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Global rigidity theorems of hypersurfaces

Haizhong Li

0. Introduction

This paper is a continuation of our previous paper [14]. In Section 1, we
first study the Cheng—Yau’s self-adjoint operator [0 for a given Codazzi tensor
field =3, ; ¢ijwiw; on an n-dimensional compact Riemannian manifold. We ob-
tain a general rigidity theorem (see Theorem 1.1) which generalizes Cheng—Yau's
works ([5]). One of our conditions is

(0.1) V> > |V (tr ¢))?,

which is the natural generalization of one of the following two conditions,

(1) tr ¢=constant,

(2) (tr $)?—|¢|?=constant >0.
We also note that the condition (0.1) comes out naturally when we study the opera-
tor 0. Let M be an n-dimensional hypersurface in an (n+1)-dimensional real space
form R™"!(c). Observing that the second fundamental form tensor h;; is a natural
Codazzi tensor on M, in Section 2, we apply the study of Section 1 to these hy-
persurfaces and obtain general rigidity results (see Theorem 2.1 and Theorem 2.2)
which unify some existing results. Condition (0.1) becomes in this case
(0.2) IVB|? > n?|VH[?,
where |VB*=3", . b2, H=(1/n) > hxx. Thus condition (0.2) is the natural
generalization of one of the following two conditions,

(1) H=constant,

(2) R—c=constant>0, where R is the normalized scalar curvature.
The case (1) has been studied by many authors (see [24], [26], [17] and [2]); case (2)
has been studied by [5] and [14]. Our rigidity theorems unify some existing results.
In Section 3, we check the geometric meaning of our condition (0.2) for the simplest
case n=2. If M is a W-surface, then we find that condition (0.2) is equivalent to
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the concept “special W -surface” which was first introduced by S. S. Chern [6] for
surfaces in R®. Thus condition (0.2) can be considered a natural generalization of
the concept of special W-surfaces to higher dimensional hypersurfaces. Our results
in this section generalize Chern’s results. Let M be an n-dimensional spacelike
hypersurface in an (n+1)-dimensional Lorentzian space form R} (c). Observing
that the second fundamental form tensor h;; is a natural Codazzi tensor on M, in
Section 4, we apply the study of Section 1 to these hypersurfaces and obtain some
rigidity theorems which naturally generalize the existing results of Akutagawa [1],
Ramanathan [21] and Montiel [15] about Goddard’s conjecture [10]. In this section,
we also propose two problems related to Goddard’s conjecture.

1. Cheng—Yau’s self-adjoint operator [

Let M be an n-dimensional Riemannian manifold, ey, ... , e, a local orthonor-
mal frame field on M, and wy,... ,w, its dual coframe field. Then the structure
equations of M are given by

(11) dwi:ZWij/\Wj, Wij = —Wji,
J
(12) dwij :Zwik/\wkj+9ij7
k
where
(1.3) Qij=—13 ZRijklwk/\wl,
k.l
and

Rijri+Rijie =0,

where w;; is the Levi-Civita connection form and R;;y; is the Riemannian curvature
tensor of M.

For any C?-function f defined on M, we define its gradient and Hessian by the
following formulas

(1.4) deZfiwm
(1.5) > fwi=dfi+> | fjwji.
J J

We know that f;;=f;; by exterior differentiation of (1.4).
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Let gzﬁzzm. ¢sjw;Qw; be a symmetric tensor defined on M. The covariant
derivative of ¢;; is defined by (see [5])

(1.6) > Gijpwr =ddi;+ > Srwhit Y |, Giktn-
P ¥ p

We call the symmetric tensor ¢:Zi7 j Pijwi®w; a Codazzi tensor, if (see, for exam-
ple, [9] or [23])

(1.7) Gijk = Dikyj-
The second covariant derivative of ¢;; is defined by
(1.8) Z Gijriwr = dsjp +Z PmikWmi +Z DimkWm; +Z DsjmWmk-
1 m m m
By exterior differentiation of (1.6), we obtain
(1.9) Z¢ijklwl/\wk =Z¢mj9mi+z Pim Sl
Lk m ™
Therefore we have the following Ricci identities

(1.10) Dijrl — Dijik = Z Gmj Rk +Z Dim Bl

Remark 1.1. The concept of Codazzi tensor on a Riemannian manifold is a
natural generalization of the second fundamental form of a hypersurface in a real
space form. The class of manifolds admitting Codazzi tensor fields is large (see [9],
1191, [23)).

We first recall the definition of the following self-adjoint operator OJ introduced
by Cheng-Yau in [5].

Definition 1.1. Let ¢=3", ; ¢;jw;®w; be a Codazzi tensor field on a Riemann-
ian manifold M. We define the operator [ associated to ¢ by

Of=)_ ((Z ¢kk) 6ij_¢ij>fij:
i SNk

for any C?-function f defined on M.
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Proposition 1.1. Let M be a compact orientable Riemannian manifold. Then
the operator O is self-adjoint.

