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1. Introduction
1.1. Main result

Let x be an analytic vector field defined on a real-analytic manifold M. We shall say
that x is elementary at a point pe M if one of the following conditions holds:

(i) (nonsingular case) x(p)#£0, or

(ii) (singular case) x(p)=0, and the Jacobian map

Dx(p):mp/m§—>mp/m12”

[9] — [x(9)]
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(m, COur,p is the maximal ideal) has at least one nonzero eigenvalue.
Here x(-) denotes the action of x as a derivation in O,,.
If we fix a local coordinate system (z1, ..., z,) for M at p and write
0

0
X—ala—xl+...—|—an—axn,

then the Jacobian map is given by the real matrix

Oa; ¢
D= (i)
We say that y is reduced if ged(aq, ...,a,)=1 at each point p€ M (this implies that the
set Ze(x)={q€e M :x(q)=0} has codimension strictly greater than 1).

Let us state our main result. We briefly define the necessary concepts and postpone
the details to the next section.

A singularly foliated manifold is a 4-tuple M=(M, Y, D, L), where

(i) M is a real-analytic 3-dimensional manifold with corners;

(ii) T€L is an ordered list of natural numbers;

(iii) D=y is a YT-tagged divisor on M with normal crossings;

(iv) L is a singular orientable analytic line field on (M, ®) which is ®-preserving.

At each point pe M, the line field L is locally generated by an analytic vector
field x, which is tangent to the divisor ®. This local generator is uniquely defined up to
multiplication by a strictly positive analytic function.

We say that the singularly foliated manifold M is elementary at a point pe M if
the local generator x, is an elementary vector field at p. The complement of the set of
elementary points in M will be denoted by NElem(M).

A singularly foliated manifold M is said to be elementary if NElem(M)=g.

THEOREM 1.1. (Main theorem) Let x be a reduced analytic vector field defined in
a real-analytic 3-dimensional manifold M without boundary. Then, for each relatively

compact set UCM, there exists a finite sequence of weighted blowing-ups
(3 Py D,
(U,9,0,Ly|u)="My+—M; +—...«——M,, (1)

such that the resulting singularly foliated manifold M, is elementary. Moreover, the
center Y; of the blowing-up ®; is a smooth analytic subset of NElem(M;) for each
1=0,...,n—1.

In the above statement, L, denotes the singular orientable line field which is asso-
ciated with the vector field y.
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1.2. Previous works

The theorem of resolution of singularities for vector fields in dimension 2 was present
in the work of Bendixson [Be]. The first complete proof of this result was given by
Seidenberg in [S].

In [Pe], Pelletier gives an alternative proof of this result through the use of the
weighted blowing-ups.

In the book [C1], Cano proves a result of local reduction of singularities in the formal
context for complex 3-dimensional vector fields.

The paper [Sa] studies generic equireduction of singularities for vector fields in ar-
bitrary dimension.

In a recent paper [CMR], the authors prove a local uniformization theorem for
analytic vector fields in dimension 3. Their proof is based on the analysis of valuations
defined by nonoscillating subanalytic integral curves.

The literature on the Newton polyhedron and its applications is extensive. For some
results related to the use of the Newton polyhedron in resolution of singularities, we refer
the reader to [H2], [H3] and [Y].

In the book [B], Bruno uses the Newton polyhedron and normal form theory to
describe many explicit algorithms for studying the asymptotic behavior of integral curves

of vector fields near elementary and nonelementary singular points.

1.3. Overview of the paper

The proof of Theorem 1.1 consists of two parts: the description of the local strategy
for resolution of singularities, given in §4, and the proof that this local strategy can be
globalized, which will be explained in §5.

Let us briefly describe the ingredients used in the central result of the paper: the

theorem on local resolution of singularities.

3
(z,y,2)
tained in a divisor with normal crossings ® which is given either by {(z,y, z)€R3:2=0}

(briefly, {x=0}) or by {zxy=0}. We further assume that the reduced vector field x de-

fined in M is tangent to the divisor ©, and that the origin is a nonelementary singular

For definiteness, we assume here that M =(R 0), and that the origin is con-

point. Finally, we assume that the vertical axis {x=y=0} is not entirely contained in
the set NElem of nonelementary points.
Using the logarithmic basis {x9/dx,yd/0y, 20/0z}, we can write

X=I %5 gy@y “92
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U3
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(=1,0) (=1,0) (=1,0)

(0,—-1) (0,-1) (0,—-1)

(a) (b) (c)
Figure 1. Regular and nilpotent configurations.

where fz, gy and hz are germs in R{z,y, z}. The Newton polyhedron of x (with respect

to the coordinates (z,y, z)) is the convex polyhedron
N: COHV(SU.pp(f, 9, h))+R§Oa

where conv(-) denotes the operation of convex closure, supp(f,g,h)CZ?> is the set of
integer points v=(v1,v2,v3)€Z3 such that the monomial 2V1y"22%* has a nonzero coef-
ficient in the Laurent expansion of either f, g or h; and the “+” operator is the usual
Minkowski sum of convex polyhedrons.

The higher vertex of N is the vertex h€ N which is minimal with respect to the
lexicographical ordering in R3. By the hypothesis, it follows that this vertex has the
form h=(0, ha, h3) for some integers ho, h3€Z>_1. Moreover, the intersection of N with
the plane {veR3:v; =0} is in one of the situations shown in Figure 1.

Referring to Figure 1, the configurations (a) and (b) are called regular and the
configuration (c) is called nilpotent. As indicated in the figure, we define the main vertex
m=(my, m2,m3) by m=h in cases (a) and (b), and by m=n in case (c). Now, we

consider the intersection
N/:NO{VGR?)Z’U?):TTL?,—%},

and call the polygon N’ the derived polygon (see Figure 2).

The derived polygon has some similarities with the characteristic polygon introduced
by Hironaka [H3] in his proof of the resolution of singularities for excellent surfaces.
However, there are some essential differences which will be discussed in §3.3.

Let us denote by m’= (m’l, mh, mgf%) the minimal vertex of A/’ (with respect to
the lexicographical ordering) and write the displacement vector m’—m as %(Al, Ay, —1),

for some nonzero rational vector A=(A1, Ay)€Q?.



172 D. PANAZZOLO

V2

D=

V2

U1
Figure 2. The derived polygon.

The main invariant for the vector field x (with respect to the coordinates (z,y, 2))

is given by the 6-tuple of natural numbers
inv=(h, ma+1,ms, #c—1, \A1, Amax{0, As}),

where A=(ms+1)!, #c€{1, 2} is the number of local irreducible components of the divisor

at the origin and the wvirtual height b is the natural number defined by

b_{Lm3+1—1/A2J7 1fm2:—1 and A1:0,
ms, if mo=0or Ay >0,

where |a]:=max{ne€Z:n<a} (see Figure 3 for an example).
In §4.5 we shall introduce the fundamental notion of stable coordinates. Roughly
speaking, if we start with a system of local coordinates (z,y,z) as above, we obtain a

new system of coordinates (Z, g, Z) by an analytic change of coordinates of the form

3

=, gj:erG(x) and 2:Z+F(x3y)7 (2)

in such a way that the main invariant inv, when computed with respect to the new
coordinates (Z, 7, Z), has nice analytic properties such as being an upper semicontinuous
function. Moreover, we shall see that inv is an intrinsic object attached to the germ
of vector fields x, up to fixing an additional geometric structure on the ambient space
called an azis (see §2.7).

The local strategy of reduction of singularities will be read out of the Newton poly-
hedron N and the main invariant inv, provided that these objects are computed with

respect to a stable system of coordinates.
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U3
(0, %,*1) = (Al,AQ):(O, §)
5
S = =3
1 | v2
(0,4,-1)

U1

inv=(3,0,4,0,0, 25!)
Figure 3. The Newton polyhedron for x=x2y9/0z+(z*+22)0/0y+y*0/0z.

The notion of stable coordinates is similar to the notions of well-prepared and very
well-prepared systems of coordinates, as defined by Hironaka [H3] in the context of func-
tion germs. However, new difficulties appear in the context of vector fields, since the
action of the Lie group of coordinate changes given in (2) is much harder to study in this
situation. An example of new phenomena is the appearance of the so-called resonant
configurations, described in §4.4.

Let us now briefly introduce a second ingredient of our proof: the notion of weighted
blowing-up. Given a vector of nonzero natural numbers w:(W1,WQ,CU3)€N3>O, the w-
weighted blowing-up (with respect to the coordinates (z,y,z)) is the proper analytic

surjective map given by
d,:S?xR" — R?,
((jv ga 2)7 T) — (ZL’, Y, Z) = (Twli’, TWZZJ, ngf).

Similarly, for a weight-vector of the form w=(w1,0,ws) with w; and ws nonzero, we
define

d,:S'xR"xR—R?,
((j? 2)7 T7 y) '—> (x’ y? Z) = (Tul‘f) y7 ngz)'

We define analogously the blowing-ups for weight-vectors w of the forms (0, ws,ws) and

(w1,ws,0). Notice that the blowing-up center, in these four cases, is given respectively
by {r=y=2=0}, {vr=2=0}, {y=2=0} and {z=y=0}.



174 D. PANAZZOLO

Suppose now that (x,y, z) is a stable system of coordinates at the origin, and let
invE€N©S be the corresponding main invariant. Starting from §4.8, we prove the following
result on local resolution of singularities for vector fields: There exists a choice of weight-
vector w for which the strict transform X of the vector field xy under the w-weighted
blowing-up

By M — M

is such that, for each nonelementary point pe M N®~1(0), and each choice of a stable
system of coordinates (Z, 7, £) with center at p, the corresponding main invariant inv is
such that

NV <lex iV,
where <) is the usual lexicographical ordering in N°.

The second part of the proof of Theorem 1.1 is given in §5. There we show that the
local strategy for resolution of singularities described in the previous paragraph can be
globalized.

To prove this, the main ingredient is the fact that both the main invariant inv and the
choice of a weight-vector w are independent of the given stable system of coordinates.
Moreover, we shall see in §5.2 that inv is an upper semicontinous function on the set
NElem of nonelementary singular points of the vector field.

Based on these facts, the global strategy of resolution is similar to the one presented
by Cano in [C2], based on the notion of generic equireducibility and bad points. The
main distinction is the fact that our strategy leads to a unique choice of local center and
an a priori absence of cycles, due to a conveniently chosen enumeration of the exceptional
divisors. Moreover, we can guarantee that the blowing-up centers are always contained

in the set of nonelementary points.

1.4. An example

The following example was communicated to me by F. Sanz. It justifies the use of weighted

blowing-ups in the resolution of singularities of vector fields in dimension greater than 2.

Ezxample 1.2. Consider the nonelementary germ of vector fields
0 0 0 0 0
= ——ay——Pz— — —Az)—, 3
O e R R 3)
for some real constants a, >0 and A>0. We claim that this germ cannot be simplified

by any sequence of homogeneous blowing-ups (i.e. blowing-ups with weight equal to 1)

with center contained in the set of singularities.
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In fact, since the blowing-up center Y is contained in the set of singularities, there are
two possible blowing-up strategies:
(a) blow-up with center at the point Y ={zx=y=2=0};
(b) blow-up with center at the curve Y ={z=y=0}.
In case (a), the z-directional blowing-up is given by
r=z, y=2y and z==IZ.
Therefore, the blowing-up of y will be given by the following expression (dropping the
tildes to simplify the notation):
g 0 0
= _— R — )\ -,
X x(ﬂfax yay Bz >+xz6y+(y )5,
where o’=a+1 and f'=03+1. If we make the translations g=y—\ and Z=z—a'\, we
obtain (dropping again the tlldes)

0 8 0
—zz2 —aly= — Na) 2 4
where X'=a’#’\. Notice that the vector field (4) can be obtained from (3) simply by
making the replacement of the constants
(a7/37>\)}—>(a/76l7>\,).

In case (b), the z-directional blowing-up is given by

r=2, y=2xy and z=2,

and we get (dropping the tildes)

0 0 0 0 0
—— — — A
X= x(%::; ayay Bz >+28 +a(y=A) 5,
where o/ =a+1. After the translation §=y—\, we obtain
0 < .0 0
= ——ay——Lfz— —A\r)— — 5
Y x(xax gz ) (= Ra) 5+ (5)
where A=a’). Notice that the vector field (5) can be obtained from (3) simply by making
the replacement of the constants

(Oé,/B, )\) — (a/?/g7 >\,)3

and interchanging the roles of the variables y and z. This proves that no improvement

has been made neither by the blowing-up (a) nor by the blowing-up (b).

Remark 1.3. Up to some additional computations, we can further prove that no
improvement can be made if we choose, as blowing-up centers, arbitrary analytic curves

which are left invariant by the vector field.
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1.6. Notation

e N={neZ:n>0}, Ny,={neZ:n>k}.

« R ={zeR:z>0}, R*={zcR:z#0}.

« R.,={zeR:z>a}, Rop={zcR:z>0a}.

« RI=R")*xR" .

« R=RuU{oo} is the extended field of real numbers, with the usual extended ordering
relation (we define similarly Q and Z).

o Mat(n, R) is the set of real nxn matrices.

« R][x]] is the ring of real formal series in the variables x.

o L is the set of all reverse ordered lists of natural numbers. A typical element €L

is written

t="1[i1,..., 1], where iy,...,i € N and i1 > i > ... > ig;

#1=Fk denotes the length of the list ¢.

« For two lists ¢, €L, we denote by tUp, tNp and ¢\ g the new lists which are ob-
tained by the usual operations of concatenation, intersection and difference (for instance,
[3,2,1]U[5, 3]=[5, 3,2,1], [5,3,2]N[3,1]=[3] and [5,4, 3,2]\[5,4, 1]=[3, 2]).

e For u,veR", the notation v<j.u indicates that v is lexicographically smaller

than wu, i.e. the relation

n—1

\/ [(’1)17 ey ’Ui) = (ul, ey ui) AV41 < ui+1}
=0

holds.
o For a€R, |a|=max{n€Z:n<a} and [a]=min{neZ:n>a}.
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2. Blowing-up and singularly foliated manifolds
2.1. Manifolds with corners

We shall work on the category of analytic manifolds with corners. Recall that an n-
dimensional manifold M with corners is a paracompact topological space which is locally
modeled by

R, ={(z1,...,zn) ER":2, 20,...,2, > 0}.

A local chart (or local coordinate system) at a point p€M is a pair (U, ¢) such that
UCM is an open neighborhood of p and ¢:U—R? is a diffeomorphism with ¢(p)=0.
Note that ¢(UNJM) is mapped to R :=J;_, {z;=0}.

For notational simplicity, we shall sometimes omit the subscript s when we refer to
the space R?.

The number b(p):=s is the number of boundary components which meet at p (it is
independent of the choice of local chart). Note that M :={pe M :b(p)>1}.

In this work, we shall say that a subset NCM is a submanifold if for each point
pEN there exists a local chart (as defined above) such that

N:R?ﬁ{mil =..=x;, :0},

for some sublist of indices [i1, ..., ik] C[n, ..., 1].

The connected components of IM\JIM will play a role similar to the irreducible
components of the exceptional divisors in the classical results of resolution of singularities.
For this reason, we call an irreducible divisor (or divisor component) of M a connected
submanifold of codimension 1 which is contained in OM. A divisor with normal crossings
(or, shortly, a divisor) is a subset ® COM formed by some union of irreducible divisors.

We shall denote by Oy, the sheaf of germs of analytic functions on M. If there is
no risk of ambiguity, the stalk of Oy at a point p€ M will be simply denoted by O,.

We refer to [Mi] and [Me] for further details on the theory of manifolds with corners.

2.2. Singularly foliated manifolds

Let M be a real-analytic 3-dimensional manifold (with corners) and let T €L be a list of

natural numbers.

Definition 2.1. A Y -tagged divisor on M is a divisor with normal crossings ® C M,

together with a bijection
T — {irreducible components of ®},

which associates to each index ¢€Y an irreducible component D; C®. We shall shortly

write ® =%~ to indicate that © is a T-tagged divisor.
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Let x be an analytic vector field on M. Given a point p€ M and a prime germ g€m,,
(where m, C O, is the maximal ideal), consider the ideal Z, g CO,, which is generated by
the set

{x(h):he(9)On},
where x(h) is the action of x (seen as a derivation) on heO,.

Definition 2.2. The vector field x will be called nondegenerate with respect to the
divisor ®, if for all points p€ M and all primes gemy,, one of the following two cases
occurs:

(i) the set {g=0} is not a local irreducible component of the divisor, and Z, (my,) is
not divisible by g;

(ii) the set {g=0} is a local irreducible component of the divisor, and Z, (g) is not

divisible by g2.
Choose some coordinate system (z1, ..., z,,) at p, and suppose that g=x;. If we write

0 0
X:ala—m+...+an£, a1, ..., an € Op,
then the ideal Z, (m,) is generated by {ai1,as, ..., a,}, and the ideal Z, (g) is generated
by {a1,asx1,...,anx1}. Hence, conditions (i) and (ii) can be rewritten as follows:
(i) if {z1=0}¢D, then {a1, ..., an}Z (1) Op;
(ii) if {1=0}CD, then there exists no collection of germs {b1, ..., b, } CO,, such that

we can write a; =x2b; and aj=x1b; for j>2.

Remark 2.3. Suppose that we consider (as in [C1]) the sheaf O y,[log®] of vector
fields adapted to © (i.e. the dual of the sheaf of logarithmic forms with respect to D).
Then an element x, €O [log D], is nondegenerate if and only if the adapted coefficients

are without a common divisor.

Note that a reduced vector field (as defined in the introduction) is automatically
nondegenerate. However, a nondegenerate vector field can have a set of singularities Z
of codimension 1. For instance,

7] 0 0
= —+0—+..40—
X ! o0x1 0xo o0xy,
is a nondegenerate vector field in R™ (if the divisor © contains {x1=0}). Note that each

singular point on the hypersurface Z={x;=0} is elementary.

Remark 2.4. Let p€ M be a singular point of a nondegenerate vector field x. Suppose
that, for some neighborhood UCM of p, we have Ze(x)NU={f=0}, for some analytic
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function f such that df (p)#0. Then, writing x=fx1 for some analytic vector field x1

defined in U, we obtain the following equivalence:
p is an elementary singular point of x <= x1(f)(p) #0

(where x; acts as a derivation on f).

As we shall see, even if we start with a vector field x which is reduced, the procedure
of resolution of singularities can produce new vector fields which belong to the more
general class of nondegenerate vector fields. This is due to the occurrence of the so-
called dicritical situations (see Example 2.10).

A singular orientable analytic line field on (M,D) is given by a collection of pairs

L={(Uq, Xa)}aca, where {U, }oca is an open covering of M and
Xa:Ua —TU,

is an analytic vector field in U, which is nondegenerate with respect to U,ND (see
Definition 2.2) and such that for each pair of indices a, B€ A,

Xa = hozﬁ‘Xﬁ

for some strictly positive analytic function hag: UoNUg—Rxo.

An analytic vector field y defined in a neighborhood UCM of a point p is called
local generator of L if the collection {(Uy, Xa) acaU{(U, x)} is still a singular orientable
analytic line field.

Let YCM be an analytic subset and L be a singular orientable analytic line field
on (M,®). We shall say that L is Y-preserving if for each point p€ M and each local

generator y of L at p, we have
x(g) €Z(Y,) forall geZ(Y,),

where Z(Y}) is the ideal in the local ring O, which defines the germ Y}, and x(g) is the
action of x (seen as a derivation on O,) on g.

Definition 2.5. A singularly foliated manifold is a 4-tuple M=(M, T, ®, L), where

(i) M is an analytic 3-dimensional manifold with corners;

(ii) TeL is a list of natural numbers;
(iii) D=2y is a T-tagged divisor on M;
(

iv) L is a singular orientable analytic line field on (M, ®) which is ©-preserving,.
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For each point pe M, we define the incidence list at p as the sublist
p={ieYT:peD;}, (6)

where D; is the ith irreducible component of © (note that 0<#w,<n). We shall say
that p is a divisor point if #1,>1.
Given a singularly foliated manifold M=(M,Y,®, L), we consider the analytic sub-

sets

Ze(M)={pe M:x(p)=0} and Elem(M)={pe€ M :yx is elementary at p},
where x is a local generator for L at p. The set NElem(M)=Ze(M)\Elem(M) will be
called the set of nonelementary singular points of L.

PROPOSITION 2.6. The set NElem(M) is a closed analytic subset of M of codimen-

sion strictly greater than 1.

Proof. Given a point p€ M, fix some local coordinates (x1, ..., 2,) and a local gen-
erator x=a10/0x1+...4+0a,0/0x, for L at p. Then NElem(M) is locally defined by the

analytic conditions
{p€ M :x=0 and the spectrum of Dy at p is zero}.

Let us prove that this germ of analytic sets NElem(M), has codimension strictly greater
than 1. If this is not the case, there exists some prime element fem, such that {f=0} is
contained in NElem(M),. By the coherence of Oy, we can suppose (possibly replacing
p by some neighboring point) that df (p)#0. Using Remark 2.4, we conclude that y is
necessarily divisible by f2. This contradicts the hypothesis of nondegeneracy for x. [

2.3. Multiplicity and weighted blowing-up in R™

A weight-vector is a nonzero vector of natural numbers w=(wy, ..., w, ) EN".

The w-multiplicity of a monomial x¥=z]" ... 2% (with v€Z") is the integer number

Lo (XY) ={w, V) :=wiv1 + ...+ wy Uy
More generally, the w-multiplicity of a formal series f€RJ[[x]] is given by
tew(f)=min{d € N: f has a monomial *x" with p,(xV)=d}

(where * denotes some nonzero real number). We denote by HZ the subset of all formal

series with w-multiplicity equal to d.
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Given formal series aq, ..., a, €R[[X]], the corresponding formal n-dimensional vector

field
=a i-I— +a i
X= Yor, T "0,

is a derivation on the ring R[[x]]. The w-multiplicity of x is the integer number
o (x) =max{k € Z: x(HZ) c HE* for all d € N},
where Y(HZ) denotes the action of y (seen as a derivation) on the subset HZ.

Remark 2.7. Using the expression x=ay9/90x1+...+a,0/0x,, we have

Nw(X) :min{uu(al)fwl, ---m“w(an)*"‘-’n}-

Given a weight-vector weNZ ), the w-weighted blowing-up of R" is the real-analytic

surjective map
P,:S" xRt — R",
(X, 7)— 7Y%= (7T, e, T T ),
where we put S"1={xeR":73+...+72=1}.
More generally, given an arbitrary weight-vector weN", we can reorder the co-

ordinates and write w=(w1,...,ws,0,...,0), where wy,...,wy are strictly positive. The

w-weighted blowing-up is the map
®,: S ' xR xR"* —R",
(x,7,x') — (79%,%),
where xX'=(z11, ..., 2n). The sets
Y={r1=..=2,=0} and D=3, (Y)=8F"1x{0}xR"*

will be called the blowing-up center and the exceptional divisor of the blowing-up, re-
spectively. The set M=SF1xR*xR"* will be called the blowed-up space.

It is obvious that ®,, restricts to a diffeomorphism between M \D and R™"\Y. The
blowing-up creates a boundary component OM=D.

The definition of w-weighted blowing-up can be easily extended to the spaces with

corners R?”, thus defining an analytic surjective map
By M — RY.
It is easy to describe the effect of the blowing-up on a divisor ®CR?. If DCR? is a

divisor, then the set
D=0 (D)UD

is a divisor in M. The divisor ® will be called the total transform of ©.
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Remark 2.8. It follows from our definition of manifold with corners that a divisor

D CRY is always given by a finite union of coordinate hyperplanes, namely

QZU{xlzo}v

€L
for some sublist ¢C[n, ..., 1].
Now, let us fix an analytic (not identically zero) vector field x in R”. Consider the
analytic vector field x* defined in M \ D as the pull-back of x under the diffeomorphism

®,: M\D — R\Y.

The following result is obtained by a straightforward computation.

PROPOSITION 2.9. Let m=p,,(x) be the w-multiplicity of x (seen as a formal vector
field at the origin). Then, the new vector field

satisfies the following conditions:
(i) X has an analytic extension to M ( which we still denote by X);
(ii) the exceptional divisor D is an invariant manifold for X;
(i) if x is nondegenerate with respect to some divisor D CR”, then X is nonde-

generate with respect to the total transformed divisor D.
Proof. See, e.g., [P]. O
The vector field y will be called the strict transform of .

Example 2.10. Let us see an example of a typical dicritical situation, where the
blowing-up of a reduced vector field results into a nondegenerate vector field whose set

of singularities has codimension 1. Consider the vector field in R:(”z v.2)

= 7_’_22

and choose the weight-vector w=(0,1,1). The w-weighted blowing-up (with center ¥ =
{y=2=0}) gives the manifold M=R, x Si xR with the exceptional divisor

D={(z,0,7)eM:7=0}.

Since e, (x)=0, the strict transform of x is the radial vector field X=79/07, which

vanishes identically on D.
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Figure 4. The z,-directional chart (dotted lines indicate the fibration {dx=0}).

2.4. Directional charts of blowing-up

Let w=(w1,...,wg, 0, ...,0) be a weight-vector as above.
Given an index 1<r<k, the z,.-directional w-weighted blowing-up is the pair of

analytic maps
o, U—R"MN{z, >0} and @ :U— R"N{z, <0},

with domain U:=R" "' xR* x R""", which are defined as follows. Write the coordinates

in U as (21, ...,Z,). Then, for ee{+, -}, the map x=/;°(X) is given by

v, =3%ix; fori=1,...,r—1,r+1, ..k
r ) ) 9 ) 9 vy
Tr=eTY",

T =T, for j=k+1,...,n.
PROPOSITION 2.11. For e€{+, -}, there exists an analytic diffeomorphism
¢ Ve —U.

with domain V™ :={(X,7,x')€SF I x R* xR"~*:£%, >0}, which makes the following di-
agram commutative:

vre 22 R A{ex, >0}

¢>T"EJ lid
e

U —2—=R"N{ex, >0},

where id is the identity map.
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Proof. See [DR]. O

The pairs (V™ ¢™%) and (V™~,¢"7) will be called x,.-directional charts of the
blowing-up.
Notice that the exceptional divisor D is mapped by ¢™¢ to the hyperplane {Z,.=0}.

