T = biilbiliz"'bin,zj =
biibisiy by 11 bigier Vieriio -+ binnj = biibivio ** biy 10, i Viir Vininr -+ i »j (because B €
My (I(L))) < biibisiy -~ biy i, iiyr bisi biseinr - birj(because bii, > bii,.,) < b (because
biiy bisiy ** Diy iy Biyiyr Pii Piive - binj 18 @ term of bt). Thus, T < b, and so b?j‘l < by
Therefore, B*! < B".

The case of axx > >, aix is similar to that of the hypothesis axx > > axi.

Consequently, we have B*! = B".
(3) The proof of (3) is similar to that of (2). This completes the proof. O

Theorem 4.7 generalizes and develops Theorem 4.1 of Tan [17].

5. Compositions of Transitive Matrices

In this section, we construct a transitive matrix from given incline matrices and construct a
new incline matrix with some special properties from transitive matrices. We know that any
idempotent matrix is also a transitive matrix.

Theorem 5.1. Let A = (a;j) € M, (L). If Ais transitive and row diagonally dominant, then B = (b;;)

is idempotent, where b;j = ajja;;.

Proof. For any i, j in N, b2 = >, ikbkj = Y1 AikAkiakiajk = Do (aikakj)(ajkax) <
Zk 1(ajjaji) (because A > AZ) = >t bij = bjj. Thus, B> < B. On the other hand, since

= Y bikbxj > biibij = ajajaija;; = aija;; (because A is row diagonally dominant) = b;;.
Thus B? > B. Therefore, B> = B. This completes the proof. O
Definition 5.2. Ao D = Ciff ¢jj = [T}_;(aix + dx;) forany i,j € N.

Theorem 5.3. Let A = (a;;) € M, (L) be a symmetric and nearly irreflexive matrix. Then, the matrix
M = C o A is idempotent, where C = (c;j) with cij = ¢; € L, ¢;j = 0 (i #7).

Proof. By the definitions of the matrices A, C, and M, we have

- <H> (s o
#i
<H“ﬂ> (ci + aij) (5.1)
#i

a; + I |allcll i= ]/

1#i
ajj, i#].

The (i, j)th entry of M? is m}; = S, micmy;.
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. . . 2
Case 1 (i#j). In this case, m;; = Zk#,j MicMmyj + mm;j + mijjmj; = Zkﬁj axkajj + (ai +

H,#alici)a]-]- + a]-,-(ajj + H,#aljc]-) = ajj(ZZ:1 akk + H,#alici + Hz¢jaljcj) = ajj (because
A is nearly irreflexive) = my;.

. . 2 _ _ _
Case 2 (i = j). In this case, m;; = Z,#i mymy+mj; = Zl#i auaii+a,~,~+]_[k#iakic,- = aii+]_[k#iak,~ci
(because A is nearly irreflexive) = m;;.

Consequently, we can get M? = M. Therefore, M = C o A is idempotent. O
Theorem 5.3 generalizes Theorem 3.5 of Tan [20].

Lemma 5.4. Let A,B € Myyxn(L), C € Myy(L) and D € My (L). Then,

(1) BoO)T =CT o BT,
(2)IfA<B,thenDoA<DoBand AocC<BoC.
The proof is trivial.

Lemma5.5. Let A = (aij) € Myuxn(L) be a nearly irreflexive matrix, then Ao AT is nearly irreflexive
and symmetric.

Proof. Let S = AoAT . Then, s;; = I (au+aq) =TT ai = aii (because A is nearly irreflexive).
Thus, sj;si; = a;i; (T2 (ai + aj1)) = a; = sj, thatis, S = Ao AT is nearly irreflexive. By
Lemma 5.4, we have (Ao AT)T = (AT)T 0 AT = Ao AT, O

Lemma 5.5 generalizes Theorem 3.3 of Tan [20].