Proof. Let Yij :(Ek d)kk)éij _(bij' Then
Z Pijj = (Z ¢kk)' —Z $ij; =0,
J k vy
where we make use of the fact that ¢;; is a Codazzi tensor field on M. We complete

the proof of Proposition 1.1 by applying Proposition 1 of [5].
The Laplacian of the tensor ¢;; is defined to be >, @;jkx, and therefore

Ay = Z¢ijkk
%
= (bijur—Gikjr)+ > _(Dikj —Bukkg)+ > (Dikkj— Prkis)+ D Brki
k % k %
= Z Dk Rmijk -I-Z Gim Bonkjk +Z(¢iﬂck —Pikjk)
m,k m,k k

+;(¢ikk1 — brkij)+ (zk: ¢kk> )

(5]

(1.11)

By use of (1.7), we have

(1.12) Adij = (Z ¢kk)' '+Z ¢mkRmijk+Z Pim Bk
k m,k m,k

)

Let |¢2=3", ;% [VOPP=3, ; 1 9%, and tr =3, dk. Then equation (1.12)
shows that

(1.13) %A|¢|2=|V¢|2+Z¢ij(tr¢)ij+ Z GijPmkRmijrn+ Z GijGim Rk
2,5 i,7,m,k i,j,m,k

Near a given point p€ M, we choose a local orthonormal frame field {e; , ... ,e,}
and its dual frame field {w;,... ,w,} such that ¢:Zi’j Pijw; Qwj, dij=Aibs; at p.
Then (1.13) is simplified to

(1.14) IAIGP =V +Y  Niltr@)u+3 Y Rijig(N—Ay)%
i 1,7
Denoting the second symmetric function of ¢;; by m, we have

(1.15) m=>_ N\ =(tr¢)°—|¢|”.
i
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Combining (1.14) with (1.15), we obtain

(1.16) LA(tr¢)? = 1Am+|V¢|2+Z>\ (tr ¢)ii+2 ZRW i—2)2.
7]
From Definition 1.1 of [J, we have by (1.16)
(L17) D d) = BAm+ Vol [V(tr )P+1 3 Rigis i Ay)2.
i?j

Since [ is self-adjoint and M is compact, we get by integration of (1.17)

(118) [ iwsr-rewor [ 4 ES R

Our first result is the following theorem.
Theorem 1.1. Let qﬁ:zi’ j $ijwi®w; be a Codazzi tensor field on a Riemann-

ian manifold M. We assume the following condition

(1.19) IVo|* > |V (tr ¢)P.

(1) If M has positive sectional curvature, then all the eigenvalues of ¢;; are
the same on M.

(2) If M has nonnegative sectional curvature, then we have |V¢|2=|V (tr §)[?
and R;j;=0, when X\;#X; on M.

The following two lemmas show that condition (1.19) is natural.
Lemma 1.1. If

(1.20) 1 ¢ = constant,

then (1.19) holds.

Lemma 1.2. If the second symmetric function of ¢;; is a nonnegative con-
stant, i.e.

(1.21) m:Z)\i)\j = (tr $)? —|$|* = constant >0,
i#j
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then (1.19) holds.

Proof. Taking the covariant derivative of (1.15) and noting m=constant, we
have for each k
(tr @)(tr )e = dij b
(¥

It follows that

(122) (oP(Vrgf=y (Z ¢z-j<mjk)2 <( > czs%j) (Z S ) =I0IVoP

w3k

On the other hand, from m=/(tr ¢)?—[¢[?>0, we get (1.19). This completes
the proof of Lemma 1.2.

Corollary 1.1. Let ¢=3, ; d;jw; @w; be a Codazzi tensor field on a Riemann-
ian manifold M.

(1) If M has positive sectional curvature and (1.20) or (1.21) holds, then all
the eigenvalues of ¢;; are the same on M.

(2) If M has nonnegative sectional curvature and (1.20) or (1.21) holds, then
M is the closure of | o;, where each point of the open set o; has a product neighbor-
hood Nix...x Ny such that the tangent space of each N; is spanned by eigenvectors
of ¢i; with the same eigenvalue. In particular, when M is locally irreducible, all the
eigenvalues of ¢;; are the same.

Proof. From Theorem 1.1, Lemnma 1.1 and Lemma 1.2, we only need to prove
(2) of Corollary 1.1. Under the assumptions equality holds in (1.19). We have
Gijk = CkPijs
where ¢, are some numbers. If ¢,; =A;6;;, we have
(Ai=Ajwi; =0, 5]

Using the fact that }°, ; Rijij(Ai—A;)*=0, we can prove that M is the closure of
|J o;, where each point of the open set o; has a product neighborhood Ny x...x N,
such that the tangent space of each N; is spanned by eigenvectors of ¢,; with the
same eigenvalue. This completes the proof of Corollary 1.1.

In this paper, we also need the following algebraic lemma which was first used
by Okumura [18] (also see [26], [2] and [14]).
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Lemma 1.3. Let p;, i=1,... ,n, be real numbers such that ), u;=0 and
S u2=02, where B=constant>0. Then

_n7—2 3 3 n-2 5
(1.23) n(n_l)ﬂ < i 7 S\/mﬁ,

and equality holds in (1.23) if and only if (n—1) of the p; are equal.

