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Uniqueness in Cauchy’s problem for elliptic equations with
double characteristics

By R. N. PEDERSON

1. Introduction

This paper is concerned with the question of local uniqueness of solutions of
Cauchy’s problem for elliptic partial differential equations with characteristics of
multiplicity not greater than two. Let P(x,&) be a homogeneous mth degree elliptic
polynomial in &=(£,&,,...,£,) with complex coefficients of class €2 in a closed
neighborhood D of the origin in E,. For a given vector 0== N € R,, we define S(XN)
to be the class of all C™ surfaces having normal N at the origin. We are interested
in determining conditions on P which insure that solutions of Cauchy’s problem
for the equation

Pz, D)u+Q(x, Dyu =0

are unique for every (m—1)st degree polynomial Q(z, &) with bounded coefficients
and for every initial surface S € §(V). For equations with simple characteristics and
real coefficients a relatively complete answer to this question was given by Calderén
[1]. Various improvements were given by Hérmander [5], [6]. It follows from the
work of Cohen [3] and Pli§ [10] that one cannot in general allow characteristics of
multiplicity exceeding two. Uniqueness results for P’s with double characteristics
have been obtained by the author [9], Mizohata [7], Hormander [5] and Shirota [11].
The best result to date is that of Hérmander for the case where P is the product
of two polynomials with simple characteristics. Pli§ gave an example of a fourth
order equation with real C® coefficients having non-trivial solutions which vanish
in a half-space.

The question arises as to whether or not there are any irreducible P’s for which
solutions of Cauchy’s problem for (1.1) are unique. An examination of Pli§’ counter-
example shows that the characteristic roots have unbounded partial derivatives
near the initial surface. Douglis [4] proved uniqueness for first order systems in
two variables provided that the roots satisfy a smoothness condition and the double
roots occur in pairs (that is two roots are either distinet or always equal).

In this paper we obtain a uniqueness theorem for equations with at most double
characteristics by imposing a smoothness condition similar to that of Douglis. We
do not, however, require that the double roots cannot separate. An example of an
irreducible polynomial which satisfies our condition is given by

P&y, &5 83) = (£%+§%+§§)2+§§(§%—}—§§)
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It is easily seen that the above equation has double characteristics with respect to
(1,0, 0) (in the sense of condition 4 of section 2) if and only if £,=0. OQur smooth-
ness condition precludes the possibility of an equation with double characteristics
having non-singular characteristics or of a surface being strongly pseudo convex in
the sense of Hormander (see Lemma 5.1).

One novelty of our approach is that we reduce all integral inequalities which do
not follow directly from pointwise inequalities to inequalities for first order ordinary
differential operators. The method is too crude to handle the case of simple real
characteristics.

In section 2 we state our smoothness condition and prove that it is invariant
under a local change of coordinates which maps the initial surface onto a convex
surface. In section 3 we state our uniqueness theorem and our version of Carleman’s
inequality. Sections 4-8 are devoted to proving the basic inequality stated in sec-
tion 3.

As is becoming the custom, we denote by D, the differential operator —ig/ox,
and D=(Dy, D,, ..., D). If P(x, £) is a polynomial in & whose coefficients depend
on z, the polynomials P* and P, are defined by 0P/¢&, and OP/ox, respectively. If
or={0ty, %, -.., &g) is & multi-index of length g, the polynomials P= and P, are defined
similarly. A brief exception to the latter convention is made in Lemmas 6.4 and 6.5
where for a polynomial @(v) we let @Q¥(r) =d*Q/d+*. The letters C' and K represent
positive constants, not necessarily the same ones as in previous appearances. R,
and C, denote the real and complex euclidean n-spaces. If £=(§,, &,, ..., §,)ER,,
E'=(0,&,, ..., &,). For w€Cy we denote by 4(x,,£’) and 4(£) the Fourier transforms of
u with respect to z' and «.

2. The smoothness condition

If the initial surface is convex with normal N <0 at the origin, we shall prove
uniqueness in Cauchy’s problem for elliptic operators which satisfy the following
condition. This allows us to generalize the results of Hormander [5] and Nirenberg
[8] for equations with constant coefficients.

