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1. Introduction and preliminary remarks

An important combinatorial property of an ideal I on a set Z is the saturation of the ideal,
i.e. the least upper bound on the cardinality of a well-ordered chain in the completion
of the Boolean algebra P(Z)/I. This is particularly interesting in the case where [ is a
naturally defined ideal, such as the non-stationary ideal.

It is known to be consistent for the non-stationary ideal on w; to be ws-saturated.
This was shown first from strong determinacy hypotheses by Steel and Van Wesep [SV],
and later from large cardinals by Foreman, Magidor and Shelah [FMS]. Shelah has the
optimal result, showing this property consistent relative to the existence of a Woodin
cardinal.

Shelah has shown that the non-stationary ideal on a successor cardinal »>w; can
never be saturated, by showing that any saturated ideal on a successor cardinal must
concentrate on a critical cofinality. Further, Gitik and Shelah (extending earlier work of
Shelah) have shown that for s a successor of a singular cardinal, the non-stationary ideal
cannot be x*-saturated even when restricted to the critical cofinality. They have also
shown that the non-stationary ideal on an inaccessible cardinal can never be saturated.

Similar questions arjse for the non-stationary ideal on P,.(A). Burke and Matsubara,
using work of Cummings, Gitik and Shelah, were able to establish that the non-stationary
ideal on P,.(A) is not A*-saturated in the cases where cof (A\)#, and when »>w is a
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successor cardinal. Shelah established the non-saturation of the non-stationary ideal on
P, (u") for those p where p*=p.

The main result of this paper is that the non-stationary ideal on P, () cannot be
saturated unless »x=A=w;. We give a complete proof of this theorem in the paper.

The structure of the paper is as follows: In §2 we state important results of Shelah
and Cummings that we will use in the sequel. For completeness we use these results to
prove some of the theorems of Burke and Matsubara [BMt].

In §3, we handle the case of sx=w;. In this section we define the notion of mutually
stationary sets, which we believe to be of independent interest. The crux of §3 is the result
that every sequence of stationary sets of points of cofinality w is mutually stationary.

In §4, we show that if the cofinality of A is less than 3, the non-stationary ideal
on P, ()) is not even A**-saturated. These results strengthen the results of Burke and
Matsubara.

In §5, we show the non-saturation result in the case where 3 is a regular limit
cardinal.

In §6, we will give examples showing that our results are sharp, or nearly sharp in
several cases. For example, we force over L to give the consistency of the statement that
the non-stationary ideal on P,()) is |P,.(\)|-saturated. Thus one cannot always prove
that there is an antichain in P,()) modulo the non-stationary ideal that has size [A]<*.

In §7, we discuss mutually stationary sets abstractly, prove some splitting results
and give an example in L of a sequence of stationary subsets of the w,’s that is not
mutually stationary.

The rest of this section is devoted to a cursory discussion of background information
assumed by the paper and of the notation used in the paper.

For the most part the notation of this paper is standard. We denote the ordinals
of cofinality » by cof(s), and the cofinality of a particular ordinal a by cf(a). We will
use the abbreviation NS for the non-stationary ideal, usually on P, (), the collection of
subsets of A of cardinality less than s. (We will use the definition of stationarity given by
Jech in [J].) We adopt the convention that, unless we state otherwise, € P,()\) implies
that xNs 3. We will also concentrate our attention, without further notice, on those
z where |z|=|zN3e|.

An important fact for this paper is that the non-stationary sets in P, () form a
tower as X ranges over cardinals greater than or equal to ». In other words, if A<\’ and
7: Pe(N)—P,(A\) by m(z)=zN\, then 7 induces a map from P(P,.(\)) to P(P,()))
which we will also call 7 in an abuse of notation. The assertion that the stationary sets
form a tower is the statement that for all*stationary SCP,{X), #(S) is a stationary
subset of P,(A); and that for all stationary T'C P,()\), 7=1(T) is a stationary subset
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of P, (\).

The map 7~ 1: P(P,,()\))— P(P,.()\')) preserves order and incompatibility, although,
as we show, it is never a neat embedding. Thus we conclude that the saturation of the
non-stationary ideal on P, ()) is a monotone function of \.