Proof. We can obtain Lemma 1.3 by using the method of Lagrange’s multipliers
to find the critical points of 3, u? subject to the conditions Y, pu;=0and Y, u?=0>.
We omit it here.

2. Hypersurfaces in a real space form

Let R"*1(c) be an (n+1)-dimensional Riemannian manifold with constant
sectional curvature c. We also call it a real space form. When ¢>0, R"H(c)=
S"*t1(c) (i.e. (n+1)-dimensional sphere space); when c=0, R**!(c)=R"*! (i.e.
(n+1)-dimensional Euclidean space); when ¢<0, R**(c)=H"*!(c) (ie. (n+1)-
dimensional hyperbolic space). Let M be an n-dimensional compact hypersurface
in R"*1(c). For any p€ M we choose a local orthonormal frame e, ... ,€p,€nq1 i
R™*1(c) around p such that ey , ... , e, are tangential to M. Take the corresponding
dual coframe {ws, ... ,wn,wny1}. In this paper we make the following convention
on the range of indices,

1<A B,C<n+1; 1<i,7,k<n.
The structure equations of R"*1(c) are

dwp= Z WABAWB, WAB= —WBA,
B

dwag :ZwAc/\wcg—ch/\wB.
C

If we denote by the same letters the restrictions of w4, wap to M, we have

(2.1) dw; = Zwij Awj,  Wij = —Wji,
J

(2.2) dw; =Zwik/\wkj—%ZRijklwk/\wl7
% P

where R;;1; is the curvature tensor of the induced metric on M.
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Restricted to M, wp4+1=0, thus

(23) 0=dwn+1 :an+1i/\Wi,

and by Cartan’s lemma we can write

(24) Win+4+1 = Z h?ljwjv hij = hﬂ
J

The quadratic form B=}_, ; hjjw;®w; is the second fundamental form of M. The
Gauss equation is

Rijr = (6651 —6udji) +hiwhji —hahj,
(2.6) n(n—1)(R—c)=n*H?—|B|?,

where R is the normalized scalar curvature, H=(1/n)>_, h;; the mean curvature
and |B |2:Zi7 ; hZ; the norm square of the second fundamental form of M, respec-
tively.

The Codazzi equation is

(2.7) hijie = hikj
where the covariant derivative of the second fundamental form is defined by
(2.8) > hijewr =dhij+ Y hijwri+ Y higwi;-
k k k
Let ¢;;=h;; in Section 1 and h;;=X;6;;. We have from (1.18)

(2.9) /M[|VB|2—n2|VH|2]+/M 1 ;RW(AZ.—AJ-V —0.
By use of (2.5), we have
(2.10) 33 Rijij(M—A)? =nc|B*—=n*H?c—|B|*+nH Y A},
2] i
Let u;=X;—H and |Z]?=3", u?. We have
(2.11) > wi=0, |Z=|Bf—nH?,

(2.12) SN =Y u+3H|ZP +nH.
i i
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Putting (2.11), (2.12) into (2.10), we get

(2.13) 1) Rijij(hi—X)? =2 (ne+nH?—|Z|? +nHZ,uZ

4,3

By use of Lemma 1.3, we have

(214) 3 Ryi(h—X)°

Z(|B|2—nH2)(nc+2nH2 |B)?— \/((7]H|\/|BP—nH2)

Putting (2.14) into (2.9), we obtain the following key integral inequality
/M[|VB|2-n2|VH|2+(|B|2—nH2)

x <nc+2nH2—|B|2 \/?_2 |H|\/|Bf2—nH2>}

- [ 1wBe v [ [asp-ne

( BE—nHZ+ - (n— 2\/7|H|+\/”C+—)>
x(—\/m—%(”_m\/i'H'—FMH

<0.

(2.15)

Note that we assume n2H2+4(n—1)c>0, if ¢<0.
From (2.15), we get the following result.

Theorem 2.1. Let M be an n-dimensional compact hypersurface in an (n+1)-
dimensional real space form R"t'(c). If

(2.16) IVB|?>n?VH|?
and
n3 n—2
(2.17) nH? <|B|? <nc+ H? VnAHA+4(n—1)n2H2¢,

2(n—1)"  2(n-1)

then either
|B|? =nH?
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and M is a totally umbilical hypersurface;
or
n3 2 n—2
2(n—1) 2(n—1

(2.18) |B|? =nc+

] VnAHA+4(n—1)n2H2c

and M has two different principal curvatures A1 and A, i.e.

_ nH++/n?H?+4k(n—k)c

)\1::)\k 2k ?
nH—+/n?H?+4k(n—k)c
Abst = o= A= a—

for some k with 1<k<n.