A. The roots t,(x, &), 152, &), ..., Tz, &) of Pz, TN +&) have multiplicity at most
two and are of class C* with respect to (x, &) for x€ D and §€ R, not proportional to N.

In case the initial surface is not convex we add the following condition.

B. For each fized x € D, t,(x, &), 15(, &), ..., Tu(2, &) are analytic in & for each EER,,
not proportional to N. For each &, the radius of convergence of the power series expansion
of 7,(x, &) about &y has a positive lower bound g, which is independent of x.

We remark that we could have equivalently restricted £ to be in any n —1 dimen-
sional hyperplane not containing N (for example Nt). This amounts to translating
each of the roots by the component of & in the direction N which cannot effect
either the multiplicity or the smoothness. We also remark that 4 and B are to be
understood in the local sense only. We do not require that the roots be globally
single valued.

An example of a polynomial which satisfies 4 but which does not satisfy B is
given by

Pz, &)= (1 + &+ 8 +ai(6— &)° (& + &)
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The purpose of B is to insure that A is satisfied after a preliminary local change
of coordinates which maps a non-convex surface onto a convex surface. Before
proving this we examine the effect of a change of coordinates on the characteristic
polynomial. For this purpose we write

n

Px,D)= > lAil-"z' i (x) Dy, Dy, .., D2y, 2.1)

A T M

By elementary calculus, if x—y(x) is of class C™, then

& Oy Oy OYim
Da, Das,, ..., Dz, — s Wn i p Dy ... Dy (2.2
%i,, Dy, 7 jl’jm.%_m:l oz o om, D9 Dy Yi (2.2)

modulo a differential operator of order m —1. By substituting (2.2) into (2.1), we
see that in the y-coordinate system the characteristic polynomial is given by

P(x(y), JE), (2.3)

where J is the Jacobian matrix of the transformation x— y(x).

Theorem 2.1. Let S, and 8, be surfaces of Class O™ each having the same normal
N=£0 at the origin. Let P(x, &) be a polynomial satisfying A and B. There exisis a
local C™ change of coordinates of the form x->y==z-+0(|x|2) which maps S, onto S,
and such that P(x(y), J&) satisfies A.

Proof. The power series expansion of 7,(z, &) about & €N* — {0} provides an ana-
lytic continuation of 7; into |&—&,| <g, £ €C,. By permanence of functional rela-
tions, 7,(x, ) is a root of P(x, 7N +{) when [£—&,] <0, Since, by A, 7z, E)€C,
the coefficients in its power series expansion about &, are of class ¢ for z€ D, and
hence 7,(z, {) is of class C" for (x, {) €D x {|L —&y| <g,}-

Assume that S, is parametrized by ¢,(x) =0 where ¢,€C™, i=1,2. Since N —grad
®i(0)+0, one of its components, say N, is not zero. The transformation 7', : y, =
@i(2), Y=y, k=2, is locally 1—1, and maps 8, onto y, =0. The transformation
T2' Ty then is locally 1 —1, maps S, onto S,, and is of the form x>y == +0(|z|?);
hence J =1--0(x) where I is the identity and O(x)€C™ !, The fact that x—y is a
perturbation of the identity allows us to interchange 0(z) and O(y). It then follows
from (2.3) that the characteristic polynomial in the y coordinate system is given by

QY &) = Pla(y), (1 +0(y))é)-

For y sufficiently small, 7 in a neighborhood of 7,(0, &,) and £ in a neighborhood
of &, the quantity
§=&+0(y) (zN +§)

satisfies | —&y| <g,. It then follows from the implicit function theorem that for
each j=1, 2, ..., m, there exists a unique solution 7 —1; (y, &) of

T=7,(2(y), £+ 0(y) (zN +§))

which is of class " for (y, &) in a neighborhood of (0, &,). Evidently, 7;(y, &) is, for
each j, a root of
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Qy, TN +&) = P(z(y), TN +&+0(y) (xN +&)).