Moreover, the union of the domains of all directional charts,
viruvhouuvkrtuvke,

gives an open covering of the blowed-up space M=SF1xR*xR"*.

2.5. Weighted trivializations and blowing-up on manifolds

Let us fix a weight-vector w=(w1,...,w,0,...,0). We shall say that an analytic map
¢:U—R"™ with an open subset UCR"™ as domain preserves the w-quasithomogeneous

structure on R™ if

¢*(HZL) C H

for each natural number d€N.
Let M be an n-dimensional analytic manifold (with corners) and Y CM be a sub-
manifold of codimension k. A trivialization atlas for Y CM is a collection of pairs

{(Ua, o) taca, where {Us}aea is an open covering of Y and
Pa:Us — RY

is a local chart such that ¢ (Y NU,)={0} xR for some s'<s.

s/
We shall say that {(Uy, o) }aca is an w-weighted trivialization atlas if for each pair

of indices «, € A, the transition map

Pap = dpody : $a(UaNUs) — ¢5(UaNUp)

preserves the w-quasihomogeneous structure on R”™.

PROPOSITION 2.12. Let {(Uqy, ¢a)}taca be an w-weighted trivialization atlas for a
submanifold Y CM. Then, there exists an n-dimensional analytic manifold M and a

proper analytic surjective map

O: M — M

such that the following conditions hold:
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(i) ® induces a diffeomorphism between M\Y and M\D, where D:=®"1(Y);
(i) there exists a collection of local charts {(Uy, §a)}aca in M, where {Ug}aca is

an open covering of D and
ba:Us — SE IR XRETH

is an analytic diffeomorphism (where SF—'={x€S* 1:%,>0,...,7,>0} and & +5"=s),

such that the following diagram is commutative:

0, —————Ua

;| -

‘I)w
St 'xR* xR} " ——=R",

s’

where D, is the w-weighted blowing-up in R™.
Proof. See [DR, Proposition II.9]. O

The map &: M — M will be called an w-weighted blowing-up of M with center on Y,
with respect to the trivialization {(Us, ¢a)}aca-

Remark 2.13. The existence of an w-weighted trivialization for a submanifold Y C M
can be a strong topological restriction. This condition can be defined in a more intrinsic
way as the existence of a certain nested sequence of subbundles in the conormal bundle
N*Y (see, e.g., [Me, §5.15]).

2.6. Blowing-up of singularly foliated manifolds
Let M=(M,Y,®, L) be a singularly foliated manifold and ¥ C M be a submanifold which
has an w-weighted trivialization. An w-weighted blowing-up of M with center Y is a
mapping
& M—M

defined by taking the 4-tuple M:(]\Zf, 1,9, i) in the following way:

(i) The mapping ®: M—M is the w-weighted blowing-up of M with center on Y;

(i) The list T is given by TU[n], where

{l—i—max{i:ie'f}, it YT#0,
ni=
1, if T=o;
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(iii) The divisor D is the total transform of ®, with the tagging
i {Q;, if i e T\[n],

D, ifi=n,
where D:=®~1(Y) and Dj is the strict transform of the corresponding divisor D;C M
(for each i€Y);

(iv) The line field L is obtained as follows: up to some refinement of the coverings,
we can suppose that the line field L is given by a collection {(Ug, x3)}sen, where xg is a
nondegenerate analytic vector field defined in Ug, and that there exists some subcollection
of indices AC B such that {(Us, ¢a)}aca is the w-weighted trivialization of Y. For each
a€ B, we can consider the strict transform X, of x, (see Proposition 2.9) as an analytic
vector field defined in ﬁa:qu(Ua), Now, Proposition 2.12 implies that the collection
{(UasXa)}acn defines a singular line field L on M which satisfies our requirements
(see [DR] or [P] for the details).

2.7. Axis definition and controllability
Let M=(M,Y,D, L) be a singularly foliated manifold of dimension 3.

As we explained in §1.3, the local strategy for the resolution of singularities at a point
peNElem(M) is based on some invariants attached to the Newton polyhedron. This
Newton polyhedron depends on the vector field x which locally generates the line field,
but also on the choice of local coordinates (z,y, z) at p. This usually creates difficulties
for obtaining a global strategy for the resolution, since the information obtained from
the polyhedron is coordinate-dependent.

In order to obtain intrinsic invariants, we have to restrict the choice of local coordi-
nates and require that they respect some additional structure on the ambient space. We

now introduce such a structure.

Definition 2.14. An azis for M is given by a pair Ax=(4,3), where ACM is an
open neighborhood of the set NElem (M), and 3 is a singular orientable analytic line field
defined on A such that the following conditions hold:

(i) 3 is ®NA-preserving;

(ii) Ze(3)=2 (where Ze(3) is the set of singularities of 3);

(iii) for each point pe AND, if we choose a local chart (U, (x,y, z)) such that 3 is
locally generated by 9/9z, then

Ip Z Ips

where Z,,CO,, is the ideal which defines the germ of analytic sets NElem(M), and J,CO,
is the defining ideal of the set {x=y=0} (i.e. the leaf of the axis through the point p);



RESOLUTION OF SINGULARITIES OF VECTOR FIELDS IN DIMENSION THREE 187

NElem (M)

Figure 5. Axis.

(iv) for each point pe A\D, if we choose a local chart (U, (z,y,z)) such that 3 is
locally generated by 9/0z, then

X(Jp) Z Tp,
where x is a local generator of L.

The requirement in condition (iii) is equivalent to saying that {r=y=0} is not
contained in NElem(M). The (stronger) requirement in condition (iv) is equivalent to

saying that {x=y=0} is not an invariant curve for the line field L.

Remark 2.15. Tt is not always possible to define an axis for a singularly foliated line
field. For instance, if there exists a point p€NElem(M) such that #¢,=3, then any line
field which is ®-preserving necessarily vanishes at p. In this case, the requirement in

condition (ii) of the definition cannot be satisfied.

We shall say that the singularly foliated manifold M is controllable if there exists an
axis Ax as defined above. The pair (M, Ax) will be called a controlled singularly foliated
manifold.

The next result describes a situation where an axis can always be defined. Let M be
an analytic manifold of dimension 3 without boundary and let x be a reduced analytic
vector field defined in M. We counsider the singularly foliated manifold M=(M,Y,®, L),
where YT=0, D=0 and L=L, is the analytic line field generated by x.

PROPOSITION 2.16. Given a singularly foliated manifold M=(M, @, @, Ly) as above,
there exists an axis Ax=(A,3) for M. The pair (M, Ax) is a controlled singularly foliated

manifold.

Proof. The set of nonelementary points of M is a 1-dimensional analytic subset
NElemC M. Let SCNElem be the discrete subset of points where NElem is not locally

smooth.
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L.

Figure 6. The definition of Zg on the strip Q.

First of all, we are going to define a nonsingular vector field Z, in an open neigh-
borhood U, C M of each point peS with the property that no trajectory of Z, is a leaf of
LNU,. We fix arbitrary local coordinates (z,y, z) in a neighborhood of p and construct
the Newton polyhedron A for the vector field y with respect to these coordinates. If the

support of A/ contains at least one point in the region

({=1}x{0} xZ)U({0} x{-1} xZ),

then it suffices to locally define Z,, as the vector field 0/0z. Otherwise, it follows that
{x=y=0} is an invariant curve for the vector field x. In this case, it is immediate to

verify that we can choose natural numbers s,t€IN~( such that the change of coordinates

T=x+25 g=y+z' and Z=z
results in a new coordinate system (Z, 9, Z) where the above property holds.

Now, we are going to glue together the collection of vector fields {Z,}pcs in a C*
way along the smooth part of NElem. Let I'CNElem\S be a regular analytic curve
connecting two points p,q€S. Possibly restricting U, to some smaller neighborhood
of p, we may assume the Z, is transversal to I'NU, (recall that I' is an analytic arc).
Therefore, in some neighborhood of I'NU),, we can define a 2-dimensional strip Q,, formed
by the union of all trajectories of Z, starting at points of I'NU,. The same argument
gives us a 2-dimensional strip Q, with base I'NUj,.

Using the tubular neighborhood theorem, we can glue together these two strips in

a C'*° way, as shown in Figure 6. Therefore, we get a global 2-dimensional strip Q with
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base I'. Using partitions of unity, it is easy to define a nonsingular C'* vector field Zg
in an open neighborhood of Q such that the following conditions hold:

(i) Zg is tangent to the strip Q;

(i) ZoNUp=2, and ZgNUy=2Z;

(iii) no trajectory of Zg is left invariant by .

Putting together all these local constructions, we finally obtain a nonsingular C'*>°
vector field Z defined in an open neighborhood ACM of NElem(M) which has the
following property:

(P) No trajectory of Z is invariant by the vector field .

Using Grauert’s embedding theorem [G], we can analytically embed the manifold M
in R¥, for some sufficiently large k€N. Doing so, the vector field Z can be seen as a
map Z: A—RF, and it is clear that property (P) is an open property for the Whitney
topology on C°°(RF, R¥). Therefore, using Weierstrass’ approximation theorem (in the
version of [G]), we can approximate Z by an analytic nonsingular vector field Z:A—>TM

which also has property (P). This proves the proposition. O

3. Newton polyhedron and adapted coordinates
3.1. Adapted local charts

Let (M, Ax) be a controlled singularly foliated manifold, with M=(M,Y,®, L) and
Ax=(4,3).

A local chart (U, (x,y,z)) centered at a point p€ A will be called an adapted local
chart if the following conditions hold:

+ 3 is locally generated by 9/0z;

s if pe® and ¢, =[i], then D,={z=0};

o if pe® and 1, =[i, j] (with i>j), then D;={z=0} and D;={y=0};
where ¢, is the incidence list defined in (6).

Notice that an adapted local chart can always be defined at a point p€A. The
condition p€ AND automatically implies that #¢,€{1, 2}, by Remark 2.15.

Despite the fact that the definition of adapted local chart is given for all points in A,
we shall be mostly concentrated (at least until the end of §4) on points lying in AND.

In Figure 7 we represent the two possible configurations with the corresponding

position of the divisors.

PROPOSITION 3.1. Let (U, (z,y,2)) and (U’,(2',y,2")) be two adapted local charts
at a point p€A. Then, the transition map has the form

o' =F(z,y), ¥ =G,y and 2'=f(x,y)+zw(z,y, 2),
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Lp=li] p=li, J]
Figure 7. Adapted local charts (with i>7).

where w is a unit and e
*2J(0,0) 0.
5y 07

More specifically, if #.p=1 then F' and G have the particular form

F(z,y) =zu(z,y) and G(z,y)=g(x)+yv(z,y),
where u and v are units and g(0)=0. Similarly, if #.,=2 then
F(z,y)=zu(z,y) and G(z,y)=yv(z,y)
for some units u and v.

Proof. The change of coordinates should map the vector field 9/9z into the vector
field U-9/9%" (for some unit U€O,). Moreover, if #,>1, it maps the divisor {x=0}
into {z'=0}. If #.,=2, the divisor {y=0} should also be mapped to {y’'=0}. O

3.2. Newton map and Newton data

Let (M, Ax) be a controlled singularly foliated manifold, with M=(M,Y,®, L) and
Ax=(A4,3).

We fix a point p€ A and an adapted local chart (U, (z,y,z)) centered at p. Our
goal is to define the Newton polyhedron of (M, Ax) at p with respect to the coordinates
(2,9, 2).

First of all, we choose an analytic vector field x which generates L at U. Next, we

expand x in the logarithmic basis: Consider the meromorphic functions

x) g:=x(ny)= X;y)

f:zx(ln:c):77 x(2)

and h:=x(Inz)= gt (7)

where x acts as a derivation on R{z,y, z}. Then, we can write

=T gyay “92
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Remark 3.2. If x is {x=0}-preserving (respectively, {y=0}- and {z=0}-preserving)
then f (respectively, g and h) is an analytic germ in R{z,y, z}.

We can write the Laurent series expansion of the functions (f, g, h) given in (7) as

(fagv h) = Z (fv;Qva hv)‘xvlyvz,ZUS,

vEZ3

where (fy,gv,hv) is a vector in R?® for each integer vector v=(vy,vo,v3)€Z>. The

Newton map for x at p, relative to the chart (U, (z,y, 2)), is the map

0:7Z3 —R3,

Vi (fv, gv;s hv).
The support of © is given by
supp(©) ={veZ":0(v)#0}.

Remark 3.3. The Newton map © has the following properties:
e supp(0)CN3U{ -1} xN2)UNx {-1} x N)U(N? x {—1});
e ve({-1}xN?) = O(v)eRx {0} x{0};

s+ ve(Nx{-1}xN) = O(v)e{0} xR x{0};

e ve(N?2x{-1}) = O(v)€{0} x {0} xR.

The Newton polyhedron for (M, Ax) at p, relative to the chart (U, (z,y, 2)), is the
convex polyhedron in R? given by

N = conv(supp(©))+R?,

where conv(-) is the convex closure operation and the “+” operator denotes the usual
Minkowski sum of convex polyhedrons.

LEMMA 3.4. The Newton polyhedron is independent of the choice of the local gener-
ator of L.

Proof. Indeed, if x and x’ are two local generators, we know that x'=UYx for some
unit UeR{z,y, z}. Going back to the definition of the Newton polyhedron, it is clear
that the corresponding polyhedrons A/ and N’ will coincide. O

It is obvious that different choices of the local coordinates (z,vy, z) lead to different
Newton polyhedrons. Later on, we shall see that certain essential properties of N are

preserved by the action of the group of coordinate changes defined by Proposition 3.1.
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V2 f (main side) vs

/ .
S N’ ¢ (main edge)

\\ m,

.\\

— (%] Le
F (main face)
U2
S
U1

Figure 8. The main vertex, the main edge and the derived polygon for n.

From now on, we shall adopt the usual language of the theory of convex polyhedrons,
and refer to the vertices, edges and faces of N (the faces will always be 2-dimensional).

Given a face FCN, there exists a weight-vector w€N? and an integer u€Z such
that

F=Nn{veR?: (w,v)=pu}.

Notice that if this property is satisfied for a pair (w, i), then it is satisfied on the entire
positive ray R={t-(w, u):t>0}. The weight-vector and the multiplicity associated with F'
are given by the unique pair (w, u)€R such that w=(w1,ws,ws) is a nonzero vector of

natural numbers satisfying ged(wq, ws,ws)=1.

Definition 3.5. The triple Q=((x,y, 2), tp, ©) will be called a Newton date for the
controlled singularly foliated manifold (M, Ax) (centered) at the point p.

For notational simplicity, we shall write vertices, edges and faces of 2 when referring
to the corresponding objects of the Newton polyhedron N. We shall also refer to the
support of the Newton map O simply as supp(f2).

3.3. Derived polygon and displacements

Let us fix a Newton data Q=((z,y, 2), .y, ©) at a point p€ A, and let N be the corre-
sponding Newton polyhedron. The derived polygon associated with a vertex neN is
given by

N'(n) Z:/\/ﬂ{(vl,’l)27’()3) eR?:vg :ng—%}.

Thus, N/(n) is a convex polygon contained in the plane {Vil}g:ng*%} (see Figure 8).
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V3 V2
_+ N/
(0,1)
[
(1,-1,3) o
V2
oy Y
1
10
.\=(2 ) -
U1

Figure 9. The Hironaka characteristic polygon and the derived polygon are distinct.

Remark 3.6. The derived polygon has some similarities with the characteristic poly-
gon introduced by Hironaka is his proof of the resolution of singularities for excellent
surfaces (we refer to [H3] for the precise definition of this polygon). The following ex-
ample shows that these two notions are distinct in the context of vector fields: Consider
the germ of vector fields
5

X= (23x+xy22)§x+zzsaﬁy +y

The associated Newton polyhedron is shown in Figure 9 (left). Let us choose the vertex
n=(0,0,3) (this is the minimal vertex of A/ with respect to the lexicographical ordering
in R3). Then, the derived polygon and the Hironaka characteristic polyhedron are given
respectively by

N'=Nn{veR’:v3=32} and N"=Nn{veR’:v;=2}.

The resulting polygons are depicted in the right part of Figure 9.

PROPOSITION 3.7. Suppose that the vertex n is such that ns>1. Then, the derived
polygon N'(n) is nonempty.

Proof. Indeed, suppose by contradiction that N/(n)=@. Then, since n3z>1, the
Newton polyhedron N should be contained in the region {(vy,ve,v3)€Z3:v3>1}. Ac-
cording to the definition of A/, this would imply that the line field L is locally generated
by a vector field y which is degenerate (because the ideal Z, (z) would be divisible by 2?).

This contradicts our assumptions. O
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€En

U1

Figure 10. The derived polygon.

For the rest of this subsection, let us assume that the derived polygon N'(n) is
nonempty.
The main derived vertez of N’(n) is the minimal vertex m’(n) of N/ (n) with respect

to the lexicographical ordering. We write
/ _ / / 1
m (n) - (ml(n)7m2(n)7n3_§)~
The main edge associated with the vertex n is the unique edge ¢(n) CA which contains
the segment n, m’(n).

PROPOSITION 3.8. The rational numbers m)(n) and m4H(n) always belong to the

finite grid
1

— 7

Proof. Indeed, the main edge associated with n has the form e(n)=n,v, for some

vertex v=(vy, vg,v3) such that —1<vz<ns. Then, it is clear that

V1 —Nnq
2(77,3 71)3)

V2 —"N2

d mh(n)=ngt+ 212
and ms(n) n2+2(n37v3)

my(n)=ni+
Now, it suffices to remark that the denominator of these fractions fractions always lies
in the range {1,...,2(n3+1)!}. O

We picture A(n) in the 2-dimensional plane as in Figure 10, with the horizontal
axis corresponding to the vi-coordinate. Using this representation, we enumerate the
sides of A/'(n) from left to right as eq, ey, ..., €, with eg being the infinite vertical side
and e, being the infinite horizontal side.

The main side f(n) of N’(n) is defined as follows (see Figure 10):

_ feo, ifmfi(n)>0,
fn):= {el, if mj(n)=0.
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By the definition of N'(n), to each each side ee N/(n) there corresponds a unique
face F of N such that

FNN'(n)=e.

The main face associated with the vertex n is the unique face F(n) CN such that
F(m)NN'(n) = f(n)
(see Figure 8). By construction, the edge e(n) can be uniquely written as
e(n)={n+t(A,-1):tel},

where ICR is a compact interval and A€Q?\{(0,0)} is a nonzero vector of rational

numbers. Using this, the derived vertex m’(n) can be rewritten as
m'(n) = (n1+1A1,n0+ 100, n3—1).
Similarly, the main side f(n) of N”’(n) can be uniquely written as
f(n)={m’(n)+1(C,-1,0):t €I},

where ICR is an interval and C is a number in Qs¢:=QxoU{0c0}.

Remark 3.9. Observe that C'=o00 and C'=0 correspond to the cases where the main

side is the infinite horizontal and the infinite vertical side, respectively (see Figure 11).

We will call A(n):=A and C(n):=C the vertical and the horizontal displacement

vector associated with the vertex n, respectively.

3.4. Regular-nilpotent configurations and main vertex

Let us keep the notation of the previous subsection. In this subsection, we further assume
that the base point p€ A belongs to the divisor 2.

The higher vertez is the minimal point he N with respect to the lexicographical
ordering in R3. It is immediate to see that the minimal point always exists and that it
is a vertex of N (see Remark 3.3).

PROPOSITION 3.10. The higher vertex h=(hq, ha, hs) has the following properties:
(1) if #ip=1, then h1=0 and ho, hg>—1,;
(ii) if #1p=2, then h1=0, ho>0 and hg>—1.
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(A7 71) /

(C,—1,0) ; (C,—1,0)

Cc=0 0<C<oo C=c0
Figure 11. The vertical and horizontal displacements.

Proof. To prove (i), we observe that the surface {x=0} is preserved by the vector
field x if and only if
supp(N)N{-1} xN? =z,

This is equivalent to saying that hy >0 and ho, h3>—1. However, if h;>1, the ideal
7, (z)eR{z,y, z}, which is generated by (fz,gzry, hzz), would be divisible by z2. This
would contradict the hypothesis that x is a nondegenerate vector field (see Definition 2.2).

The proof of (ii) is analogous. O

The main edge associated with the higher vertex is given by

¢e(h)=h,n, (8)

where n is also a vertex of . It follows from Proposition 3.7 that this edge always exists
if h3>1. We define e(h):=@ if the derived polygon N’ (h) is empty.

We shall say that the Newton data (2 is in a nilpotent configuration if the following
three conditions are satisfied:

(1) #up=1;

(ii) h=(0,—1, h3) for some integer h3z €N;

(iii) n=(0,0, ng) for some integer nz<hs.

If one of these conditions fails, we shall say that 2 is in a regular configuration.

Remark 3.11. As we shall see in §4, the treatment of nilpotent configurations con-
stitutes one of the points where the method of resolution of singularities for vector fields

differs essentially from the usual methods of resolution of singularities for functions and
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h h
= L
[
F n__/
Regular Configuration (m=h) Nilpotent Configuration (m=n)

Figure 12. The regular and nilpotent configurations.

analytic sets. At several points during our proof, we will have to address the delicate

issue of the transition between regular and nilpotent configurations.

The main vertex m of €2 is chosen as follows:

{h, if Q is in a regular configuration,

n, if Q isin an nilpotent configuration,

(where n is defined by (8)). The corresponding vertical and horizontal displacements
A:=A(m) and C:=C(m)

will be called the vertical displacement vector and the horizontal displacement of ).

The face F:=F(m) and the edge e:=¢(m) will be called the main face and the main
edge associated with €, respectively. The polygon N'=N"(m) will be called the main
derived polygon.

3.5. The class NewiA’r’nC

Let Q=((z,y, 2), tp, ©) be a Newton data for (M, Ax) at a point p€ AND. We shall say
that Q belongs to the class NeWiA’f% if the following conditions hold:

(i) #ip=1;

(ii) m is the main vertex of €;

(iii) A is the vertical displacement vector of €;

(iv) C is the horizontal displacement of (.

The union of all the classes of Newton data will be denoted simply by New.
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Let us consider the Lie group G of all polynomial changes of coordinates in R3 which

have the form

=z, y=y+g(z) and Z=z+f(x,y), 9)

&

where feR][z,y] and geR[z] are real polynomials. The group operation is the composi-
tion, and the inverse of the map (9) is simply given by

For simplicity, we shall denote the map (9) by (f,9)€G and its inverse by (f,g)~!. We
define also the subgroups G'=G and G?={(f,g)€G:g=0}.

Remark 3.12. The Lie algebra associated with G is the algebra & of all polynomial

vector fields of the form

0 )

with polynomials GER[z] and FeR|z,y].
There is a natural action of the Lie group G on the class of Newton data New, given

as follows: The action of a map (f,g)€@G in the data Q=((x,y, 2),¢,0) is the Newton
data given by

((Z,9,%),2,0),
where (Z, 7, Z) are the coordinates given by (9), the list 7 is the incidence list at the point
p=(Z,7,2)71(0), and O is the Newton map for (M, Ax) at p, relative to this new adapted
local chart. We denote this action simply by (f, g)-Q.

Remark 3.13. In the cases that we will consider more often, we have f(0)=g(0)=0.
In this case, p=p, i.e. the Newton data Q is centered at the same point as €. If this
is not the case, we tacitly assume that the point p=(Z, 7, 2)~1(0) lies in the domain of
definition of the local adapted chart (U, (z,y, 2)).

3.6. The subgroups Ga,c

Recall that the support of a polynomial H€R[x] is the subset
supp(H)={v € Z" :x" is a nonzero monomial of H}.

According to the support of the polynomials f and g given in (9), we shall now define

several subgroups in G.
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Given A=(Aq, A2)€Q2>0 and C€Qxg, we define Ga ¢ as the subgroup of all maps
(f,9)€G such that the following conditions hold:
(i) the support Sy=supp(f) is contained in the set

{(a,b) € A+5(C,—1):5€ Qs }NN?, if A} =0,
{A}NN?] if Ay >0;

(ii) the support Sy=supp(g) is contained in the set

(CINN, if A, =0,
@, it A >0.

We further define the subgroups G  and GX . as

glA’c =Ga,c and gi,c =Ga,c{(f,9)€Ga,c:9=0}.

Remark 3.14. In the above definition, we have the following extreme cases for Ga c:

e if C=00, then g=0 and f=£&x21y?2, where the constant £ €R necessarily vanishes
if A¢N?;

« if A;=0 and C'=0, then f€R]y] is a polynomial in y of degree at most o, and
g=n), for some constant n€R;

« if A=(0,0) and C=o00, then g=0 and f=¢, for some real constant {€R.

In the last two cases, the change of coordinates (9) correspond to translations §=

y+n, Z=z+f(y) and g=y, Z=z+¢, respectively.

It will be useful to consider the following decomposition of the group G: Define the

subgroup
Ga={(f,9)€Ga,c:9=0, f =y £cR}

(the constant & necessarily vanishes if A¢N?), and the normal subgroup

Gac=1(f,9)€Ga.c: A¢supp(f)},

which will be called the subgroup of edge-preserving maps. It is easy to see that
GAcNGa={0} and Gac=Ga°GA c=09A c°9A-

In other words, Ga ¢ is the semi-direct product of Ga and QZ’C. Similar decompositions
hold for the subgroups G' and G2.