Corollary 2.1. ([2] and [26]) Let M be an n-dimensional compact hypersurface
in an (n+1)-dimensional real space form R""1(c) with constant mean curvature H.
If (2.17) holds, then either

(1) |B|?=nH? and M is totally umbilical; or

(2) |B*’=nc+n®H?/2(n—1)—(n—2)/n*H*+4(n—1)n2H2c /2(n—1),
and case (2) happens if and only if

(a) when H=0, then ¢>0 and M is a Clifford torus in S"*1(c),

(b) when H#O0, then ¢>0 and M=8""1x 81,

Remark 2.1. Except the statement of classification the results (a) and (b) were
first proved by Sun Ziqi in 1984 and published in 1987 (in Chinese) (see Theorem 1
of [26]) under the guidance of Professor C. K. Peng. A complete statement of
Corollary 2.1 was rediscovered by H. Alencar and M. do Carmo independently in
1992 and published in 1994 (see Theorem 1.5 of [2]).

Proof of Corollary 2.1. From Lemma 1.1 and Theorem 2.1 it follows that either
B|?=nH? and M is totally umbilical, or
y

B2 =netn* B2 /2(n—1)— (n—2) i H+ A(n— D22 /2(n—1).

In the latter case, when H =0, we have ¢>0 and the conclusion comes from [7] or [12];
when H#£0, we have |VB|=0 and n—1 of the \; are equal by Lemma 1.3. Let H>0,
without loss of generality, and A;=...=\,_1#MA,. Then from (n—1)A\;+\,=nH
and Rip1n=A1An4c=0,

\ - nH4+/n?H%+4(n—1)c A _ nH—y/n?2H?+4(n—1)c
T 2(n—1) roon 2 '

When ¢>0, M=5""1(1/A1)xS*(1/)\y); the case ¢<0 does not happen since M is
compact. This completes the proof of Corollary 2.1.
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Corollary 2.2. ([14]) Let M be an n-dimensional (n>3) compact hypersurface
with constant normalized scalar curvture R in an (n+1)-dimensional real space form
Rt 1(c). Assume

(1) R=R—c>0,

(2) the norm square |B|? of the second fundamental form of M satisfies

n[n(n—1)R?+4(n—1)Re+nc?

(2.19) nR<|B|*< —
(n—2)(nR+2c)

Then either
(2.20) |B|>=nR,
and M is totally umbilical; or

nln(n—1)R?+4(n—1)Re+nc?]
(n—2)(nR+2c)

(2.21) |B|?=

bl

and (2.21) holds if and only if c>0 and M=S""1(1/71) xS (1/\,).

Proof. Choosing ¢;;=h,; in Lemma 1.2, we have from the Gauss equation
n?H?—|B|?=n(n—1)R>0,

(2.22) |VB|? >n*|VH?.

Again from the Gauss equation (2.6), we find that condition (2.17) is equivalent
to (2.19), noting that the cases ¢<0 do not happen since M is compact. Thus we
obtain Corollary 2.2 from Theorem 2.1.

Remark 2.2. When M is an n-dimensional embedded hypersurface in R"*1(c),
Corollary 2.1 and Corollary 2.2 hold without the conditions (2.18) and (2.19), re-
spectively (see [16], [22]) (in this case M is totally umbilical).

Remark 2.3. From the main theorem on p. 1052 of [13], we can prove that
condition (2.17) or (2.19) implies Ric(M)>0. We also can prove that if
n’H?  n-2
2(n—-1) 2(n-1

(2.17) nH? <|B|? <nc+

] VniH*+4(n—1)n2H?c —e,

or

(2.19) nR<|BP< nfn(n—DR*+4(n—1)Re+nc’]
| =TT sy (2
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holds for some small positive number ¢, then Ric(M)>a(e)>0. Thus from Bonnet—
Myers’ theorem, Theorem 2.1 and Corollary 2.1 hold if we substitute the condition
“compact and (2.17)” by “complete and (2.17")”, Corollary 2.2 holds if we substitute
the condition “compact and (2.19)” by “complete and (2.19')”. In this case, it is
not necessary to refer to Omori and Yau’s generalized maximum principle as many
people do. (See [20], [27].)

Remark 2.4. Let M be an n-dimensional complete hypersurface in the (n+1)-
dimensional Euclidean space R™*1. In this case, (2.17) becomes

2H2
2.17" H2<|Br<™
(2.177) nf” <|BI° < ——,
and (2.19) becomes
(2.197) nR<|BI*>< ;"(n"_;) R.

From an inequality of Chen—Okumura [3], we know that (2.17”) or (2.19”)
implies that the sectional curvature K of M is nonnegative, i.e., K >0. Thus, from
Hartman’s theorem [11], we obtain the following result.

Proposition 2.1. Let M be an n-dimensional complete hypersurface in an
(n+1)-dimensional Euclidean space R™"*1. If the mean curvature H is constant
and (2.17") holds, or if the normalized scalar curvature R is constant and (2.19”)
holds, then either M is totally umbilical, or M=S""1 xR!.

Choosing ¢;;=hi;=A;0;; in Theorem 1.1 and noting that R;j;;=c+A\;, we
obtain the following theorem.

Theorem 2.2. Let M be an n-dimensional compact hypersurface in an (n+1)-
dimensional real space form R"*1(c).