We will frequently casually refer to “H(6)”, without much further explanation. This
is in the spirit of Shelah’s Proper Forcing. The structure H(#) refers to a structure
in a (usually) countable language whose domain is the collection of sets of hereditary
cardinality less than 6 for some regular cardinal 6, large enough to contain all of the
relevant information. We assume that the structure had € in the language as well as a
well-ordering A of H(6). We will also assume that all of the relevant sets in the argument
at hand are named in H(0).

Without mention, we will use the fact that closed unbounded subsets of P, () are
determined by algebras on A, where an algebra on A is a structure (A, f;);ec.. Using Skolem
functions we can also take closed unbounded sets to be determined by any algebra on
a set X with A\CX. We frequently will be considering closed unbounded sets {NNA:
N=<H(6)}.

For the purposes of this paper, inaccessible means weakly inaccessible.

If I is an ideal on a set Z, then we can form the Boolean algebra P(Z)/I and force
with it. If G is the resulting ultrafilter, then we can form the ultraproduct of V by G,
using functions lying in V. The result VZ/G is occasionally well-founded. In this case
the ideal I is called precipitous. If I is precipitous, then we automatically replace VZ/G
by its transitive collapse M. We then have a canonical elementary embedding 7: V—M.

It is well known that if a normal ideal 7 on P,{A) is A*-saturated, then it is
precipitous, and moreover, the generic ultrapower M is closed under A-sequences (e.g.
MANM=M*NV|G]). Further, if S¢I and SiFZ€M, there is a function f: P, (\)—=V,
f€V, such that SI+[f]a=1.

The notion of an internally approachable set is quite useful in this paper. It was first
formally defined in [FMS] and exposited in some detail in [FM1]. We give the definition
here: a set N is said to be internally approachable of length u (or in IA(y)) if and only if
there is a sequence (N, :a<u) such that N=J__, Ny, and for all S<pu, (Ny:a<fB)EN.

If N<{(H(#),€,A) is internally approachable of length an ordinal of uncountable

227

cofinality, then NNOR is countably closed. Suppose now that N and M are inter-
nally approachable of length some uncountable regular cardinal u, and NNA=MNA and
sup(NNAT)=sup(M NAY). We must have that MN N is cofinal in MN AT, and vice versa.
Since M and N are elementary substructures of H(f), we deduce that MNA*=NNA*.

PCF Theory. In §§4 and 5 we will make heavy use of the “PCF” theory of Shelah.
The primary reference for this theory is Shelah’s book [Sh2|; however, [BMg] gives an
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expository account.

A basic notion in the PCF theory is that of a scale. If X is a singular cardinal and A;
(i€cf(N)) is an increasing cofinal sequence of regular cardinals, and I is an ideal on cf()),
a scale in [];c ¢nyAs/1 is a sequence (f,:a<n) such that for a<e’, {i: fa(i)> for (1)} €1
(i.e. the sequence is wncreasing) and for all g€ Licer(n) Ais thereisan o, {i:g(1) 2 fa ()} €1
(i.e. the sequence is cofinal).

One of the main results of Shelah is that for all singular cardinals X there is a cofinal
sequence (A;:i€cf(A)) such that if I is the ideal of bounded sets on cf()) then there is
a scale in [[;cce5) Ai/I of length A*. In this case we will say that [];c.¢(y) Ai/T has true
cofinality A*.

Given a sequence of functions (f,:a<n), a function g is called an ezact upper bound
for this sequence if and only if for all a<n, {i: fa(i)2g9()}el, and if heHiedm A; is
such that {z:h(i)>g(i)} €I, then there is an «, {1:h(i)> fo(i)}€I. Note that if there is
an exact upper bound then its 7-equivalence class is unique.

A scale (f,:a<n) is called continuous if and only if for all 3 whenever there is an
exact upper bound for (f,:a< /), the function fg is the exact upper bound.

If we are given a scale (f,:a<mn), a point § is good if and only if there is a set
B={h¢:£<cf(B)}C [Licce(y) Xi and a set S€I such that

(1) for all {<n<cf(B), i€cf(A\S, he(i) <hy, (i),

(2) for all he B there is an a such that {i:h(i)> f, (1)} €1,

(3) for all a<g there is an he€ B such that {i: fo (i) >h(i)}€ 1.