Later on, we shall need the following remark.
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Remark 3.15. For a map (f, g)EQLC, the support of f is such that
S¢C{(a,b)eN?:a>C1(A2)},

where
1, if Ao €N,

7(Ag) = { .
A—|A|, otherwise.

3.7. Action of G via adjoint map

The action of the group G on a Newton data 2 can be studied via the associated Lie
algebra &. Indeed, a map (f,g)€G is the time-one map of the flow associated with the
vector field I'y ;€& given by

0 0
Ly =a(e) 5 +F(zn) 5

Therefore, if Q is associated with the vector field x, the Newton data (f,g)-Q can be

obtained from the transformed vector field

LT ()

M2

((f; 9))*9(:X+%[nyg’X]+%[Ff,gv [Crg X+ =

n=0

because e*4()=Ad(Exp(-)), where Ad(-) and ad(-) are the adjoint map and its differ-
ential, respectively.

Using this remark, we can see how the action of a map in Ga ¢ modifies the
multiplicity of a vector field. Let w=(w;,ws2,w3)EN? be a weight-vector such that
ged(wr, wa,ws)=1 and

(w, (-1,A1,Ag)) =(w, (0,—-1,C))=0

(with the convention that wy =0 if C=00). Then, w is the weight-vector associated with
the main face F of the Newton polyhedron N ().

Recall from §2.3 that each analytic vector field x has an associated w-multiplicity
pro (X) :=max{k € Z: x(H) C HE'* for all d € N}.

LEMMA 3.16. If (f,g9)€Ga,c is nonzero, then (L' 4)=0.
Proof. This follows directly from the definition of the group Ga c. O

It follows that, if p,(x)=m and (f,g) is nonzero, then p.,([I'sq4,x])=m. As a

consequence, we have the following result.
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COROLLARY 3.17. Choose (f,g)€Gna,c. Then, the vector field x=(f,g)«x is such
that

Heo (X) = Heo (X)-
Proof. Tt suffices to use Lemma 3.16 and formula (11). O

In the same way, we can prove that the coordinate change associated with (f,g)
always preserves the w-quasihomogeneous structure on R? (see §2.5).

Let us now study the action of Ga ¢ on a single differential monomial given by
0 0 0
— pV1,V2 U3 —_—
m=zx"y"%z (axax—l—ﬂyay—i—vzaZ),

with constants v=(vy,ve,v3)€Z? and «, 3,7€R. The corresponding Newton map © is
such that supp(©)={v}.

For the particular case of a map (f,g)€Ga,c of the form (f,g)=(£x%y°2,0), the
coordinate change §=y+g(z) and Z=z+ f(x,y) maps m to the vector field

0 0 0
— WV1,02(, _ ¢,.01,,02\v3 _ 61,02
=y (o ay ) (a2 By o+ e+ ) )

(where we drop the tildes). In particular, it is easy to see that the Newton map 5)

associated with m has support contained in the set
{ueZ®:u=v+t(d,d,—1),t>0}.

Similarly, for a map (f, g) of the form (f, g)=(0,17z), we get (dropping the tildes)

0 0 0
~ V1 C V2 U3
m=x" (y—nz~ )"z (amax +(By+n(Ca ﬂ))ay+’yzaz>,

and the the Newton map O associated with 7 has support contained in the set
{ueZ?:u=v+s(C,—1,0),s>0}.

Now, an arbitrary map (f, g)€Ga,c can be written as the composition of a finite number
of maps of the form (£x%19%2,0) and (0,172¢). Therefore, the above computations give

the following result.

LEMMA 3.18. Consider the differential monomial m given above. Then, for an
arbitrary pair (A,C) and for an arbitrary map (f,9)€Ga,c, the Newton data for the

vector field (f,g)«m has its support contained in the set
{ueZ® u=v+t(A, Ay, —1)+5(C,—1,0),t>0,5 >0}

(see Figure 13).
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U3

v
ail \(A17A27_1)

V2

V1

Figure 13. The support of (f, g)«m for a differential monomial m.

More generally, we can consider the action of (f, g) on an arbitrary vector field x as

follows. Write the expansion of x as
X= Z My,
il
where, for each i€, m; is a differential monomial whose Newton data has support at

v;€Z3. For a map (f,g)€Ga ¢, we clearly have
el
and this gives the following result.

COROLLARY 3.19. Let x be as above. For an arbitrary pair (A,C) and for an
arbitrary map (f,g)€Ga.c, the Newton data for the vector field (f,g).x has its support

contained in the set
U{u €Z?:u=v;+t(A1, Ay, —1)+5(C, —1,0),t>0,5>0}.
icl
Remark 3.20. In [AGV], the authors use these kind of coordinate changes to study

normal forms of quasihomogeneous functions. In [H3], Hironaka uses similar transforma-

tions in his definition of well and very well preparations of function germs.

4. Local theory at NElemN®

Let (M, Ax) be a controlled singularly foliated manifold. Throughout this section, we
fix a divisor point p€ AND, an adapted local chart (U, (z,y, 2)) for (M, Ax) at p, and let
QGNeWK% be the corresponding Newton data.
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PROPOSITION 4.1. The main verter m=(my, ms, m3) associated with § is such that
m1=0 and mo€{-1,0}.

Proof. Suppose by contradction that the main vertex m does not satisfy the above
requirements. Then, one of the following conditions holds:

(a) mp=—1;

(b) my1>1;

(¢) ma>1.

In case (a), it follows from the definition of the Newton polyhedron that the plane
{z=0} is not invariant. This contradicts the definition of an adapted local chart at p
and the hypothesis that p belongs to AND.

In case (b), choose a nondegenerate vector field x which is a local generator for the
line field L. Then, the condition m;>1 implies that the ideal Z, (z)CO, is divisible
by z2. This contradicts Definition 2.2.

Thus, in case (c), we may assume that m;=0 and mq>1. This clearly implies that
supp(Q)N ({0} x{-1,0} xR) =@. (12)

If we write the vector field x as
0 0 0
= R R h R
X f$3x+gy8y+ Z@z

(with fz,gy, hzeR{z,y,z}), then (12) is equivalent to saying that the functions f, g
and h vanish identically along the vertical line {:={x=y=0}. A simple computation

shows that it is equivalent to asserting that the Jacobian matrix Dy/|; has the form

0 0
Dxli=|=%* 0
3

ES3

S o o

where the *’s denote some arbitrary real numbers. It follows that the line [ is contained

in the set of nonelementary points NElem (M), which contradicts Definition 2.14. O

4.1. Stable Newton data and final situations

In the next definitions, we consider the action of the transformation group Q&C on the
Newton data 2. The following notions will be essential in the sequel to study the effect
of the translations in the blowing-up chart.
We say that € is stable if
(f.9)-Q€New"s,
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for all (f,g)€Gh ¢ with f(0)=g(0)=0. In other words, €2 is stable if the action of G}
preserves the main vertex, the value of the vertical displacement vector A and the value
of the horizontal displacement C'.

A weaker notion of stability will also be useful. We say that ) is edge-stable if for
each map (f, g)egzyc with f(0)=g(0)=0 there exists a constant 56@20 such that

(f, g)~Q€NewA”é.

Remark 4.2. Intuitively, the notions of stable and edge-stable Newton data can be
seen as weaker versions of the notion of mazimal contact introduced in the work of
Hironaka [H1]. As said above, the main goal is to take into account the effect of the
translations in the blowing-up chart.

More precisely, for a stable (respectively, edge-stable) Newton data, one guarantees
that the main invariant strictly decreases after a conveniently chosen blowing-up map
followed by any translation of the form (§=y+n, Z=2+¢) (respectively, (2=24¢)). We
refer to §4.8 for the precise statements.

In the context of vector fields, the usual notion of maximal contact is too strong and
often leads to divergent formal objects. For instance, the computation of the maximal
contact variety (in the sense of [H1]) for the Euler vector field

0 0
z? 52T (y—z) a
leads to the formal power series V={y—> ", (n—1)!z"}, which has zero as radius of

convergence.

Using these concepts, we can now identify when the Newton data 2 is centered at
an elementary point p€Elem(M).

First of all, we introduce the following notion. We shall say that € is in a final
situation if, looking at the higher vertex he N (see definition in §3.4) and the associated
edge e(h), one of the following conditions is satisfied (see Figure 14):

(i) the vertex h=(hq, hz, hg) is such that h; =0 and either

(a) (h2’h3):(050)7 (b) (h27h3):(_170)v or (C) (h2ah3):(0a_1);

(ii) the edge e(h) is given by [(0, —1, k), (0,0, —1)] for some k>1;
(iii) the edge e(h) is given by [(0,—1, %), (0,0,0)] for some k>1;
(iv) the edge e(h) is given by [(0,—1,1),(0,1,—1)] and 2 is edge-stable.

The following result justifies the above nomenclature.

)
b

PRrROPOSITION 4.3. If the Newton data ) is in a final situation then it is centered at
an elementary point p€Elem(M).
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Figure 14. The final situations.

Proof. Consider a vector field x which locally generates the line field L, in a neigh-
borhood of p. If x(p)#0 we are done. Otherwise, we can write the linear part Dx(p) as

the matrix
A0 O
* a b,
c d

*

where A, a,b,c,deR and the *’s denote some arbitrary real constants. We consider the

following cases:
(a) A£0;
(b) A=0.
In case (a), it is clear that A belongs to the spectrum of Dx(p), and therefore x is

elementary.
In case (b), it clearly suffices to prove the following claim.

Claim. The matrix
5o (a b)

is not nilpotent (it is obvious that B#0).
To prove the claim, suppose initially that b=0 or ¢=0. Then, it follows from the

definition of a final situation that (a,d)#(0,0), and therefore B contains at least one

nonzero eigenvalue.
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Figure 15. The transition from Q to (f, g)-Q.

Suppose now that b#0 and ¢#£0. It follows that A=(0,1) and m=(0,—1,1). Assume
by contradiction that B is nilpotent and consider the Gi o-map (f, g)=((a/b)y,0), which
corresponds to the coordinate change

g=y and Z=z+(a/b)y

(see Figure 15). It is easy to see that the Newton data (f, g)-€ (associated with the local
chart (U, (z,9, Z))) is such that the corresponding matrix B is given by

B= 00 .
0 0
This implies that (f, g)-Q belongs to the class NewiA’né,

ment vector A>lex(0, 1). This contradicts the assumption that € is edge-stable. The

for some vertical displace-

claim is proved. O

Remark 4.4. The above result has the following partial converse (which we will not
need in the sequel). If Q is an edge-stable Newton data centered at an elementary point
peElem(M), then Q is necessarily in a final situation.

4.2. The local invariant

Let us now introduce the main invariant used in the local strategy of the resolution of

singularities. First of all, we prove the following result.

LEMMA 4.5. Suppose that p belongs to NElem(M). Then the main derived poly-

gon N is nonempty.

Proof. According to Proposition 3.7, it suffices to prove that ms>1. But this is a

direct consequence of the fact that the Newton data 2 is not in a final situation. O
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V3 U3
(0,0,Tng) (0,—1,m3) ®
(0,0,¢)
F F
V2 4 V2
V1 U1
inv=(ms,0,ms,...) inv=([t+1],—1,ms,...)

Figure 16. The invariant inv(£2).

Let us suppose that p belongs to NElem(M). Writing the main vertex as m=
(mq,ma, m3) and the vertical displacement vector as A=(Ay, Ay), we define the virtual

height associated with € as the natural number

h_{l_mg—Fl—l/AgJ, 1fm2:—1 and A1:O,
- ms, if mo=0or A;>0.

For mo=—1 and A;=0, the virtual height b is the smallest integer which is strictly
greater than the height of the point of intersection between the main edge and the vertical
plane {v=(v1,v2) ER?:v2=0} (as shown in Figure 16).

We refer the reader to §4.13 for an example which motivates the use of the notion

of virtual height.

Definition 4.6. The primary invariant is the vector
invy :=(h, ma+1, ms).
The secondary invariant is the vector
inve = (#ip—1, AA1, Amax{0, As}),
where A\:=2(mgs+1)!. The invariant associated with the Newton data 2 is the pair
inv(Q2) := (invy, inve).

Remark 4.7. Tt follows from the assumption #:,>1, from the choice of A and from

Proposition 3.8 that the vector inv(Q) always belongs to N°.
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4.3. Regular-nilpotent transitions

Let us introduce the following notation. Given a subset ACZ?, let Q|a=((z,y,2),tp,O|a)
be the Newton data which is obtained from 2 by considering the restricted Newton map

Ol4: 2% — R3

defined by
O(v), ifveA,

o —
la(v) {0, it vez\A.

If © is associated with a vector field x (which is a local generator of the line field
at p), we denote by x|4 the vector field associated with ] 4. Notice that x| is possibly

a degenerate vector field.

LEMMA 4.8. The Newton data 2 is edge-stable if and only if for all (f,0)€GAa, there

exists a constant 56@20 such that
i, m
(f,0)-Q¢ NewAﬁ.

Proof. Tt suffices to notice that each map (f, g)EgiAc can be uniquely written as a

composition

(f?g):(fb?o)o(fvg)v

where (fp,0) belongs to Ga and (f, §) is a map belonging to the normal subgroup
GX'e<Gh o

Now, Corollary 3.19 implies that, if we denote the main edge associated with 2 by e,
the Newton data (NZ::(f, J)-€ is such that

Qe =9

Moreover, ¢ is also the main edge of Q. This concludes the proof. O

Recall that the Newton data can be either in a regular or in a nilpotent configuration
(see §3.4). Let us say that Q is in a potentially nilpotent situation if it is in a regular
configuration but
m=(0,—1,m3) and A=(0,1)

for some mz>1. The next result describes some basic aspects of the action of a giA’C—map

on .
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4

. L

Figure 17. The regular-nilpotent transition.

LEMMA 4.9. Given (f,g)€GA ¢ the Newton data Q:=(f, 9)-Q belongs to the class
Newi{%, where two cases may occur:

(i) if Q is not in a potentially nilpotent situation then
m=m and (A76) >lex (Aa0)7 (13)

in particular, if Q is in a reqular (respectively, nilpotent) configuration, then Q is also
in a reqular (respectively, nilpotent) configuration,;
(i) if Q 4s in a potentially nilpotent situation then either
(iLa) m=m and (A, C) > (A, C), or

(ii.b) Q is in a nilpotent configuration and

m=(0,0,m3—1) and A > A

Proof. Tt suffices to use Corollary 3.19. O

In case (ii.b), we say that the data Q is in a hidden nilpotent configuration and that
the transformation Q—Q is a reqular-nilpotent transition.
In view of Lemma 4.8, a hidden nilpotent configuration may be detected just by the

action of the subgroup Ga.

4.4. Resonant configurations

This is a rather technical subsection, whose main goal is to characterize those types of
Newton data (called resonant configurations) for which the action of the group G is not
effective. This characterization is essential to prove the uniqueness of the local strategy

for the resolution of singularities at points p€NElem(M)ND.
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We remark in passing that the occurrence of these resonant configurations has no
analogues in the theory of resolution of singularities for functions and analytic sets.

Suppose that € is a Newton data associated with an adapted local chart (U, (z,y, 2))
with center at a divisor point p€®NA such that peNElem(M).

Let us study how effective the action of the group giA,C is on the support of €.
Recall that the support is given by

supp(Q) :={v € Z3:0(v) #0},

where ©:Z3—R3 is the Newton map associated with Q. To state our next result, we
need the following definition. Let e be the main edge of . We shall say that ) is in
c-resonant configuration (for some c€IN) if there exists a map (f, g)EgiA#\gA such that

supp((f,9)-©fe) Ce.

In other words, there is a map (f, 9)€G4 .\Ga (i.e. not of the form (€x21922,0)) whose
action on the restricted Newton data €2, results into a Newton data which still has the
support on e.

LEMMA 4.10. Suppose that QENewiA’mc is a Newton data which is in a c-resonant
configuration. Then, £ is not edge-stable. Moreover, i=1 and A=(0,s) for some s>0.
Considering the associated vector field x, one of the following situations occurs:

(i) A=(0,1) and the restriction of x to the main edge is given by

N o 9 d P B
Aem o (oo e e 2 ) 4Bl 2t ) 2

for some m>1, AeR and (a, 3,7)€R? such that 3#0 and (o, v+A3)#(0,0);
(i) A=(0,1/7) for some T€Nx2, and

e=2""(a xg—&—c 2+Ezﬁ —l—ﬁzTg—i— 22
Xle = Oz y@y 770z Oy 5,
for some m>1 and («, 3,7)ER? such that 3#0 and (a,~)#(0,0).

Proof. Tt A=(A1,As) for some A;>0, then gg’C:gA by definition, and nothing
has to be proved.
Let us assume that  is edge-stable. Up to an z-directional blowing-up with weight-

vector w=k-(1, ¢, sc) (where k€N is chosen in such a way that w€N?), we can write

0 0 0
xle =F(y, Z)z%%?(y, Z)anyrH(y? Z)g,
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where F'; G and H are (1, s)-quasihomogeneous functions of degrees M, M +1 and M +s,
respectively, for some rational number M e€Q.
After this blowing-up, the map (f,g) is transformed into an element of the group

gfovsw. Keeping the same notation for this map, we can write
(.f7g):(a0+a1y+"'+akyk7n)’ with a07"'aaka77€Ra (14)

where k:=|s] and (f, g)#(asy®,0). Our problem reduces to finding conditions on F, G

and H such that there is one such map for which

supp((f,9)-Q[.) Ce. (15)

Let us consider the four possible cases:
(1) seN and s>2;

(2) s=1
(3) s=1/7 with 7eN and 7>2;
(4) s¢ NU1/N.

In case (1), two possible expressions for F', G and H may appear:

(1.a) if the main vertex has the form m=(0,—1,m), then
F(y,Z):Fo(y,Z), G(y,z)zGo(y,z) and H(y7z):ys_1H0(yaz)a (16)

where Fy, Gy and Hj are (1, s)-quasihomogeneous functions of degree ms—1, ms and
ms, respectively; moreover, Gy (0, z)=£2", for some S#£0;

(1.b) if the main vertex has the form m=(0, —1,m), then
F(y,z):Fl(y,z), G(yaz):Gl(yaz)y and H(y,Z):Hl(y,Z)Z+H2(y,Z)yS, (17)

where Fy, Gy, Hy and Hy are (1, s)-quasihomogeneous functions of degree ms.
Assuming that condition (15) holds, it is easy to see that, in expression (16), Fo=0,
and Go and Hy should be a power of a common (1, s)-quasihomogeneous form of degree s:

Go(y,2) =B(z+Ay")™ and  Ho(y,z)=~(z+Ay")"

for some G, AeR* and yeR. Looking only at the function Gy, we see that the only

possible map (f, g) satisfying our requirements is given by
f==-X(y+n)°—y’) and g=n for some n#0.

In this case, the restricted vector field x|, is transformed to (dropping the tildes)

(z4+Ay*)™ (ﬂaaer (—sAﬂstr(wsAﬂ)(y—n)s‘l) gz) :
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Therefore, since s>2 and (15) is assumed, the relation y+sAB=0 necessarily holds.
But if we consider the original expression of the vector field x|, and apply the Ga-map
(f',9")=(\y*,0), we get (dropping again the tildes)

2" <ﬂ88y+ <7+8/\6)y51> ai) =z" (ﬁaay)

(i.e. the support of Q. has a single point). This implies that {2 is not edge-stable, yielding
a contradiction.

Similarly, for the expression (17), a simple computation shows that if there is a
nonzero (f,g) which fixes the support of Q|., then F;, G1 and H should necessarily be

powers of a (1, s)-quasihomogeneous form of degree s, namely
Fi(y,z)=a(z+My")",  Gi(y,2)=B(z+xy*)™ and  H(y,2)=7(z+y")""

for some AeR. Moreover, since (f, g)#(asy®,0), we conclude from the general expres-

sion (17) that G;=0. Therefore, x|. has the general form

0 0
=2+ M%) ar—+y(z+My*) = ).
A=) (0 42 (4) 5 )
Notice, however, that this expression implies that 2 is not edge-stable. In fact, applying
the map (f',g')=(\y*®,0), we get a new Newton data (f, g’)-QeNewiA’rf’lC, with A/ > A.
This gives a contradiction.
If we suppose that s=1, then the reasoning used above leads us to the general

expression

Y ) )
M= G2 (0 0+ 84w 3+ 00) 5 )

with AeR and (a, 3,7)€R3\{(0,0,0)}. If we apply the map (f1,g1)=(\y,0), we see

that if 3=0 or (a, v+A3)=(0,0) then Q is not edge-stable. If this is not the case, we are

precisely (up to blowing-up) in the configuration listed in item (i) of the statement.
Suppose now that s=1/7, with 7€N and 7>2. Then, (f,g)=(n, &) for some {,nER

and we obtain the general expression

[=2"T" amﬁ—i-ﬁzTg-l- 2‘2
Xle = Ox Oy oz )

with m>1 and (o, 3,7)€R3. Since supp(2)Ne has at least two points, we see that 3#£0
and (o, y)#(0,0). This is precisely (up to blowing-up) the configuration listed in item

(ii) of the statement.
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Figure 18. The action of a map (f, g)egg’c\gA with e¢<C.

It remains to study the case where s¢ NU1/N. Here, under the assumption (15),

we get

X|e=2"/* Oé:rﬁJrﬁngrfyz2
or oy 0z

for some (o, 3,7)€R3\{(0,0,0)}. However, this expression implies that supp({2) and e

intersect in a single point, yielding again a contradiction. O

Notice that the configurations (i) and (ii) of the previous lemma do not represent
edge-stable Newton data.

Indeed, the item (ii) of the lemma is obviously excluded because it represents a
nilpotent configuration with higher vertex h=(0, —1,7(m+1)) and associated edge e(h)
given by

e(h)=h,n,

where n=(0,0, 7m). In this case, it follows immediately from the definition that the main
vertex associated with €2 is n and not h. The same reasoning can be used to exclude the
item (i) of the lemma with A=0.

The item (i) with A#£0 is also excluded because it is not edge-stable. Indeed, the
coordinate change Z=2z+ \y causes a regular-nilpotent transition (see Lemma 4.9).

The following result is an immediate consequence of Lemma 4.10.

PROPOSITION 4.11. Let QENGWZ% be an edge-stable Newton data. Consider a map
(f, g)egg,c\gA with ¢<C. Then, (f,g)-Q necessarily belongs to NewiA"Tc’,

In other words, the map (f,g)€Gh .\Ga with ¢<C acts effectively on NeWiA’r’%.
Using the same computations made in the proof of Lemma 4.10, we can immediately
prove the following result, which gives a more precise description of the action of gx A\Ga

on the main edge of €.
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LEMMA 4.12. Suppose that QENewiA’r,nC is an edge-stable Newton data. Then, for
each (f, g)GQZ,C\QA, the Newton data

Q=(f,9)-(e)

(i.e. the action of (f,g) in Q) is such that the following conditions hold:

(i) for each pair (k,l)€supp(f), we have supp(Q)N(e+(k,1,—1))#2;

(ii) for each cesupp(g), we have supp()N(e+(c,—1,0))#S.

4.5. Basic edge-preparation and basic face-preparation

To state the next lemma, we consider the set
New (™ := U Newz%
c

containing all the classes of Newton data with fixed values for (7, m, A).

LEMMA 4.13. Suppose that the Newton data QENewZ"’i%v is centered at a point
peNElem(M). Then, if §Q is not edge-stable, there exists a unique map (f,0)EGA such
that

(f,0)-Q ¢ Newy™. (18)
Proof. Choose an arbitrary map (f,0)€Ga satisfying (18) and define §~2::(f7 0)-Q

(there exists at least one such map, by Lemma 4.8). Let m and A be the main vertex
and the vertical displacement vector associated with Q.

Suppose, first of all, that m#m. Then, it follows from Lemma 4.9 that Q is in a
hidden nilpotent configuration and that Q—Qisa regular-nilpotent transition.

In these conditions, we know that m=(0, —1,m3) and A=(0,1). Therefore, msz>2
(because otherwise €2 would be associated with an elementary point p, by Proposition 4.3)
and moreover f has the particular form f=¢y for some constant £€R.

Let us suppose that there exists another map (f/,0)=(&'y, 0) such that €'=(f’,0)-Q
does not belong to New3™. Then, the composition (f,0)=(f’,0)e(f,0)~" is such that f
is given by f=(¢—¢)y and it maps Q to €.

We claim that f=0. Assume on the contrary that £#£¢’. If e is the main edge
associated with €2, then

0 0 0
e:F ) a. ) ++H ) a.
Xle=Fly,z)z5-+Gly z)ay+ (¥, 2) 5

where F';, G and H are homogeneous polynomials of degrees msg—1, mg and msg, re-
spectively. The hypothesis that m=(0, —1,m3) implies that G(y, z)=pz™3+... for some

nonzero constant p€R.



RESOLUTION OF SINGULARITIES OF VECTOR FIELDS IN DIMENSION THREE 215

If we apply the change of coordinates Z=z+&y to x|, we get a vector field

- -0 _0 =0
X|e*f$%+gafy+H£a
with
f=F, §=G and H=H+(G.

The assumption that Qisin a nilpotent configuration implies that Z=0 is a root of
multiplicity >mg—1 of §(1,2). This is equivalent to saying that z=—¢ is a root of
multiplicity >m3—1 of G(1,z). Let us split the proof into two cases:

(a) € is in a regular configuration;

(b) € is in a nilpotent configuration.