(1) If M has positive sectional curvature and (2.22) holds, then M is totally
umbilical.

(2) If M has nonnegative sectional curvature and (2.22) holds, then either M
is totally umbilical, or M has the following two different principal curvatures

nH+/n2H?+4k(n—k)c

AM=..=A= T
nH—/n2H2+4k(n—k)c
>\k+1:...:)\n= 2(”—]6) s

where 1<k<n.

When H =constant, we have the following corollary.
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Corollary 2.3. ([17]) Let M be an n-dimensional compact hypersurface in an
(n+1)-dimensional real space form R™"*1(c) with constant mean curvature H. If M
has nonnegative sectional curvature, then either M is totally umbilical, or ¢>0 and
M=8r"*x8k 1<k<n.

Corollary 2.4. ([5]) Let M be an n-dimensional compact hypersurface with
nonnegative sectional curvature in an (n+1)-dimensional real space form R""(c).
Suppose the normalized scalar curvature of M is constant and not less than c. Then
M is either totally umbilical, or ¢>0 and M=S""*x 8%, 1<k<n.

Proof. Since we assume R=R—c=constant>0, we have by (2.6)
(2.23) n?H?—|B|? = constant > 0.

Thus (2.22) holds by Lemma 1.2. We conclude that there are at most two constant
and distinct A;’s (thus we complete the proof of Corollary 2.4) by Theorem 2.2 and
the assumption },; A;Aj=n(n—1)R=constant.

Corollary 2.5. Let M be an n-dimensional compact hypersurface with non-
negative sectional curvature in an (n+1)-dimensional real space form R* 1(c) (c>
0). Suppose the normalized scalar curvature R is proportional to the mean curvature
H of M, that is

(2.24) R=aH, a >n—’

where a is a constant. Then M is either totally umbilical, or ¢>0 and M=S5""Fx
Sk, 1<k<n.

Proof. By use of the Gauss equation (2.6) and the assumption (2.24), we have
(2.25) |B|2=n?H?+n(n—1)(c—aH).
Taking the covariant derivative of (2.25), we have for each k

2> " hijhijr = (2n*H—n(n—1)a)Hy.
1,9
It follows that

2
(2.26) AIBP|VRBP >4 (Z hijhijk> =(2n2H—n(n—1)a)?|VH|?.
k %)
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By (2.24) and (2.25), we have
(2n?H—n(n—1)a)? —4n?|B]? = (4n*H* +n*(n—1)%a® —4n®(n—1)Ha)
(2.27) —n2(4n*H?+4n(n—1)(c—aH))
=n?(n—1)((n—1)a®—4nc) > 0.

Combining (2.26) with (2.27), we see that (2.22) holds. Thus we conclude that
there are at most two constant and distinct A;’s by Theorem 2.2 and the assumption
(2.24). This completes the proof of Corollary 2.5.

3. Surfaces in a 3-dimensional real space form R3*(c)
In this section we will check the geometric meaning of the condition
(3.1) IVB|? >n?|VH|?

in the simplest case n=2.
Let M be a surface in a 3-dimensional real space form R3(c) with induced
metric ds?=w?+w3. In this case the Gauss equation (2.6) is

(3.2) K=c+A1 ),

that is,

(3.2") 2(K—c)=4H?—|B)°.
We have

|VB|? =hiyy +3h315+3h3y +hiy,

and

4| VH|? = (h111+haz1 )2+ (hi12 +hazz)?
= h’%]l +h§21 +h%12 +h§22 +2h111 h221 +2h112h222.

Thus we know that
(3.3) |VB|?>>4|VH|?
is equivalent to
(3.3) 319 +h3ay > hi11hige +hi12hon.

We first recall a notion introduced by S. S. Chern for surfaces in 3-dimensional
Euclidean space (see [6]).
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Definition 3.1. Let M be a surface in a 3-dimensional real space form R3(c).
At a point of M, let A1 and Ay denocte the principal curvatures. We call M a W-
surface if dA; and d)y are linear dependent, that is, if there exist functions f and
g, not both zero, such that

(3.4) FdAi+gha =0.

We call M a special W -surface, if the functions f and g in (3.4) can be chosen to
be positive, f>0, g>0.

Now let M be a special W-surface, i.e. there exist functions f>0 and g>0 such
that (3.4) holds.
By (2.8), it is a direct check that

(3.5) hin =1, hao=N\)2, 1=1,2,
where d)\iz()\i)lwl—i-(/\i)QWQ, i=1,2.

The equation (3.4) can be written as
(3.6) fA1)i+g(A)i=0, =12,
where f>0, g>0 on M.

Combining (3.5) with (3.6), we have
(3.7) Jhit1+ghoo =0,  fhiia+ghass =0.

Thus (3.3') holds, ie. (3.3) holds. From Theorem 2.2, we obtain the following
theorem.

Theorem 3.1. Let M be a compact special W -surface in a 3-dimensional real
space form R3(c) with nonnegative sectional curvature. Then either M is totally
umbilical, or M is flat.

Proof. The last statement of Theorem 3.1 comes from K=0 when A\; #A\z.

