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The differential equation v (¢) + Au(t) = f(t) (—co < t < o) in a general Banach space E
with the strongly positive operator A is ill-posed in the Banach space C(E) = C(R, E) with
norm ||| CE) = SUP _octeco ll(£)l. In the present paper, the well-posedness of this equa-
tion in the Holder space C*(E) = C*(R,E) with norm H(P”C“(E) =SUP _reo (D)l +
SUP _ gocrerrscoo 1Q(E+S) — @(B)llg/s%), 0 < & < 1, is established. The almost coercivity
inequality for solutions of the Rothe difference scheme in C(R,E) spaces is proved. The
well-posedness of this difference scheme in C*(R., E) spaces is obtained.
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1. Introduction

The role played by coercivity inequalities (maximal regularity, well-posedness) in the
study of boundary value problems for parabolic and elliptic differential equations is well
known (see, e.g., [1-3]).

Coercivity inequalities approach permits to investigate the general boundary value
problems for both elliptic and parabolic differential equations.

The coercivity inequalities also hold for various difference analogues of such prob-
lems. These inequalities evidently enable us to prove not only the existence of solutions
but also the well-posedness of such problems. Main role of the coercivity inequalities for
difference problems lies in that they present a special type of stability, which allows the ex-
istence of exact, that is, two-sided estimates of rate of convergence approximate solutions
with respect to the corresponding coercivity norms.

It is quite possible that there are cases where the difference problem is well-posed,
although the differential problem is not.
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Well-posedness of local and nonlocal boundary value problems for abstract parabolic
differential and difference equations in Banach spaces have been studied extensively by
many researchers (see [3-21] and the references therein).

In present paper, the well-posedness of the parabolic equation is investigated. The pa-
per is organized as follows. In Section 2, the parabolic differential equation in the Ba-
nach space E is considered. The well-posedness of this equation in the Holder space is
presented. In Section 3, the first order of accuracy Rothe difference scheme for para-
bolic differential equation is studied. The almost coercivity inequality for solutions of this
difference scheme is established. Section 4 presents the well-posedness of this difference
scheme in difference analogues of Holder spaces.

2. Well-posedness of the parabolic differential equation

In the arbitrary Banach space E, the parabolic differential equation

du(t)
dt

+Au(t) = f(t), —oco<t<oo, (2.1)

is considered. Here u(¢) and f () are unknown and given abstract functions, defined on
R =(—00,00) with values in E; A is a linear unbounded closed operator acting in E with
dense domain D(A) C E.
A function u(t) is called a solution of the problem (2.1) if the following conditions are
satisfied:
(1) u(t) is continuously differentiable bounded on R;
(ii) The element u(t) belongs to D(A) for all t € R and the function Au(¢) is contin-
uously bounded on R;

(iii) u(t) satisfies (2.1).
A solution of problem (2.1) defined in this manner will from now on be referred to as
a solution of problem (2.1) in the space C(E) = C(R,E) of all continuously bounded
functions ¢(t) defined on R with values in E equipped with the norm

lpllcey = sup |lp(t)][g- (2.2)
—o00<f<o0
We say that the problem (2.1) is well-posed in C(E) if the following conditions are satis-
fied.

(1) Problem (2.1) is uniquely solvable for any f(¢) € C(E). This means that an ad-
ditive and homogeneous operator u(t) = u(t; f(¢)) acting from C(E) to C(E) is
defined and gives the solution of problem (2.1) in C(E). Moreover, the operators
(d/dt)[u(t; f(¢))] and Au(t; f(t)) acting in C(E) have these properties also (see,
e.g., [10]).

(2) u(t; f(t)), regarded as an operator from C(E) to C(E), is continuous. It means
that inequality

||”(t;f(t))||c(}3) <Ml fllcw) (2.3)

holds for some 1 < M < o, which does not depend on f(t) € C(E).
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In this paper, we will indicate with M positive constants which can be different from time
to time and we are not interested to precise. We will write M(«a,f,...) to stress the fact
that the constant depends only on a, f3,....