If ] is generated by less than cf(3) sets this is equivalent to the statement that there
is a cofinal set AC 3 and a set S€ such that for all Fecf(A\S, (fo(7):a€A) is strictly
increasing. If the ideal I is c¢f(A)-complete, then every point of cofinality less than cf(A)
is good. We will assume of all of our scales that if I is cf(\)-complete, and cf(3) <cf(A),
then there is a cofinal subset of 3, A such that fz(i)=sup{fa(i):a€A} for all t€cf(N).

For points 3 of cofinality larger than cf(\), being good is equivalent to the statement
that there is an exact upper bound g for (f,:a</3) such that {i:cf(g(2))#ct(B8)}el.
Shelah has shown that there is always a stationary set of good points (see [Sh2] or [FM2]).

Given a sequence (A;) cofinal in X and a set N, we define x NGHiECf( x) Ai, by setting
xn(i)=sup(NN2A;). This xn is called the characteristic function of N with respect to
the sequence (\;).

§81-6 of this paper were done in the Fall and Winter of 1996-97, during Magidor’s
visit to the University of California at Irvine.
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2. Theorems of Shelah, Cummings, Burke and Matsubara
The following theorems, due to Shelah and Cummings, are central to many of the results:

THEOREM 1 (Shelah’s Theorem [Sh1]). Let A be a regular cardinal and P a partial
ordering that preserves A*. Then for all generic GCP, V[G] satisfies the statement that
cf(JA])=cf(N).

As a corollary Shelah showed:

THEOREM 2 (Shelah [Sh2]). Let A=p" be a regular cardinal. Then for all pu#cf(o)
the non-stationary ideal on X restricted to cofinality p is not A*-saturated.

Using Shelah’s PCF theory, Cummings found a variation on this theorem for singular
cardinals:

THEOREM 3 (Cummings’ Theorem [C]). Suppose that A is a singular cardinal and
P is a partial ordering that preserves stationary subsets of A*. Then for all generic
GCP, V[G] satisfies the statement that cf(|A])=cf(N).

(Cummings tells us that this exact version is due to Burke.) We note that any
At-chain condition forcing satisfies the hypothesis of both theorems, and hence if the
non-stationary ideal on P,()\) is saturated, the theorems apply to partial ordering
- P(P,(A\))/NS.

For completeness, we now give proofs of the non-saturation in the case where
cf(A\)> 3 or » is a successor at least ws and the cofinality of X is greater than or equal to .
(This is due to Burke and Matsubara.) In the case where cf(A\) < we prove in §3 the
more general and stronger result that the non-stationary ideal is not even A**-saturated.

The following lemma is standard (see [Ba] or [FMS] for a proof):

LEMMA 4. Let 3 and A be cardinals with » regular.
(1) Suppose that cf(X)>s¢, and that u,v are regqular cardinals less than ». Let

S={zeP,(\):|z|=lzNx|, cf(xNsx)=p and cf(supz)=v}.

Then S is stationary.
(2) Suppose that x=p* 2wq and cf(A)=sx. Then

S ={xe P, (\):cf(xNsx)=cf(supz) # cf(0)}

1s stationary.

We can now derive many of Burke and Matsubara’s results from the lemma and the
theorems of Shelah and Cummings.
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We begin by remarking that the standard theory of saturated ideals [F] shows
that when one forces with a normal A*-saturated ideal on P, () below S={z€ P, ()\):
|z|=|z N3], cf(xN3)=p and cf(supz)=vr}, to get a model V[G], then

VIGIE|N=|x#|, cf(x)=p and cf(N)=r.

To see this let j: V—MCV|G] be the generic elementary embedding. Since we forced
below S, we know that M satisfies the statements that |A\|=3 and v=cf(A)#cf(s)=p.
Because M is closed under A-sequences from V[G], we see that V[G] satisfies these
statements as well. We note that if s is a limit cardinal and the critical point of j is s
we know that s is a cardinal in A{.

Further, since the forcing is A™-saturated, it preserves stationary subsets of A*.

In the case where the cofinality of A is greater than s, and s is a regular limit, we
choose distinct regular u, v < s and force with the stationary set described in part (1) of
the lemma. This contradicts the theorems of Shelah and Cummings.

If 5 is the successor of p>w; and the cofinality of A>s¢, then we force below the
stationary set defined in (2). Then all cardinals and cofinalities less than or equal to g are
preserved. In this case we see that in M (and hence in V[G]), |A\|=p, but cf(X)#cf(o).
Again this contradicts the results of Shelah and Cummings.