Corollary 3.1. Let M be a compact surface in a 3-dimensional real space form
R3(c) with nonnegative sectional curvature, i.e. K>0. If

(3.9) a(K —c)+bH +d =0,

a, b, d being constants such that b*> —4ad>0, then either M is totally umbilical, or
M is flat.
Proof. Let F(A1, \2)=a(K —c)+bH+d=0. We have
OF oF ¥,
— = — — K- H =0.
o (K—c)+abH+ 1> (K—c)+abH+ad=0

This completes the proof of Corollary 3.1.
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Corollary 3.2. A convex special W-surface in the 3-dimensional Fuclidean
space R3 is a sphere.

Proof. We only need to note that M is called convex, if K>0 on M.

Corollary 3.3. Let M be a complete surface in R3(c) with constant Gauss
curvature K. If K>max(c,0), then M is totally umbilical.

Remark 3.1. For n=2, our condition (3.1) is almost equivalent to the concept
“special W -surface” first introduced by S. S. Chern [6]. Thus condition (3.1) can
be considered a natural generalization of the concept of “special W -surface” to the
higher hypersurfaces in R"*1(c).

4. Spacelike hypersurfaces in a Lorentzian space form

Let RT"!(c) be an (n+1)-dimensional Lorentzian manifold of constant cur-
vature ¢; we also call it a Lorentzian space form. When ¢>0, RTT(c)=S71(c)
(ie. (n+1)-dimensional de Sitter space); when c¢=0, R¥"(c)=L"*" (ie. (n+1)-
dimensional Lorentz-Minkowski space); when ¢<0, R+ (c)=H7"(¢) (i.e. (n+1)-
dimensional anti de Sitter space) (see, for example, [21]).

Let M be an n-dimensional compact spacelike hypersurface in R;’H(c). For
any p€M we choose a local orthonormal frame e ,... ,e,,e,41 in R?H(C) around
p such that eq,... , e, are tangential to M. Take the corresponding dual coframe
{w1,... ,Wn,wn41} with the matrix of connection one forms being w;;. The metric
of R7!(c) is given by ds?=3", w?—w2, ;. We make the convention on the range of
indices that 1<, j, k<n.

A well-known argument [4] shows that the forms w;, 11 may be expressed as
wm+122j hijo, hl‘j :hﬂ The second fundamental form B:Zi,j hijwi®wj. The
mean curvature of M is given by H=(1/n) Y, hi;.

The Gauss equations are

(4.1) Rijii = c(6inbj1— 650k ) — (hanhji —hithjk),
(4.2) R@‘]‘ :(n—l)c&-j—thij-l—Z hikhkj,

%
(4.3) n(n—1)(R—c)=-n*H?+|BJ?,

where R is the normalized scalar curvature, and |B[*=3", . h; the norm square of
the second fundamental form of M, respectively.
The Codazzi equation is

(4.4) hijk = hikj,
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where the covariant derivative of h;; is defined by
Z hijrwr, = dhg; +Z hkjwki"’Z hirwi; .
k k k

Let ¢;j=hi;=Ai6;; in Section 1. We have from (1.18)

(45) / [|VB|2—TL2|VH|2]+/ % ZRijij()‘i—)‘j)2 =0.
M M
By use of (4.1), we have
(4.6) 1> Rijij(Mi—X)? =ne| B —n*H?c+|B|* ~nH > oA
2 i
Let p;=X\;—H and |Z[*=3", u?. We have
(4.7) > wi=0, |Z]?=|B*—nH?,
(4.8) SN =D ui+3H|ZP+nH®.

Putting (4.7), (4.8) into (4.6), we get
(4.9) LY Rijij(hi— ) =122 (ne-nH?+|Z1)—nH Y _ 4.
85 i

By use of Lemma 1.3 and (4.7) we have
(410) 33 Riii(hi—A)?

> (|BP—nH?) (nc—2nH2+|B|2—\;L—T(LT(LT_%|H|\/|B|2—71H2).

Putting (4.10) into (4.5), we obtain
(4.11) / [lVB|2—n2|VH|2
M

+(|B|2—nH2)(nc+|B|2—2nH2——\;‘%lﬂh/wp—nﬂ?)] <0.

Note that
-2
4.12 nc—2nH2+Bz—MH B|2—nH?
v/n(n—1)

_ (W—%(n—mllﬂ\/gj”(cu(il)}[z)'
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Theorem 4.1. Let M be an n-dimensional compact spacelike hypersurface
in de Sitter space ST1(c). If |VB|*>n?|VH|? and H?<4(n—1)c/n?, then M is
totally umbilical.

Proof. Under the assumptions of Theorem 4.1, we have from (4.11) and (4.12),

¢, Rijj=c—XAA;=0, when \;#)\,.

Thus M has at most two distinct constant principal curvatures. We conclude
that M is totally umbilical from the compactness of M. This completes the proof
of Theorem 4.1.

Theorem 4.2. Let M be an n-dimensional complete spacelike hypersurface in
de Sitter space STV (c). If VB2 >n?|VH|? and H?<4(n—1)c/n?—¢, for some
given small positive real number €, then M is totally umbilical.