In case (a), the same computations made in the previous paragraph imply that the
polynomial G(1,z) should have z=—¢’ as a root of multiplicity >ms. This is absurd,
since m3>2 and therefore ms+(ms—1)>mg .

In case (b), we conclude that z=—¢" should also be a root of G(1, z) of multiplicity
m3—1. This implies that 2(mgz—1)<mgs, i.e. mg<2.

Since we assume that ms3>2, it remains to treat the case (b) with ms=2. Here, X/,

is necessarily given (dropping the tildes) by

- 0 0 0
Xle= QZ(Z+By)5y+Z aro 725

for some (a, 3,v)€R3\{(0,0,0)} and o#0. If we apply the coordinate change 2'=z+ny
(where n:=£—¢’), we get (dropping the primes)

o(z—ny)(z+(B—n)y) (;y +n§z> +(z—ny) (ow:aax +v(z—ny)gz> :

We now use the assumption that €’ is in a nilpotent configuration. Looking at the
coefficients of 9/0x and 9/dy, this implies that «=0 and n=/. Therefore, the coefficient
of 9/9z has the form

(z—ny)(enz+~(z—ny))
and, since this expression should be equal to 7’22 (for some nonzero real constant ~'),
we conclude that necessarily n=0. This proves the claim.

We now prove the lemma in the simpler case where m=m. Here, the vertical

displacement vector A is such that

A S>lex A.
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Suppose that there exists another map (f/,0)€Ga such that the Newton data
Q= (f,0)-Q
also has a displacement vector A’ >1exA. We claim that the map

(f,0):=(f',0)2(f,0) " €Ga,

which sends ) to ﬁ’, is necessarily the identity. In fact, if ¥ denotes the vector field

which is associated with (NZ, then

ma ,ms3

N‘ — £+6 24_ g
Xle=Y 2 O‘Z’ax yay 'Yzaz

for some (a, 3,7)€R3\{(0,0,0)} such that a=v=0 if ma=—1.
If we write f=£x21y22, then the map (f,0) transforms X|. to

ma _ Ay, Ax\yms g 2 _ _ _ A, Ao 2
(oo (g B+ 60 -ati =882 ). (19)

Since mg>1, the assumption A’ >1ex A necessarily implies that £=0. O

The map (f,0)€Ga, which is defined by Proposition 4.13, will be called the basic

edge-preparation map associated with 2.

Remark 4.14. The expression obtained in (19) has the following simple consequence,
which will be needed in §4.11. Suppose that the Newton data €2 is such that A; >0 and

supp(Q)N{veZ :v3=m3—1} = 2.

Then, Q is edge-stable. Indeed, for all maps (f,0)€Ga we know that (f,0)-Q has the
same main vertex of £ (because no regular-nilpotent transition can occur, since Ay >0).
Moreover, the expression (19) implies that supp((f,0)-2|.) contains at least two points.

Therefore, (f,0)-Q has the same main edge as Q.

LEMMA 4.15. Suppose that QENQW’Z% is an edge-stable Newton data. Then

also belongs to Newz%, for all maps (f,0)€GA.
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Proof. If C=00 or C'=0 then nothing has to be proven. If 0<C'<oco then the main
face F of the Newton polyhedron N associated with Q contains at least one vertex

vEsupp(2) which is not in the main edge e and is such that
(v—ANN =2. (20)

Indeed, choose some arbitrary vertex v/ €supp(2)NF\e (there exists at least one such
vertex, because 0<C'<o0). If v/ satisfies (20), then choose v=v’. Otherwise, there
necessarily exists some £>0 such that the segment {v—tA:t€[0, —¢|} is an edge of F.
Then, it suffices to choose v to be the other extreme of that edge, i.e. vi=v' —cA.
Now, if we choose the vertex vesupp(2) as above, it is clear that Q(v)=Q(v).
Therefore, since v and ¢ are affinely independent and {2 is edge-stable, we conclude that
QeNew L. m
In the next lemma, we consider the action of the subgroup QZTC of edge-preserving

maps (see §3.6).

LEMMA 4.16. Suppose that QENeWiA’l:% is an edge-stable Newton data which is not
stable. Then, there exists a unique edge-preserving map (f, g)egZTC such that

(fa g)QeNewA”é

for some C>C.

Proof. To prove the existence part, let (f, g)EQiA,C be such that (f, g)-QENewiA’“é.
Then, we can uniquely decompose (f,g) as (f2,0)o(f1,91), where (f2,0) belongs to Ga
and (f1, gl)eggfc is an edge-preserving map.

We claim that Q:=(f1,91)-Q belongs to NQWZ c

by contradiction, that this is not the case. Then, 2y is an edge-stable Newton data in

for some C'>C. Indeed, suppose,

NeWiA’I%. Using Lemma 4.15, we conclude that (f2,0)-2; also belongs to NewiA’I’%. This
yields a contradiction.

To prove the uniqueness of (f, g)EQZ’TC, consider two maps (f1,91) and (f2,¢92) in
QZTC such that

Qj = (fjv gj) Qe NeWiA"’an
for some C;>C, j=1,2. Then, if we define the composed map
(£,9):=(f2, g2)(fr,91) "' € QZT@
we get Qu=(f,§)-Q;. Using Proposition 4.11, we conclude that (f,§)=(0,0). O

Given an edge-stable Newton data €2, the map (f, g)egZ’c which is defined by

Lemma 4.16 will be called the basic face-preparation map associated with 2.
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4.6. Formal adapted charts and invariance of (m, A, C)

For a fixed adapted local chart (U, (x,y,2)) at a divisor point pe®NA, and a choice of
local generator for the line field L, there is an associated Newton data €. In §3, we have
seen how to associate certain combinatorial quantities (m, A, C') to the Newton data.

A natural question is how these combinatorial quantities depend on the choice of
the adapted local chart. Our present goal is to answer this question.

First of all, we need to slightly extend the concept of adapted local chart (see §3.1).

A formal adapted chart at a divisor point pe®NA is a triple (z,y, z) formed by
elements of the formal completion @p:)Op (with respect to the Krull topology) such
that the following conditions hold:

(i) the formal functions z, y and z are independent at p (i.e. their residue class
generates M, /m?);

(i) 3 is locally generated by 0/0z;

(i) if ¢p=[d] then D;={z=0};

(iv) if ¢p=[t, j] (with ¢>j) then D;={z=0} and D;={y=0}.

It is immediate that the construction of §3.2 can be carried out in the present setting.
Thus, up to a choice of a local generator x for the line field at p, there exists a well-defined
formal Newton map

0:Z° —R?

for (M, Ax) at p, relative to (z,y, z). We call the triple ((x,y, 2), tp, ©) a formal Newton
data for (M, Ax) at p. We define the classes NewiA’% exactly as above.
Given two formal adapted charts (x,y,z) and (&,7, 2) at p, the transition map is

given by
T=xu(z,y), y=g(@)+yv(z,y) and Z=f(z,y)+zw(z,y,2), (21)

where geR[[z]], u,v, fER][[z,y]] and weR][[z,y, z]] are such that g(0)=f(0)=0, u, v
and w are units, and g=0 if #:,=2. The set of all such changes of coordinates forms a
group, which we denote by G. An element of G will be shortly denoted by (f, g, u, v, w).

We consider also the subgroups
G'=G and G*={(f,g,u,v,w)€G:g=0}.

Remark 4.17. The Lie algebra associated with the group G is formed by all formal

vector fields having the form

i, ) 5 +0() +y0(o ) g+ (o) 2l 2) o

where u, v, w are units and ¢g(0)=f(0)=0.
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(Ah Az) Sf
(C) _1)

c S,

Figure 19. The supports of Sy and Sy in the definition of CA}Z'A’C.

We denote by éiA,C the subgroup of all maps (f, g, u, v, w) €@ such that the supports
of the maps f and g satisfy the following conditions (see Figure 19):

Sy C{(a,b) eN?:((1,0),(a,b)—A) >0 and (a,b) >1ex A} and S, C{ceN:c>C}.

If C=o00, the former condition is replaced by S;C{(a,b)eN?:b>A,}. We shall say
that (A}iA’C is the group of (A, C)-face maps.
The following lemma relates the groups GiA’C and QZ’C.

LEMMA 4.18. There exists a normal subgroup (A}ZTCQ(A}Z'A,C such that the quotient

AN+

AiA’C/CA}iA’TC is naturally isomorphic to gxc. We shall say that G o is the subgroup of
(A, C)-face preserving maps.

Proof. We define explicitly the subgroup @Z*C as follows:
(a) if C€{0,00} then (f,g,u,v,w)eag’c belongs to (A}Z% if and only if

Sy c{(a,b) eN?:(a,b) >1ex A} and S, C{ce€N:c>C};
(b) if 0<C'<oo then (f,g,u,v,w)e@xc belongs to (A}X’C if and only if
Sy c{(a,b) eN?:((1,0), (a,b)—A) >0}.
It is immediate to verify that this gives a normal subgroup of (A}iA’C. Moreover,
Gz,cﬂ@’;’fc ={0} and @A,C = GZTcogiA,c = giA,coéiAJ,rc

(ie. (A}iA’C is the semi-direct product of G4 , and (A}Zrc) O

The group G acts in an obvious way on the set of formal Newton data. Given
QQeNew, we denote by G'-Q its orbit under this action. We adopt a similar notation for

the action of the subgroups (A}iA’C and CA}ZAJrC
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LEMMA 4.19. Given a formal Newton data QeNewiA’%7 the orbit
G0
lies entirely in the class NeWiA’I’%. If we further assume that 2 is stable then the orbit
G o0
also lies in the class NewiA"z.

Proof. This is an immediate corollary of Lemma 4.18, Corollary 3.19 and the defi-
nition of a stable Newton data. O

As a consequence, we obtain the following result on the invariance of the quantities

(m, A, C).
PROPOSITION 4.20. Let QENeWiA":% and fVZENeWiA’ﬁév be two stable Newton data
which lie on the same Gi-orbit. Then (m,A,C’):(fh,A,é).

Proof. Let (f,g,u,v,w)e@i be the map such that (f,g,u,v,w)ﬂ:ﬁ. We shall
prove that (f, g, u,v,w) belongs to the subgroup GiA,C.

We define PCQ?xQ as the subset of all pairs (Ag,Cy) such that (f,g,u,v,w)
belongs to the subgroup 620700.

Since the union UA”C CA}"A_C exhausts (A}i, we know that P is nonempty. Let us fix

an element (A, C')€P. Using Lemma 4.18, we can uniquely write

(fvgau7vvw):(fag)o(flagl,ulyvlawl),

with (f, g)eggé and (fl,gl,ul,vl,wl)eégc. From the discussion in §3.6, we can
further write the decomposition

(f.9)=(f0.0)-(f1,91), (22)

with (fo,0)€G% and (f1,91)€G5 5

First of all, let us assume by contradiction that m#m. Then, we immediately see
that either € or § is in a hidden nilpotent configuration, and that the action of the map
(f,9) (or its inverse) causes regular-nilpotent transition. This contradicts the hypothesis
that both Q and  are stable.

Assuming that m=m, let us suppose by contradiction that A>1xA. Then, the
pair (A, Cy) necessarily lies in the set P (for some constant Cy). Moreover, in the

corresponding decomposition (22) for (A, C):=(A, Cy), one has

(f0,0)= (nglyAz,O) for some constant & # 0.
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However, using the above decomposition of (f, g, u,v,w), we immediately see that

(f0,0)7"-Q ¢ New}™,

o}

and this contradicts the hypothesis that Q is stable.
Finally, we assume by contradiction that (m, A)=(m, A) and C >C. We prove the

following statement.

Claim. There exists a constant Cy < C' such that the pair (A, Cp) lies in P. Moreover,
the decomposition (22) for (A, C):=(A, Cp) is such that the map

(f1,91) €GX 6,
1S nonzero.

Indeed, if the claim is false, the map (f, g, u, v, w) should lie in (A}iA’C and Lemma 4.19
would imply that Q also lies in NewiA’fK(’;. This contradicts the assumption that C >C.
Using the above claim and Proposition 4.11, we conclude that (f1,g1)-Q belongs to
NewiA’%o. Consequently, Q also lies in NeWiA’i"C0 (i.e. C =C)). Taking the inverse map,
we see that
(f1,91) 7" ¢ New "%, .

This contradicts the hypothesis that Q is stable. The proposition is proved. O

4.7. Stabilization of adapted charts

The main goal of this subsection is to prove that one can always find a stable Newton

data for (M, Ax) at a nonelementary point p lying on the divisor D.

PROPOSITION 4.21. Let pe®NA be a divisor point belonging to NElem(M). Then,
there exists an analytic adapted local chart (U, (x,y,2)) at p such that the associated
Newton data Q=((x,y, 2), Lp, O) is stable.

Proposition 4.21 will be an immediate consequence of the following result.

PROPOSITION 4.22. (Stabilization of adapted charts) Let peDNA be a divisor point
belonging to NElem(M) and let (U, (z,y,z)) be an analytic adapted local chart at p.

Then, there exists an analytic change of coordinates
g=y+g(x) and Z=z+f(x,y), where feR{x,y} and g R{z},

with f(0)=g(0)=0, such that the Newton data associated with the new adapted local chart
(U, (z,7,2)) is stable.
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We shall prove this proposition using two lemmas which describe the stabilization
of Newton data. We shall say that a map (f, g, u,v,w)eéi is a stabilization map for )
if f(0)=¢(0)=0 and (f,g,u,v,w)-Q is a stable Newton data. Similarly, we say that
(f,g,u,v, w)e@i is an edge-stabilization map for  if f(0)=¢(0)=0 and (f, g, u,v,w)-Q

is an edge-stable Newton data.
LEMMA 4.23. Let Q be the Newton data for a divisor point pe®NA belonging to
NElem(M). Then, there exists an edge-stabilization map for Q which has the form
(f,0,1,1,1) € G
for some feR{z,y}.

Proof. Define Qy:= and consider the sequence

QO7 le(anO)'Q()a ceey Qn+1:(f’na0)'Qna weey (23)

where each 2,11 is obtained by applying the basic edge-preparation map

(fna O) = (gnxan ybn ) O)

to 2, (see §4.5).
If there exists a finite natural number n such that €2, is edge-stable, then we are
done. In fact, the polynomial map

n—1
flay) =) &Gay”
=0

is such that (f,0,1,1,1)-Q is edge-stable.

Otherwise, {(an,bn)}n>0 is an infinite sequence, strictly increasing for the lexico-
graphical ordering. Up to discarding a finite initial segment of the sequence (23), we
may assume that all (2, have the same main vertex. In fact, it follows from Lemma 4.9
that a regular-nilpotent transition in this sequence can occur after at most ms-+1 basic
edge-preparation maps (where m=(mq,ms, m3) is the main vertex of Q).

Therefore we may assume that, for each n>0,

i,m

Qn € New(an 1bn)

and (ap+1,bnt1) >lex (@n, br). Two cases can occur (see Figure 20):
(i) ap—00 as n—o0;

(ii) there exist two natural numbers a, NN, with a>A;, such that
an=a foralln>N,

and b, — 00 as n—oo.
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Figure 20. Cases (i) and (ii) for the edge-stabilization sequence.

We first prove that case (i) yields a contradiction. In fact, if we consider the formal

series

f($7y) :Zglxmyblv (24)
=0

it is clear that (le(f, 0,1,1,1)-Q belongs to New"™

(00,00

If we write the vector field associated with 2 as
X=F(ap,2) 5 +Glay.2) g+ H )5
then the change of coordinates Z=z+ f(x,y) gives the formal vector field
= oD g+ 2 g+ e 2) o
where fN(IL’7y7E)ZF(I7y,27f(I,y)), g(l},y72):G(I,y,gff(‘T,y)) and
~ - - af 5 - Of ~ -
H(J?, Y, Z) = H(J?, Y, Z—f(l‘, y))+%(l‘, y)f(xa Y, Z)+87y(w7 y)g(m, Y, Z)

If we write m=(m1,ms, m3) then the condition QENeWZ(';:;OO) implies that there exists

a factorization

— sms pd
=z g1 )

f fi
g X
H ZH,
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for some formal germs F, G; and H;. Going back to the original variables, we get

F Fy
G | =G+f(z,y)m Gi ;
H (z+f(z,y)) Ha

where (F1,G1, Hy) is given by

F 1 0 0 h
Gl = 0 1 0 §1
H, —of/ox —of/oy 1) \H

Recall now that ms3>1 (because 2 is centered at a point p€NElem(M)). Therefore, we
can apply Corollary A.2 to conclude that f(z,y) is necessarily an analytic function.

As a consequence, the Newton data Q=(f,0)-Q is analytic. Notice, however, that
the associated vector field ¥ violates the condition of being nondegenerate with respect
to the divisor (see Definition 2.2). Indeed, the ideal Zg(Z) is generated by

I:(2) = (2f, 23, H),

and therefore Z5(Z) is divisible by Z. Since {#=0} is not a component of the divisor, we
get a contradiction to the assumption that X is nondegenerate.
Suppose now that (ii) holds. Then, the formal map f given in (24) can be written

in the form

f,y) = fs()a’+ fsa ()’ 4 fa(y)a®, with f5,... fa€R[Y],  (25)

where 0:=A;. We claim that fs, fs+1,..., fo are analytic germs.
Indeed, let us apply the change of coordinates Z=z+ f(z,y). Keeping the same

notation as above, we get the formal vector field

: 0 0 = 0
f(xayvg)%+g(x7y72)aiy+}[(xay?g)gv
which is associated with the (formal) Newton data ﬁz( £,0)-Q. From the hypothesis, we
know that Q belongs to Newzné, for some A=(a,b) such that @>a. This is equivalent
to saying that, if we consider the homomorphic images [f], [§] and [H] in the quotient
ring R,=Rl[z,y. 2]/ (@*)R][z, y. 2]], we get

7 i
) | =1 | @]
1) g
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Going back to the original functions F', G and H and using the same reasoning as above,
we conclude, by Corollary A.3 of Appendix A, that the germ [z— f(z,y)] GR\G belongs to
the homomorphic image of a convergent germ.

Therefore, using the expression (25), we conclude that fs, fs+1, ..., fo are convergent
germs, and the function f given by (25) is analytic. This proves the claim.

Let us call the map (f, O)E@i the extended edge-preparation step associated with Q.
If the Newton data

QW= (£,0)-Q

is edge-prepared, then we are done. Otherwise, we can start all over again, defining
a new extended edge-preparation step (f(l),O) associated with Q) and setting Q) =
(f@,0)-QM QB =(£2 0)-Q® and so on.

Suppose that we can iterate this procedure infinitely many times. Then, we get a
sequence of Newton data {Q(™ 1,50, where each element of the sequence is obtained from
its predecessor by an extended edge-preparation step (f (”),O), for some analytic germ
feR{x,y} such that

7 =0(@A"), (26)

for some strictly increasing sequence {Agn)},@o of natural numbers. We claim that there
exists a finite n€N such that Q™ is edge-prepared.
Indeed, suppose by contradiction that this sequence is infinite. Then, it follows from

the expression (26) that the composed map
£, = f(n)of(n—l)o._.of(l)of

converges in the Krull topology, as n— 00, to a formal map f €R|[[z,y]]. Moreover, the
formal Newton data ﬁ::( 1, 0)-£2 belongs to Newz('gzoo). Using the same reasoning as for
item (i), we get a contradiction. O

LEMMA 4.24. Let Q be an analytic Newton data centered at a divisor point pe DNA
belonging to NElem(M). Assume that ) is edge-stable. Then, there exists a stabilization
map for Q which has the form

(f,9,1,1,1) e G’
for some convergent germs geR{z} and feR{x,y} with f(0)=g(0)=0.
Proof. Define €y:= and consider the sequence
Qo, 2=0(f0,90)R0, -y Qut1=(fn:9n) Qns ...,
where ,,11 is obtained by applying the basic face-preparation map (f,,g,) to Qj,

(see §4.5). Notice that, for each n>0,

n

Q,eN ewZA’%
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Figure 21. The sequence of basic face-preparations.

and Cy<(Cy<Cs<... is a strictly increasing sequence of rational numbers.

Notice that the rational numbers C,, always belong to the discrete lattice

1
oSy

(see Remark 3.15). Therefore C),— 00 as n—oc.
If there exists a finite natural number n such that €2,, is stable, then we are done.

In fact, the composed map

(fna gn) = (fnvgn)O“'O(angO)

is a polynomial map and (f,,gn, 1,1, 1)€Gi is such that (f,,g,,1,1,1)-Q is stable.
Otherwise, {2, }n>0 forms an infinite sequence, and the condition that (f,,gn)€
giA’Cn implies that the sequence of composed maps {(f,, 8.)}n>0 converges (in the Krull

topology) to a pair of formal maps (f, g) such that
(f,9.1,1,1) e G
Moreover, feR][[z,y]] can be written in the form
fl@,y) = fol@)+ fi(@)y+ot foor (@)y"
with each f; belonging to R[[z]] and b=[As]. Notice that
Q:=(f,9,1,1,1)-Q

is a formal Newton data which belongs to Newzmm.

We claim that (f,g,1,1,1) is an analytic map.
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ma—+Aams

Y
~.
/

Figure 22. The number B.

Suppose initially that g=0. Let us write the vector field associated with Q as

f(z,y,é>3+§(w7g,z>%+

~ .0
o H(z,9,%)

a.
From the hypothesis, we know that the coefficients f(x, 7,0), g(x,7,0) and ﬁ(x, 7,0) are
such that

f(z,§,0), H(z,5,0) € (3°)R[[z,9]] and §(z,7,0) €GP Rz, 9],  (27)

where B:=[mo+Asms] (see Figure 22). Since Q) is centered at a point p€ NElem(M),
we know also that B>1 (because otherwise €2 would be in a final situation, contradicting
Proposition 4.3). Hence, we can use the same reasoning as in the proof of Lemma 4.23
to show that f is analytic.

Let us suppose now that g#0. Then, from the definition of NewiA"’nC, we know that
{y=0} is not a local irreducible component of the divisor at the point p.

Moreover, it follows from the condition (27) that the coefficients f, g and H belong
to the ideal (g, 2). This is equivalent to saying that the analytic coefficients F'; G and H

of the original vector field y are contained in the ideal

J= (y+g($)»z+f($, _g(‘r))'

Since {y=0} is not a divisor component and y is nondegenerate, the ideal .J is necessarily
the defining ideal of an irreducible 1-dimensional component of the germ Ze(y), (the
analytic set of zeros of x).

In other words, the prime ideal J is an element of the irreducible primary decompo-
sition of I:=rad(F, G, H). Therefore, it follows from Lemma A.1 that the functions g(x)

and f(z,—g(x)) are necessarily analytic.
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Now, we can decompose the map (f,g,1,1,1) in a unique way as
(£,9. 11,1 =(£,0.1,1,1)e(f1,01,1,1, 1),
where fi(z):=f(z, —g(z)), g1(2):=g(x) and
f=fo(@) ot fror(@)y" " € R, y]]

is a conveniently chosen formal map. Since (f1,¢1,1,1,1)- is analytic, we conclude as

above that ( f ,0,1,1,1) is also analytic. This completes the proof of the lemma. O
Proof of Proposition 4.22. We define the stabilization map (f,g, 1,1, 1)€@i as the

composition

(f797 ]-7 ]-7 ]-) = (f27927 ]-7 17 l)o(fhoa ]-7 ]-7 1)a

where (f1,0,1,1,1) is the edge-stabilization map given by Lemma 4.23 and (f2, g2,1,1,1)
is the face stabilization map given by Proposition 4.24. O

We denote by St€2 the stabilized Newton data defined by the above construction.
The transition from € to StQ will be called the stabilization of the Newton data.

We remark that the notion of stable Newton data at a point p is independent of
the choice of the local generator for the line field from which this data is defined (see
Lemma 3.4).

For this reason, and for notational simplicity, we often say that an adapted local
chart (U, (z,y,2)) at p is stable (respectivley, edge-stable) whenever the corresponding
Newton data Q=((x,y, 2), tp, ©) is stable (respectively, edge-stable), where © is defined

by fixing some arbitrary choice of local generator for the line field at p.

Remark 4.25. Given a formal Newton data €2 at a point p€ NElem (M), it is easy to
see that the condition A;>0 immediately implies that the formal curve {x=2z=0} lies
entirely in the set NElem(M).

Note also that the condition of nondegeneracy for the local generator y of the line
field guarantees that NElem(M)N{z=0} is an analytic set of dimension at most equal
to 1, and therefore {x=2=0} is necessarily an analytic curve.

However, these conditions do not imply that the formal coordinates (z,y,z) are
analytic. This is the reason why we needed extra arguments to prove the analyticity of
the stabilization map at the end of the proof of Lemma 4.24.

4.8. Newton invariant and local resolution of singularities

Let (M, Ax) be a controlled singularly foliated manifold, and let p€®NA be a divisor
point belonging to NElem(M).
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In Proposition 4.22, we have proved that there always exists an (analytic) adapted
local chart (U, (z,y,z2)) for (M, Ax) at p such that the associated Newton data € is
stable.

The Newton invariant for (M, Ax) at p is the vector of natural numbers
inv(M, Ax, p) = inv(Q) € N,

where inv(Q) is given by Definition 4.6.
Let N be the Newton polyhedron associated with Q2. The weight-vector for (M, Ax)

at p is the nonzero vector w€N? such that ged(wy,ws,w3)=1 and
F=Nn{veR?: (w,v)=pu} forsome ucZ,

where F is the main face of N'. The integer p in the formula is called the face order for
(M, Ax) at p.

Remark 4.26. If Q belongs to the class Newznc, then we can explicitly compute that

w=Fk a, where « is defined by

(1,0,Ay), if C=0,
o= (0,17A2), lfC:OO,
(1,C,CAy), if0<C<o0,

and k€N is the least natural number such that ka belongs to N3.

