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The failure of the Hardy inequality
and interpolation of intersections

Natan Krugljak, Lech Maligranda(!) and Lars-Erik Persson

Abstract. The main idea of this paper is to clarify why it is sometimes incorrect to inter-
polate inequalities in a “formal” way. For this we consider two Hardy type inequalities, which are
true for each parameter a#0 but which fail for the “critical” point «=0. This means that we
cannot interpolate these inequalities between the noncritical points a=1 and a=—1 and conclude
that it is also true at the critical point a«=0. Why? An accurate analysis shows that this problem
is connected with the investigation of the interpolation of intersections (NN Ly(wo), NNLp(w1)),
where N is the linear space which consists of all functions with the integral equal to 0. We cal-
culate the K-functional for the couple (NN Ly(wo), NN Lyp(w1)), which turns out to be essentially
different from the K-functional for (Lyp(wo), Lp(w1)), even for the case when NNLp(w;) is dense
in Lp(w;) (1=0,1). This essential difference is the reason why the “naive” interpolation above
gives an incorrect result.

0. Introduction

It is well known (cf. [12]) that if «€ R, a0, then, the Hardy inequality implies
the following estimate

0.1) /000 fu(s) 5% dsSC(oz)/Ooo ' (5)]s ds

for all ueCF°(0,00), i.e., all infinitely differentiable functions v on (0,00) with
a compact support. Moreover, the inequality (0.1) is not true for =0 and the
constant C'(a) goes to +oo as a—0.

It seems to be natural to ask why we cannot “interpolate” between =1 and
a=—1 in the inequality (0.1) and obtain it for a=0.

There are many other inequalities for which such a phenomenon occurs. For
example, in [7], in connection with the fractional Hardy inequality, it was proved
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that for all € R\{0} and any locally integrable function u with compact support

in (0, 00) the inequality
o0 p o]
(0.2) / L <p) |
0 t 0

is valid and, again, is not true for «=0. Therefore, we also cannot “interpolate”
(0.2) between a=1 and a=—1 to obtain it for a=0.

One of the main purposes of this paper is to show that this phenomenon is
deeply connected with the fact that the problem of interpolation of intersections

u(t)

tOL

u(t)—t~1 fg u(s)ds|” dt
to t

can have a negative answer in some concrete situations.

We will formulate this problem in a more general setting. Let (Xo, X1) be a
Banach couple, i.e., Xy and X; are two Banach spaces linearly and continuously
imbedded in some Hausdorff topological vector space X and let NCX be a linear
space. We can then consider a normed couple (NNXo, NNX;), where the norm in
NNX; is just the restriction of the norm from X;, ¢=0, 1.

We say that the problem of interpolation of intersections has a positive solution
(or answer) for the triple (Xo, X;, N) and parameters 6€(0,1), pe[l,o00], if the
formula

(03) (NﬂXo,NﬂXl)g’pZNﬂ(Xo,Xl)gm

is true. In the opposite case we will say that the problem has a negative solution
(or answer).

As we shall see, the examples for which the above problem has negative solution
follows from the failure of the inequalities (0.1) and (0.2).

On the other hand, if Xy, X; are Banach function lattices and N has also the
“lattice” structure, then the interpolation of intersections has a positive solution
(see Remark 2).

The paper is organized in the following way: In Section 1 we show how the
failure of the Hardy inequality leads to an example for which the problem of inter-
polation of intersections has a negative answer.

In Sections 2 and 3 we analyze this example from the interpolation point of
view. For this purpose we calculate the K-functional for the couple (NNL,(wp), NN
Ly(w1)), where N is the linear space which consists of all functions with the integral
equal to 0.

In order to avoid technical details and clarify the ideas, we begin our in-
vestigations in Section 2 by calculating the K-functional for the simple couple
(NNLy(z), NNLi(z~1)). It turns out that this K-functional contains two terms.
The first term is just the K-functional for the couple (L;i(z), L1(z~!)) and gives
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no trouble. The second term contains the Hardy operator. Thus the K-functional
is essentially different when we go from the couple (L1(z), Li(z™1)) to the couple
(NNLy(x), NNL1(z~)). This difference of the K-functionals is the reason for the
negative answer to the problem of interpolation of intersections. Moreover, this
second term, with the Hardy operator, leads naturally to the appearance of Cesaro
function spaces of non-absclute type as interpolation spaces.

In Section 3, we generalize these interpolation results to the more general
weighted Ly-couple (NN Ly(wo), NNLy(w1))e,p, 1<p<oo. Moreover, we point out
an example showing that when the weights are not power functions, then it is pos-
sible that the problem of intersections fails on the whole interval [a, b], not only at
one particular point.