Corollary 5.6. Let A = (a;;) € My(L) be a nearly irreflexive matrix. Then, C o (A o AT) is
idempotent, where C = (c;j) with c;; = ¢; € L, ¢ij = 0 (i#j).

Proof. It follows from Theorem 5.3 and Lemma 5.5. O

Proposition 5.7. Let A = (a;;) € My (L) be a symmetric and nearly irreflexive matrix. Then,

(1) Ac A< A;
(2) Ao Ais symmetric and nearly irreflexive.

Proof. (1) Let R= Ao A.Then, r;; = I (ai + ajj) < aji + a;j = a;;a;j + a;; (because A is nearly
irreflexive) = a;;, so that Ao A < A.

(2) Let R = Ao A. Since rj; = [, (aj + ai) = I (aq + aij) = rij, we have R is
symmetric. Since r;; = [} (aq + ai) = [1).,aa = aii (because A is nearly irreflexive), we can
get riirij = a; (ITL (ai + ajj)) = a;; = r;;. Thus, R is nearly irreflexive. O

Proposition 5.7 generalizes Proposition 3.1 of Tan [20].

Corollary 5.8. Let A = (a;j) € M, (L) be a symmetric and nearly irreflexive matrix. Then, Co(AoA)
is idempotent, where C = (c;j) with ¢;; = c; € L, ¢;j = 0 (i#j).

Proof. It follows from Theorem 5.3 and Proposition 5.7. O
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Corollary 5.8 generalizes Corollary 3.7 (1) of Tan [20].

Corollary 5.9. Let A = (a;j) € M, (L) be a nearly irreflexive matrix. Then, (A o AT) o Cis
idempotent, where C = (c;j) with ¢;; = ¢; € L, ¢;j = 0 (i #j).

The proof is trivial.
Corollary 5.9 generalizes Corollary 3.8 of Tan [20].

Proposition 5.10. Let A € M, (L) be irreflexive and transitive. Then,
(1) Ao AT =0,0 € M,(L);
(2) ATo A=0,0€ M,(L).

Proof. (1) Let R = A o AT. Then, rij = [Tt (aa + ajp) < (ai + aji)(aij + ajj) (because A is

irreflexive) = aj;;a;; < a;; (because A is transitive) = 0. Therefore, R = 0.

The proof of (2) is similar to that of (1). This proves the Proposition. O

Proposition 5.10 generalizes Proposition 3.9 of Tan [20].

Definition 5.11. An incline L is said to be a Brouwerian incline if for any a,b € L, there exists
anelementb — a€ Lsuchthatbx<a&e x<b — a.

Obviously, b — a is the largest element x € L satisfying bx < a.
Definition 5.12. A «— D = Ciff ¢;; = [Tj_;(dxj — ai) foranyi,j € N.
Lemma 5.13. Let L be a Brouwerian incline. Then, for any a € I:,

MNa—-a=1;
21 —-a=a.

The proof is trivial.
Theorem 5.14. Let A € men(i). Then, A «— AT is reflexive and transitive.

Proof. Let R = A «— AT. Then, rij = [Tiz1(ajx — aix). Obviously, r;; = [Ti_;(aix — aix) =1
(by Lemma 5.13 (1)). Thus, R is reflexive. Furthermore, since ajx(aix — ai)(aj — ax) =
(a[k g aik)(ajk(a]-k g alk) < (alk i llik)alk < ajk, we have (alk i aik)(ajk d alk) < ajk e
aix. Therefore, ryr; = [T (ae — ai)(ajx — ai) < [T (ajk — ai) = rij, and so RZ<R.
This proves the Theorem. O

Theorem 5.14 generalizes Lemma 4.1 of Tan [20].
Theorem 5.15. Let A € M, (I (i)). Then, the following conditions are equivalent.

(1) A is reflexive and transitive;

(2) A— AT = A.