This shows the Burke-Matsubara results in these cases.

3. H=un

In this section we introduce the notion of mutually stationarity and use it to show that
the non-stationary ideal on P, () is never saturated in the case where sx=w; and A>w;.
See §6 for more results about mutually stationary sets.

Following Burke and Matsubara, we first dispose of the case where A is a regular
cardinal bigger than w;.

We will use the following special case of a theorem of Gitik and Shelah [GS].

THEOREM 5 (Gitik—Shelah). Suppose that X is a regular cardinal. Then the non-
stationary ideal on X restricted to points of cofinality w is not A" -saturated.

Thus there is an antichain A of cardinality A* consisting of stationary subsets of
A of points of cofinality w. Standard arguments then show that for all A€ A, Ya=
{z€P,(\):supz€ A} is stationary. Hence, {Ya: A€A} is an antichain in P, (\) (modulo
the non-stationary ideal) that has cardinality A*.

We now turn to the case where A is singular. We begin with a general definition.
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Definition 6. Let K be a collection of regular cardinals with supremum ¢, and
suppose that we have S, C s for each € K. Then the collection of sets {5, :»€K} is
mutually stationary if and only if for all algebras 2 on § there is an N<% such that

for all xe NNK, supNNxeS,,.

This definition has obvious equivalents; for example, we could equivalently require
that for all algebras 2 expanding any H () where 624, there is an N<% satisfying the
condition. Standard “proper forcing”-type tricks show that this is also equivalent to
the existence of a single elementary substructure of (H(8), €,{S,.: €K}, A) (for some
0>>2°%), satisfying the condition.

Note that being mutually stationary implies that every S, is stationary. Further if
every S,, is closed and unbounded, then the sequence is mutually stationary. The main
theorem of this section is that every sequence of stationary sets of points of countable
cofinality is mutually stationary.

THEOREM 7. Let {3t,:a€7y) be an increasing sequence of reqular cardinals. Let
(So:a€y) be a sequence of stationary sets such that S, C », and So consists of points of
countable cofinality. If A=sup,.., %o and U is an algebra on A, then there is a countable
N<U such that for all a€N, sup NNs,E€S,.

COROLLARY 8. Suppose that A\ is a singular cardinal of cofinality u. Then the
non-stationary ideal on P,.(\) is not A*-saturated.

Proof of Corollary 8. Choose an increasing cofinal sequence (s, :a<pu) of regular
cardinals in A. For each ¢, divide the points of countable cofinality in s, into s, dis-
joint stationary sets, (S§:8< ). For each function f€[],., %, let Sy={NEF,,(N):
for all @€ N, sup NN#a €57 ,,}. By the theorem, each Sy is stationary in P,,(A). Fur-
ther if f#g then for any a with f(a)#g(a), {N: NeSfNS, and a€N} is empty. Hence

the sets {Sy:f€]],., #a} form an antichain in P,,(}) of cardinality A*. O

a<p
Remark. In fact, if (s,:a<7) is any increasing sequence of cardinals cofinal in A
such that the non-stationary ideal on s, restricted to points of countable cofinality is

not \,-saturated, then the non-stationary ideal on P, ()) is not ], _. Aq-saturated.

o<y

Proof of Theorem 7. Fix an algebra 2 on A. Without loss of generality we can
assume that 2 codes all operations on A definable in (H()), €, A) and has a predicate for
{(a, 54):a<v}. Let TCA< be a tree. We will take T so that we can label the nodes of
% with a function [ from ¥ to {¢,: <~} constructed so that:

(1) if 0¥ and I(o)=52,, then {y:07y€T}C s, and has cardinality s,

(2) if 0€% and s,€sk*(5), then there are infinitely many n€w such that if 7 Do,
7€T has length n, then I(1)=13¢,.
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Assume that T is a tree with such a labelling. Let T’ be a subtree of ¥ with stem oy.
Let A1, ..., A\n be a finite collection of s,’s such that each A; eskg(oo). Then we say that
%' is an acceptable subtree (for {\1,..., A\, }) if and only if for all nodes c€¥', if I(0)¢
{A1, .., An} then {y:07y€T}Cl(o) and has cardinality {(c), and if [{(c)€{A1,..., An}
then there is a unique ~ such that o™ ve¥'. If T’ is acceptable for {\;,...,A,} and
#e{A1, ..., \n} we will say that T’ is fized for sr.