Finally, in Section 4, we reformulate the inequalities (0.1) and (0.2) as the
boundedness of some “inverse” operators and explain the reason why we could not
interpolate them from a=1 and av=—1 to conclude that they also hold at the critical
point a=0.

The problem of interpolation of intersections is a particular case of the (impor-
tant and rather difficult) problem of interpolation of subspaces (see (8], [14], [15],
[10], [11], [16], [13], [6], [1] and [9]). Lions and Magenes wrote that the “main difficul-
ties of the use of interpolation is that the inierpolated space between closed subspaces
is not necessarily a closed subspace in the interpolated space” (see [8, p. 107]).

It is still not completely clear under which conditions this problem has a positive
or negative solution. In connection with this, it seems important to investigate
concrete nontrivial cases. For example, it will be interesting to solve the following
problem: under which conditions does the problem of intersections

(NN Ly, (wo), NN Ly, (w1))e,p = NN (Lpy (wo), Ly, (01))e,pr

have a positive answer, where N is the linear space which consists of all functions
with the integral equal to 07

Let us note that the intersection with N sometimes appears in an interesting
way. For example, the Hardy operator H f{z)=(1/z) foz f(s)ds is not bounded
from L, (] log z|) into L1 but it is bounded from the intersection NN L(|logx|) into
L (see [12, pp. 70-72, 106-107] and our Proposition 3, and Remark 7).

Definitions and notation. For a normed couple (X, X1), f€Xo+X; and £>0,
we define the K-functional by

K(t, f; Xo, X1) =inf{|| follx, +t fillx, : f = fo+f1, fo€ Xo, L €Xa}

For 0<f<1 and 1<p<oo, the real interpolation spaces ( Xy, X1)g,p are then defined
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as the spaces of all f€Xy+X; such that

oo 1/P
110, = (| mt g0, 200 4) <o,

For 1<p<oo and a weight function w on (0, 00), i.e., w is a non-negative and locally
integrable function on (0, 00), we shall denote by L,(w) the weighted L,-spaces and
by C,(w) the weighted Cesdro function spaces of non-absolute type given by the
norms

Ep(u)={ £ om (0.09): 71,0 - ([ 1r@prue dw)l/p <ool),
pw(m) dm)l/p <oo}.

For w(z)=x* with a € R we denote these spaces by L,(z*) and Cp(z®), respectively;
we also write, for simplicity, L,(z%)=L, and Cp(z°)=C,. The last spaces C, we
also call the p-Cesaro function spaces of non-absolute type.

Moreover, by N we denote the space of locally integrable functions on (0, co)
such that [ f(s)ds=0, or more precisely,

Cptuo)={  on (0.09): 7l - (/ ME [ rtspas

b b
N:{f on (O,oo):/|f(s)|ds<oo for all 0 <a <b< oo and lir% f(s)ds:O}.

b—soo V@

By Cg°=C§°(0, 00) we denote all infinitely differentiable functions u on (0, c0) with
compact support.

Remark 1. If p<oo, then NNC§® is dense in NNLy(z) for all o and it is
dense in L,(z*) for a#0.

Remark 2. Assume that Xy, X; are Banach function lattices and let N be
a linear space of functions (on the same measure space) possessing the “lattice”
property: if ge N and f is such that |f|<|g|, then f€N. Then the problem of
intersections has a positive solution.

In fact, if we show that K (¢, f; NNXo, NNX1)<K(t, f; Xo, X1) for all func-
tions f€e NN(Xo+X1), then we have a non-trivial imbedding NN (Xg, X1)g,,C
(NNXo, NNX1)gp, which gives a positive solution to the problem of intersections.

The above estimate for the K-functional follows easily because in the compu-
tation of the K-functional for the couple of normed lattices (Xo, X1) it is enough
to take decompositions f=fo+ f1 with the properties |fo|<|f| and |fi|<|f].
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1. The failure of the Hardy inequality and interpolation of subspaces

Let us consider the Hardy inequality and its dual in the simplest case p=1.
This means

(1.1) / ’ / f(s)ds|z® da;<—/ Yz®dz, a<0,
and
(1.2) %/:of( ds|z® dm<—/ )z dz, a>0.

It is impossible to interpolate (1.1) and (1.2) directly because on the left-hand side
we have two different operators

(1.3) H+f(a:)=—31;/0w F(s)ds, <0,
and
(1.4) H,f(:u)z—%/oo f(s)ds, a>0.