PVOOf. (1) = (2) LetR=A « AT. Then, rij = HZ:l(ajk d aik) < ajj — ajj = 1 — aij = aij
(by Lemma 5.13(2)), and so R < A. On the other hand, since ajx > a;jajx for alli,j, k € N, we
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have a;; < ajx — ai, and so a;; < szl(ajk — a;x) (because A € Mn(I(E)))= rij, that is,
A < R. Consequently, we have R= A — AT = A.
(2) = (1). It follows from Theorem 5.14. O
Theorem 5.15 generalizes Proposition 4.2 of Tan [20].
Theorem 5.16. Let A € Myyn(L). Then, (A — AT)A = A.
Proof. Let R = (A — AT)A. Then, rij = 2o Im(an — an)axj < X5 akj(agy — aij) <
S a;j = ajj, so that R < A. On the other hand, since A «— AT is reflexive (by Theorem 5.14),
we have R = (A «— AT)A > A. Therefore, (A — AT)A = A. O

Theorem 5.16 generalizes Lemma 4.3 of Tan [20].

6. On Canonical Form of an Incline Matrix

In this section, we will discuss the canonical form of an incline matrix. Let A be an n x n
incline matrix. If there exists an n x n permutation matrix P such that F = PAPT = ( fii)
satisfies fjj£fj; for i > j then, F is called a canonical form of A. The main results obtained
here generalize the previous results on canonical form of a lattice matrix (see, e.g., [17]) and
a fuzzy matrix (see, e.g., [12]).

Definition 6.1. Let A = (a;;) € My(L). Forany i,j,k € N withi#j,i#k, j#k,if ajx > ax; and
axj > ajx, we have a;; > a;;. Then, A is called a especially strongly transitive matrix.

Lemma 6.2. If A = (a;j) € My (L) is especially strongly transitive matrix and A is put in the block

forms
A <a11 “1> _ <A2 P >, 61)
ay Aq ﬂZ Ann

where ay,al,pr, pI € LD and Ay, Ay € My1(L), then Ay, Ay, and PAPT are especially
strongly transitive matrices for any permutation matrix P.

The proof is similar to that of Lemma 3.1 in [14].

Lemma 6.3. Let A = (aij) € Myun(L) and B = (bij) € My (L). If A¢BT, then APT¢BT P holds
for any n x n permutation matrix P.

The proof is omitted.
Theorem 6.4. If A = (a;;) € M, (L) is especially strongly transitive, then A has a canonical form.
The proof is similar to that of Theorem 3.1 in [14].

Theorem 6.5. Let L be an incline and n an integer with n > 4. Then, for any n x n transitive matrix
A over L, there exists an n x n permutation matrix P such that F = PAPT satisfies fi;#fji fori > j
only if L is a linear incline.
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Proof. Suppose that L is not a linear incline. Then, w(L) > 2, and so that there must be two
elements a and c in L such that al|c. Therefore, ac < a < a + c and ac < ¢ < a + ¢. Now, let
A =aEqy +cEx + aEs + cEy + ac], € M, (L), where [, = (1),,4,.-

It is easy to see that A2 < A. This means A is transitive. Let P be any n x n
permutation matrix. Then, there exists a unique permutation 7 of the set {1,2,...,n} such
that P = 3" Eri);, and so PT = 3, Eir(;). Therefore, F = (fij)n = PAPT = aE;qyr) +
CEz@)r(3) + @Ez)r(@) + CEryr) + acln. Thus, fraye) = fre)rw = @ fr@re) = frweq) = cand
fr@r) = frar@) = fre)re) = frayr@ = ac. Since T is a permutation, we have 7(i) # 7(j) (i # j).
By the hypothesis F = PAPT satisfies fiifji for i > j, we have 7(1) > 7(2), 7(2) > 7(3),
7(3) > 7(4), and 7(4) > 7(1). This implies 7(1) > 7(1), which leads to a contradiction. This
proves the Theorem. O

Theorem 6.5 generalizes Theorem 5.2 of Tan [17].

Remark 6.6. It is easy to verify that A always has a canonical form for any transitive matrix A €
M, (L).
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