From the well-posedness of problem (2.1) in C(E) it follows that the operator u(t; f(¢))
is continuous in C(E), and the operator Au(t; f(t)) is defined on the entire space C(E).
The operator A, which acts in the Banach space E with domain D(A), generates via the
formula s{u = Au(t) an operator &, which acts in the Banach space C(E) and is defined
on the functions u(t) € C(E) with the property that Au(t) € C(E). From the fact that
the operator A™! exists and is bounded, it follows that the operator s4~! exists and is
bounded, and hence 94 is closed in C(E). As a result, the operator Au(t; f(t)) = S(-, f) is
closed in C(E). By Banach’s theorem, this operator is continuous, that is, for any f(t) €
C(E) one has the inequality

[Au(t; f()[|g < Ml f lles (2.4)

where M does not depend f ().
This leads us to coercivity inequality

1/ lce) + ||Au®)|] o) < Mcll fllce (2.5)

for solution of well-posed in C(E) problem (2.1) with some 1 < M¢ < o, which does not
depend on f(t) € C(E).

It is assumed that the operator —A generates a semigroup exp{—tA} (¢ = 0) with ex-
ponentially decreasing norm when ¢ — +oo, that is, the following estimates hold:

lle"A||p_ g < Me ™. (2.6)
Now let us consider the function v(¢) defined by

(2A) ey ift<o,

(2.7)
QA) e Ay +re Ay ift > 0.
If v € D(A), then v(t) is the solution C(E) of (2.1) with f () = e~ I*/Ay,
For t > 0, using (2.3), (2.4), and (2.6), we get the estimate
|ltAe™™v||p < [[(27e™™ +tAe ™) v|[g + 27 e [
—1,—tA —tA M
< sup [|(27'e A +tAe )|+ = IIvlE
0<t<oco 2
(2.8)

< sup ||Av(D)||g+ %”V”E

—00<t<0o
M
< Mlle” "ol + - lviie < Milvile.

Since D(A) is dense in E, this implies that Ae~*A is bounded and obeys the estimate

[|[Ae™ ™| < Mt (2.9)
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This means the analyticity of the semigroup e *A for ¢ >0 [10]. Finally, the foregoing
argument shows that the analyticity of the semigroup e *A is a necessary condition for
the well-posedness of problem (2.1) in C(E) [10].
Let u(t) be a solution of the problem (2.1). Then, for any —co < s < t, we have the
identity
d

I (e =IAA T y(s)) = e IAATT £ (s). (2.10)

Integrating with respect to s over the interval [x, ], we obtain
A lu(r) — e VA Ty (x) = Jte’(”s)AA’l F(s)ds. (2.11)
x
Since A is closed, we have
u(t) = e DAy (x) + f e 94 £ (5)ds (2.12)

By the fact that the analytic semigroup e PA has norm decaying property as p — o,

u(t) = [ e 9A £ (5)ds (2.13)

It is easy to see that formula (2.13) defines solution of problem (2.1) in C(E), if, for
example, Af(t) € C(E) or f'(t) € C(E). It turns out that formula (2.13) defines solution
of problem (2.1) in C(E) under essentially less restriction on smoothness of function f(t).
Finally, from (2.6), (2.9), the following estimate follow:

T(X

||A/5[e—tA _ e_(HT)A]||E~E < Mta+ﬁ

(2.14)
forany0<t<t+7,0<f<l,and0<a<1.

The well-posedness of problem (2.1) can be established on the assumption (2.6), (2.9)
if one considers this problem in the Holder space C*(E) = C*(R,E), a € (0,1), of all E-
valued abstract functions ¢(¢) defined on R with the norm

lollcsey = sup ||(®)||[g+  sup ||¢(t+T)_(P(t)||E. (2.15)

(4
—co<t<oo —co<t<tHT<00 T

A function u(t) is said to be a solution of problem (2.1) in C*(E) if it is a solution of this
problem in C(E) and the functions u'(t), Au(t) € C*(E). The well-posedness in C*(E) of
problem (2.1) means that coercivity inequality