Nevertheless, if we restrict the operators H, and H_ to the space N, where they
coincide, then we will have the same operator and we can interpolate it. It is clear
that H, and H_ coincide at

(1.5) N:{feLlfc(O,oo):/ooo f(s) ds:O}.

Note that NNL; (%) is dense in L (z*) for a#£0 and N is a subspace of codimension
1in Ll(l‘o).
Denote by H the restriction of H, (or H_) to the space N:

(16) Hf(w):i/omf(S) ﬁ/ f(s)ds, feN.

Proposition 1. The operator H is bounded from NNL1(z®) to Li(z%) if and
only if «c R\{0}.

Proof. From (1.1) and (1.2) follows that the operator H is bounded from NN
Ly (z*) to L1(z®) for a#0. Moreover, direct calculations for the functions

fn:X[l,ﬂ_X[n,n—&-l} EN, n227
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show that

Hf, 1 1
1H fullz, _ 1 logn—2log2+(n+1)Iog(1+~>] —>00, asmn— 0o,
Ifnll, 2 n

i.e., H is not bounded from NNL;(z%*) to L;(z*) for a=0.

In particular, Proposition 1 implies the boundedness of the Hardy operator H
from NNLy(z®) with the || - ||z, (g=y-norm into Li(z*), for example, for a=1 and
a=-—1. Interpolation of these two estimates shows only that the Hardy operator
H is bounded from (NNLy(z), NNL1(z™1))1/2,1 into (Ly(z), Li(z™!))1/2,1, which
leads to a problem in describing the space

(Nle(x), NﬂLl(.’E*l))l/z,l.
In view of Proposition 1 it is tempting to think that we have the equality
(NNLy (), NNLy(z7Y)) 12,0 = NN (La(e), L (7 ))1/2,1,

but as we will see below this is not true.

Proposition 2. The formula
(1.7) (NNLy(z), NnL1<x_1))l/2,1 = NN(Ly(x), Ll(x_l))l/m

15 not valid.

Proof. Suppose that {1.7) is true. Then, by interpolation, H is bounded from
(NNLy(z), NNLy(z '))1/2,1 into (L1(z), L1(z7"))1/2,1- Since, by the Stein-Weiss
theorem (cf. [3, Theorem 5.4.1)), (L1(z), L1(z™'))1/2,1=L1, it follows that H is
bounded from NNL; into L1, which contradicts the result in Proposition 1.

Let us observe that for the case 07% the expected formula of type (1.7) is true
(NNLi(z), NNLy(z™"))e1 = NN(Ly(z), Li(z "))o = NOLy (21 7%),

see our Theorem 2(b).

Remark 3. In the above discussion we notice an interesting phenomenon, name-
ly that the operator H can be extended to a bounded operator H, in Li(z~!) and
also to a bounded operator H_ in Lq(z) but it cannot be extended to a bounded
operator in L;. This type of phenomenon was first discovered in [5].
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Remark 4. All the above considerations can easily be extended to the case p>1
and the Hardy inequalities corresponding to (1.1) and (1.2), are the following:

oo T 1/ oo 1/
(/O %/o f(s)yds px"‘da:) p<—L</O |f(x)|”3:°‘dcv> p, a<p-1,

~ Ip—a—1|
and

(/Om—j;/jﬂs)ds

If we denote, as before, by H the restriction of H, (or H ) to the space N, then
the operator H is bounded from NNLy,(z*) to L,(z*) if and only if a#p—1. In
the sequence of functions f,€N, n>1, given by

p 1/p D = 1/p
x“ dm) < (/ I f(z)|Pa” da:) , a>p—1.
0

~ p—a—1]

1 1
fu(z) = ;X[I,Z] (z)— EX[Qn,QnH] ()
we see that

Hn ot 1 l l/p
[LEATRESTN Q(M) o0, asmoo,
1Fallz, o) log 4

i.e., H is not bounded from NNL,(z") to Ly(z*) for a=p—1.

In particular, the operator H is bounded from the space NN Ly (z®) into Ly(x*)
for a=p and a=p—2. Moreover, by interpolating we only find that H is bounded
from (NNLy(xF), NNLp(xFP~2))1 /2, into (Lp(a?), Lp(z? 2)) 12 p=Lp(z*~"), but
the formula

(NOLp(xP), NOLp (2P 2))1 jo p = NO(Lp(@?), Lp(2P2)) 12,

is not valid.

2. Real interpolation of the couple (NNLi(z), NNL;(z™1))

Technical difficulties can obscure the main idea and therefore we start by con-
sidering the couple (NNL;(z), NNL1(z™1)). In the sequel we use the notation N,
for the space NNLi(z®) with the | - ||, (poy-norm.