It follows from continuity and 7;(0, &) =7,(0, &) that the roots 7; have multiplicity
no greater than two. Hence Q(y, £) satisfies 4. This completes the proof.

3. The uniqueness theorem and basic inequality
The main result of this paper is

Theorem 3.1. Let P(x, &) be an elliptic polynomial (that is Pz, £)F 0 for real £=+0)
with complex coefficients of class C? in a closed neighborhood D of the origin. Suppose
that S:q@(x)=0 is a surface of class O™ with normal N =+ 0 at the origin. If P satisfies
A and B, or if 8 is convex and P satisifies A, then solutions of (1.1) which vanish for
@ <0 are identically zero in a neighborhood of the origin.

The smoothness condition is, of course, superfluous if the characteristics are
simple, If the characteristics are double, the roots of P(x, TN +£) are algebraic fune-
tions and we would expect trouble at the branch points. The crux of our smoothness
condition is that £ is a real vector. That is, we can prove uniqueness for initial
surfaces N such that the branch points of Pz, TN +{) occur only for complex values
of L.

Suppose that for =&, +in,(n, = 0), P(x, TN +,) has a branch point at 7 =x,+y,.
Then if N =y, N +, and £ =u,N +&,, the polynomial P(z, 7N +£&) has a root which
fails to be analytic at T=14. Our uniqueness theorem then does not apply to initial
surfaces with normal proportional to N. Hérmander’s result may be the best
possible for uniqueness with respect to every initial surface.

The essential tool in uniqueness proofs to date has been a weighted L, inequality
analogous to an L, inequality used by Carleman [2]. Our version of Carleman’s
inequality is given by

Theorem 3.2. Let P(x, £) be an elliptic polynomial with complex coefficients of class
C? in a neighborhood D of the origin in R, and which satisfies A with respect to N =
(1,0, ..., 0). There exists @ K>0 and 8,<1 such that, if <, and A>073, then

J'e’l(’““‘s’2 | P(x, D) u|? da > X > @ Dy da

6 lelsm—1
for all w €O [0 <z <4/2].

Proof of Theorem 3.1. We may, without loss of generality, assume that N =
(1,0, ..., 0). By Theorem 2.1 we may assume that the initial surface is convex.
Suppose then that % is a solution of P(x, D)u+@Q(x, D)u=0 which vanishes, say,
for x, <%+ ... +22. Let £ be a C® function of z; such that {=1 for x<j/4, and
£ =0 for x,>4/2. Since @ has bounded coefficients there exists a constant C such
that

| P(z, D) u|? < CI I > | D.ul
| <m -1

The function % —({u has compact support in 0 <z, <§/2. By Theorem 3.2 we have
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K - L
f e"==%"| P(x, D) i|* da > 5 > J‘ =" D, da.
0<z1<6/2 0<2:<6/2

le|<m—~1

After splitting the range of integration at x,=48/4 and using the fact that & =u
when 2, <3§/4 we obtain

) K _op
f P ]P(x, D) 1zlz de> (__2 _ 0) f a9 > |D“ul2 dzx.
8/4<z,<8/2 6 O<z1<d/4

lef<m -1

We next choose § so that K/02—(C>1. We then shrink the region on the right side
of the above inequality to 0 <z, <J/8 and use the monotonicity of (z, —d)? to obtain

el‘%a)zf | P(x, D) i dow > e’k%‘s)gf > |Dyul?de
d/4<r<d/2

O<iy<6/8 |a]<m—-1

which is clearly impossible for large A unless u is zero for x, €[0, §/8]. This completes
the proof of Theorem 3.1.