1t | ce(r) + AUl co(r) < M)l f Il ooy (2.16)

holds for its solution u(¢) in C*(E) with some 1 < M(«) < oo, which is independent of

f(t) € C3(E).
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TaEOREM 2.1. The problem (2.1) is well-posed in C*(E) and the following coercivity in-

equality:
M
Zzl/ o« + || Aul| co < —-7 3
1o | cecpy + AUl ce(r) ol —a) 1 ll ey

holds for some 1 < M < oo,

Proof. From formula (2.13), it follows that
Aut)= fO+ [ AN (£~ f0)ds

Let us estimate ||Aul|¢g). Using formula (2.18), we have

Auoll < IF Ol + [ 1A e gllf9) - F0 g

Using estimates (2.6), (2.9), we get

||Ae A p < ||Ae AUID| L L[lemAU=92]| < Me—(M)(t—»%_
Hence,
t e (8/2)(t-)
a1 lew {10 | Gesids]
forall t € R.

From the substitution u = t — s, it becomes

t A= (8/2)(ts) 0 L—(8/2)x 1 ®
J e7115 = J € dx < J dx +J e (/2)x gy
e (t_s)lfoc 0 xl-a 0 xl-«o 1

Hence,

Y
||Au(t)]|p < ”f”C“(E){l"'Ml (é‘F 68/2 )} = @Hf”cm(]a)

for all t € R. So, from that it follows

MO\ oo

[24

lAullcE) <

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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Now, let us establish similar bound for the a-Hélder norm H*(Au) of Au, where H*(¢)
denotes SUp_ ,;cpireo (1@t +7) — @(£)[|[g/7%). For —oo < < t+17 < 00, we can write

t+1

Au(t+7)—Au(t) = f(t+1)— f()+ | Ae A9 (F(s) - f(t+1))ds

[ AN (6 - fio))ds

t—7

[ Al e M) (£ - f0)ds

— o0

t—7

+ Ae AT (1) — f(t+1))ds

=h+h++]s+]s
Clearly,
IIf(t+7) = Ol < % f llcacry
for all t € R. Then
Iillg < 741 f Nl coey-

Using estimates (2.6), (2.9), we get

t+1
Vil = | MllAe 2079 _gll£(5) ~ £+l gds = Ml flowe) |

The use of the substitution x = t + 7 — s gives

t+1 2T o
[7 g [ e O

t—r (t+T—5)1"@ 0 xl-@ o

from that it follows

(27)*
(04

Ly <M 1l ()

for all t € R. In a similar manner one establishes the estimate
Mz
[1J5]lg < 7||f||c«(13)-

Using estimate (2.14) for f = 1 and a = 1, we get

t—1

ds

t+7

o (t+T—s)i

(2.25)

(2.26)

(2.27)

! ds.

(2.28)

(2.29)

(2.30)

(2.31)

—8(t—s) =7
ille= | M= 156 = fOllds < M flewr |

— S)Z*(X

Mt*
=1 (xllfllca(E)

(2.32)
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forall t € R. Then

Mrt*
Vallg = 7= 1 flcxce)- (2.33)
-«
Finally, using the formula
t—1
Ae AHT=9) gg — @=27A, (2.34)
and estimates (2.6), (2.9), we get
||]5||E = ||e72TA||EHE||f(t) - f(t+T)||E < M| f Il () (2.35)
for all t € R. Then
Js|lg < MT¥I| f ll cocy- (2.36)

Combining all these, and using estimate (2.24), we get
M
Aullcep) £ ———— «(E). 2.
| Aullcee) < al—a) Il fllcace) (2.37)
By the triangle inequality, this last estimate and (2.1) yield
M
"Neap) < ———— «(F). 2.38
lu' [l ey a(l—a) | fllcee) (2.38)

Theorem 2.1 is proved. O

Note that the proof of Theorem 2.1 can also be considered a new proof of a particular
case of a well-known result [21]. More precisely, if we assume that

(i) V-1R C p(A);
(ii) thereis M € R* = {z € R; z > 0}, such that

VoeR, ||(V=Tw+A) |pp<(+lw), (2.39)

then as a consequence of [21, Theorem 8.2], Theorem 2.1 can be obtained.