The local blowing-up center associated with (M, Ax) at p is the submanifold Y, CU
defined by
{x=y=2=0}, if w=_(x,x,%),
Y,=¢ {x=2=0}, if w=(x,0,x),
{y=2=0}, if w=1(0,x*,x),

where the x’s denote nonzero natural numbers.
LEMMA 4.27. The local blowing-up center Y, lies in NElem(M).

Proof. Let us consider the case where Y,={x=2=0}, which corresponds to the
second case in the above definition (the reasoning for the third case is analogous). Fixing
some local generator y for the line field at p, and writing w=(w1,0, w3) with wi,ws€N<y,
we have

0 0 0

where F'; G and H are analytic germs with w-multiplicity given by y—w, p and p—ws,

respectively. Consider now a translation of coordinates (Z,7, 2)=(x,y—n, 2), for some
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constant n€R, and let %zﬁ@/@i—i—é@/@ﬂ—i—ff@/aé be the resulting local generator of
the line field. Since wy=0, it is obvious that the germs F , G and H have w-multiplicity
at least u—w1, 1 and p—ws, respectively. Therefore, the point p€ Y}, which is the center
of the new coordinates (Z, g, 2), also belongs to NElem(M). O

ProprOSITION 4.28. Let (U, (x,y,2)) and (U, (Z,9,Z)) be two stable adapted local

charts at p. Then, the corresponding numbers
inv(M, Ax,p), w and pu,

associated with these two charts, are equal. Moreover, the respective local blowing-up

centers Y, and }N/p coincide on UNU. Finally, the transition map

QS(./L', y? Z) = (i.’ g? 2)

preservers the w-quasihomogeneous structure on R3.

Proof. The first part of the statement follows from Proposition 4.20.
In order to prove the second part, it suffices to remark that the transition map ¢
has the form

f=zu, y=g(x)+yv and Z=f(z,y)+zw,

and the map (f, g, u,v,w) is a member of the subgroup (A}iA’C (by the proof of Proposi-
tion 4.20). Using the explicit definition of this subgroup and Remark 4.26, we immedi-
ately conclude that ¢ preservers the w-quasihomogeneous structure on R3. O

Let Q be a stable Newton data for (M, Ax) at p, associated with an adapted local
chart (U, (z,y, 2)).
The local blowing-up for (M, Ax) at p is the w-weighted blowing-up of

&M — MNU

with center on Y),, with respect to the trivialization given by (U, (x,y, 2)).
The apparent arbitrariness in the choice of (U, (x,y, 2)) can be removed as follows.

Consider two local blowing-ups at p,
&, :M; —MNU;, i=1,2,

associated with distinct stable adapted charts (U;, (x4, yi, 2:)), =1, 2.
Using Proposition 4.28, it follows that (up to restricting each U; to some smaller

neighborhood of p), there exists an isomorphism ¥:M; %Mg (in the obvious sense of
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isomorphism between singularly foliated manifolds) which makes the following diagram
commutative:
M, ——— M,
%J J%
MNU —%s MNU,
where id is the identity map and U=U; NUs.
The main theorem of this section can now be stated as follows.

THEOREM 4.29. (Local resolution of singularities) Let (M, Ax) be a controlled sin-
gularly foliated manifold and let pe DN A be a divisor point in NElem(M). Consider the
local blowing-up for (M, Ax) at p,

&: M — MnNU,
with respect to some stable adapted chart (U, (x,y,z)). Then, there exists an azis
Ax=(4,3)
for M such that each point pe <I>_1(p)ﬂ/~1 belonging to NElem(M) is such that
inv(M, Ax, 7)) <jex inv(M, Ax, p).

The proof of Theorem 4.29 will be given in §4.20.

4.9. Directional blowing-ups

Let us fix a stable adapted chart (U, (z,y, 2)) at a divisor point p€ NElem(M) and con-
sider the corresponding w-weighted local blowing-up

<I>:1VI—>MQU,

as defined in the previous subsection.

Theorem 4.29 will be proved by studying the effect of this blowing-up in the z-, y-,
and z-directional charts (see §2.4).

Let Q=((z,y, 2), tp, ©) be the Newton data associated with the adapted local chart
(U, (z,y,2)) (for some choice of local generator x of L). It will be convenient to look
at the directional blowing-ups as transformations on the Newton map ©. For this, we
consider the following matrices.

(i) x-directional transformation matrices:

w1 wa ws 1/wy 0 O
B,=]10 1 0 and M;=|—-wy/w; 1 0
0 0 1 —W3/w'1 0 1
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(ii) y-directional transformation matrices:

1 0 0 1 —wi/ws
By =|lwy w2 w3 and My =10 —1/0)2 0
0 0 1 0 —W3/WQ 1

(iii) z-directional transformation matrices:

1 0 0 1 0 —Ww1 /LL)3
Bz: 0 1 0 and Mz: 0 _CUQ/WB
W1 W2 Wi 0 0 1/&)3
We consider also the permutation matrices
01 0 0 0
I=11 0 0 and J=]|1 0 0
0 0 1 0 1 0

The directional blowing-ups of © are the Newton maps Bl,©, Bl,© and Bl,© given
respectively by
Bl,©(B,v—pe)=e"*M,O(v)  (defined for w; >0),
Bl,©(IB,v—pe)=c"IM,O(v) (defined for wy >0),
BL,O(JB,v—pe;)=c"JM,0(v) (defined for ws >0),

where e€{—1,1} and ve€Z3. The directional blowing-ups of the Newton data 2 are

defined as follows:
(i) x-directional blowing-up: Bl,Q=((%, 7, 2), 7, Bl,O),
(i) y-directional blowing-up: Bl,Q=((z, ¥, 2),7,Bl,0),
(iii) z-directional blowing-up: Bl,Q=((z, 7, z),7, Bl,O),
where t=¢,U[n] (with n=14max{i:i€ T} for T#@ and n=1 for T=0) and (Z, 7, 2) is

a chart respectively defined by the following singular changes of coordinates
x-directional blowing-up: z=¢ex“!, y=2x“?y and z=2z“3%,
y-directional blowing-up: x=z“'y, y=ex*? and z=ZI“3%,
z-directional blowing-up: z=z“'y, y=2z“2Z and 2z=¢ez“3,

followed by a division by Z*. Notice that there exists a cyclic permutation of coordinates

in the y- and z-directional blowing-ups (corresponding to the permutation matrices I

and J).
In Figure 23, we give an illustration of the movement of the Newton polyhedron

which is caused by these maps.
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A

z-dir.
z-dir. g
-
,,,,,,,,, y-dir. 1

Figure 23. The directional blowing-ups.

4.10. x-directional blowing-up

Let (M, Ax) be a controlled singularly foliated manifold and let pe®NA be a divisor
point in NElem(M).

Let QENewiA’% be a stable Newton data at p, with coordinates (z,y,z). In this
subsection, we assume that the corresponding weight-vector w= (w1, ws,ws) is such that
w1 >0. Geometrically, this assumption means that the local blowing-up center is distinct
from the axis {y=2=0}.

The z-directional translation group is defined by

gtr L { g(1070),0, lf Al == O7
TG g0 i AL>0.

In other words, if A;>0 then G¥ is the group of all translations
Z=2z+¢&
for some real constant £€R. If A;=0 then G¥ is the group of all translations
y=y+n and Z=2z+¢

for some real constants 17, €R. In this subsection, we shall prove the following result.
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PROPOSITION 4.30. Given a stable Newton data Q, let Q=Bl,Q be its x-directional

tr
x

(_25777 = (5777)(_2

is centered at an elementary point p€Elem(M) or

blowing-up. Then, for each (§,1n)€ etther the translated Newton data

inv(ﬁgm) Lex NV (L),
where ﬁgyn:Stﬁgm is the stabilization of Q..

The proof of Proposition 4.30 will be given at the end of §4.15 and will depend on

several lemmas. First of all, let us look at the effect of Bl, on the main face F.

LEMMA 4.31. Let Q:=Bl,Q be the x-directional blowing-up of Q. Then, there exists

a bijective correspondence
supp(Q)NF — supp(Q)N{0} x Z2,
v =(v1,v2,v3) —> 7, (v) = (0, v2,v3),
such that the corresponding Newton maps © and © satisfy O[r,(v)|=M,0O[v].
Proof. This is immediate from the definition of Bl,. O

The matrices M, and B, which appear in the definition of the x-directional blowing-
up Bl, can be written as products B,=B2 Bl and M,=M?2 M}, where

wi; 0 0 1/w; 0 O
Bi=|0 1 0| and M!=| 0 1 0],
0 1 0 01
and
1 wo w3 1 0 0
Bi=|0 1 o0 and M2=|-w, 1 0
0 0 1 —w3 0 1

Therefore, the map Bl, can be written as the composition Bl, =BI2¢Bl}, where
BILO(Blv)=e""M!O(v) and BEO(M2v—pe;)=M?2O(v).

Notice that the maps Blglb, and Bli correspond, respectively, to the singular changes of
coordinates

r=ex*, y=¢y and z=32,

and

r=I, y=x%?y and z=2Z

followed by a division by z# (for ee{—1,1}).
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4.11. The effect of a ramification

The expressions given in the previous subsection show that an x-directional blowing-up
can always be written as a composition of a ramification x=cz“* followed by a sequence

of homogeneous blowing-ups.

Ezample 4.32. For w=(2,3,2), the x-directional blowing-up can be decomposed as

the ramification (x,y,2)=(Z2,¥, z) followed by the sequence of blowing-ups
(Z,9,2) = (z1, 2191, 2121), (T1,Y1,21) = (T2, T2y2, Taz2) and (2,92, 22) = (T3, T3Ys3, 23)-

Notice that the last blowing-up has its center on the curve Y ={zo=y,=0}.

The example from §1.4 shows that the use of ramifications is unavoidable in order
to obtain a complete resolution of singularities for vector fields.

Our present goal is to study the effect of a ramification on the Newton data. If Q
belongs to the class NeWiA’%, it is obvious that Q=BILQ belongs to the class New%’%,
where

A:(wlAl,A2) and 52@10.
Moreover, we have the following result.

LEMMA 4.33. For each map (f, g)egiA}C there exists a unique map (f, g)eggé
which makes the following diagram commutative:

(f.9)
—(f.9)-Q

Proof. We can explicitly define f(x,y)=f(cz*,y) and g(z)=g(ex*). O

The next lemma implies that the stability property is preserved by the transforma-
tion Bl;.

LEMMA 4.34. Suppose that € is stable. Then QzBliQ is also a stable Newton data.

Proof. First of all, let us prove that € is edge-stable. For this, assume by contradic-
tion that there exists a map (f,0)€G¥ such that

(f,0)-0 ¢ New 2. (28)

We must treat the following two cases:
(a) A1=0;
(b) Aq>0.
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In case (a), it follows that f is a function of y only. Therefore, Lemma 4.33 implies
that there exists a map (f,0)€Ga such that (f,0) -Q¢N6W2%. This contradicts the fact
that Q is stable.

In case (b), note that C=0. Write A1=p1/q1 and Ay=ps/qo, with ged(p;, ¢;)=1
(i=1,2). Then, by Remark 4.26, the weight-vector is given by w=(q1,0,p1). Let us split
the discussion into two subcases:

(b.1) q1=1;

(b.2) q1>2.

In case (b.1), the map Bli is just the identity map and we are done.

In case (b.2), we notice that the support of the Newton data € is such that

supp(Q2,) C m+nt (pl, @, 1> for n € N,

q1 g2

where t is the least common multiple of ¢; and ¢s. In particular, t>2. Therefore, we get
supp(Qf.)N{ve YAREIN =m3—1} =2,

and the same property holds for supp(Q[¢). Remark 4.14 now implies that Q is edge-
stable.
Now suppose, by contradiction, that there exists a map (f, g)egg é\gg such that

(f.9)-0 ¢ Newh™.

Let us look at the action of the inverse map (f, G)~! on the restricted Newton data €J,.
Notice that

(f7 g)_l Q|e
is precisely the restriction of Q to the main face F.

Looking at the points on the support of Q| and using Lemma 4.12, we can easily

see that (f,§)~! should necessarily be of the form

(f,9)7 = (F@,y). g(@1))

for some feR]z,y] and geR[z]. Using Lemma 4.33, this implies that §2 is not stable,
yielding a contradiction. O

4.12. The z-directional projected group and the group Ga,c

Let us now introduce another subgroup of G, which will be mainly used for studying the

effect of the translations on the z-directional blowing-up BL, ).



RESOLUTION OF SINGULARITIES OF VECTOR FIELDS IN DIMENSION THREE 237

The x-directional projected group adapted to NeWiA’f% is defined by

Prg, = {g(loaA2),oo’ if Ay >0,

g(lo,Az)’O, if Ay =0.

In other words, if A;>0 then each (f,g)€PrG, has the form
g=0 and f=¢y*?,

where the constant { €R necessarily vanishes if Ao ¢N. If A;=0 then each (f,g)€Prg,
has the form

glz)=n and f(z,y)=ao+ar1y+...+apy’,
where b:=|As] and 7, ag, ..., ap ER are constants.

LEMMA 4.35. Suppose that wi=1. Then, given a map (f,g)EPrG,, there exists a

unique map (fwgw)egkc which makes the following diagram commutative:

fw’ w )"
New % New

Blml lBlm
(f’g)'

New —— New.

Proof. Suppose first that A;=0 and that (f, g)=(&y*,n) for some constants 1, E€ER.
and 0<k<b. The change of coordinates which is associated with (f,g) is

g=y+n and Z=z+&".

Now, if we apply the blowing-up map (X,Y, Z)=(z,z%?y,x2*3z) on both sides of these

equalities and simplify common powers of X, we get
Y =Y+4nX“ and Z=Z+EXW3 Ry
(notice that ws >kws). Therefore it suffices to define
(fur guo) i= (EX 7Ry X 2).

By the same reasoning, we obtain f,, from an arbitrary polynomial f, by making
the formal replacement
yk '_> Xcdg—k?UJQYk?’

and we obtain g, from g by making the formal replacement

10— X2,
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Suppose now that A;>0. Here, the blowing-up map is given by (X,Y, Z)=(z,y, 2*2z)

and an element (f,g)€PrG, corresponds to a change of coordinates of the form
F=z4Eyte,

where £=0 if Ax¢N. The corresponding change of coordinates in the (X, Y, Z) variables
is given by
Z=Z+4EXy e

and, therefore, it suffices to get (fuw,gw)=(£X“3Y22,0). O

Remark 4.36. If (f, g)€PrG, is such that g=0, then the map (f.,gw)EGA, c given
by Lemma 4.35 is such that g,=0. In particular, for g=0, the map (fw,g.) belongs to
the subgroup Qic.

4.13. z-directional blowing-up (case A;=0)

In this subsection, we shall study the z-directional blowing-up of a stable Newton data )
in the case where A;=0.

Our goal is to prove that the main invariant inv strictly decreases at each nonele-
mentary point pe®~1(p)NElem(M) which lies in the domain of the z-directional
blowing-up.

The following example shows that the height m3 of the main vertex m can increase
after an x-directional blowing-up. This is the main reason for introducing the concept

of virtual height b in §4.2.

Example 4.37. Consider the vector field x=(y*+x23)9/0y+229/dz. The associated
Newton polyhedron is depicted in Figure 24 (left). The primary invariant is given by
(h, ma+1,m3)=(2,1,2). The z-directional blowing-up with weight w=(1,2, 1) results in
the vector field 9 o

~_ 2,39 | 30

X=(y +z )6y+z o
(see Figure 24 (right)). Note that m3=3>2=m3. However, the primary invariant asso-
ciated with ¥ is given by (b, ma+1, ms)=(2,0,3), which is lexicographically smaller than
(2,1,2).

Up to a preliminary transformation of type Bl}c (see the previous subsection), we
may assume that the weight-vector w is such that w;=1.
The following simple lemma will be the key to understanding the behavior of the

virtual height under blowing-up and to prove Proposition 4.30.
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(1,-1,3)

V2

U1

Figure 24. The height of the main vertex increases after an z-directional blowing-up.

0 1 A A

Figure 25. Illustration of Lemma 4.38.

LEMMA 4.38. Let us consider three rational points in Q2 with coordinates (0,m),
(0,n) and (v,0) such that v=2 and 1<n<m. Let A:=v/m and A:=v/n be the slope of
the lines m, v and m, v, respectively. Consider the rational numbers

Then, one necessarily has h<h. Moreover, one the following situations occurs:

(i) A<1, or
(i) h>n—1.

Proof. Figure 25 illustrates the statement of the lemma. The assertion that h<h is

obvious. Suppose now that v/n=A>1. Then, A>n/m, and if we write m=n+s (for
some s>0), we get

1 _n?+n(s—1)—s
= ——>4 .
h=m >

n
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Therefore, the quantity h—n—+1>s(1—1/n) is always positive or zero. O

LEMMA 4.39. Suppose that A1=0. Suppose further that the x-directional blowing-up
Bl is centered at a nonelementary point peNElem(M). If the main vertex m of Bl,Q
is such that m=#m, then one necessarily has invy ((N))<1exinvl(Q), where Q=StBL,Q is

the stabilization of Bl Q.
Proof. First of all, let us suppose that the vertex m=(0, mo, Mm3) is such that
(M2, M3) <iex (M2, m3).

Under this hypothesis, we split the discussion into three cases:

(a) Ma=ma=0 and m3<ms;

(b) Mma=mo=—1 and mgz<ms;

(¢) ma=—1 and mao=0.

In case (a), it is obvious that m is also the main vertex of €2, because no regular-
nilpotent transition can occur in the passage from Bl ) to Q. Hence,

inv(Q) = (b, 1, M3) <iex (B, 1,m3) = invy (),
because 6:m3<m3:h.

To study cases (b) and (c), we consider the main vertex m=(0, 7y, m3) of Q. It
is obvious that either { is in a regular configuration and m=m, or Qisin a nilpotent
configuration and there occurs a regular-nilpotent transition in the passage from Bl )
to 0. Notice that, in both cases, we have mz<ms.

To study case (b), we observe that the main edge e of  has the form e=m, Vv for
some point v=(0, vy, v3)Esupp(?) such that vo>1 and v3<ms. Two cases can occur:

(b.i) ms3<vs;

(b.ii) m3>wvs.

In case (b.i), we get

invl(ﬁ) = (67ﬁ12+17m3) <lex (h7m2+1am3) :invl(Q)7

because h<ms<vs<Bh.

To treat case (b.ii), we define the numbers
m:=mg—vs, n:=mz—v3 and v:=vg+1.

By construction, we know that 1<n<m and v>2, and we can apply Lemma 4.38 to
the points (0,m), (0,n) and (v,0). If we denote the displacement vector of Bl,Q by
A=(0,Ay), and the associated virtual height by b, it follows that h<h, and one of the
following situations occurs:

(b.ii.1) Ag<1;

(b.il.2) h=ms.
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In case (b.ii.1), we know that Bl,Q has a stable edge (because G5 ={(0,0)}). In
particular, no regular-nilpotent transition can occur in the passage from Bl to Q.
Therefore,

invy (Q) = (B, 0,73) <iex (h,0,m3) = invy (Q).

In case (b.ii.2), if no regular-nilpotent transition occurs in the passage from Bl,Q
to (NZ, we obtain the same conclusion by the estimate 6<m3<b.

On the other hand, if such a regular-nilpotent transition occurs, then 6:7%3<7T”L3§h
by the definition of nilpotent configurations.

Let us now study case (c¢). Here, keeping the notation as in the previous case, we
consider the following possibilities:

(c.i) mg<vs;

(c.ii) mg>vs.

Case (c.i) is treated exactly as case (b.i). To study case (c.ii), it suffices to consider
the points

1
m::m3+A——v3, n:=ms—v3 and v:=uvg9+1.
2

Since the vertex m has the form m=m,(n), for some neF\e¢, it follows that
0> (w,m—m) =wy(—1)+ws(Ms—ms),
and therefore (since Ay=ws/ws), we have

~ 1
n:mg—v3<m3+A——v3:m.
2

Using the same arguments as in case (b.ii), we conclude that invy (Q) <jexinvy (Q2).
It remains to study the case where (Mg, M3) >1ex (M2, m3). Here, one necessarily has
the conditions

me=0>—-1=my and mz<bh,

where the second inequality follows from the fact that m=m,(n), for some point neF.
Therefore, the Newton data Bl ) is already in a nilpotent configuration and m is the

main vertex of (2. These conditions imply that 6:7713 <b. O

LEMMA 4.40. Suppose that A1=0. Suppose further that the x-directional blowing-

up Bl Q) is centered at a nonelementary point pENElem(M). If the main vertex of Bl,Q
coincides with that of §2, then

inv(£2) <jex inv(§2),

where QzStBlmQ 18 the stabilization of Bl,{.
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Proof. We denote by
Q:=(f,0,1,1,1)-BL,Q

the analytic edge-preparation which is associated with B, (see Lemma 4.23).

If there exists a regular-nilpotent transition in this preparation (see Lemma 4.9), then
we are done. In fact, it is clear that the virtual height h associated with Q is at most
equal to h—1, because the main vertex of Q is m=(0,0,m3—1) and h=m3z—1<mz=h
(a regular-nilpotent transition can only occur if mo=—1 and the vertical displacement
vector of Bl is equal to A=(0,1)).

Therefore, let us assume that m is also the main vertex of . Let A:(Al, As) be

the main displacement vector which is associated with Q. Then, by definition,

invy (Q) = (b, ma+1,m3) and  invy(Q) = (F#15—1, MA,, M max{0, Ay}).

Since #u5=+#1t,=1, it clearly suffices to prove the following claim.
Claim. A1:A1 =0 and AQ <As.

To prove the claim, suppose by contradiction that either A; >0 or Ay >A,. Then,

if we write the Taylor series of the map f(z,y) as

fle,y)= > fua'y,

i+j>1

it follows that the polynomial truncation ft::Z?:o fiox® (with b:=|As]) is such that
the Newton data
Qt = (ft7 O)Q

has a displacement vector A;>exA. Since the map (f;,0) belongs to the z-directional
projected group PrG,, it follows from Lemma 4.35 that there exists a unique map (f,,,0)€
giA’C such that

Q. =Bl (f,,0)-Q.

We conclude, by Lemma 4.31, that the Newton data (f.,,0)-Q does not belong to NewiA’%.
This contradicts the hypothesis that  is a stable Newton data. O

PROPOSITION 4.41. Suppose that A1=0 and that the x-directional blowing-up Bl
1s centered at a nonelementary point ﬁeNElem(M). Then, the Newton data ﬁzStleQ
is such that

Inv(Q) <jex inv(Q2).

Proof. This is an immediate consequence of Lemmas 4.39 and 4.40. O
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4.14. Effect of translations in the x-directional blowing-up (case A;=0)

In this subsection, we study the effect of the coordinate translations to the Newton
data Bl,Q. As pointed out in Remark 4.2, the notions of stability and edge-stability

have been introduced precisely to take these effects into account.

PROPOSITION 4.42. Suppose that A1=0 and that the Newton data (§,n)-Bl,Q is
centered at a nonelementary point peNElem(M), where (£,n)€G is an z-directional
translation. Then,

inv(ﬁgm) <lex INV (D),
where 6257,728‘5 (&,1)-BL.QY is the stabilization of (£,m)-Bl,.

Proof. Defining i=#.,, we split the proof into two cases:

(a) i=2 and n#£0;

(b) i=1 or n=0.

To treat case (a), we observe that the z-projected face F:={m,(v):veF} is equal

to the intersection supp(2)N({0} x Z?).

In particular, if we denote the main vertex of ﬁ&m by m, it is immediate to see that
m jex M
(where m is the main vertex of B1,Q2). It follows that

invy () = (0, M2 +1, M3) Siex (h, ma+1,mz) = invy (),

because h<ms=~h. On the other hand, if we have an equality of the primary multiplicity

invi(-), then
inve(Qe ;) = (0, AA1, Amax{0, Aa}) <iex (1, AA1, Amax{0, Ag}) = invy ()

(because the assumption n#£0 implies that the translated Newton data 625,7, is centered
at a point p such that #i5;=1<2=%#u,).
We now treat case (b). It follows from Lemma 4.35, that there exists a unique map
(f,9)€GA ¢ such that
Q¢ ) =StBL.(f, 9)-Q.

More explicitly, (f,g) is given by (£x“, na“?), where n=0 if :=2.
Since Q is a stable Newton data, the Newton data Qy ,:=(f,¢) - is also stable.
Moreover,
inv(Qy,4) =inv(Q).

Thus, the result follows by applying Proposition 4.41 to ) 4, instead of €2. O
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4.15. z-directional blowing-up (case A;>0)

In this subsection, we keep the assumption that wy=1. Recall that this condition can

always be obtained, up to a preliminary transformation of type Blglo.

LEMMA 4.43. Suppose that A1 >0. Suppose further that the x-directional blowing-up

Bl is centered at a nonelementary point peNElem(M). If Ax<0, then

invy () <jex invy (),

where ﬁzStBlmQ is the stabilization of BlL,..

Proof. Under the hypothesis of the lemma, we know that the main edge of € is given
by e=m, v, where vesupp(f2) is such that vo<msy and vs<mg. Using Lemma 4.31, we

conclude that the main vertex of Bl is given either by
m= (0, vs, v3)

(if BL,Q is in a regular configuration) or by
m = (0,0, m3)

for some mg<wvsz (if Bl is in a nilpotent configuration). Therefore, after applying the

stabilization map St to Bl {2, we get
invl(ﬁ) = (67 77L2+1a ’ffLS) <lex (ha m2+17 m3)a

because 6<v3<m3:b. O

LEMMA 4.44. Suppose that A1 >0. Suppose further that the x-directional blowing-up

Bl is centered at a nonelementary point pe NElem(M). If Ay>0, then the stabilization
ﬁzStleQ of Bl is such that

Inv(Q) <jex inv(Q2).