4. Reduction of the proof of Theorem 3.2

In this section we reduce the proof of Theorem 3.2 to proving L, inequalities
between differential operators with constant coefficients acting on functions whose
support is small with respect to A-1/2. We use a slight modification of the partition
of unity used by Hormander. ’

Lemma 4.1. There exists a sequence of points {x,} in R, and a partition of unity
{5} such that x,€supp V', and diam supp ¥, < KA-126-1/4. At most 2" of the supports
rf the x;’s intersect at one point. There exists o constant K, such that if |a| <m, then

DAY | <K, (226141,

Proof. Let 0<) €05 [0 <, <1/2] and assume that
f A(w)dx=1. (4.1)
By
The non-negative function Q(z) defined by
Qz(x)=f X(x—y)dy
Oyl

is in OF[—1/2 <x,<3/2]. It follows from (4.1) that if {L} denotes the set of lattice
points in R,, then

2Q0z—-L0)=1

c
It is clear from the fact that the support of Q is in the cube [ —1/2 <z, <3/2] that
at most 2 of the supports of the functions Q(x — L) intersect at a point. There exists

a common bound K, for Q(x— C) and its first m derivatives. The sequence {¥2}
with'W, =Q(11/26'4 — £) and x, = 11/20-V/4( satisfies the requirements of Lemma 4.1,
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Lemma 4.2. Let w€CF[R,] and define u,=V,u. If P(x, D) is an m-th order homo-
geneous differential operator with C? coefficients, then there exists a K such that

| P(x, D) ul*>1/2 ; {|P(x, D) ug|* — KA(S”ZMZ:J P*(x,, D) u,[*
— KA %2 > | Py(x,, D) uglz-K}fZé‘ll IZ [ Doy ?
{a|=1 al=m

~K 3 |D.w[}-K lz (A6Y3)™ 1| D ul? (4.2)
-1 lejsm—-2

le] =m

Proof. Tt follows from Leibniz formula that

Y, P(x, D)u =Pz, D)u,— >, L

=1 |of!

DY, P¥x, D).

Since > ¥ =1, |D,¥,| <K, (1/25¥%) and at most 2" of the supports of the '';’s
intersect at a point, it follows from the inequality 2xy <ex? +&1y? that

| P(z, D)u[*>1/2 > | P(x, D) u,|* — KI > 1(};6”2)'“' |P*(x, D) ul?.
g a|=

for some large K.
After re-introducing the partition of unity into each of the above terms where
|e] =1, we obtain by similar reasoning

| P(x, D)ul|*>1/2 ; {|P(x, D) u,|* - KIKIZ:JP“(x, D) uy|*}

—K 3 (28" | P*x, D) ul. (4.3)

|| =2
By expanding each of the coefficients of P(z, D) to two terms about x =x,, we obtain
P(x> D) uQZP(xgi D) uﬂ+ %: (xk_xg.k) Pk(xg: D) Uqg

+3 Z (25— 2, ) (tx — 24, 1) Py (£, D) ug.

N
Within the support of u, we have |z —2,| < KA '?¢""*. Hence

| P(x, D) uylz >|P(x,, D) uolz - Klila—llzl gllpa (@5, D) ug|* — K),*Z(S_ll 12 l Dyl
(4.4)

Similarly, by expanding the coefficients of P#(z, D) to one term about z,, we obtain

S P @ Dy < 3 [Py, Dy, + KA 3 [Daw. (4.5)

The proof of Lemma 4.2 is completed by substituting (4.4) and (4.5) into (4.3)
and using the fact that P=(x, D) is a homogeneous operator of degree m — || with
bounded coefficients.
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5. Pointwise inequalities between polynomials

In this section we derive pointwise inequalities between various polynomials
related to a given elliptic polynomial P(z, £) which satisfies condition 4 and has
at most double characteristics. The analyticity condition B is needed only to insure
that conditon A is preserved after a preliminary change of variables. Once that
change of variables has been made, we make no further use of analyticity.

We assume, as we may, that N=(1,0, ..., 0) and that the coefficient of &* in
P(z, &) is equal to one. Condition A then implies that we may write

Ple,8)= [T -, §), (5.1)

where 7,(z, &) is of class O with respect to €D and &' =(0,&,,...,§,)€ER,_;. We
shall have use for the Lagrange interpolation polynomials defined by

1oP(@, &) = Pz, £)/(&, —7i(®, £))
and wb(@, §) = P(x, E)[(& —7)(x, &) (& —mle, &), j+ k.

We begin by proving an identity relating the polynomials P® =0P/[0&, and the
polynomials ;P(z, £). It will be convenient to rewrite (z, §) =(z, &;, &').