The first main theorem is the following theorem.
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Theorem 1. For all feN1+N_1 and all t>0 we have

/0 " o) ds

Proof. We begin by establishing the estimate of K(, f; N1, N_1) from below.
Since N, C Ly (z%) it follows that K (t, f; N1, N_1)>K(t, f; Li(z), L1(z~")). There-
fore it is enough to show that

/ f(s)ds| <

for all fe N;+N_; and £>0.
For a fixed t >0 and any >0, let f=fy+ f1 be an almost optimal decomposition
of feEN1+N_4,1ie,

(2.1) K(t,f;N1,Nf1)%K(t’f;Ll(x)le(m_l))"‘\AE

2K(t, f3 N1, N_1)

(2.2) Y S

I foll vy +E fillv_, < (14€)K (L, f5 N1, N-1).

Since fo€N;CN it follows that fooo fo(s)ds=0 and

\/Z oo o0
[ syas =‘ | sy as| < /ﬁ o)l -
< ||f0||N1 < (1+E)K(tvf;N17N—1)
TS NG !
and also
Vit Vi .
[ n@ ] [T IR0 do< Vil < CEAEELND)
Thus
Vi v 2(1+€)K(t, f; N1, N_1)
d b) ) b)
5)ds 5/0 fo(S)d8+/0 fi(s)ds| < K

and the inequality (2.2) holds.
To establish the estimate of K (¢, f; N1, N_1) from above we need to construct
a decomposition of feN;+N_;. For fixed t>0 we consider the decomposition
f=fo+f1, where
fo(s) = F()X(0,v/)(8) =Xz —e i) (8)>
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and

f1(8) = £(8) = fo(8) = F($)X[ 7 00) (8) FEX(vi -2 vE1(5),

with ¢=¢~1 foﬁf(u) du and 0<6§%\/f.
Since fEN;+N_1CN it follows that f;° f(s) ds=0. The above definitions of
fo and f; show that [;° fo(s) ds=0 and [, f1(s) ds=0, i.e., fo, fi€N. Moreover,

Il foll v, Z/OOO |f0(s)|sds:/0ﬁ_6 |f(s)]s d8+/;5
S/O\/E|f(s)|8ds+/\/ia é/oﬁf(u) du
</ ﬁlf(S)Isderé / 7 ) du

:/Oﬂ|f(s)|sds+\/i’/oﬁf(w du

sds

NG
fo)= [ fwyau

sds

Vie

and

t||f1||N_1=t/0 |f1(s)]s™ ds

1 vVt Vi
:tl—/ Jf(u)du / s~tds
€Jo ViE—e

+t/;_o If(s)ls~tds

1 [Vt 1 o0 =
<tf| [ ) du et /ﬁ f(s)ls 2 ds
Vi oo
d ~1s,
</t /0 f(u)du —i—t/ﬁ |f(s)|s s

where in the last inequality we used the assumption 0<e< %\/i Thus

K(t, f; No, No) <[ foll vy +lflIv s

g/oﬂ|f(s)|sds+\/i‘/0ﬁf(u> du
/Oﬁf(u) du

- /Ooo |£(s)| min(s, t/s) ds+3V/1 1/;6 f(u)du

+2v/t

+1 /; |f(s)|571 ds

Vi
=K(t, f; L1(x), Li(z 1) +3Vt ‘/0 f(u) du
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and this also means that the estimate from above in the equivalence (2.1) is proved.

Remark 5. Theorem 1 implies that
(2.3) (NNLy(2)) +(NNLy(z™ 1)) = NN (L1 (z)+ Ly (z7Y)).

In fact, the imbedding (NN L1 (x))+(NNLy(z7))CNN(Li(z)+ L1 (z71)) is trivial.
Moreover, if fE NN(Ly(x)+Ly(x 1)), then the functions fy and fi, from the proof
of Theorem 1, satisfy foe NNLi(z), fiENNL1(z~!) and fo+fi=f. This shows
that fe(NNL1(z))+(NNLy(z™1)).

Remark 6. Our proof of Theorem 1 gives the estimates

Vi
%K(t,f;Nl,Nd)sK(t,f;Ll(z),Ll(:c1>)+ﬁ‘ /0 F(s) ds
<3K(L, f; N1, N_1)

(2.4)

for all feN;+N_; and £>0. Observe that we can prove the first inequality in
(2.4) with constant 3 instead of 1. In fact, for >0 we can take 0<c<+/tn/(1+n),
repeat our calculations and get

K(t, f; Ni, N_1) < K (L, f3 Li(@), L (7)) +(2+)VE

u) du|.