Our goal is to produce a decreasing sequence of acceptable subtrees T, such that
the length of the stem of each T,, is at least n, and so that:

(1) if 5, is in the Skolem hull of the stem of one of the ¥, there is an m>n such
that ¥, is fixed for s,

(2) if %, is fixed for »,, there is a 3,€ 9, such that for all branches b through %,,,
sup(skm(b)ﬂxa)=ﬁa.

Clearly this suffices, as if b is the intersection of the T,, we set N=sk®(b). Then for
all ,€N we have NNs,=0,€85,.

What remains to prove is that there is such a sequence of ¥,,’s. We describe how
to pass from ¥, to %,4; given a particular s, in the Skolem hull of the stem of %,
so that s, is fixed for ¥,41, and %, 4+ satisfies (2). Easy “bookkeeping” completes the
construction. Thus the following lemma is clearly enough.

LEMMA 9. Given an acceptable tree T for {A1,....An}, and a 3, in the Skolem
hull of the stem of %, there is a B3,€S. and a subtree T’ of X that is acceptable for
{A1, s An, 320} such that for all branches b through ¥/,

sup(sk®(b)N54) = fa-

Proof. To show this, for each ordinal é € s, we define a game &; played on T. The
two players in the game, G (good) and B (bad), will alternate plays determining a branch
through the tree T. At a stage of the game where a node o€ % has been determined:

(1) If l(o)€{A1, ..., An} then there is a unique 7 such that c™y€%. The rules require
that B must play this .

(2) If (o)< 4, B plays a v so that 0™ y€%.

(3) If l(g)>, (and not one of the A;’s), then B chooses a subset D of l(c) of
cardinality less than I(c), and G chooses an element of {y:07yeT}\D.

(4) If I{c)=3t,, then B chooses an ordinal 3<d, and G chooses a y>f so that
o Tye%.

In this way the players determine a branch through the tree . If either player is
unable to play at any stage then that player loses, and if an infinite play of the game
determines a branch b, then G wins provided that sk®(b)N s, <8. Note that this game
is an open game for B, and hence determined.
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CLAIM. There is a closed unbounded set of 8 <, such that G has a winning strategy
in the game G;.

Proof. Otherwise, let SCx, be a stationary set of counterexamples. Since each
game is determined, for each €S, we can fix a strategy Ss for B. Let # be a regular
cardinal greater than A*5 and N<(H(0),€, A, (S5:6€5), U, {A1,..., \n}, T, ...) be such
that |N|<sta, and NNz, is an ordinal 6o € S (where as usual A is a well-ordering of H(6)).

We now derive a contradiction by exhibiting a play of the game according to Ss,
that produces a branch b with skm(b)ﬂza <dy.

Since B’s plays are determined by the strategy Ss,, we need only describe what G
does. Inductively we ensure that for all n, b[n€ N and is a legal play, with B following S;.
Since N is closed under finite sequences, it suffices to show that each player plays ordinals
that are elements of N.

If i{c)e{A1,..., A\n}, then the unique 7 such that o ™y€% lies in N.

At a stage where [(0) <, B is supposed to extend some o €% by playing an ordinal
v with 67y€%. Since NNz, €34, any ordinal y<I(o) is an element of N.

Suppose that the play has constructed o of length n, and that {(c)>s,. By the
induction hypothesis, [(oc)€N. Since {S5:6€ S} is in N and is a set of size »,, and the
cardinality of U={J{Ss(c):6€S} is less than {(c), we know that N=I(o)\U#2. At
this stage G plays an element ye NN(I(o)\U). Since YN, 6~ y€N, and 7¢S5(0).

To handle the last case, suppose now that the play has constructed o of length n,
and (o) =3¢,, and S;, tells B to play an ordinal 3<dp. Then G plays an arbitrary ordinal
~ such that 6™vy€% and S<y<dy. (Such an ordinal exists, since N = “the successors of
o are unbounded in 3,”.) Clearly, v is in N, and hence c”™y€N and is a legal play.

Now suppose that b is the branch through T produced in this way, and let M=sk?(b).
Then M <N, and so sup M N, <dp.