Lemma 5.1. There emst bounded functions Az, &) such that P®(x,(,, &)=
2.7t A e, &) P, 0y, &) for (x, (1, §)ED X Cy x R, _;.
Proof. If k=2, we differentiate (5.1) in order to obtain

PO, g, )= 3 T0EE) p

o afk 7 (.’I/', El:g)'

The functions 7,(x, £'), being roots of a homogeneous polynomial in ({, &), are
homogeneous of degree one in &'. Hence their derivatives, A, =01,/0&, are homo-
geneous of degree zero in & and are therefore bounded by a bound for their restric-
tions to the compact set D x {|&'| =1}. If k=1, we have A4, =1. This completes
the proof of Lemma 5.1,

Corollary 5.2. There exists a constant K such that if n€R,, & ERn_l, y€D and
u€C0™ Y, then

| PPy, Dy +in, &)Yulz,) [2<K Z | /Py, Dy+in, EYulx)|2 (5.2)
7
Proof. Since the A4,’s of Lemma 5.1 are independent of &, we have the identity

Py, D, +a, §)ulz,) = zj:Aﬂc(x: &) Py, Dy, +im, £ u(xy).

The proof of Corollary 5.2 is then an immediate consequence of the boundedness
of the 4,’s.
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Lemma 5.3. There exists a constant K such that if (x, {)=(x, {1, §YED x C; x R,_,,
then

[cp 1)<K{Zl P, O + (Im 51)2Zlmp(x O, (5.3)
P < E{| P, OF + (Im £)* 3Pl 0, (5.4)
and | Pe(, O <K{| P, O + (Im £y) Zl P, O} (5.5)

Proof. By homogeneity it is sufficient to prove (5.3) and (5.4) when |{|=1. If
Im ;=0 (and hence ¢ is real), the interpolation polynomials ;P are not zero since
P(x, £) has no real zeros. If Im £, +0 the polynomials ,P(x, ) have no common
zero since P has at most double characteristics. It follows that the right-hand side
of (5.3) is never zero and hence by econtinuity has a positive lower bound on D x
{|¢| =1}. Similarly, using the fact that P(x, £)==0 for real &, it is seen that the
right-hand side of (5.4) has a positive lower bound on D x {|{| =1}.

In proving (5.5) we assume, by homogeneity, that |&'| =1. Since, by ellipticity,
Im 7,(x, &) %0 for & =0, and 7,(z, ) is continuous, there exists an # >0 such that

IIm Tk(x7 El)l >7]
for (x, £')€D x {|&'| =1}. We obtain by differentiating (5.1) that

ot;(w, &
e 581 - 55D

J'P(xs Ela 5’)
Since d7,/0x, is bounded on D x {|&'| =1}, there exists a K such that
| Pz, C1:§)|2<n (Im £,)? ZIP"L‘&‘DE)I (5.6)

it [Im {y|>n and (z, &)eEDx{|&]|=1}. If |Im | <w, Pz, {, &)+0. As a
polynomial in {; P is of higher degree than P,. It follows that there exists a constant
K such that

|Pil, &y, E)|2<K|P(x, £y, &2 (6.7)

if |Im¢,|<#n and (z, &)€D x {|&'| =1}. The proof of (5.5) (with a different K) is
concluded by combining (5.6) and (5.7). This completes the proof of Lemma 5.3.

6. L, inequalities between ordinary differential operators

In section 4 we reduced the proof of Theorem 3.2 to proving inequalities between
expressions of the form

fe’l("*‘”z |Q(D) u | du,

where @ is a partial differential operator with constant coefficients, By taking the
Fourier transform with respect to z'=(x,, ..., #;,) and applying Parseval’s identity
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the problem can be further reduced to considering weighted L, norms of ordinary
differential operators. In this section, we therefore prove some preliminary L,
inequalities between ordinary differential operators. The first is the simplest case
of a general inequality of Tréves [12] p. 137. For completeness we repeat his proof.