3. Almost coercivity inequality
The difference analogue of the differential equation (2.1)

%+Auk:fk, kez, (3.1)

will be considered. Here ux € D(A) and f; € E are unknown and given elements, 7 is a
positive small number.

The Banach space 6(R;,E) of all bounded grid functions v* = {vi};_. defined on
R; = {tx = kt; k € Z} with the norm

1o e, gy = sup |loxlle (3.2)

—oo<k<oo
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is introduced and the operator D, acting from the space ¢ (R, E) into the space €(R,E),
by the rule
U — U1

vi=9.u', Ve = - kez, (3.3)

is defined. Then the difference equation (3.1) will be considered as operator equation
Dut +Au" = fT (3.4)

in the Banach space 6(R;,E). Here Au™ = {Au}y _ and f7 = {fi}}_o.

From the property (2.6), (2.9), it follows that there exists the bounded operator (I +
7A)7!, that is, the resolvent JR(7A), defined on whole space E. Therefore, for every f
there exists a unique solution u” = u”(f7) of the problem (3.4) and the following formula

holds:

k
we= > RM(Af T,kel (3.5)

i=—o0

Let the assumption (2.6), (2.9) be satisfied. Since the semigroup e~ *A

tial decay estimates (2.6), (2.9), we have that

obeys the exponen-

|R*(zA)|[p g < M(1+18)7F, k=1, (3.6)

||kTAR* (tA)|[p g <M, k=1 (3.7)

Actually, from the formula connecting the resolvent of the generator of a semigroup with
the semigroup (see [20]) it follows that

(I+7A)* = (k ! i J th-lete AL, (3.8)
“D o

Using this formula and (2.6), we get

|(I+7A)¥]|p_g < M J tFlet 40D gy — M(1+87) 7% (3.9)

(k—=1)!Jo

Estimate (3.6) is proved. For k > 2 using (2.6), (2.9), (3.8) and the fact that the operator
A is closed, this yields the estimate

S M I“ e M 45M
IAT+eA) e < ) 0 = S DT S k(14 60

(3.10)

where the last inequality results from 0 < 7 < 1. Therefore, (3.7) is proved for k > 2. For
k = 1, the estimate is obvious.
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From (3.6), (3.7), the following estimates follow:

Bropk _ epkim (m7)*
[1A°[R (r) = R (rM) ]l < M aap (3.11)
foranyl <k<k+m,0<a<1l,and0<f<1.
The problem (3.4) is said to be stable in ‘6(R,,E) if we have the stability inequality

||“T||<@([R,,E) = M||f7||<e(na,,1z>> (3.12)

where M is independent not only of f7 but also of 7.
TaeoreM 3.1. The problem (3.4) is stable in ‘€(R.,E) norm.

The proof of Theorem 3.1 is based on formula (3.5) and estimates (3.6), (3.7).
The problem (3.4) is said to be coercively stable (well-posed) in 6(R,E) if we have
the coercive stability

||AuT||<€([RUE) = M”fTHf@(ug,,E)a (3.13)

where M is independent not only of f7 but also of 7.

Since the problem (2.1) in the space C(R,E) is not well-posed for the general posi-
tive operator A and space E, then the well-posedness of the difference problem (3.4) in
“%(R;,E) norm does not take place uniformly with respect to 7 > 0. This means that the
coercivity norm

||”T||57{,,(E) = HAuT”(@([R,,E) +[|D.u" |<@(u@,,E) (3.14)

tends to o as 7 — 0*. The investigation of the difference problem (3.4) permits to estab-
lish the order of growth of this norm to .