We are now ready to present our announced interpolation result.

Theorem 2. (a) If 0<0<1 and 0#1, then
(NNLy(z), NOLy(z~))g1 = NN Ly (21 729);

(b) (Nle ((E), NﬂLl(I_l))l/g’l =Ci1N1H.
Proof. (a) We have

(Ly(z), Li(z™ o1 =La (a0 0) = Ly (=)

and, according to Theorem 1, the norm of f&(NNLy(z), NNLi(z71)),1 is equiva-
lent to
\/_UO f(s)ds| dt

I hsgar-ony+ =
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Therefore, for 0741,

1l e msyo s 2 11, atee + / v
0

/Oz f(s)ds| dx

By using the Hardy inequality we can estimate the second term by the first one. In
fact, for 0>% we have

/ _29/ f(s)ds|dz < 20 1 xl‘%[f(a:){afx,
and, for 0<% and f€N we obtain
/ z 2 / f(s)ds d:r—/ ‘29/ f(s)ds dgc<1 120 2\ f(z)| d.
0 0 0

Therefore,
||f||(N1,N41)9,1 ~ ||f”L1(a;1‘29)'
(b) Now, if =1, then

oo Vi dt
T / \ / F(s) ds| &

or, by changing variables,

o et [ [ o)

Observe that C;NLyCN. In fact, if f€C1NLy, then ;7 |f(z)|dz<oco. Moreover,
for every £>0 there exists ¢1>1 such that f:o |f(z) de<e. Then, for t3>ta>t1,

_ /t :3 ) dz

ie, g(t f | f(=) dz satisfies the Cauchy condition and so lim; o g(t) exists. Since

fel it follows that
1 t
%(/0 f(m)dw%—/l- f(x)dx) el

Jim (/01 f(z) da:+/1tf(m) dx) -0,

de=|fllc, +fllc.-

3f(z)dx—/1 2f(:c)d;z:

g/ @< [ i@l <e

1 t 1

and this means that
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ie., fooo f(s)ds=0 and so feN. The proof is complete.

Remark 7. If a>0, then L (z=*)CCi(z~*) and Li(z*)NNCCy(z*).
The following Hardy type estimate will illustrate the usefulness of the class N
in the imbedding NNLy(|log z|)CCy.

Proposition 3. If fe NNLy(|logz|), then

(2.5) | /OOO é/omf(s) ds

Proof. By using the assumption f€N and changing an order of integration we

obtain
Awiﬂfﬂ@wcM=Aliéfﬂsmcm+[m}§me@mS
<[ [ isenasans [71 [T isasas

= [([ L) uonass [ ([ Lao)isionas

1 3

:/ |10gs||f(s)lds+/ |log s|[f(s)| ds
i) 1

= [ ogslifs)]as.
0

dxg/ |f ()] |log z| dz.
0

dz

Remark 8. The inequality (2.5) means that the Hardy operator Hf(x)=
z! [ f(s)ds is bounded from the intersection NNLi(|logz|) into Ly or that we
have the imbedding NNL;(]logz|)CCi. Let us also recall that H is not bounded
from all of the space L;(|logz|) into L;.

By using estimates from [12, Example 8.6(v) and Remark 8.7], we can prove
the following more general result: If fe NNL,(zP~!|logz|P), 1<p<oo, then

eo [ ]2 [ rwas

This estimate says that the Hardy operator H is bounded from NN L, (2P~ |log z|P)
into L,(zP~') or that we have the imbedding NN L,(zP~|log z|P)CCp(zP~ 1), p>1.

p oo
zP! d:cSC’/ |f(2)[PzP | log z|P dz.
0
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3. Computation of the spaces (NNLy(wo), NNLp(wi))e,p

For 1<p<oo and a weight function w on (0,00) we denote by Np ., the space
Npw=NNLy(w) with the || - ||, (w)-norm. We need the following technical assump-
tions about the weight functions wg and w;:

(i) for p=1, wy is an increasing function and w; is a decreasing function with
wl(%s)SAwl {s) for all $>0,

(ii) for p>1, wq is an increasing function and

o
/ wo(s) VPV ds < Crwo(z) VP~V for all z > 0;

x

wy is either a decreasing function with wi(3s) <Awi(s) for all s>0 or w; is an
increasing function such that we(s)/w;(s) is increasing and

z
/ wy(s)"Y P ds < Bew, (z)" VPV for all z>0.
0

One important example here is the case when wg(z)=2% and w; () =z”, where
B<p—1<a and p>1.