Lemma 6.1. If u€C, and 6€R;, then for every u€CF (R,)
f|(Dt+il(t—6) + 1) u|2dt>21f|u|2dt.
Proof. Let the operator 4 be defined by 4 = D,+1A(t —8) +u. The commutator of
4 and its formal adjoint 4 =D,—iA(t —38) /i is given by
AA— 44 =2).
It follows that if u€C§°, then
([ Awff? =[] Aw* + 22 ][> > 24 |||

This completes the proof of Lemma 6.1.

We note that Lemma 6.1 places no restriction on y or on the support of u. If
1 =0 and the support of u is suitably restricted, we can obtain an inequality which
is stronger for large 4.

Lemma 6.2. If u€C§7[0, §/2], then
. 2 (A0)? 2
{(Dy+ iA(t — O) u| dt>—4—— |u2dt for all A=>0.
Proof. The right-hand side of the above inequality is equal to (recall that D,=
— 1 (d/ds)
f{ [ (1) |2 —2A(t — ) Re w'a +2%(t —0)2 | u|?} dt.
By writing 2 Re u'a =d/dt|u|? and integrating by parts, we see that the second term
is non-negative for 1>0. The proof is completed by noting that (¢ —d)?>4§%/4 within
the support of u. We obtain from Lemma 6.1 immediate relations between a given

polynomial with constant coefficients and the corresponding Lagrange interpolation
polynomials.

Lemma 6.3. Let P(z) be a polynomial of degree m with 100ts 11, Ty, ..., Ty If ;P(T) =
P(0)(v—,) and ,.P(x)=P(0)/(v—7,) (x —7), j+ k, then

f|P(Dt +iA(t—0)) ulrdt = 2—1:‘ > fle(Dt + At~ 0)) w[? dt, (6.1)

f|,-P(Dt +iA(t—O) ulrdt > 2 0 > fljkP(Dt + 3t — &) ul? dt, (6.2)

(m —
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ar > | |wP(D;+ A — 6)) w|* dt (6.3)

and | P(D; +3A(t — 8)) u? dt > ———
m(m — 1) ;55

for all w€ Cg° (R,).

Proof. (6.1) is proved by writing P(t)=(r —7;) ;P(z), applying Lemma 6.1 with
w=—1;, and summing with respect to j. The proofs of (6.2) and (6.3) are similar.
The next two lemmas will be used to determine the error resulting when an ope-
rator R(D,+1A(t—0) is replaced by the constant coefficient operator R(D,-2(t, —9)).

Lemma 6.4. Let Q(t) be a polynomial of degree m. There exist constants Oy, ; such
that for any quadratic polynomial w(t) we have
T, k=25, .7 i0® (D
QD, +io'(t)) 2 20:”[60 OF 7 [o"®OF @7 (D).
(Here Q™ (7) =d*Q/dt*.)

Proof. We first note that Q(D,+iw’(t))u=e*YQ(D,)e”*“u. We then apply Leibniz
formula in order to obtain

m

Q(Dy) e Oy = Z

3 L DEe - QP (D) u (6.4)

It is easily verified that there exist constants C,; such that

1 [x/2]

! Die O =e® go Cislo’ ) [0 ®)) (6.5)

(It can be shown that O, ;=(—1)*/21(k —24)!.) The proof of Lemma 6.4 is completed
by substituting (6.5) into (6.4).

Lemma 6.5. Let Q() be a polynomial and let I, be an interval of length C(An)~2,
0<n<1. If t,€1;, and w€CF[1I;,), then there exists a constant K >0 such that

o, rite—tul:+K 3, () |020,+ite—tyul > @Dl

> HQD, + At —t,) u|* — 2 ( ) [Q® (D +id(t— ) u |’

Proof. Let w(t)=3At—ty)2. If t€ 14, we have [o'(t)| <O(A/p)/? and |w"(t)| <A.
It follows that
w21

S O’ )1 [0 (t) " K@ /)" (6.6)
Hence, by Lemma 6.4, we have
k/2
| QD+ 1o’ (1) w — QD) u| < Kk; (%) |Q® (Dy) u| (6.7)
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for t€ I}s. By applying (6.7) to each @®, k>1, we obtain (with a larger K)
k{2
|Q(D,+ i’ (1)) u— QDY) u| <K S (:—17) |Q® (D, + il (t)) ul. (6.8)
k=1

The proof of Lemma 6.5 follows by squaring both sides of 6.8 and using the in-
equality between geometric and arithmetic means in the form 2xy =ea?®+e1y2.