THEOREM 3.2. For the solution of the difference problem (3.4), we have the almost coercivity
inequality

. 1
[ stm{ln;, 14| lnIIAIIEHE|}||ff||(6(RnE). (3.15)

Proof. Using formula (3.5) and the substitution m = k — i+ 1, we get

k 00
Aug= > ARFM(TA) fir = > AR™(TA) fioma T
m=1

i=—o0 =

(3.16)
[1/7] )
= > AR"(TA) fiemnT+ D, AR"(TA) ficmnt =1+,
m=1 m=[1/7]+1

where [-] stands for the integer part.
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Let us estimate J,. Using estimates (3.6), (3.7), we obtain

[eY)

ILlle=< > [ARART I ] fiomllg

m=[1/7]+1
o0

1
= M[|f"lle > s
o i (1+70)"2m

[

T 1 1
<M||f ||<<;([R,,E>[1/T]+1 2. (1+78)m?

m=[1/7]+1
<M f llew. p)
Let us estimate J;. It is clear that

[1/7] [1/7]

Z 7| |AR™(7A) from1||p < Z T||Amm(TA)||EﬁE||fT||‘6(IR,,E)‘

m=1 m=1

By [10, Theorem 1.2, page 87],
[1/7] l
m=1 T

Thus,

Whlle < Mmin{ln [%]) 1+ |In||Allg-g| }”fTH%z([R,,E)-

Combining the estimates for ||J; ||g and [|]2||g, we obtain

. 1
sl < Mmin {10 [ 2], 14 A e 1o

for all k. It follows from that

. 1
||Au™ g, ) < Mmln{ln o 1+ |Inl|Allg_g] }||f’||f€(RﬂE).

By the triangle inequality, this last estimate and (3.4) yield

. 1
19147 ||, gy < M mm{ln p 1+ | In|[Allg-g| }||ff||<@(n§7,ﬁ)-

Theorem 3.2 is proved.

> || AR™(TA)||p_g stin{ln[ ], 1+ | lnIIAHEﬁE|}.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

O

Finally, in the next section the theorem on the well-posedness of difference scheme

(3.1) in the difference analogy of C*(R,E), 0 < « < 1, spaces are established.
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4. Well-posedness of difference scheme

Now, the difference equation (3.1) is considered as operator equation (3.4) in the Banach
space 6*(R.,E) (0 < < 1) of grid functions ¢ = {¢x} ;. _., with norm

T T || itr 1||
o |ligar, gy = @7 Nlem, )+ sup 1o = Pille (4.1)

—co<i<itr<oo (rr)*

The well-posedness of (3.4) in the space €*(R;,E) means that for solutions u” of (3.4) in
%*(R,,E) coercive inequality

1Dt | o, gy + AU ||igar, ) = Mc( || f7|ligam, 1) (4.2)

holds for some 1 < M¢ () < o0, which is independent of f* and positive small number 7.

TueoreM 4.1. The difference equation (3.4) is well-possed in Banach space ‘€*(R.,E) (0 <
a < 1) and for its solutions coercivity inequality

M
196, 0 + 1AW ||geq, ) < m”ﬂ”(@“(m (4.3)
holds for some 1 < M < oo, which does not depend on f* € €*(R,,E), & € (0,1), and posi-
tive small number T.

Proof. Let us estimate |[|Au’ [, k). Using formula (3.5), estimates (3.6), (3.7), and the
identity

TAmk—Hl _ %k—i _ %k—i‘f’l, (44)
we obtain
k-1 ‘
Aug= D TARCHU(TA) (fi - fi) + fio (4.5)

i=—00

The estimates (3.6), (3.7), (3.11), and the substitution j = k — i+ 1 will imply

k-1
lAulg < > [[TAR @A) [g_gllfi = fllg + 11 fellg

j=—o00

= z lTAR (T A)|[g_ gl fijrr = fillg + | fillg (4.6)
i=2
; i Mr*
<[ igscm. ey (% (tro)2jiet 1)
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for all k. Splitting the sum into two partsas j <N = [1/7] and j = N, we can write

N Mt® > M1“
lAuk|lg < 1| F e < — + — +1)
E flle (R,E) ]% (1+T8)]/2]1—0c j:ZN(1+T5)]/2J1—a (4.7)
= 1" lle(, gy (S1 +S2+1).
From N = [1/7], it follows that S, is bounded by
> Mt
Z T+ roy2 =M@ (4.8)
j=
Next, let us estimate S;. Using the estimate N7 < 1 and
NV Me U Mds
Z (Tj)lfa L sl-a’ (4.9)
j=1
we obtain
S < % (4.10)
Therefore, from (4.8) and (4.10), it follows that for all k,
M(5) .
Aue|lg < == f"llsw, ) (4.11)
Hence, we obtain
. M(5) .
AW |(g, 5) < o, - (4.12)