Proof. From (4.2) and the assumption we obtain

Ry

(n—1Dec—nHN+X 2= (A\—
>(n—1)c—in*H? > izs.

(4.13) i—an ) (n—1)c—in?H?

This completes the proof of Theorem 4.2 if we apply Bonnet—Myers’ theorem
and Theorem 4.1.

Corollary 4.1. ([1], [21] or [15]) Let M be an n-dimensional complete spacelike
hypersurface in de Sitter space ST (c) with constant mean curvature H satisfying
H?<4(n—1)/n?. Then M is totally umbilical.

Proof. Since the constant mean curvature H satisfies H2<4(n—1)/n?, we can
choose & with 4(n—1)/n?—H?>¢>0. We obtain Corollary 4.1 from Theorem 4.2.

Remark 4.1. Theorem 4.2 is the best possible (n>2) since Corollary 4.1 is the
best possible (see [15]).

Goddard [10] conjectured that complete spacelike hypersurfaces with constant
mean curvature H must be totally umbilical. Later, Akutagawa [1] has proved that
Goddard’s conjecture is true when H?<4(n—1)c/n?, if n>2, and when H?<c, if
n=2. (Ramanathan [21] has independently studied the case n=2.) It was pointed
out that the conjecture is false by Akutagawa [1] and Ramanathan [21] when H2>c,
in case n=2 and by Montiel [15] when H?>4(n—1)c/n? in case n>2. Moreover,
Montiel [15] solved Goddard’s conjecture in the compact case without restrictions
on the range of H. In this paper, we also prove the following theorem.
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Theorem 4.3. Let M be an n-dimensional compact spacelike hypersurface in
de Sitter space ST (c) with constant normalized scalar curvature R. If

(4.14) "2 <R<e,
n
then M is totally umbilical.
Proof. By (4.3) and (4.14)
(4.15) n?H?—|B|?>0.

Choosing ¢;;=h;; in Lemma 1.2, we have
(4.16) I\VB|?> >n?|VH|?.

On the other hand, from (4.3), we know that

(4.17) nc—2nH2+|B|2—%|H|\/|B|2—nH2 >0

is equivalent to
(4.18)

nc-l—nT_2|B|2+2(n—1)(R—c)—nT_2\/(|B|2—|-n(R—c))(|B|2—n(n—l)(R—c)) >0,

It is a direct check that the assumption R>(n—2)c/n implies that (4.18) holds.
Thus from (4.11), (4.16) and (4.17), we can prove that M is totally umbilical just
as the proof of Theorem 4.1.

Comparing Theorem 4.3 with Montiel’s result about constant mean curvature,
we find that the following problem is very interesting.

Problem 1. Let M be an n-dimensional compact spacelike hypersurface in the
(n+1)-dimensional de Sitter space ST+ (1) with constant scalar curvature. Is M
totally umbilical?

Now we consider two examples.

Ezxample 4.1 (see Example 2 of [15]). Consider the spacelike hypersurface em-
bedded into S7(1) given by

M, ={xc ST (1) | —z2+2? = —sinh®r},

with r a positive real number. The hyperspace M, is isometric to the Riemannian
product H1(1—coth®r)x §”~1(1—tanh®r) of a 1-dimensional hyperbolic space and
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an (n—1)-dimensional sphere of constant sectional curvatures 1—coth?r and 1—
tanh? 7, respectively. Then M has two distinct principal curvatures

A1=..=A,_1=tanhr, \,=cothr,

and
R= 1—%(2-1—(77,—2) fanh® ).

Thus for any R satisfying

)
(4.19) 0<R< "T

we can choose some r such that the hypersurface M, above is complete, not totally
umbilical and has constant scalar curvature R satisfying (4.19).

Example 4.2. (See [15].) Consider the spacelike hypersurface in ST (1) given
by
M, =H" 1(1—coth®r)x S} (1—tanh®r) (n>2)

with r a positive real number. Then A;=tanhr, As=...=\,=cothr, R=1—(2+
(n—2)coth?r)/n.
Thus for any R satisfying

(4.20) R <0,

we can choose some 7 such that the hypersurface M, above is complete, not totally
umbilical and has constant scalar curvature R satisfying (4.20).

Combining Theorem 4.3 with Examples 4.1 and 4.2, we find the following
problem interesting.

Problem 2. Let M be an n-dimensional complete spacelike hypersurface in an
(n+1)-dimensional de Sitter space ST1(1) (n>3) with constant normalized scalar

curvature R satisfying

n—_QSRSI.
n

Is M totally umbilical?

In this part of this paper, we consider the classification of the complete spacelike
surfaces in the 3-dimensional de Sitter space S3(1) with constant Gauss curvature.
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Proposition 4.1. Let M be a complete spacelike surface in S3(1) with constant
Gauss curvature K satisfying

(4.21) 0<K<I.

Then M is totally umbilical.