7. L, inequalities between partial differential operators

We now use the results of the previous section to prove inequalities suggested
by Lemma 4.2. We begin with an inequality which gives an estimate for lower
order derivatives in terms of (m —1)st derivatives.

Lemma 7.1, If w€COF[0<x, <4/2], then there ewists a constant K such thai
for all 220 and k<m 1.

fel(’”‘"’)z | Dyul? de = K(ASXm 0 > fel(““‘”z | Dpu|? dx
Jej=m—1 |} =k
forall A0 and E<m—1,

Proof. By applying Lemma 6.2 to v =’ 2D _u, we obtain

> fel(’““’)ﬂDlD [2dac>(}La

[l =7

szwwwm

If we sum the left side of the above inequality over all (j--1)st derivatives, we
obtain an inequality which, when interated, yields Lemma 7.1.

The next lemma shows that Theorem 3.2 is true for functions whose support
is small with respect to 1.

Lemma 7.2, Suppose that Q);€ R, is a subdomain of [0 <z, <d/2] whose support

s of diameter O(A-126-1/4). There exist constants K >0 and 0,<1 such that if 6<d;
and A>0-3, then

M| Py, DY ul? da > K & D wl? dx
T8 S

for all u€CP(Q,4) and y€Q, ;.

Proof. Let v=e"®9"2¢ ¢(x,, &) the Fourier transform of v with respect to
(%2, .o, 2,), and §(§) the Fourier transform of v with respect to (xy, ..., z,). It is a
consequence of Parseval’s identity that

feﬂ("_")" |P(y, D) u|* de = f[P(y, D, + Mz, — 0), &) 0 dx, dE'. (7.1)

By using (6.1) and (6.3), we see that, if 1>1/8?, the right-hand side of (7.1) dominates
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K
5 f{]z |;P(y, Dy +ik(z,— ), &) 6>+ (M)ng,«kP(y, D, + Az, —98), &) O P} dwy dE (7.2)

for some K >0. We next multiply both sides of (5.3) by | #£)|2 and integrate in order
to obtain

J‘g | /Py, &+idly, — O+ Ay, — 5)2]_§k|jkp(?/, E+id(y,— )P} 6(5)*dé
>K f |&+id(y,— O Pla@) P dE. (7.3)
By using Parseval’s identity (with respect to ;) and (y, — 8)® < 4% in (7.3) we obtain
f{]z [Py, D, +iA(y, — 9), &) 6 [?+ (25)2]§k| %Py, Dy + My, — 5), &) 8|*} da, dE'
> Kﬁ (D, +iA(y, — 8), &) BV, dE . (7.4)
Again using Parseval’s identity, we see that

> || Dul da. (7.5)
1

x| =m-—

f| (Dy + 1Ay — ), &) P Vda, dE' =
l

We note that the left side of (7.5) is the right side of (7.4) with y, replaced by ;.
In order to complete the proof of Lemma 7.2 it therefore suffices to examine the
error introduced by replacing y, by z; in (7.4). Since diam supp Q, ; =0(1"124-1/4),
it follows from Lemma 6.5 with =3/2, that this error is bounded by

l m—1—|a| .
K{ > (*172) J'e’l(""’) | Dul? dx
le|l<m—-2 6

DS (6—f,—2)m+lul f e’l("_‘»z{Daulzdx}. (7.6)

la|sm—3

By using Lemma (7.1) together with A-1<#* we see that (7.6) is bounded by

K& > || Dyuf da. (7.7)

la|=m-1

The proof of Lemma 7.2 is completed by using (7.1)—(7.7) together with the remark
following (7.5).

The next lemma shows that when the characteristics are smooth we can get a
better estimate for P, than we can for arbitrary mth derivatives (compare with
Lemma 7.4).