In the sequel we also use the notation wo,; (z)=wo(z) /w1 (z) and r(t)=wg," (7).
We are now ready to formulate the main result of this section.

Theorem 3. Let 1<p<co. Assume that the weights wy and wi satisfy the
above assumptions. Then
(3.1)

r(t)
K(t’ I3 Np g prwl) R K(t7 Fi LP(“’O)v Lp(wl))+T(t)1/p_1w0(r(t))1/p /0 f(s)ds

for all f in Np o +Np o, and all t>0. If, in addition, s(d/ds)wo1(s)~wo1i(s), then

(3.2) (N Ly(wp), NN Lyp(w1))e p = NNCp(wy Ywd)N L, (wh0w?).

Proof. We first note that since Np ., C Ly(w;), 1=0, 1, it follows that
K(tv I3 Np,wo’ Np,wl) > K(t’ I Lp(wf))v Lp(wl))'

Therefore, in order to prove the lower estimate in (3.1) it is sufficient to prove that

7(t)

(3.3) (s) ds| < er(6) = Puo(r(£)) P K (L, £ Npauos Npos)

0
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with the constant ¢>0 independent of f&€Np 1, +Np w, and £>0.
For a fixed t>0, let f=fo+ f1 be an almost optimal decomposition of fé&
Npwo+Np oy, L€,

”fO”Np,wo +t||f1||Np,‘w1 SQK(t’f;N ,wo’prwi)‘

Since fo€Npw, CN it follows that fooo fols)ds=0 and, by the Hblder inequality
and the assumption on wy, we find that

r(t)
/ Jo(s)ds
0

fo(s)ds
r(t)

< / " | fols) lwo(s) /P (s)~ /P ds
r(t)

: (/r:: | fo(s)[Pwo(s) ds>1/p (/T: wo(s)7'/? ds>1/p'

< CNfollny o ()P (r(£)) /P
< ZCT(t)1‘1/pw0(7‘(t))71/pK(t, f3 Np,wo> Npws )-

Similarly, we find that f; € N and

r(t) r(t)
/ fi1(s)ds| < / | F1(8) w1 (8)/Pwr (s)"V/P ds
0 0

< (/Or(t) Lf1(8)[Pw1(s) d8>1/p </Or(t) wa(s) "7/ ds>1/p'

< Bl 18y 0y 7 (@) P (r(2) P
S ZBT(t)l—l/pwl (T(t))_l/pK(ta f; N, »Wo ) Np7w1)/t
=2Br(t)'Pwo(r(t)) P K (2, £ Npawor Npsun )

where in the last equality we have used that wy (r(t))~'/? /t=wq(r(t))~/P. Thus

r(t)
f(s)ds

(%) (1)
< ‘ fo(s)ds fi1(s)ds
0

<2C+B)r(t)' Y wo(r(8)) P K (t, f3 Npwos Npuwn)

+

0

and the inequality (3.3) holds. Thus, the lower estimate in (3.1) is proved. In order



The failure of the Hardy inequality and interpolation of intersections 337

to establish the upper estimate in (3.1) we fix £>0 and consider the decomposition
f=fo+f1 of fENp e+ Npw, With

fo(8) = F(8)X(0,r(6)) (8) = X r(t)—e,r(1)) (5),

and
J1(8) = f(8) = fo(8) = F(8)X[r(t),00) (8) FCX[r(t) —e,r()] ()5
where

c=é< /0 " f(u)du), r(t) =wg () and e =Lr(t).

Since f€Np,uwo+Np,uw, CN it follows that [° f(s) ds=0. By using the defini-
tion of fy and f1 we obtain fooo fo(s)ds=0 and fooo f1(s) ds=0. Therefore fy, fL1EN
and

Vol . = ( / " fols) Po(s) ds>1/,,

r(t)—e¢ r(t)
([ e [
0 r(t)—e

r(t)
szH/P(/O |f<s>1pwo<s>ds+|1

€ Jo

F(s)-2 / "y du w(s) ds)l/p

€
P pr(t) 1/p
/ wp(s) ds)
r(t)—e

pwow(t»a)l/p

r(t)
f(u) du

<o ( / " e Puos) ds+€i,,\ /0 " p) du
Lorip ( / " | He)Pwo(s) ds)l/p
/OT(t) fu)du

(| " s Puos) ds)l/p
r(t)

4217/ P (L) Py (1 (£)) /P

+41_1/pr(t)l/p_l’wg(’f'(t))l/p f(u) du|.