Proof. Under the hypothesis Ag >0, we consider separately the following cases:
(a) Bl is in a hidden nilpotent configuration;
(b) B1,Q is not in a hidden nilpotent configuration.
In case (a), let
Q=(f,0)-Bl,Q

be the edge-preparation of Bl,Q. Then, the virtual height b associated with Q is strictly

smaller than h=ms.
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Consider now case (b). The main vertex of both BL,Q and 2 is m. Moreover, the

displacement vector A’ of Bl is given by
A1=0 and A}=A,.
The argument is now similar to the one used in the proof of Lemma 4.40. Let
Q=(f,0)-BL,Q

be the edge-preparation of Bl,€, and let A=(A, As) be the displacement vector asso-
ciated with Q. We claim that

51:0 and AQZAZ.

Indeed, suppose the contrary. Then, if we consider the polynomial truncation of f given
by fi=£&y?? (with £€R equal to zero if Ay¢N), it follows that

Qt = (fta 0) BIQCQ

has a displacement vector A;>exA. Since (f, 0) belongs to the z-projected group Prg,,,
we can use Lemma 4.35 to conclude that that there exists a map (f.,,0) €giA’C such that

(fw,O)'Q

has a vertical displacement vector which is (lexicographically) strictly greater than A.
But this contradicts the hypothesis that 2 is stable. The claim is proved.

Using the claim, we easily conclude that

invy () <lex inv1(Q)  and invz(ﬁ) <lex Inva(Q). O

PRrROPOSITION 4.45. Suppose that A1>0. Suppose further that the x-directional

blowing-up Bl is centered at a nonelementary point pENElem(M). Then,

inv(Q) <jex inv(Q2),

where Q=StBL,Q is the stabilization of BL,Q.

Proof. Tt suffices to use Lemmas 4.43 and 4.44. O
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4.16. Effect of translations in the z-directional blowing-up (case A;>0)

Let us now study the effect of the translations in the x-directional blowing-up chart for
the case where Aq>0.

PROPOSITION 4.46. Suppose that A1;>0 and that the Newton data (£,0)-Bl,Q is
centered at a nonelementary point pENElem(M), where (£,0)€GY is an x-directional
translation. Then,

inv(ﬁgm) <lex INV(£2),
where ﬁg’n:St(f, 0)-Bl,Q is the stabilization of (£,m)-BlySQ.

Proof. If £=0, this follows from Lemma 4.45.

Let us assume that ££0. We split the proof into three cases:

(a) Ax<0;

(b) Az>0;

(¢) Ag=0.

In case (a), we know that m=(0, 0, m3). Moreover, the main vertex of Bl is given
by m=(0,—1,m3) for some m3<ms. It follows that the Newton data (£,0)-B1,{ is in
a final situation and therefore it is centered at an elementary point ﬁEElem(l\N/I). This
contradicts the hypothesis in the statement.

In case (b), we have m=m. Let X be the vector field associated with Bl,Q. Then,

0 0 0
Xlm=y"22" (amax—kﬁyﬁy—szaz), (o, B,7) €R*\{(0,0,0)}
(where a=~=0 if my=—1). Since
T (F)N ({0} x {ma} x R) = {m}

and mgoe{—1,0}, it is clear that after the translation Z=z+& we get a Newton data
(£,0)-Bl,Q which is in a final situation. Again, this contradicts the hypothesis in the
statement.

It remains to study case (c). Here, we observe that the translation map (£, 0) belongs
to the x-projected group PrG,. It follows from Lemma 4.35 that there exists a unique
map (f,g)€GA o such that

Qe = StBL.(f, g)- Q.

More explicitly, (f,g) is given by (£x“3,0).
Since €2 is a stable Newton data, the same holds for the Newton data Qf 4:=(f, g)-.
Moreover,
inv(Qf,4) =inv(Q).

Thus, the result follows directly by applying Proposition 4.45 to Qs 4, instead of 2. [
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We are finally ready to give the proof of Proposition 4.30.

Prof of Proposition 4.30. In case A1 =0, we apply Proposition 4.42. In case A; >0,
we apply Proposition 4.46. O

4.17. y-directional blowing-up

Let (M, Ax) be a controlled singularly foliated manifold and let pe®NA be a divisor
point in NElem(M).

Let QENewiA’% be a stable Newton data, associated with some adapted chart at p
(and some local generator x of L). In this subsection, we assume that the corresponding
weight-vector w=(wy,ws,ws) is such that wy>0.

The y-directional translation group is the group g;r::g(lo’o)’oo. In other words, an

element of g;f corresponds to a translation
Z=2z+¢

for some constant £ER. We denote this element simply by (&, 0).

PROPOSITION 4.47. Given a stable Newton data 2, let Q=Bl,Q be its y-directional

blowing-up. Then, for each (E,O)Egzr, either the translated Newton data

Qg = (f, O) Q
is centered at an elementary point ﬁEElem(M) or
inv(ﬁg) Llex 1V (),

where ngStﬁg is the stabilization of Qg.

The proof of the proposition will be given at the end of §4.18. First of all, we state
the following analogue of Lemma 4.31.

LEMMA 4.48. Let Q:=Bl,Q be the y-directional blowing-up of Q. Then, there exists

a bijective correspondence

supp(Q2)NF — supp(Q)N{0} x Z2,

v = (v1, U2, v3) —> (V) = (0,v1,v3),

such that the corresponding Newton maps © and © satisfy O[r,(v)]|=IM,O[v].

Proof. This is an immediate consequence of the definition of Bl,. O
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We remark that the Newton data Bl,Q=((z,7,2),7, ©) is always such that #1=2.
As in the discussion for the x-directional blowing-up, we can decompose the map Bl,
into two maps Blz and Blgll7 which are respectively associated with the singular changes
of coordinates
r=x, Y=¢cy
and

r=z%'y, y==x and z=3I“3Z,

followed by a division by Z# (for e€{—1,1}). The first change of coordinates corresponds
to a ramification, and the second change of coordinates can always be written as a
composition of a finite sequence of homogeneous blowing-ups.

The following lemma is an analogue of Lemma 4.33.

LEMMA 4.49. Suppose that ) is edge-stable. Then Q:BI;Q is also an edge-stable

Newton data.

Proof. The proof is very similar to the proof of Lemma 4.34. We omit the details

for shortness. O
Using this lemma, we may assume that we=1 without loss of generality in our results.

LEMMA 4.50. Suppose that wa=1. Then, given a translation map (g,o)eg;;, there

exists a unique map (fu.,0)EGA which makes the following diagram commutative:

(furrge)-
New —g)> New

Blyl Fly
(f.9)

New —— New.

Proof. The proof is analogous to the proof of Lemma 4.35. Consider the change of
coordinates Z=z+¢, and apply the map (X,Y, Z)=(a*y,ex, 2*32) on both sides of the

equality. Cancelling common powers of z, we get

7= Z4+EY%s  for £ =e“sg,

which corresponds to the map (£Y“#,0) in the group Ga. O

4.18. Effect of translations in the y-directional blowing-up

Let us keep the notation as in the previous subsection. Recall that we may assume,
without loss of generality, that wo=1.

The proof of Proposition 4.47 will be given by considering separately the cases Ag>1,
As=1 and Ay<1.
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Proof of Proposition 4.47 (case Ay>1). Suppose initially that £=0. Write the main
edge of {2 as e=m, v, where v=(0, va, v3) Esupp(?) is such that va>ms and vs<ms.
By Lemma 4.48, we conclude that the main vertex of Q:=Q is given by m=(0, 0, v3).
Therefore,
invy(Q) = (B, 1,v3) <iex (B, ma+1,m3) =invy (),

because h=v5<ms=h (the last equality follows from the assumption that Ay>1).
Suppose now that £#0. We claim that the main vertex of ﬁg has the form
m=(0,0,m3) for some mz<mz—1.
Indeed, if this is not the case then necessarily m=m (by Lemma 4.48). Using

Lemma 4.50, we conclude that there exists a map (f,0)€Ga such that

has a vertical displacement vector which is (lexicographically) strictly greater than A.
But this contradicts the hypothesis that €2 is stable (and, in particular, edge-stable). The
claim is proved.

Using the claim, we conclude again that inv1(§§)<1exinV1(Q). O
Let us now consider the case Ay,=1.

Proof of Proposition 4.47 (case Ag=1). Let m=(0, ma, m3) be the main vertex of
and A be the vertical displacement vector. We split the proof into two cases:

(a) ma=-1;

(b) my=0.

In case (a), the primary invariant is given by

invl(Q) = (m37 Oa mS)'

We claim that QE has a main vertex m=(0, 0, m3) such that mz<msz—2.

Indeed, if there exists £ €R such that ﬁg has a main vertex with height mg=ms—1,
then it follows from the hypothesis that €2 should necessarily be in a hidden nilpotent
configuration. Using Lemma 4.50, this conclusion contradicts the assumption that € is
stable and mo=—1.

As a consequence of the claim, invl(ﬁg) <lexinvy (), because h=m3<ms—2<.

Case (b) can be treated as in the proof of the case Ag>1. O

To conclude the proof of Proposition 4.47, we treat the case Ay <1.

Proof of Proposition 4.47 (case Ag<1). We consider separately the following cases:
(a) m2=0;
(b) mgifl.
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In case (a), we can use exactly the same argument as in the proof of the case Ag>1

to conclude that the main vertex m of ?25 is such that 3 <mg—1. Therefore,

invy (Q) = (b, 1, m3) <iex (, 0, m3) =invy (),

because h=m3<mz=h.

Let us treat case (b). Suppose initially that £=0. Write the main edge of Q as
e=1m, v, where v=(0, v2, v3) is such that vy >1 (the strict inequality follows from the fact
that € is not in a nilpotent configuration). Therefore v3<|ms—1/As]. By Lemma 4.48,

we conclude that the main vertex of Q:=Q is given by m=(0,0,v3). Therefore
invl(ﬁ) = (67 17 US) <lex (h7 Oa m3) = inVl (Q),

because, by the definition of virtual height, h=vs<|ms—1/As| < |ms—1/As+1]|=h.
Suppose now that ££0. Let x be the vector field which is associated with 2. Then,

its restriction to the main edge e can be written as

0 0 0

=F —+G —+H —

Xle=F(y, z)z 5+ (y,Z)aer (¥, 2) 5

where F'; G and H are (w9,ws)-quasihomogeneous polynomials of degree p, p+ws and

p+ws, respectively. The hypothesis mo=—1 implies that G(0, z)=(2"" for some nonzero
constant F€R.

Using Lemma 4.48, we see that the vector field X which is associated with Bl,2

(before the translation by &) is such that its restriction to m,(e) has the form

Leq, z)x%+ (F(l, z)y—%G(l, z)y) a%ﬁ <H(1, H-2a(, z)z> %. (29)

w2 w2

Let us consider the polynomial

3(2)i= —G(1,2)
wo

and denote by b the virtual height associated with §~2§.
It follows that £ is a root of §(z) of multiplicity h. On the other hand, Corollary B.3
(Appendix B) implies that

pe(g) < {mg—AZJ < {mS_AlgHJ =bh.

This concludes the proof of Proposition 4.47. O
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4.19. The z-directional blowing-up
Let (M, Ax) be a controlled singularly foliated manifold and let pe®NA be a divisor
point in NElem(M).

Let QeNeWiA’I% be a stable Newton data at p. From our constructions, it is clear

that the associated weight-vector w= (w1, ws,ws) is always such that ws>0.

LEMMA 4.51. Let Q:=BLQ be the z-directional blowing-up of Q. Then, there exists

a bijective correspondence
supp(Q2)NF — supp(Q)N{0} x Z2,
v = (v1,v2,v3) —> (V) = (0, v1,v2),
such that the corresponding Newton maps © and © satisfy O[r,(v)]=JM,O[v].
Proof. This is an immediate consequence of the definition of Bl,. O

PROPOSITION 4.52. Given a stable Newton data 2, its z-directional blowing-up

Q=BIL.Q is always centered at an elementary point H€Elem(M).

Proof. Using Proposition 4.3, it is sufficient to prove that Bl,( is in a final situation.
If we write the main vertex of 2 as m=(0,mq,m3), it follows from Lemma 4.51
that  contains the point

m:=m,(m)=(0,0,mz)

in its support. It is clear that this point is necessarily the new main vertex of Q. Moreover,

since mg€{—1,0}, the Newton data € is in a final situation. O

4.20. Proof of the local resolution of singularities

Proof of Theorem 4.29. Consider the local blowing-up ®: M—MANU defined in the

statement of the theorem, and write

M= (M,T,D,L).
Let V*, V¥ and V* denote the domain of the z-, y- and z-directional charts, respectively.

First of all, we define an open subset AcM and an analytic line field 3 on A by
A= 1 A)N(VEUVY) and 3=.()5,

where ®,(3) denotes the pull-back of 3. We make the following observations:

(i) Proposition 4.52 implies that A is an open neighborhood of NElem(l\N/I);

(ii) on the domain V*UVY, the pull-back foliation ®.(3) is everywhere regular.
Hence Ze(3)=9.
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It follows that the pair X;(:(fl,j) satisfies all the conditions of Definition 2.14.

Hence, Ax is an axis for M.

Now, let p€®~1(p) be a point belonging to NElem(M). Then, either § lies in the
domain V* or p lies in V¥\V?*.

Firstly, suppose that peV?® and let (z,y,Z) be the global coordinates of the x-
directional chart (given in §4.9). It follows that there exists a unique pair of constants
(€,m)€R? such that the coordinates

(j7 Q—Ua 2_6)

define an adapted local chart at p. The stabilization of this chart corresponds to the
stabilization of the Newton data (&, n)-Bl,Q (where € is the Newton data centered at p).
Therefore, it follows from Proposition 4.30 that

inv(M, AX, ) <iex inv(M, Ax, p). (30)

This proves the theorem in the case where peV™®.
Suppose now that peV¥\V?® and let (Z,y,z) be the global coordinates of the y-

directional chart (given in §4.9). Then, there exists a unique constant {€R such that
(z,9,2-¢)

defines an adapted local chart at p. It suffices now to apply Proposition 4.30 to conclude
that (30) also holds. This proves the theorem. O

5. Global theory
5.1. Upper semicontinuity of the virtual height at NElemN®

In this subsection, our goal is to prove the upper semicontinuity of the virtual height. In
other words, we will prove that each point p€ NElem(M)N® has an open neighborhood
V CM such that

(M, Ax, q) <h(M, Ax, p)

for each point ¢geNElem(M)NDNV. For simplicity, denote the set of nonelementary
points simply by NElem, and let

h: NElemNn® — N
be the virtual height function. The stratum of virtual height h at © is the subset

SpN®D ={p e NElem(M)ND : h(p) =h}.
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To state the next result, we introduce the following notion. Let DC® be an irreducible
component of the divisor and let p€ NElemN® be a point in D. We shall say that a local
chart (U, (z,y,2)) at p is D-adapted if

(i) 3 is locally generated by 0/0z;

(i) D={r=0};

(iii) ®NU c{xy=0}.

We further say that the chart (U, (z,y, 2z)) is D-stable if the corresponding Newton

data Q=((z,y, 2), t, ©) is stable (for some choice of local generator for the line field).

Remark 5.1. If the point p belongs to the intersection DND’ of two divisors, then
in a D-adapted chart (U, (z,v, z)) we necessarily have D={x=0} and D'={y=0}.

PROPOSITION 5.2. Given an irreducible component of the divisor DC® and a point
pESKLND, there exists an open neighborhood VCM of p such that h(q)<h for each point
qeVNDNNElem(M). Moreover, with a fixed D-stable local chart (U, (z,y,z)) at p,

(1) if A1(D)>0, then we locally have Sp,ND={x=2z=0};

(i) if A1(D)=0, then we locally have Sp,ND={p};
where A(D)=(A1(D),As(D)) is the vertical displacement vector of the corresponding
Newton data €.

Proof. First of all, we consider the case where A;(D)>0. We will show that there
exists an open neighborhood of the origin U CR? such that for each (¢,7)€U, the trans-
lation map

J=y+n and Z=z+¢ (31)

is such that one of the following two situations occurs:

(i.1) if £#£0, then the translated Newton data ﬁz(ﬁ, 7)-Q is in final situation;

(i.2) if £€=0, then the virtual height at the translated point p (i.e. the point which
is obtained from p by the local translation (31)) is equal to h.

Item (i.1) is easy. Indeed, let m=(0,mg2,m3) be the main vertex of Q. Then, it is
immediate that there exists a constant C'>0 and a neighborhood of the origin UCR?
such that for each (£,7)€U, the translated data Q evaluated at the point m=(0,ms,0)
is such that

12(m) ]| > Cle|m=+

(where ||- | denotes the Euclidean norm). Since moe{—1,0}, we see that { is in final
situation if £#£0.

Let us prove item (i.2). If £€=0, there exist constants C'>0 and §>0 such that for
each translation (0,7), with |n|<d, we have

12(m)]| > C.
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Figure 26. The effect of a translation.

Looking at the restriction of 2 to the set {0} x Z?2, the translation causes the five possible
movements shown in Figure 26 (we denote the main vertex of Q by m). In each case, it
is immediate that h(p)=h.

We proceed now with the proof of the proposition in the case where A;(D)=0. We
will show that there exists an open neighborhood of the origin U CR? such that for each

(&,m) €U, the translation map
y=y+n and Z=2z+¢

is such that one of the following two situations occurs:

(ii.1) if ££0 and =0, then the translated Newton data Q=(&,7)- is in final situ-
ation;

(ii.2) if n#0, then the virtual height of the translated point p is strictly smaller
than h.

The proof of (ii.1) is analogous to the proof of (i.1). In order to prove (ii.2), we
consider the following blowing-up in the parameters (&, n):
#: R xS — R?,
(r,0)— (n,&) = (rcos 8, r°sind),
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where s:=As(D). We claim that there exists a neighborhood UCR" xS! of the set
{r=0} such that the corresponding neighborhood of the origin U:=¢(U) satisfies the
conditions stated above.

From (ii.1), we know that € is in final situation for #=m/2 and r sufficiently small.
Therefore, since this is an open condition, there exists an open neighborhood VCR* x S!
of the point (r,0)=(0,7/2) such that Q is in final situation for each translation by (&,7)
in ¢(V).

To complete the study, it suffices to study the collection of all translations by (£, )

which are contained in the image of the directional blowing-up

with 77 varying in R and € belonging to some compact subset K CR.
For this, we fix some stable local chart (V,(z,y,2)) at p and consider the local
blowing-up for (M, Ax):
&: M — MNV

(see §4.8). Under this blowing-up, the above collection of translations can be studied in

the domain of the y-directional chart, where the blowing-up can be written as
r=y“'z, y=y*? and z=gy*3z

(with ws/w3=1/s). Fixed (€K, let p denote the point on the exceptional divisor
E:@‘l(Yp) which is obtained by the y-directional blowing-up followed by the verti-
cal translation

Z=74¢.

It follows from the proof of Proposition 4.47 that h(p)<b(p)=h. Therefore, using the
compactness of K, it suffices to prove the following claim.

Claim. Let (U, (Z,7,%)) be a stable local chart at p. Then, there exists a constant
0>0 such that for each translation

y=y+n, (32)
with |77|<d, the corresponding translated point p is such that b(p) <h(p).

The proof of the claim is similar to the proof of (ii.1). Let €2 be the Newton data at
P, and A=(A1, Ay) be the corresponding vertical displacement. Two cases can occur:

(ii.2.a) A;>0;

(ii.2.b) A;=0.



256 D. PANAZZOLO

In case (ii.2.a), item (i) treated above implies that §(p)=h(p).

In case (ii.2.b), let m=(0,0,m3) be the main vertex associated with Q, and let
e=m, v be the corresponding main edge. Then, if we write v=(v1, ve, v3) (with vs<ms),
there exist constants C'>0 and §>0 such that

1) = Clal*=*t, with ¥=(0,0,vs),

where € is the Newton data obtained by the translation (32). We easily conclude that
h(p)<h(p). -

5.2. Upper semicontinuity of the invariant at NElemN®

Using the results of the previous subsection, let us prove the upper semicontinuity of the
function
inv: NElemNn® — N¢,

where inv(p) is a shorter notation for inv(M, Ax, p).

We recall that the invariant inv(p)=(invy(p), inva(p)) is given by
invy =(h, ma+1,m3) and inve=(#¢p,—1, A\A1, Amax{A,,0}),

where these quantities are computed using some stable local chart (U, (z,y,z2)) for

(M, Ax) at p. The following remark will be useful in the sequel.

Remark 5.3. The definition of inv implies the following facts:
(1) if peSLND is such that #.,=2, then inv(p)=(h, 1, h, 1, %, %);
(2) if peSLND is such that #:,=1, then either

inv(p) =(h,0,m3,0,%,%) or inv(p)=(h,1,h,0,x*,x);

where the *’s denote some arbitrary natural numbers.

LEMMA 5.4. Let peS,ND be a point such that #i,=1. Assume that the displace-
ment vector A=(A1,As) satisfies
A1 >0.

Then, there exists a neighborhood VCM of p such that for each point g€ (S,ND)NV,
the corresponding displacement vector A:(Al, Ag) satisfies A=A,

Proof. Let us fix a stable local chart (U, (z,y, z)) for (M, Ax) at p. Then, the local
blowing-up center is given by Y,={zx=2=0}. Let &: M—MnU be the local blowing-
up with center Y, and weight-vector w,=(q1,0,p1) (where Ay=p;/¢: is the irreducible

rational representation of Ap).
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Suppose, by contradiction, that there exists a sequence of real numbers {n;}, with
N, — 0, such that the corresponding sequence of Newton data §~2k which are obtained by
the translations §p =y -+, have a displacement vector AF=(A¥, A¥) such that

A > AL

Let {qx}, with g, —p, denote the sequence of points in ¥, which are obtained by these
translations.
Using Lemmas 4.31 and 4.35, we see that, for each k, the set ®~!(g) contains at

least one nonelementary point g such that
h(gr) =b(qx) = h. (33)

In fact, we can choose this point as the origin in the z-directional chart of the blowing-up.

On the other hand, the proofs of Lemmas 4.43 and 4.44 imply that each nonelemen-
tary point p in ®~1(p) satisfies one of the following conditions:

(a) b@)<h;

(b) b(p)=h and A;=0;
where A=(A1, A,) is the vertical displacement vector of the Newton data at p (for some
fixed stable local chart).

Using item (ii) of Proposition 5.2 and the compactness of ®~1(p), we conclude that
there exists some neighborhood VCM of ®~1(p) such that each nonelementary point
GeV\®~1(p) satisfies h(§)<h. This contradicts (33). O

PROPOSITION 5.5. The function inv: NElemN®— N6 is upper semicontinuous (for

the lexicographical ordering on N°).

Proof. Given a point pe NElemN®, we have to prove that there exists a neighbor-
hood VCM of p such that for each point ge NElemN®NV,

inv(q) Sjex inv(p).
The upper semicontinuity of the initial segment of the local invariant, namely
(b7m2+17m35 #Lpil)v

is obvious by Remark 5.3 and Proposition 5.2.
Let us fix p€S,N®. We claim that there exists a neighborhood VCM of p such
that for each point ¢€(NElemN®)NV, we have

invi(¢) =invi(p) and #ia=#1p, = nva(q) <iexinva(p).
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Indeed, if invy (¢) =invi (p) and #iq=#Lp, then it follows from items (i) and (ii) of Propo-
sition 5.2 and from Remark 5.3 that

#i,=1 and A;>0.

Therefore, using Lemma 5.4, we conclude (up to restricting V' to some smaller neigh-
borhood of p) that A{=A; for each point g€ (NElemN®)NV. Moreover, for each fixed
stable local chart (U, (x,y, z)) at p, it is clear that the adapted local chart at ¢ which is
obtained by the translation

=z, y=y+n and ZzZ=z

(for some appropriately chosen constant n€R) is also stable. Therefore, we obviously
have (up to a new restriction of V' to some smaller neighborhood of p) that AZ<APL.

This concludes the proof. O

5.3. Points in NElem\® and generic Newton polygon

A point peNElem\D will be called smooth if the germ of analytic sets NElem,, is locally
a smooth 1-dimensional analytic curve.
We shall say that an adapted local chart (U, (z,y, z)) for (M, Ax) at p is smoothly
adapted if
NElem = {y=2z=0}.

It follows from Proposition 3.1 that the transition map between two smoothly adapted
local charts (U, (x,y,2)) and (U’, (2',y’,z’)) has the form

' = fy)+zu(z,y), ¥ =yv(r,y) and 2 =yh(z,y)+2w(z,y,2), (34)

where f, h, u, v and w are analytic functions such that f(0)=0 and u, v and w are units.

Let © be the Newton data for (M, Ax) at the smooth point p, relative to some
smoothly adapted local chart (U, (z,y, z)). The generic Newton map associated with
is the map Og:Z%—{0,1} given by

0, if (Zx{v})Nsupp(N)=g,

Oa(v) = { 1, if (Zx{v})Nsupp(Q)# @

(see Figure 27). The generic Newton polygon associated with € is the convex polygon
in R? given by Ng(Q)=supp(©g)+R?2. The generic higher vertez of ) is the minimal
point pg€Ng in the lexicographical ordering.
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U3

V2

U1

Figure 27. The generic Newton polygon.

Remark 5.6. The generic Newton polygon can be equivalently defined as
Ng=n(N),

where : R®—R?2 is the linear projection 7(v1, va,v3)=(v2, v3) and N' =N () is the New-

ton polyhedron of €.

The triple Q= ((x,y, 2), tp, Oc) will be called the generic Newton data at p.