Lemma 7.3. Suppose that Q,s< R, is a subdomain of [0<x,<§/2] whose support
has diameter of order O(A-V25-14), There exist constants K >0 and 0y <1 such that if
0 <4y and 1>063 then
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f | Py (y, D) ul? de < K3 f | Py, D) ul? do

KA

+_
1/2
6 ! e =m—-1

0| Dul da
for all u€C§(Q) ;) and y€Q, ;.

Proof. Let v, 9, and § be defined as in the proof of Lemma 7.2. We multiply both
sides of (5.3) by | #(&)|? and integrate in order to obtain

flPk (y, & +idy, — 8) (&) P dé < KflP(y, E+id(y, —0)) 0(§) [P dé

+ER (y, - 0)* g fle(y, E+id(y,— o)) ds. (7.8)

As in the previous proof we apply Parseval’s formula with respect to #, and then
use Lemma 6.5 to estimate the error introduced by replacing (i, —8) by (x; —9).
The result is

flPk (y, Dy +id(xy — 0), &) 13]2 dx, d&’
<K f | P(y, Dy + i, — 8), &) 8[* d, d&'
+K12622flj1’<y, D, +id(a, ~8), £) 6] da, dE'
i

m ol
+K 2 (gf‘.@) fel<"‘5)2|Dau|2dx

e sm—1

m—-1-l«f
RGO S (64) f 69| D, ut . (7.9)

| xm—2

The proof of Lemma 7.3 is completed by using Lemma 6.3 to estimate the term
involving ;P and by using Lemma 7.1 to estimate the error terms.

The next lemma gives an estimate for arbitrary mth derivatives in terms of
P(y, D)u.

Lemma 7.4. If Q, ,= [0 <w, <8] and has support of diameter O(A~1/26-1/4), there exist
constants K >0 and dy<1 such that if § <8, and A>3 then

> || DyuPde < K22 64‘[&(’“_‘5’2 | P(y, D) u|? du.

=] =m

for all w€ CF [Qus] and y € Q.

Starting with (5.4), the proof of Lemma 7.4 follows the same line as the two
previous proofs. We leave the details to the reader.
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Finally we state a lemma which shows that when the characteristics are smooth

we can obtain better estimates for P*(x, D)u then we can for arbitrary (m-1)st
derivatives.

Lemma 7.5. There exists a constant K >0 such that
fe””““”’ |P(y, D) u|? dx> K}.J‘e’l(’“"’)2 | P*(y, D) u|* d
for all u€ C°{0 <z, <8/2) and k=1,2, ..., n.
Proof. Corollary 5.2 applied to 9(z,, &) gives
flPk (y, D, +iA(z, — 8), &) 6> da dE’ < K ; f|jP(y, D, + iMx, —90), &) * dw, dE'.

The proof is completed by applying Lemma 6.3 to the right side of the inequality
and using Parseval’s identity.

8. Completion of the proof of Theorem 3.2

After multiplying both sides of (4.2) by ¢*®*~¥" integrating, and applying Lemma’s
7.2-7.5, we obtain

J'e"“"‘”“ |P(z, D) ul? dx >3, {(1/4 - 0(51/2))f"/wr6)2 | P(xy, D) u[? da

+ fs—"; a-oey > | |Dau,,|2dx}
a|=m-1
—K 3 (@87 f | Dul? de. (8.1)
Jej<m—2

Tt follows from Leibniz formula as in the proof of Lemma 4.2 that

S |DaPz12 3 WEDaul—K 3 (AYHm-i-l | D (8.2)
1 Je|=m—1

le] =m— |ef<m—2

We next substitute (8.2) into (8.1), use Lemma 7.1 to estimate the derivatives
of order < m-2 and choose § sufficiently small.
The result is

J‘e’l"“*‘s’2 | P(z, D) u[fdz> K > femra)* | D, ul? da.

2
0% |a) ~m—1

The proof of Theorem 3.2 is completed by using Lemma 7.1 together with the above
inequality to show that

f 75| P, DyuPdzzt S || Douft da.

& | <m-1
This completes the proof.
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