Next, the estimate for the a-Holder norm H*(Au") of Au® will be established, where

[loker — oxllg
H%(o") = su —_— 4.13
(¢ ) —w<k<£1r<w (YT)“ ( )
From (4.5), it follows that
k+r—1 k-1 )
Auger —Aug = > TARM N TA) (fi — foar) — O TARF(TA) (fi - fi)
i=k—r i=k—r
k—r—1 ) )
+ z TA[iRkJrrﬂH(TA) _mkﬂH(TA)](fi_fk)
Pl (4.14)

k-r-1

+ > TARMTNTA) (fi = firr) + (firr = )

i=—o00

=h+L+]+]s+]s.
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Let us estimate { ]m}?n:1 for m = 1,...,5 separately. Let us estimate ||]; ||g. Using estimates
(3.6), (3.7), and the substitution j = k+r — i, we get

k+r—1
Whllg = > [[TARF = (1A)||p_gll fi = frrllp
i=k—r
(4.15)
k+r—1 7% 2r ¥
< M| e = M| e _—.
< ||f ||<€ (R+,E) ,‘:%r (k+1’ _ 1)1,0( ||f ||<€ (RT’E)J-; ]1705
It results in
M24
IIlg < (”)“T||f7| Cx(R,,E)" (4.16)
In a similar manner, we can show that
M
II72]|g < (”T)a;||f7||<€a<ua,,lz)- (4.17)

Now, let us estimate [|J3]|g. Using the estimate (3.11) for « = 1 and § = 1, we obtain

k—-r—1
Wl < 2 [I7A[RS 1 (7 A) = R (2A) gl fi — fillg

i=—00

. (4.18)
- rT¢
<M]||f" 6%(R,,E) igw =it
The substitution j = k — i+ 1 gives
e 1
75llg < Ml f7lger, £y > > < (rO)* M| f e,y 7 (4.19)
j:r+2-] (1 (X)
for all k. Thus, we have
M
DA (77)“1 _la||fr| ©e(R,,E)* (4.20)

Next, let us establish an estimate for [|J4lg. Using estimates (3.6), (3.7), and the identity
(4.4), we get

Ja =R TA) (fi — fierr)- (4.21)

From estimates (3.6), (3.7), it follows

alle < 18 ) e pllfic = feorllg = MO || f o, ) (4.22)

for all k. Then

alle < M| £ lgem, - (4.23)
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Combining all the estimates for { ]Wl}fnzb we get

H*(Au") < ||f "|lege(w, - (4.24)

< (1
Using estimates (4.12) and (4.24), we get

M,

||Au| @a(R,E) = m”,f |

% (R,.E)" (4.25)
Then estimate

D27

Go(R,B) < ||fT| € (Ry.E (4.26)

follows from the triangle inequality, estimate (4.25), and (3.4).
This finishes the proof of Theorem 4.1. O

Note that for any 0 < a < 1 the norms in the spaces E4(€(R;),D; +I;) and €*(R,)
are equivalent uniformly in 7 (see [9, 22]). Here, E, = E4(E,B) (0 < a < 1) denotes the
Banach space of all v € E for which the following norm is finite:

Ivilg, = supA®||B(A+B) 'v||g. (4.27)
A>0

Then the application of Grisvard’s theory also permits to establish the well-posedness
of difference problem (3.4) in 6*(R;, E) and to obtain the following coercivity inequality:

[97u7]

Go(r,m) T || A]

(R E) < ||f’|

CE (4.28)

for some 1 < M < oo, which does not depend on f* € ‘€*(R;,E), a € (0,1) and positive
small number 7.

If the coercive stability estimates of Theorem 4.1 and the passing to the limit for 7 — 0*
are considered, one can recover Theorem 2.1 on the well-posedness of the problem (2.1)
in C*(E), 0 < a < 1, spaces.

Of course, well-posedness and almost coercivity inequality could be also established
for the more general Padé difference schemes of the high order of accuracy (see [18, 19]).
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