The generic edge associated with p¢ is the unique edge ¢(pg) CNg which intersects
the horizontal line {(Ul,U2)€R2ZU2:p2—%} (where we write pag=(p1,p2)), with the
convention that e(pg)=9, if the intersection is empty.

We shall say that Qg is in a nilpotent configuration if the following conditions are
satisfied:

(i) pe=(—1,p2) for some integer ps€Z;

(ii) the edge e(pg) has the form pg, n, for some vertex n=(0, ny) with na€Z.

If one of these conditions fails, we shall say that Q¢ is in a regular configuration.

The generic main vertex is a vertex mg€Ng which is chosen as follows:

(i) if Q¢ is in a regular configuration, then mg:=pg;

(ii) if Q¢ is in a nilpotent configuration, then mg:=n (where ¢(pg)=pg, n).

Let us write mg=(mj,m2). The generic main edge is the edge e CNg which
intersects the horizontal line {(vl7 ’UQ)ERQZ’UQ:’ITLQ — %}, with the convention that eq=9,
if this intersection is empty.

Note that we can write the generic main edge as
€G = mG+t(Aa _1)7

where ¢ belongs to a real interval of the form [0, L] (for some L>0) and A€Qsg is a
positive rational number. In this setting, we shall shortly say that the generic Newton

data Q¢ belongs to the class NewY'¢.
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Figure 28. Newton polyhedron at a generic point.

The point p€NElem\ D will be called generic with respect to an adapted local chart
(U, (z,y, 2)) if the following conditions hold:

(i) pis a smooth point;

(ii) (U, (z,y, 2)) is a smoothly adapted local chart at p;

(iii) all the vertices of the corresponding Newton polyhedron N (Q) belong to the
region {—1,0} x Z2.

Remark 5.7. Suppose that p€NElem\D is generic with respect to an adapted local
chart (U, (z,y, z)). Then, the generic main edge eg defines a face of the Newton polygon
N=N(Q). More precisely, the Minkowski sum

Fi=ec+{t-(1,0,0):te R}

is a face of NV.

5.4. Generic edge-stability and equireducible points

Let peNElem\® be a smooth point and let (U, (x,y,z)) be a smoothly adapted local
chart for (M, Ax) at p. We denote respectively by © and ¢ the associated Newton data
and generic Newton data (for some choice of local generator for the line field).

Given a rational number §€Q>o, the group of Gs-maps is the group of all analytic

changes of coordinates of the form

§:Z+g(y)7

where g is given by g(y)=£&y° (for some constant ¢€R) if €N, and g=0 otherwise.
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The group Gs acts naturally on the class of Newton data via the coordinate change
(z,y,z)—(z,y,2). Given a map g€Gs, we denote this action on  simply by g-Q.
If Q¢ belongs to the class New'A'®, then we say that Q is generic edge-stable if

(9-Q)g € New©

for all maps geGa with g(0)=0. In other words, the generic Newton data associated
with ¢- lies in the class New{'“ for all geGa. The local chart (U, (z,y, z)) will be called

generic edge-stable if ) is generic edge-stable.

LEMMA 5.8. Suppose that the smoothly adapted local chart (U, (x,y, 2)) is not generic
edge-stable. Then, there exists a unique map geEGa such that the transformed generic

Newton data (9-Q)¢ does not belongs to New'AC.

Proof. The result can be proved by straightforward modifications of the proof of
Lemma 4.13. O

Now, we are ready to give the main definition of this subsection. We shall say that a
smooth point p€NElem\D is equireducible if there exists a smoothly adapted local chart
(U, (z,y,2)) for (M, Ax) at p such that

(i) p is generic with respect to (U, (z,y, 2));

(ii) the corresponding Newton data ) is generic edge-stable.

In this case, (U, (z,vy, z)) will be called an equireduction chart for (M, Ax) at p.
LEMMA 5.9. Let (U, (x,y,2)) and (U, (2',y',2")) be two equireduction charts at an
equireducible point p. Then, the transition map (see (34)) has necessarily the form
¥ =fy)+zu(z,y), v =yv(x,y) and ' =yh(z,y)+2w(z,y,2),

for some analytic functions f, h, u, v and w such that f(0)=0 and u, v and w are units.

Moreover, the support of the function H(x,y)=yh(x,y) satisfies the following property
supp(H) C {(v1,v2) EN?:vg > A},
Proof. This is a direct corollary of Lemma 5.8. O

As a consequence of the second part of Lemma 5.9, the Newton data Q' associated
with the chart (U’, (2,4, 2)) is such that

Qe eNewl® <« (Q)geNewire.

Let us now characterize the generic Newton data centered at points in NElem\®.

First of all, we introduce the following notion. A generic Newton data Qg is in a
final situation if one of the following conditions holds:

(i) the generic main vertex mg=(mj, ms) is such that mye{—1,0};

(ii) the main edge is given by e¢=mg, v, where mg=(—1,1) and v=(1,—-1).
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m2:0

Figure 29. The final situations for the generic Newton data.

As a consequence of the definition of equireducible point, we get the following result.

PROPOSITION 5.10. Let peNElem\® be an equireducible point and let (U, (z,y, z))
be an equireduction chart at p. Then, the associated generic Newton data Qg is not in

a final situation.

Proof. This is analogous to the proof of Proposition 4.3. O

5.5. Local blowing-up at equireducible points

Let peNElem(M)\D be an equireducible point. Let Q be the Newton data for (M, Ax)
at p, with respect to some equireduction chart (U, (z,y, 2)).

The generic virtual height for (M, Ax) at p is defined as

ng—l—l—l/AJ, if mqy=-1,

ma, if mq :0,

he(M, Ax, p) 1:{

where mg=(m1,mz) is the main vertex of the generic Newton polygon of Ng.

The local blowing-up center associated with (M, Ax) at p is the submanifold
Y, ={y=2=0}

Assume that the generic Newton data Q¢ belongs to the class New\'®. The weight-vector
associated with (M, Ax) at p is given by

w=1(0,q,p),

where A=p/q is the irreducible rational representation of A.
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Remark 5.11. Tt follows from Lemma 5.9 that he(M, Ax, p), Y, and w are indepen-
dent of the choice of the equireduction chart (U, (x,y, 2)).

The local blowing-up for (M, Ax) at p is the w-weighted blowing-up
&: M — MNU

with center on Y, with respect to the trivialization given by (U, (z,vy, 2)).

Remark 5.12. Lemma 5.9 implies that the transition map between two equireduction

charts always preserves the w-quasihomogeneous structure on R?3.

The following theorem is a version of the local resolution of singularities for equire-
ducible points.

THEOREM 5.13. Let (M, Ax) be a controlled singularly foliated manifold and let
peA\D be an equireducible point in NElem(M). Consider the local blowing-up for
(M, Ax) at p,

@: M — MNU,

with respect to some equireduction chart (U, (x,y,z)). Then, there exists an axis Ax=
(A,3) for M such that each point ped 1 (p)NA belonging to NElem(M) is such that

H(M, Ax, §) < he (M, Ax, p).

Proof. This is analogous to the proof of Theorem 4.29, using now the definition of
equireducible points. O

The local invariant for (M, Ax) at an equireducible point p€NElem\® is the vector

of natural numbers

inv(M, Ax, p) = (ho(M, Ax, p),0,0,0,0,0) € NS,

5.6. Distinguished vertex blowing-up

In this subsection, we describe a procedure which will be used to treat the points pe
NElem\® which are not equireducible. The basic idea is to include these points in the
divisor ® by an appropriately chosen weighted blowing-up.

Let (M, Ax) be a controlled singularly foliated manifold. We fix a point p€ NElem,
a local generator y for the line field L and a local generator Z for the line field 3 which

defines the axis Ax.
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The primitive height for (M, Ax) at p is the minimal integer h=H (M, Ax,p) such
that the vector field
X" = (ﬁz)h(X)
is nonzero at p. Here, (Lz)" is the h-fold composition of the Lie bracket operator

Lz(-)=[Z,-]. By convention, we set H (M, Ax, p)=c0 if x"(p)=0 for all hEN.
LEMMA 5.14. For peNElem\D, the primitive height H(M, Ax,p) is a well-defined

natural number. Moreover, it is independent of the choice of the local generators x and Z.

Proof. Let us prove that H(M, Ax,p) is finite. For this, we fix an adapted local
chart (U, (z,y, z)) at p and write

0 0 0
X:F(z,y,z)%+G(aj,y,z)aﬁy+H($,y,z)a
for some analytic germs F'; G and H. We can also choose Z=090/9z. Therefore,

h—ah—F(x z)g—FahiG(x 2)2+3hH(x ,z)2
A O A PR M Oy 0z AR

If the collection of vector fields {x"} vanishes at the origin for all h€N, then the germs
F, G and H necessarily belong to the ideal (x,y)O,. This contradicts the fact that Ax
is an axis for M (see Definition 2.14).

We now prove that the primitive height is independent of the choice of x and Z. For
this, it suffices to observe that, if we write x'=Ux and Z’=VZ, for some units U and V,
then

[Z' X =VZ,Ux]=UV[Z,X]+VZ({U)x+Ux(V)Z.
Proceeding by induction, we conclude that (£z/)" (') vanishes at p if and only if (£z)"(x)

vanishes at p. O

An adapted local chart (U, (z,y,2)) at a point p€NElem\D will be called strongly
adapted if the associated Newton data {2 has a polyhedron with a vertex of the form
d=(-1,0,ds), where

ds=H(M, Ax, p).
The vertex d will be called distinguished vertex.
The following lemma shows that we can always construct a strongly adapted local

chart.

LEMMA 5.15. Given an adapted local chart (U, (z,y,2)) at p€ENElem\D, there exists

a linear change of coordinates of the form
Z=z, g=y+&x and Z=z (for some constant £ €R),

such that the resulting local chart (U, (Z,§,Z2)) is strongly adapted.
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Wdist

Figure 30. Distinguished vertex and wgjst-

Proof. Indeed, since H=H (M, Ax,p) is finite, the Newton data § associated with
the chart (U, (x,y,z)) has a Newton polyhedron with at least one vertex of the form
(0,-1,H) or (—1,0, H).

In the latter case, we are done. In the former case, it is immediate that a change of

coordinates as described in the statement leads to the desired situation. O

Let us fix a strongly adapted local chart (U, (z,y, z)) at pe NElem\®D. Let Q be the
corresponding Newton data for (M, Ax) and let () be its Newton polyhedron.

The distinguished weight-vector for (M, Ax) at p (with respect to the fixed chart
(U, (z,y, 2))) is the weight-vector waist EN2, of minimal norm, for which there exists an

integer p€Z such that
NN{veR? : (waist, v) = p} = {d},

where d=(—1,0, H(M, Ax, p)) is the distinguished vertex. In other words, there exists
an integer u such that the plane {v:{wgqist, v)=pu} intersects N at the single point d.

The distinguished vertex blowing-up of (M, Ax) at p (with respect to the chart
(U, (z,y,2))) is the wqist-weighted blowing-up

O M—M

with center at p, relative to the local trivialization given by (U, (x,y, 2)).

PROPOSITION 5.16. Let ®: M—M be as above. Then, there exists an axis Ax for M
such that
h(M, Ax, ) < H(M, Ax, p)

for each point peNElem(M)N®~1(p).
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Proof. Let Q be the Newton data associated with the local chart (U, (x,y, z)). We
consider separately points lying in the domain of the z-, z- and y-directional charts of
the blowing-up, and use the computations made in the previous subsection.

In the z-directional chart, Lemma 4.51 implies that B1,(2 is in a final situation.

In the z-directional chart, it follows from Lemma 4.31 that the distinguished

vertex d=(0, —1, H(M, Ax, p)) becomes the higher vertex of Bl,. As a consequence,
b(M, Ax, p) < H(M, Ax, p)

for each nonelementary point p€®~!(p) which lies in the domain of the z-directional
chart.

In the y-directional chart, it follows from Lemma 4.48 that the distinguished vertex
d=(0,—1, H(M, Ax,p)) is mapped to the point 61:(0, 0, H(M, Ax,p)) which belongs to
the support of Bl, €. Moreover,

supp(Bl,Q)N ({0} x Z?) = {d}.

Therefore, we conclude that h(M, Ax, ) <H(M, Ax, p) for each point fE®!(p) which
lies in the domain of the y-directional chart.

To finish the proof, we can define an axis Ax for M exactly as in the proof of
Theorem 4.29. O

5.7. Nonequireducible points are discrete

Let us now prove that the set of nonequireducible points in NElem\® is finite on each
compact subset of the ambient space.

The first lemma is an easy result of analytic geometry.

LEMMA 5.17. Given an arbitrary point p€NElem, there exists an open neighborhood
UCM of p such that each point g€ (NElem\D)N(U\{p}) is smooth.

Proof. This is obvious, since the set of nonsmooth points is a Zariski closed subset
of the analytic set NElem. O

LEMMA 5.18. Let pe NElem\® be an equireducible point. Then, there exists an open
neighborhood V- C M of p such that each point g NElemNV is also an equireducible point.

Moreover, if (U, (x,y,2)) is an equireduction chart at p, then the translated coordinates
r=x49, y=y and Z=z

are equireduction coordinates at q (for some appropriately chosen constant o€R).
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Proof. We have to prove that the generic Newton data associated with the translated
coordinates (Z, 9, Z2)=(z+o,y, z) is edge-stable, for all |g| sufficiently small.

Suppose, by contradiction, that this is not the case. Then, for each >0, there
exists a constant p€R with |g|<e such that the corresponding translated point ¢ (with
the coordinates (Z, 7, Z)) satisfies the following condition: there exists a map in Ga of

the form

F=Z+E5",

such that the transformed generic Newton data Q¢ (at the point ¢) belongs to the class
NewD' for some A>A.

Applying the local blowing-up ®: M—MnU for (M, Ax) at p, we can choose a point
ge®1(q) (for instance, the origin in the y-directional chart of the blowing-up) such that

its virtual height satisfies

6(2) = ba(a) = ha(p).
But this contradicts Theorem 5.13 and Proposition 5.2. O
As an immediate consequence, we get the following result.

COROLLARY 5.19. (i) The set of equireducible points, denoted by Eq, is an open
subset of NElem\® (for the topology induced by the topology of M).
(ii) Given two equireducible points p and q in the same connected component of Eq,

the corresponding generic Newton data necessarily belong to the same class New'{'¢.
Finally, we can state the main result of this subsection.

PROPOSITION 5.20. The set of nonequireducible points in NElem\® is finite on each
compact subset KCM.

Proof. By the compactness of NElemN K, we just need to prove the following claim.

Claim. For each point p€ NElemN K, there exists an open neighborhood U C M of p
such that each point in the set (NElem\D)N(U\{p}) is equireducible.

In order to prove the claim, we consider separately the following cases:

(1) peNElem\D is an equireducible point;

(2) peNElemND;

(3) peNElem\D is nonequireducible.

In case (1), the claim is a direct consequence of Corollary 5.19.

In case (2), it suffices to prove that the result holds for each irreducible branch of

the (possibly singular) germ of analytic sets NElem,. Let us fix one such branch, which
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we denote by . Let Y, be the local blowing-up center for (M, Ax) at p. We consider
separately the following two cases:

(2.a) 7=Y3;

(2.b) 7#Y.

In case (2.a), if we fix an arbitrary stable chart (U, (z,y, 2)) at p, then necessarily

y={y=2=0}.

Using the same reasoning as in the proof of Lemma 5.18, we conclude that, for each
sufficiently small constant p€R,, the translated coordinates (z+g,y, 2) are equireduction
coordinates. Therefore, each point of v which is sufficiently near p is equireducible.

In case (2.b), we consider the local blowing-up ®: M—MNU for (M, Ax) at p. The

strict transform of v accumulates at some point
5 € NElem(M)Nd " (p).

We can now repeat the analysis on this point §. If we fall in case (2.b), we make another
local blowing-up and proceed inductively.
By Theorem 4.29, we necessarily fall in case (2.a) after a finite number of such steps.
Finally, in case (3), we argue as follows. Let us fix some strongly adapted local chart
(U, (x,y,2)) at p and let ®: M—MNU be a distinguished local blowing-up for (M, Ax)
at p. Then, looking at the strict transform of NElem and using the compactness of

®~1(p), the result immediately follows from case (2). O

We shall say that a controlled singularly foliated manifold (M, Ax) is equireducible
outside the divisor if each point in NElem(M)\® is equireducible.

LEMMA 5.21. Let (M, Ax) be a controlled singularly foliated manifold and U C M be
a relatively compact subset. Let {pi,...,pr} CNElem\D be the distinct nonequireducible
points of (M, Ax) on U\®D. Then, there ezist a blowing-up

&:M—M
with center on p1, and an axis Ax for M, such that the points
{® Y (py), ..., ® ' (p)} C NElem(M)\ D
are the only nonequireducible points for (M,E{) on the relatively compact subset

1)\ D.
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Proof. We fix a strongly adapted local chart (U, (x,y, z)) at the point p; and let
»M-—M
be a distinguished vertex blowing-up at pi, as defined in §5.6. The result immediately

follows from Proposition 5.16. O

COROLLARY 5.22. Let (M, Ax) be a controlled singularly foliated manifold and let

UCM be a relatively compact subset. Then, there exist a finite sequence of blowing-ups
M =M, <22 M, <22 2 M,

and an azis Axy for My, such that (My, Axy) is equireducible outside the divisor, when
restricted to (®po...o®1)"1(U).

Let (M, Ax) be a singularly foliated manifold which is equireducible outside the
divisor. Then, each connected component ¥ of NElem\® is a smooth 1-dimensional
analytic curve. In this case, we define the generic virtual height for (M, Ax) along Y as
the natural number

H(M, Ax, ) i= b (M, Ax, p),

where p is an arbitrary point on Y. Using Corollary 5.19, one concludes that h(M, Ax,Y)
is independent of the choice of the particular point peY.

5.8. Extending the invariant to NElem\®

In this subsection, let us assume that (M, Ax) is equireducible outside the divisor. In
particular, the virtual height function h(M, Ax, -): NElemND —N can be extended to
the whole set NElem by setting

h(M, Ax, ) :=bhg(M,Ax,-) on NElem\D.

We denote this function shortly by h(p).
The stratum of virtual height h is the subset

Sp={peNElem: h(p) =h}.

LEMMA 5.23. Given a connected equireducible curve Y CNElem\®D, let Y CNElem

be the smallest closed analytic subset which contains Y. Then, for each point p€Y ND,
we have H(Y)<h(p).
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Proof. Let (U, (x,y,z)) be a stable adapted chart at p. Firstly, suppose that the
point p is such that Yp:?OU (i.e. Y locally coincides with the local blowing-up at p).
Then, it follows from the argument used in the proof of Lemma 5.4 that h(Y)=h(p).

Suppose now that Yp#?ﬂU and assume, by contradiction, that

h(Y) >b(p).

We make the local blowing-up &: M—MNU for (M, Ax) at p, and look at the strict
transform Y’ of the curve Y. The closure of this curve Y’ necessarily intersects the

exceptional divisor 5:¢*1(Yp) in at least one nonelementary point p. Moreover,

h(Y")=b(Y)>b(p) = b(p),

as a consequence of Theorem 4.29.

Let us now set p:=p and Y:=Y’, and iterate the process. Theorem 4.29 implies
that after some finite number of iterations, we fall into a situation where D has no
nonelementary points. This is a contradiction. O

PROPOSITION 5.24. The function h: NElem—N is upper semicontinuous.
Proof. This is an immediate consequence of Proposition 5.2 and Lemma 5.23. [

The Newton invariant inv(M, Ax,p) can also be defined globally on NElem. We
denote it shortly by inv(p) and remark that the following relations hold:

(1) if peSR\D, then inv(p)=(h,0,0,0,0,0);

(2) if peSLND is such that #u,=2, then inv(p)=(h, 1, h, 1, *,*);

(3) if peSLND is such that #u,=1, then either

inv(p) = (h,0,ms3,0,%,%) or inv(p)=(h,1,h,0,x*,x*)

for some mg3>h (where the *’s denote some arbitrary natural numbers).
As a consequence of this, combined with Propositions 5.5 and 5.24, we conclude the

following result.

PROPOSITION 5.25. The function inv: NElem— NS is upper semicontinuous (for the

lexicographical ordering on N©).

5.9. Extended center, bad points and bad trees

A controlled singularly foliated manifold (M, Ax) will be called a restriction if it is given
by the restriction of a controlled singularly foliated manifold (M’, Ax’) to some relatively

compact open subset U of the ambient space M’.
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Figure 31. The extended centers.

In this subsection, we shall suppose that (M, Ax) is a restriction and, moreover,
that it is equireducible outside the divisor. In particular, this implies (by the upper
semicontinuity of the height function) that

hmax = Sup{l’)(p) pe NElem}

is a finite natural number and that the divisor list Y €L has finite length.
The set Sp,,,. ={p€NElem:h(p)=hmax } will be called the stratum of mazimal height.

LEMMA 5.26. The stratum of maximal height Sy, .. is a closed analytic subset of
NElem. Moreover, Sy, ND is a union of isolated points and closed analytic curves which

have normal crossings with the divisor.

Proof. The set Sy, is closed by the upper semicontinuity of the function . More-
over, it follows from conditions (i) and (ii) of Proposition 5.2 that the set Sy, . ND is
locally smooth at each point pe Sy, . ND. O

The extended center associated with a point p€NElem is the smallest closed analytic
subset 17}3 CNElem which coincides with the local blowing-up center Y}, in a neighborhood

of p.

Remark 5.27. For instance, if Y,={p}, then Y,={p}. On the other hand, if Y, is
contained in some irreducible divisor component DC%®, then ?p is entirely contained
in D.
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We say that ?p is a divisorial center if ?,,C@.

LEMMA 5.28. Let p€Sy,... be such that the extended center Y, is divisorial. Then,
?p is either an isolated point or a smooth analytic curve which has normal crossings with
the divisor ©.

Proof. This is an obvious consequence of Lemma 5.26, since the extended center ?p

is an irreducible closed analytic subset of Sy . ND. O

We say that the extended center ?p is permissible at a point q€§7p if }7:15?]0. In
other words, Y), is permissible at ¢ if the the local blowing-up center for (M, Ax) at g
locally coincides with ?p. A point qG?p is called a bad point if ?p is not permissible at gq.
We denote by Bad(p) the set of all bad points in ?p. We shall say that the extended
center Y, is globally permissible if Bad(p)=2.

PROPOSITION 5.29. Fiz a point peSy,,.. .

(i) If Y,={p}, then Y, is globally permissible.

(ii) Suppose that }7,, is a smooth curve contained in some divisor component D; CD.
Then, each point of Bad(p) is contained in the intersection D;ND; for some index j>1i.

(iii) If p€Sh,...\D is an equireducible point, then Bad(p) is a subset of Y,ND.

Proof. Fact (i) is trivial. To prove fact (ii), notice that for each point g€Y,, the

following three situations can appear:

(a) tq=[i];
(b) eq=li, kl;
(©) tq=L[5,l;

for some indices k<i<j. In cases (a) and (b), it is clear that the extended center Y,
is permissible at g, because AY=A}>0 (by Lemma 5.4). Therefore, a bad point of Y,
necessarily lies in the intersection of D; with some divisor D; of larger index.

Fact (iii) is a direct consequence of the assumption that (M, Ax) is equireducible
outside the divisor ®. O

COROLLARY 5.30. For each point p€Sy,.. ND;, the following properties hold:
(1) if #1p=2, then the set Bad(p) has at most one point;

(2) if #t,=1 and Y,CD;, then the set Bad(p) has at most two points.

In both cases each point geBad(p) is such that 1y=[i, j] for some index j>i.

Proof. This is a direct consequence of Proposition 5.29 and the description of the
set Sp,...ND given by Lemma 5.26. O

LEMMA 5.31. Let pe Sy, \D be an equireducible point. Then, for each point

q € Bad(p),
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the associated local blowing-up center Yy is such that
Y, CD,

i.e. Yy is necessarily a divisorial center.

Proof. Indeed, suppose by contradiction that Y; is not a divisorial center and 5_/(17&}717.
We fix a stable local chart (U, (z,y, 2)) at ¢ and let

d: M — MNU

be the local blowing-up (with center Y,) of (M, Ax) at ¢. It follows from Propositions 4.47
and 4.52 that each point p€®1(q) is such that either the Newton data is in a final

situation or §(p) <h(¢)=bHmax-
On the other hand, the strict transform of ?p under ® contains at least one point
of ®1(q). But this contradicts the fact that Y, CSy,.. . O

A bad chain is a (possibly infinite) sequence of points {py }n>0 which is contained
in Sy, and is such that
pn+1 € Bad(p,) for n>0.

We shall say that a finite bad chain {pq, ..., p;} is complete if Bad(p;)=2. The number !
will be called the length of the complete bad chain. A complete bad chain of length 2 is
illustrated in Figure 32.

Remark 5.32. Tt follows from Lemma 5.31 and Corollary 5.30 that for a bad chain

{Pn}n>0, we always have #u,, >1 and ¢,, =2 for all n>2.

LEMMA 5.33. Fach bad chain has a finite number of points.

Proof. By Remark 5.32, each bad chain {p,, },>0 is such that #¢., =2 for all n>2.

Moreover, if we write ¢y, =[jn, 5] then
in <jn - in+1 <jn+1 :in+2 <jn+2 — ey

and therefore the indices {ip }n>0C7Y form a strictly increasing sequence (where Y is the
list of divisor indices). Since we supposed that (M, Ax) is a restriction, the list T is

necessarily finite. The lemma is proved. O

Given a point peSy, .., the set of bad chains starting at p is the set B(p) of all
complete bad chains {p, }n>0 such that po=p.