Proof. Noting that K >0 implies that M is compact by Bonnet—-Myers’ theo-
rem, we obtain Proposition 4.1 by applying Theorem 4.3 to the case n=2.

The following two examples show that there exist complete spacelike surfaces
with constant Gauss curvature K, where K takes all possible values in the range
(—o00,0}.

Ezample 4.3. (Cf. pp. 17-18 of [1].) Let M be a spacelike rotation surface in

f(s,t)=(x%(s),2(s) cost, z(s) sint, 2(s)),

where
2%(s) = (2(s)2=1)Y2 cosh ¢(s), z(s) = (x(s)2=1)}%sinh ¢(s), x(s)>1,

o(s)= /OS(—l—F.T(U)Q+$,(u)2)1/2($/(u)2 —1)~ du.

Then the principal curvature along the coordinate t (resp. s) (see the proposition
on p. 18 of [1]) is given by
A= —(=1+224+(2))V?/z,
)\2 _ —(.CE”—HE)/(—l—HEQ+($/)2)1/2.
By the Gauss equation A\;Ao=1—K, for any constant K <0, and the equation
'+ Kx=0,

has a solution z(s)=Acosh(v/—Ks), with a constant A>1. It is easily verified
that the spacelike surface above is complete, not totally umbilical and with K=
constant <0.

Ezample 4.4. (See Example 11 of [21].) For ¢>0 define f;: R2—S3(1) by

(z1,22) (t cosh(%) , tsinh(%) ,

2\1/2 L2 2\1/2 Z2
(1+t%) cos<(1+t2)1/2>,(1+t ) s1n<———(1+t2)1/2>>.
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These surfaces have been studied by Dajczer and Nomizu [8], who have proved that
f+ induces the standard flat metric on R? and has principal curvatures t/(14-t2)'/2
and (1+t2)'/2/t, i.e. K=0. These surfaces are not totally umbilical and complete.

The following proposition can be proved by a similar method as Theorem 41
on p. 137 of [25].

Proposition 4.2. There exists no complete spacelike surface in the 3-dimen-
sional de Sitter space S3(1) with constant Gauss curvature K >1.

Combining Proposition 4.1 with Proposition 4.2, we have the following theorem.

Theorem 4.4. Let M be a complete spacelike surface in the 3-dimensional de
Sitter space S3 (1) with constant Gauss curvature K >0. Then M is totally umbilical.

Remark 4.1. We conclude that Theorem 4.4 is the best possible in view of
Examples 4.3 and 4.4.

Choosing ¢;;=h;;=A;6;; in Theorem 1.1 and noting that R;;;;=c—M\A;, we
obtain the following result.

Proposition 4.3. Let M be an n-dimensional compact spacelike hypersur-
face with nonnegative sectional curvature in an (n+1)-dimensional de Sitter space
S7*1(c). Suppose that

(4.22) |VB|? >n?|VH?.

Then either M is totally umbilical, or M has two different principal curvatures.

Corollary 4.2. Assume that M is an n-dimensional compact spacelike hy-
persurface with nonnegative sectional curvature in an (n+1)-dimensional de Sitter
space ST (c). Suppose that one of the following conditions holds:

(1) the mean curvature H is constant,

(2) the normalized scalar curvature R is constant and not greater than c.
Then M s totally umbilical.

Proof. It is clear that case (1) implies (4.22). Now we assume that R—c=
constant <0. By the Gauss equation (4.3), we have

n?H?—|B|? =n(n—1)(c— R) = constant > 0.

Thus (4.22) holds by Lemma 1.2. We conclude that there are at most two constant
and distinct A;’s by Proposition 4.3 and assumption (1) or (2). It follows that
M is totally umbilical from the compactness of M. This completes the proof of
Corollary 4.2.
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Corollary 4.3. Assume that M \is an n-dimensional compact spacelike hy-
persurface with nonnegative sectional curvature in an (n+1)-dimensional de Sitter
space S?H(c). Suppose the normalized scalar curvature R is proportional to the
mean curvature H of M, that is

(4.23) R=aH,

where a is any constant. Then M is totally umbilical.

Proof. By use of the Gauss equation (4.3) and the assumption (4.23), we have
(4.24) |B|?=n?H?—n(n—1)(c—aH).
Taking the covariant derivative of (4.24), we have for every k
2> hijhije = (2n*H+n(n—1)a)Hy.
2

It follows that

2
(4.25) 4|B|?|VhB|? > 4 Z (Z hijhijk) =(2n?H+n(n—1)a)?|VH|?

k 4,7

By (4.23) and (4.24), we have

(2n?H+n(n—1)a)? —4n?|B|? = (4n*H?+n?(n—1)2a® +4n*(n—1)Ha)
(4.26) —n?(4n*H? —4n(n—1)(c~aH))
=n?(n—1)((n—1)a®+4nc) > 0.

Combining (4.25) with (4.26), we find that (4.22) holds. Thus we conclude
that there are at most two constant and distinct A;’s by Proposition 4.3 and the
assumption (4.23). It follows that M is totally umbilical from the compactness
of M. This completes the proof of Corollary 4.3.
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