This contradicts the fact that b is the result of a play of the game &g, according to
the strategy Ss,. This establishes the claim. O

To finish the proof of the lemma (and hence the proof of Theorem 7) we describe the
tree ¥'. Choose 8,€ S, such that G has a winning strategy in ®g_. Call this strategy S.
Fix a sequence (d,,: mE€w) increasing and cofinal in 3,. We define ¥’ by specitying, by
induction on the length of €%, whether ¢ is in ¥’. We will assume inductively that
each 0€%’ is the result of a partial play by G according to the strategy &, and that if
(o)¢{ A1,y Any 725}, then {y:07y€T'} has cardinality /(o).

Suppose that we have put c€%’. We now break into cases, according to the rules of
the game.

If (o)€{A1, ..., An}, then o has a unique successor in F, and this is B’s only non-
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losing play in the game. We put this successor into ¥’

If (o) < 3,, then we let the successors of ¢ in T’ be the same as the successors of o
in €. Note that in this case it is B’s move in the game g4, and thus each successor of
o in ¥ is a legal play of the game according to the strategy S.

If {(0)> 5,4, we must define a collection of y<!I(o) of cardinality (o) so that for
each v, 07v€%¥ and + is the response by G to a move by B.

To do this, define by induction on v <I(c) ordinals v, € () so that v, is the response
by S to B playing {v,/:v'<v} at the stage in the game where o is played. Then we let
the successors of o in ¥’ be {c7y,:vel(a)}.

The inductive hypothesis are clearly satisfied in this case.

The final case is where I(0)=s¢,. In this case, since we want 3, to be fixed in ¥’, we
must put a single successor of ¢ into T'. In the game, at this stage, B plays an ordinal
B< 4. If the length of ¢ is m, let v be G’s response to B playing the ordinal 6,,. The
only successor of o in T’ is 67.

This defines a subtree 'CT. We must see that it satisfies the conclusions of
Lemma 9. We verified inductively during the construction all of the conclusions ex-
cept for the claim that if b is a branch through ¥, then sup(sk®(b)Nsa)=0B,. This is
clear, however, since such a branch b is the result of a play of the game where G follows
his strategy S in the game &4_. Hence sup(sk®(b)N ) <B,. On the other hand, there
are infinitely many m such that I(b]m)=7,. For each such m, we have that the unique
v with bjm™y€%' is bigger than or equal to 4,,. Since the d,, are cofinal in f,, b itself
is cofinal in 8, and hence the equality is verified.

This completes the proof of Theorem 7. O

4. The cofinality of A is less than 3¢

In this section we consider the case where the cofinality of A is less than », and s >ws.
We will show that the non-stationary ideal on P,()) is not even A**-saturated. These
results extend the work of Burke and Matsubara, who showed in this case that the
non-stationary ideal is not A*-saturated.

Our treatment of this case uses the following result of Shelah:

THEOREM 10 (Shelah [Sh2]). Let A be a singular cardinal, and suppose that p<
is a regular uncountable cardinal. Then there is a set RCAY and a stationary set ACA*
consisting of ordinals of cofinality u, such that whenever N<(H(#),€,A,R), if a=
NNA*TeA, then there is a cofinal sequence CC« of order type pu such that for all B<a,
CNPeN.
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In Shelah’s parlance, the set AcI[A*].
Our main use of this theorem is

LEMMA 11. Let X be a singular cardinal, and suppose that p is a regular cardinal
less than . Then there is a stationary set ACAY such that for all stationary BC A and
all expansions of A=(H(0),€,A,R,...), there is an elementary substructure N<2 such
that

(1) |N|<3 and NNx€xx,

(2) sup(NNAT)eB,

(3) N is internally approachable of length p.

Note that if g=w then the result is immediate: A is the collection of all ordinals less
than A of countable cofinality. If y>w, this follows easily from Shelah’s Theorem 10. The
set A€ I[\] provided in the conclusion of Theorem 10 works for Lemma 11. Note that
every stationary set BC A is also in I[A*]. Further, if B€I[A*], then the set of elements
N of TIA{u), of cardinality less than s with the property that the supremum of their
intersection NN A" lies in B, is stationary. (See [FM2] for a detailed proof of this fact. It
is shown by finding an o€ B such that sk®(a)NA*=a. If C={(a;:i€u) is the witness to
the approachability of e, then letting N;=sk®({a;:i<j)U{N;:i<j)) essentially works.
A very similar lemma is in [BMg].)