Remark 5.34. Tt follows from Lemma 5.33 that the set B(p) has only a finite number

of elements.
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Figure 32. The bad chain {po,p1,p2} (here Bad(p2)=9).

More generally, given a finite set of points PCSy,__ , we define the P-bad chain as
the union
B(P):= | B(p)
peP
of all bad chains starting at points in P. Associated to B(P), let us consider a directed
graph T'=(V, E) defined as follows:

(i) the set of vertices V' corresponds to the set of points of all bad chains starting at
points in P (for simplicity, we identify each element of V' with the corresponding point
in the bad chain);

(ii) the directed edge g—r belongs to the set of edges E if there exists a bad chain
{pn}_o in B(P) such that

pi=q and pi41=r
for some 0<i<I—1.

LEMMA 5.35. The graph T=(V, E) is a directed tree.

Proof. We need to prove that T has no cycles. Let us suppose, by contradiction,

that there exists a cycle in T,
qo —>q1 — - = qr — ¢r+1 =qo,

where ¢,,+1 €Bad(g,) for each 0<n<r. Let us write ¢g, =[i] (if #¢q, =1) and ¢q, =[jn, in]
(if #iq, =2).

First of all, suppose that the extended center ?qo is divisorial (i.e. contained in D).
Then, it follows from Corollary 5.30 that the sequence i1 <12 <...<%, is strictly increasing.

Thus no cycle may appear.
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Suppose now that }7:10 is not divisorial. Then, Lemma 5.31 implies that ?qn is

divisorial, for all n>1. This contradicts the fact that ¢,+1=qo- O

Definition 5.36. The directed tree T=(V, E) defined above will be called the bad
tree associated with P. We shall denote it by TrB(P).

From now on, we adopt the usual nomenclature for trees. Thus, a branch is any
succession of points and directed edges:

po—p1——> ... —Pk-

In this case, the number k is called the length of the branch. A point g€V is called a
descendant of a point p if there exists a branch of positive length as above such that

po=p and pr=q. A point ¢ is called a terminal if it has no descendants in the tree.

Remark 5.37. For each terminal point g€ TrB(P), the extended center Y, is globally
permissible (because Bad(¢)=2).

The mazimal length of a bad tree is the length L(TrB(P))€N of the longest branch
of TrB(P).

Let F CB(P) be the set of all terminal points which lie in branches of maximal length
(i.e. those branches of TrB(P) which have length L(TrB(P))). We define the mazimal
final invariant of TrB(P) as

inv(TrB(P)) := max ex{inv(q) : g € F'},

where the maximum is taken in the lexicographical ordering in N6. The mazimal final

locus is the finite set of points
Loc(TrB(P)):={q€ F:inv(q) =inv(TrB(P))}.
Finally, we define the multiplicity of the bad tree TrB(P) as the vector
Mult(TrB(P)) := (L(TrB(P)), inv(Tr B(P)), #Loc(Tr B(P))) € N¥, (35)

where #Loc(TrB(P)) is the cardinality of the set Loc(TrB(P)).

5.10. Maximal invariant locus and global multiplicity

In this subsection, we continue to assume that (IM, Ax) is a a controlled singularly foliated

manifold which is a restriction (see §5.9) and equireducible outside the divisor.
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Therefore, the maximum of the invariant inv(p),
NV ax (M, AX) :=sup jex{inv(p) : p € NElem},

is a finite vector in N®. If (M, Ax) is clear from the context, we denote this number

simply by invy,.x. The subset

S; :={p € NElem : inv(p) =invyax } C Sp,ue

NVmax

will be called the mazimal invariant stratum of (M, Ax).
Consider the subsets ©;:={peNElem:#¢.,=i} for i=0, 1,2. We establish the follow-

ing definition: we say that Siyy,,.,. is of

2-boundary type, if Sipy,,, NP2 # I,
1-boundary type, if Siny,.. ND2=2 and Siny,,,, ND1# 9,
0-boundary type, if Siny, ., N(D1UD3) =& and Sipy,,., NDo # D.

Using this classification, the following result establishes some properties of Sipy,,...-

LEMMA 5.38. The maximal invariant stratum has the following properties:
(1) if Sinvaa. 5 0f 2-boundary type, then Sipy,,.. CDa;

(ii) i Sinvy., s of 1-boundary type, then Sy, CD1;

(iil) % Sinvma. 5 of 0-boundary type, then Siny,...=Shu.. CDo-

Proof. The result is a direct consequence of the definition of inv and Remark 5.3. [
In the next lemmas, we give a more detailed description of Sy, .

LEMMA 5.39. A 2-boundary type Sinv,,. S the union of a finite number of distinct
points {p1,...,Pm}-

Proof. This follows immediately from the description of the set Siyy,,,, N® which is
given in Lemma 5.26. O

LEMMA 5.40. A 1-boundary type Sinv,,,. @S a finite union of distinct closed analytic
sets

Y1U. . UYU{p1, .., pm tU{q1, ..  an },

for some natural numbers r,m,n€N, such that the following conditions hold:
(i) Yi,...,Y. are globally permissible 1-dimensional extended centers contained in Dq;
(ii) each p; is an isolated point of Siny,,..ND1 such that Y, is a globally permissible
extended center contained in D1;
(iii) each g; is an isolated point of Sinv,... ND1 such that the extended center 17;1_7. 18

not divisorial.
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Figure 33. The 2-boundary maximal invariant stratum. Here, Bad(p1)={q}.
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Figure 34. The 1-boundary maximal invariant stratum. Here, Bad(q1)={w}.

Proof. This follows immediately from the description of the set Sy, . ND which is
given in Lemma 5.26, and the assumption that Siyy, . ND2=2. O

LEMMA 5.41. A 0-boundary type Siny,., S a finite union Y1U...UY, of distinct
globally permissible 1-dimensional extended centers which are contained in ®y.

Proof. Tt follows immediately from the assumptions that Sy, N(D2UD1)=0 and
that (M, Ax) is equireducible outside the divisor. O

Based on the above description of Siny,,.,, we state the following definition.

Definition 5.42. A mazimal point locus of (M, Ax) is a finite collection of distinct
points Pmax C Sinv,,.., Which is obtained as follows:

(1) if Sinvy., 1S & 2-boundary maximal invariant stratum, then

Pmax = {pla 7pm} = Sinvmaxa (36)
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Figure 35. The 0-boundary maximal invariant stratum.

where {p1,...,pm} is given by Lemma 5.39 (see Figure 33);

(ii) if Sinvy.,. is & 1-boundary maximal invariant stratum, then
Pmax = {317 vy Sy P1y ooy Py 41y -0y QR}7
where each s; is an arbitrary point contained in the curve Y;, and the set

{Yl7 "'7Yr'7p17 "'7pm’Q17 "'7Qn}

is given by Lemma 5.40 (see Figure 34);

(iii) if Sinv,,., is a 0-boundary maximal invariant stratum, then

Pmax = {51; (23] ST’}?

(38)

where each s; is an arbitrary point contained in the curve Y;, and the set {Y7,...,Y,.} is

given by Lemma 5.41 (see Figure 35).
The global multiplicity associated with (M, Ax) is the vector

Mult(M, Ax) := (invyax (M, Ax), Mult(Tr B(Puax))),

where Ppax is a maximal point locus of (M, Ax) and Mult(TrB(Ppnax)) is the multiplicity

of the bad tree TrB(Ppax) (see definition (35)).

Remark 5.43. It is obvious that the value of Mult(M, Ax) is independent of the

choice of the points s;€Y; (i=1,...,7) which is made in (37) and (38).

The globally permissible extended center Y:E which is associated with a terminal

point geLoc(TrB(Puax)) will be called a blowing-up center for (M, Ax).
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PROPOSITION 5.44. Let YCM be a blowing-up center for (M, Ax). Then, there
exists a weight-vector wEN? such that the following properties hold:
(i) for every point peY\®D and every equireduction chart (Up, (p,Yp,2p)) for
(M, Ax) at p,
w=w, and YNU,=Y,

(i.e. w is the local weight-vector at p and Y NU, is the local blowing-up center);
(i) for every point peYND and every stable adapted chart (Uy, (Tp,Yp, 7p)) for
(M, Ax) at p,
w=w, and YNU,=Y).

Moreover, the collection of charts {(Up, (xp, Yp, 2p)) tpca as defined above is an w-
weighted trivialization atlas for Y C M.

Proof. Properties (i) and (ii) follow from the fact that Y is a globally permissible
center.

In order to prove the last statement, we need to prove that the transition between
two charts in the above trivialization, say (Uy, (zp, Yp, 2p)) and (Uy, (24, Yq, 7¢)), Preserves
the w-quasihomogeneous structure on R3.

If Y is a single point, it suffices to apply Proposition 4.28. If Y is a smooth curve,

then we can locally write
Y={x,=2,=0} or Y={y,=2,=0}.

In these cases we claim that, for each point ¢g€Y which is sufficiently close to p, the
respective translated chart,

(Zg:Tgs 2¢) = (Tp, Yp—0,2p) O (Tg, Tgs Zq) = (Tp—0,Yp, 2p)s

is a stable local chart (or an equireduction chart) for (M, Ax) at ¢ (for some conveniently
chosen constant p€R).

Indeed, this claim can be proved by easy modifications of the proofs of Lemmas 5.4
and 5.18. Using the claim, combined with Proposition 4.28 and Remark 5.12, we conclude
that {(Up, (zp, Yp, 2p)) }pea is a trivialization of ¥ which preserves the w-quasihomoge-

neous structure on R3. O

It follows from Proposition 2.12 that we can define the w-weighted blowing-up of M
with center on Y:
&:M-—M (39)
(with respect to the trivialization given by Proposition 5.44). The transformed singularly
foliated manifold M is defined according to §2.6.
The above map will be called a good blowing-up for (M, Ax).
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5.11. Global reduction of singularities

To state our next result, we recall that a controlled singularly foliated manifold (M, Ax)
is called a restriction if it is defined by a restriction of a controlled singularly foliated

manifold (M’, Ax’) to some relatively compact open subset of the ambient space.

THEOREM 5.45. Let (M, Ax) be a controlled singularly foliated manifold which is a

restriction and is equireducible outside the divisor. Let
»:M—M

be a good blowing-up for (M, Ax). Then, either M is an elementary singularly foliated
manifold, or there exists an azis &:(A,j) for M such that:

(i) the singularly foliated manifold (M, Ax) is a restriction;

(ii) (M, AXx) is equireducible outside the divisor;

(iii) Mult(M, AX) <jex Mult(M, Ax).

Proof. Assume that the set NElem(M) of nonelementary points of M is nonempty.

Let us denote by Y be the blowing-up center and recall that ® locally coincides
with the local blowing-up for (M, Ax) at each point p€Y . From this, we conclude from
Theorems 4.29 and 5.13 that there exists an axis ;‘;;(Z(/L 3) for M (obtained by analytic
gluing) such that (M, Ax) is a controlled singularly foliated manifold such that:

(1) (M,A}) is a restriction;

(i) (M, ;&vx) is equireducible outside the divisor.

Moreover, by Theorem 4.29, we conclude that

invmax(ﬁ7 X;() Llex INVmax (M, Ax).

If the inequality is strict, we are done. Otherwise, let us choose a maximal point locus

Igmax for (M, X;() Using again Theorems 4.29 and 5.13, we can write
Prax =27 (Pnax\Y)
for some maximal point locus Py, of M. Indeed, we have
inv(i\v/l, K;(, 4) <lex INVmax (M, Ax)

for each point ge®~1(Y), and therefore Sin,, . N®~1(Y)=2.
For simplicity, let us write the respective multiplicities of the bad trees TrB(Ppax)

and TrB(Ppayx) simply as

Mult(TrB(Paax)) = (L, I, #) and  Mult(TrB(Puax)) = (L, I, #).
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Then, we need to prove that
(L, I, #) <iex (L, I, ).
First of all, we claim that L< L. Indeed, it suffices to study how each branch
po—>p1—> ... =D (Po € Pax) (40)

of the bad tree TrB(Ppax) is transformed by the blowing-up.
If p;¢Y for all i=0, ..., 1, then this branch is mapped isomorphically to a branch of
length [ of the new bad tree TrB(ﬁmax).

Now, suppose that there exists an index 0<7</ such that
{po, .-, pi—1}NY =& and p;€Y.

If ¢=0, it is immediate to see that the branch is completely destroyed. So, we suppose
that ¢>1. It follows from Propositions 4.30, 4.47 and 4.52 that each nonelementary point
ge®(p;) satisfies one of the following conditions:
(1) H(M, Ax,§) <b(M, Ax, p,); )
(2) b(M, Ax,3)=h(M, Ax, p;) and AJ=0,
where Aq:(A‘li, Ag) is the vertical displacement vector associated with §.

As a consequence, the points lying in case (2) are isolated points of §hmaxﬁl~) (where
ﬁ::(bfl(Y) is the exceptional divisor of the blowing-up and §hmax is the stratum of
maximal height for (1\7[, A\;())

Now, observe that the strict transform of the extended center 171,1,7 intersects the set

1
®~1(p;) in a unique point G€ Spmax, which necessarily lies in case (2). This immediately
implies that Bad(§)=9, and therefore the branch (40) is mapped to a unique branch in

TrB (ﬁmax), which has one of the following forms
Po—P1—> .. —Pi-1—>qG, Or Pg—>P1—>...—Pi—1,

where p;=®"!(p;) for j=0,...,i—1. In both cases, it is clear that the new branch has
length at most equal to the length of the original branch. We have proved that L<L.
Let us suppose that L=L. Then, since the blowing-up creates no new branches
of maximal length L, it follows immediately from the theorem of local resolution of
singularities (Theorem 4.29) that
T <jex I

It remains to prove that the conditions L=L and I=1I imply that #<#. To see this, it
suffices to remark that the blowing-up satisfies the following properties:

(1) the blowing-up ® creates no new branches of length L;

(2) the center Y contains at least one terminal point of a branch which has length

exactly equal to L.
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Applying again Theorems 4.29 and 5.13, we immediately conclude that #<#. This
completes the proof of the theorem. O

5.12. Proof of the main theorem
We are now ready to prove the main theorem of this work.

Proof of Theorem 1.1. Let M= (M, @, @, L,) be the singularly foliated manifold as-
sociated with y and let Ax be an axis for M, defined as in Proposition 2.16. Given a
relatively compact subset U C M, we denote by (M’, Ax) the restriction of (M, Ax) to U.

Using Lemma 5.21, we know that there exists a finite sequence of blowing-ups

(M/, AX/) = (Mo,AXo) — (Ml,AXl) —_— .. — (Mk,AXk),

such that the resulting singularly foliated manifold (My, Axy) is equireducible outside
the divisor.

To finish the proof, it suffices to consider the controlled singularly foliated manifold
(M, Ax) and apply Theorem 5.45 repeatedly. O

Appendix A. Faithful flatness of C[[z, y, z]]

In the proof of the stabilization of adapted charts, we need the following simple conse-
quence of the fact that C{z, y, 2z} is a unique factorization domain and that its completion
C[[z,y, #]] is faithfully flat (see e.g. [Ma, §4.C and §24.A]).

LEMMA A.l. Let ICC{z,y,2} be a nonzero radical ideal and let
I'=Jin..nJ;,

be the irreducible primary decomposition of the ideal I'=IC|[[z,y, 2]] in the ring of formal
series Cllz,y, z]]. Then, each J!,i=1,...,k, can be written as J,=J;C|[x,y, z]] for some

prime ideal J;CC{x,y,z}.

COROLLARY A.2. Let H=(Hy,..., H.)eR{z,y,z}" be a nonzero germ of analytic

maps. Suppose that we can write the factorization

H,y S1

Hy So
:(fo(q%y)) . )

H, Sy

where fER][[z,y]] and S1, ..., S €R[[z,y, z]]. Then, necessarily feR{x,y} is an analytic

germ.
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Proof. Indeed, the hypothesis implies that the ideal I=rad(Hj, ..., H,) is contained
in the principal ideal J=(z— f(z,y))C|[z,y,2]]. In particular, J is a member of the
irreducible primary decomposition of I in C[[z,y, z]]. Therefore, it suffices to apply

Lemma A.1 to conclude that f is necessarily an analytic germ. O

Given a nonzero natural number a€N, consider now the ideal
fa = (xa)R[[x7 Y, ZH C R[[Ia Y, Z]]

The elements of the quotient ring EQ:R[[I,y,z]] /I, are uniquely represented by the
polynomials in R[[y, z]] [z] whose degree in the variable x is at most a—1. We let R,

denote the image of R{x,y, z} under the quotient map.

COROLLARY A.3. Let ([Hi),...,[Hr])ERL be a nonzero germ. Suppose that we can

write the factorization (in }A%a)

[H1] [54]
Ho So
| . | =(z—[f(z,9)]) = ,
(H,] [S]

where [f]€R, and [S1], ...,[S:]€R,. Then, the germ [f] necessarily lies in R,.

Proof. Tt suffices to use Corollary A.2. O

Appendix B. Virtual height
Let us start with an elementary version of the Descartes’ lemma.

LEMMA B.1. Let Q(2) be a polynomial in C[z] with m nonzero monomials. Then,
the multiplicity of Q at a point £#£0 is at most m—1.

Proof. Given a polynomial Q€CJz], let u(Q) be the multiplicity of @ at the origin
(i.e. the greatest natural number k such that z* divides Q(z)). We consider the sequence

of polynomials Qo(2), Q1(z), ... which is inductively defined as follows:

QO p— Zfl"(Q)Q’
{ Qiy1=2"MQDQ"  fori>0,

(where " means d/dz). By induction, we can easily prove that ¢ has multiplicity k at

some point £#0 if and only if

Qo(§)=...=Qr-1(§) =0.
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However, it follows from the hypothesis and the above construction that Q,,_1 is neces-
sarily a nonzero constant. Therefore, the maximum multiplicity of @ at a point £#£0 is

at most m—1. O

For the rest of this appendix, we shall adopt the following notation. Let P(x1, ..., zy)

be an n-variable polynomial whose support is contained in the straight line
rite R —p+t(A,-1),

for some p=(p1, ..., pn) EN™ and some vector AEQZBI of the form

A= (Zl Z’H), with a; € N, b; € N, and ged(a;, b;) = 1.
1 n—1

Let ¢ be the least common multiple of b1, ...,b,—1 and Q(z) be the 1-variable polynomial
Q(z)=P(1,...1,2) =#2P"+..,

where * denotes some nonzero coefficient.

PROPOSITION B.2. The multiplicity p¢(Q) of the polynomial Q(z) at a point {#0
is at most equal to |pn/c]|.

Proof. Let p, ..., p* denote the points of intersection of the straight line r(¢) with the
lattice N, ordered according to the last coordinate (so that p*=p). Lemma B.1 implies
that the multiplicity ue(Q) is at most equal to k. The result now follows immediately
by noticing that each point p® is necessarily given by p*=p+(k—s)c(A, —1). O

COROLLARY B.3. Suppose that p,>c+1 and 1<a;<b; for some i€{l,...,n—1}.
Then,

for all £€#£0.

Proof. Let us prove that the condition p,, —b;/a; > |pn/c| is satisfied. Since b; <c, it

is clearly satisfied if
2

Pu>—.

c—1

Now we use the facts that p,>c+1 and c=b;>2. It follows that inequality (41) is
immediately satisfied when p,, >c+1. For p,=c+1, we compute

2] ronenct
c c Q;

(41)

This concludes the proof. O
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Appendix C. Comments on final models

In this appendix, we shall indicate some possible refinements of our main theorem. First
of all, we introduce the notion of strongly elementary vector field.

We use the following notation: given a matrix A€Mat(n,R) and a formal map
R=(Ry, ..., Ry)€R][[x]]", the symbol

0

denotes the formal vector field

n

> (xR

i=1 v

where A; is the ith row of the matrix A.
Let ¢C[n,...,1] be a sublist of indices and

@ZU{l‘iZO}

€L

be the corresponding divisor of coordinate hyperplanes in R™.

We say that a formal n-dimensional vector field 7 is ©-preserving if it can be written

0 0
n:Zaix,BTj—F Z aj&Tj’

i€l J€[n,...,1]\¢

in the form

where ay, ..., a, €R[[x]] are formal series.
A formal n-dimensional vector field n is called a ©-final model if n is ®-preserving
and has one of the following expressions:

(1) (nonsingular vector field)

0
= )\ P
1= O ()5
for some nonzero constant A€R* and a germ reR[[x]] with r(0)=0;

(2) (singular vector field) there exists a decomposition of R™ into a cartesian product
x=(X4,X_,X1,X0) ER" XR" xR™ xR",

with n, +n_+4mny>1, such that n can be written as

X RGO st e Re(0)] o+ o)

0
n= [J+X+ +Ry (X)] o1 0xo ’

0%, +
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and the following conditions hold:

(i) (Jy,J-, Jr)eMat(n,, R)xMat(n_,R) x Mat(ng, R) are matrices whose eigenval-
ues are all nonzero and have strictly positive real part, strictly negative real part and
zero real part, respectively;

(ii) R.eR][[x]]™ is a formal germ such that R.(0)=DR.(0)=0 (for xe{+,—,1,0});
moreover,

R.|ix, =0y = R-[{x_=0} = Ri|{xy=0} =0,
and
Ro|{x_=xo=0} = Rol (x; =xo=0} = R0l {xy=xo=0} = 0;
as a consequence, the eigenspaces W, , W_, Wy and W, which correspond to J,, J_, Ji
and the zero matrix, respectively, are (formal) invariant manifolds for »;

(iii) the zero set Z={n=0}CWj has normal crossings (i.e. it is given by a finite

union of intersections of coordinate hyperplanes);

(iv) the restricted vector field no=n|w, has the form

ng
no = pxg U(x)7, with x§ = H X0
i=0

where p€R is a real constant, « €N"™ is a vector of natural numbers, U € R[[x]] is a unit
and 7} is an no-dimensional (DNWy)-final model.

In other words, condition (iv) requires that the restriction of i to the manifold W)
is given (up to multiplication by a unit) by a monomial times a vector field ny which is
a final model on a space of strictly lower dimension.

An analytic vector field x defined on M is ®-strongly elementary at a point pe M
if there exists a D-adapted formal coordinate system x=(z1,...,x,) at p such that y,

written in these coordinates, is a ®-final model.

Remark C.1. We cannot replace the words formal coordinate system by analytic
coordinate system in the above definition. It would be too restrictive. For instance, it

would imply that the local center manifolds are necessarily analytic.

A singularly foliated manifold M= (M, Y, D, L) will be called strongly elementary if
for each point p€ M, the line field L is locally generated by a vector field x, which is
®-strongly elementary.

Conjecture. Let x be a reduced analytic vector field defined on a real-analytic man-
ifold M without boundary. Then, for each relatively compact set U C M, there exists a
finite sequence of weighted blowing-ups

(U, 2,2, Ly ) = Mo 2 My 22 . <2 M, (42)

such that the resulting singularly foliated manifold M, is strongly elementary.
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Let us see a few examples of final models in dimensions 1, 2 and 3.

Ezxample C.2. For n=1, the complete list of final models is the following.

« Nonsingular case:
0
=(\ -
1= Or(o) 5
where 7(0)=0 and AeR*.
» Singular case:

n= ()\x+xr(:1:))a%c,

where 7(0)=0 and AeR*.
(Note that the former case only occurs if D=02.)

Ezample C.3. For n=2 and ® =0, the complete list of final models is the following.

» Nonsingular case:

n=<A+r<x>>a%,

where r(0)=0 and AeR*.

« Singular case with n, =1 and n_=1:

n= Az +$1T1(X))i+(*/\2x2 +2972(X))

0z aT32’
where A1, \o€R<o and 7;(0)=0 for i=1, 2.
« Singular case with ny=2:
0 0
n=(EAz1+R1(x)) pr +(EXoxo+ Ro (X))a—x27

where A1, \oa€R~ and R;(0)=DR;(0)=0 for i=1,2.

» Singular case with ny=1 and ng=1:

0 0
n=(+A\z +$1T1(X))871 +N$SU(X)(A2+T2(X))3727

where A\ €R~, Mo€R*, peR, a>2, U is a unit and r;(0)=0 for i=1, 2.
e Singular case with n4+=ng=0 and ny=2:

0 0
n= (Afﬂz+Rl(x))afm+(*>\xl+R2(X))872a
where AéR~¢ and R;(0)=DR;(0)=0 for i=1, 2.

Ezample C.4. For n=3, D=9, ng=1 and n, =n_=1, the final model is given by

) o )
871‘1“!‘(—)\21'24‘5527'2()())87@"‘#%3 U(x)(As —&—Tg(x))a—xg,

where pe€R, A1, a€R <, A3€R*, a>2, U is a unit and r;(0)=0 for i=1,2, 3.

n=(Az1+z171(X))
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Ezxample C.5. For n=3, D=0, n.=0, ngp=1 and ny=2, the final model is given by

0 0
n=(Azo+x171(X)+2281(X)) =—+(—Ax1 +2172(X) +2282(X)) =—
81‘1 61‘2

0
+W«“§U(X)()\3+T3(X))%y

where peR, AeéRsp, \seR*, >2, U is a unit and r;(0)=s;(0)=0 for i=1, 2, 3.
Ezxample C.6. For n=3, D=9, ng=2 and n, =1, the final model is given by
3

n= (A1 -1-3317“1(X))i +pag i U(x) (Z (fi(w2, x3) +x17(x)) 0 ) )

8x1 ‘ 8:&1
=2

where u€R, \1€R~q, a+6>1, U is a unit and the vector field obtained by restriction
to the center manifold Wy={z;=0}, namely

_ 0 0
1= fa(xz, $3)87@+f3($2,$3)67x37

has one of the forms given in Example C.3.
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