0

Next we note that

tll f1ll vy, :t(/ooo £1 () Pan (s) d$>1/p

1 [r(® (t)
=t ( / wi(s)ds
r(t)—e

Pr

= f(w)du
€Jo

- : )P (5) ds)l/p
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Now, when w; is decreasing we have

r(t)
flw) du

p

w0~ | : ()P (s) ds)l/p
o +t( / : | F(s) P (5) ds)l/p

flu)du
r{t)
/ fu)du
0

A St(ﬂ

<teM P AV Py (r(1))V/P

0

=21 1/P AV/Pr ()P Ly (r(8)) /P

w( ] : F(5) P (s) ds)l/p,

and when w, is increasing we find that

(1)
f(w) du

P o]

1/p
NERD ds)

/0 " ) du
+t </T: [£(s)[Pwi(s) ds)l/p.

Wil .. St(s‘?

wl(r(t))€+/

0

< 21_1/1’7'(15)1/1’_111;0 (T(t))l/p

Thus

Kt f3 Npwor Npws) < 1ol vy H 11Ny

< [( / " o) Puols) ds+ / : () Pwn(s) ds)l/p

/ f s)ds}
1/p

—e| ([ 1P mintuo(s), 7w (9) ds )

/Or(t) f(s)ds J

<ec {K(t, f3 Lp(wo), Lp(w))
|

r(t)
/ f(s)ds
0

Fr(8) /2L (r(8)) /7

(Y7 un(r(e) 7

+r ()P Mo (r(8)) /P
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and also the upper estimate in the equivalence (3.1) is proved. Moreover, the
equivalence (3.1) for the K-functional gives an identification of the corresponding
real interpolation spaces for f€N. More exactly, we have

VAL wo), Ny (w1))ep 2 I (L pw0), Lo w01))o

+ [ [ s (e

~ || (L (wo), Lo (w1))e 0

([T [ s )ds| wh O (zyw a’<m>dx)1/p

—Hf”Lp(wO*" )+||f||c —Cwl)

r(t)
f(s)ds

P it 1/p
)%

0

Hence (3.2) is proved.

By applying Theorem 3 with wg(z)=z and w; (r)=2" we obtain the following
formal generalization of Theorems 1 and 2.

Corollary 1. If p>1 and f<p—1<a, then

tP/(a*ﬁ)

A /(s ds

(NﬂLp(m"‘), NmLp(xﬁ))G,p :NmLp(I(l_a)aJrg’B)a if 0 # (a+1-p)/(a—03)

(3'4) K(t, f; Np,aa Np,ﬁ) ~ K<t7 £ Lp(xa), Lp(x'g))‘Ft(aJrlgp)/(a*ﬁ)

Jor all f in Np o+Np g and all t>0. Moreover,

and

(NN Ly(2%), NOLp(a7))o,p = Cp(a? )NLp(a?~"),  if 0= (a+1-p)/(a=B).
Finally, we present the following remarkable consequences of Theorem 3.

Corollary 2. Let wo(z)=max(z®,z*) and w;(x)=min(z=% =) with 0<

ag<ar, 0<Bo <P and ao/a1<fo/Br. If 6€(0,1)\[ag/(ao+5o), a1 /(a1 +51)] and
fEN we have both Hardy inequalities

L5 [ st asfut
/Omé/;ﬂs)dsw

(@)’ (@ x<C’/ (2)u’(z) do

and

Y (2)wl(z) de < C/ wy ™ (x)wf () dz,
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and therefore
(Nﬂ[q (wo), NﬁLl(wl))g,l = NﬁLl(wé_gw?).

For 6€lag/(an+05o), a1/{ar+51)] no one of these Hardy inequalities is true and

(NﬂLl(wo), NﬂLl (wl))g’]_ = NﬂCl (wéfew(f)ﬁLl(wé“awf)

Remark 9. The result in Corollary 1 shows that if wy and w are power weights,
then we obtain the usual interpolation result except for one value of the parameter.
This situation corresponds to the Hardy inequality for power weights and its failure
for one value of the parameter. Corollary 2 shows that with other choices of weights
we can even have an interval of parameters where the usual interpolation formula
fails and also that this phenomenon is connected with the failure of the Hardy
inequality. Moreover, our results give the appropriate interpolation results in all
these exceptional cases.

4. Why we cannot interpolate some inequalities

We shall again consider the inequalities (0.1) and (0.2). First we consider (0.1),

/ |u(s)|s°‘_1ds§0(a)/ |u'(s)|s* ds, wueCq®,
0 0

which is true for a#£0 and fails for a«=0.
We have to explain why it is impossible to interpolate it from a=1 and a=—1,
and obtain it for a=0. We note that the above inequality has the form

lullz, (@a—y SC(@)|Dul L, (ze), w€CF°, a0,

with the operator Du=1/'.
If we wish to interpolate it, we, first of all, have to rewrite it as boundedness
of the inverse operator,

(4.1) ”D_IU“LI(IDL\I) <Cla)lullp, (zy, uw€ D(CF?), a#0.
In fact, it is possible to do this because D has no kernel on Cg°. Moreover, as
(4.2) D(Cg°y=NNCy°,

which we will prove later on, it follows from Remark 1 that D(C§°) is dense in
Lq(z®) for a0 and in NN Ly (xz*) for a=0. Therefore, for each a#0, (4.1) implies
that D! has a unique extension to the bounded operator

(4.3) DLy (%) — Li(z*7Y), a#0.
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Furthermore, if the inequality (4.1) is true for & =0, then we would have the bounded
extension

(4.4) Dy :NNLy — Ly(z ).

Therefore the problem to interpolate (0.1) from a=1 and a=-1, and obtain it for
a=0, can be reformulated as follows: Is it possible to interpolate (4.3) for a=1,
a=-1 and obtain (4.4)?

In our case the operators D, !, a#0, can be written explicitly (and the bound-
edness of them follows from the Hardy inequality)

D;lv(z):/ v{s)ds for a« <0 and D;lv(x):—/ v(s) ds for ot > 0.
Q z

We see that' D, ! and D1 are two different operators and to interpolate them, as
in Section 1, we have to restrict them to the subspace where they coincide. This
space is exactly N={v: [~ v(s) ds=0}. By interpolation we obtain only that

Dall (NOL1($), NﬂLl (.’1771))1/271 e (L17 Ll(I_z))l/QJ :L1 (.’1741)

is bounded. From our Theorem 2 it follows that (NﬂLl(x),NﬂLl(x’l))l/g,lz
C1NLy, and therefore we can only say that

(4.5) Dyt CiNLy — Li(z7Y)

is bounded, instead of (4.4).

In terms of inequalities (and going back to the operator D) the boundedness
(4.5) of course only gives a trivial estimate.

We finish this part with the missing proof.

Proof of (4.2). If ueCg°, then [ Du(s) ds= [, u/(s) ds=0 and so D(C§°)C
NNCF®. The reverse imbedding follows from the fact that if v€ NNC§®, then the

function . -
u(t) :/0 v(s)ds= ~/t v(s)ds

belongs to C§° and Du=v.
Let us now consider the inequality (0.2) which has the form

oo p o0
[lerses)
0 12 0

u(t)

w(t)—t1 [ u(s)ds
ta &

¢

Pt
¢
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and holds for functions u€ L¥® (locally integrable functions on (0, co) with a com-
pact support) if a#£0. For =0 it fails.

The situation here is quite analogous to the previous case. The key to under-
standing this analogy is to define the operator D by

(46) Du(t) = u(t) —t‘ltfo u(s) ds.

The reason for such a definition of D is that Due N for u€ L°. Indeed, since the
derivative of t=1 fg u(s) ds is Du(t) it follows that

/Ooo Du(t) = % /Otu(s) ds

In terms of the operator D the inequality (0.2) can be written as follows

o0
=0.
t=0

”“”Lp(x*‘”’—l) < B(a)IIDUIILF(I—(wl)p—l)v

where a#£0 and ue L{°(0, 00).
The inverse operator of D can be written explicitly (see [7, Remark 5] applied
with sv(s) instead of v(s)),

x
D;lv(m):xv(@—}—/ v(s)ds for a <0,
0
and
D;lv(m):xv(z)—/ v(s)ds for a>0.

Moreover, the Hardy inequality implies that D' L,(z~(*~DP~1) — L, (z*P71) is
bounded for all a#0. Again, we see that D7 and D”] are two different operators
and to interpolate them we have to restrict them to the space of functions where
they are equal. This happens exactly in the space N={v: [~ v(s)ds=0}. By
interpolation we get only that

D61: (NmLp(Iil)’ NﬁLp(xzp_l))l/Z,p — (Lp(zP71), Lp(xup_l))l/zp =Ly(z™").
Further, by our Theorem 3, it follows that

(NNLy(z 1), NNLy(x® 1)1 /2, = NNCp(zP )N Ly (2P~ 1),
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and therefore we can only say that

(4.7) Dyt NNC,(xP N Lp(2P ™) — Ly(z ™)

is bounded, and that Dy is not bounded from NNL,(zP~!) into L,(z '), which
corresponds to the invalidity of (0.2) for a=0.
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