Fix a set A as in the conclusion of Shelah’s Theorem 10. Choose an increasing
sequence (A;:j€cf(A)) of regular cardinals cofinal in A, such that [[;c.¢n)Aj/1 (where
I is the ideal of bounded sets in cof())) has true cofinality A*. Fix a continuous scale
(fora€A™).

As is typical in the PCF theory if N<H(0) we will define xn(7)=sup(NNJ;), so
xvellN;.

The main tool of this section is the following result:

LEMMA 12. If N<(H(6),€,A,{fo:a€AT), ...} is an internally approachable struc-
ture of length p#ct(\) with |N|{<se, cf(A)ENNxEsx and sup(NNAY)=a, then
XN =fo mod(I).

Proof. Let (N;:i<p) be a witness to the fact that N is internally approachable.
Then, since N;€N, xn,€N, and since cf(A)C N, xn(j)=sup{xn,(j):i<p}. Moreover,
if i<i’<p, xv,(5)<xn,(4) for all j<cf(A).

CLAIM. There are cofinal subsets XCpu and YCanN, and a jo<cf(A) such that if
1,7 are successive elements of X, there is a unique BEY such that

for all §>jo,  xwn:(3) < f5(3) <xn,(3)-
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Proof. For each f€ NN A" there is an ¢ such that fg€N; and fsCN;. Hence there
is a cofinal subset XCpu such that if 4,7’ are successive points in X, there is a e NN«
such that xn, <7 fs<xn, , where the latter inequality holds for all j<cf (N).

Choose, for each successive pair in X, such a 3 and let Y be the resulting set. Let
B; be the element of Y corresponding to 7,4’. Then for each successive pair ¢,4'€ X, there
is a j;<cf(A) such that for all 7> j;, x~,(7) < fs,(J) <xw,.(J)-

We break into cases.

(1) p<cf(A). Then there is a jo>sup{j;:i€ X }. Clearly this jo works.

(2) p>cf(X). In this case we can refine X and Y, replacing them with cofinal subsets
where for all 4, j;=jo for a particular fixed jg. Again this jo clearly works.

This completes the proof of the claim. g

To finish the proof of the lemma, we argue again by cases. If p<cf()), then the
equivalence class of f, is arrived at by taking supremums along any cofinal subset of a.
Hence for sufficiently large 5> jo, fa(7)=supgey f3(7) =supic x Xv.(7) =xn (3).

If cf(A)<p, then Y and j, witness that o satisfies one of the equivalent definitions
of “good point” given in the introduction, and hence, again for sufficiently large j> jo,
fa(§)=supgey fa(J) =sup;ex xn,(5)=x~(J)-

This concludes the proof of Lemma 12. O

THEOREM 13. Suppose that »x>wo is regular and A>x is a cardinal with cf(X) <sr.
Then the non-stationary ideal on P,.(\) is not A**-saturated.

Proof. Since >R, we can choose a regular cardinal p<s such that u#cf()). Let
A be as in Lemma 11. By Shelal’s Theorem 2, we know that there is an antichain
A of cardinality A™" in P{A) modulo the non-stationary ideal. If we enumerate A as
{By:a€At*}, then each B, has non-stationary intersection with the diagonal union of
{Bs:3<a}. By intersecting each B, with a club set, we can assume that the intersection
is, in fact, empty. Thus without loss of generality, we can assume that for all By and By
in A, BiNB; is bounded.

By Lemma 11, for all stationary BC A, Sg={N¢€ P, (H(8)):sup(NNA*)eB and N
is internally approachable of length p} is stationary in P, (A*). By Lemma 12, we know
that for all internally approachable N, xn =; fo Where a=sup(NNA*).

For each Be A, let Tg={NNA:NeSg}. Then each Tp is the projection to X of a
stationary set, and hence is stationary. We will be done if we can show:

If B, C are distinct elements of A, then TgNT¢ is non-stationary.

Let ye At be large enough.that (BNC)\ is empty. Let NeTg be such that for all 7,
f+(j)eN. Then, xny=f, for some a€ B\y. Hence, there is no MeSc, with MNA=N.
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To summarize, if N is in the closed unbounded set of elements of P,()) including all
of the ordinals f,(j) for j<cf()A), then N cannot be in both Tg and T¢. Thus the
intersection is non-stationary.

This completes the proof of Theorem 13. (]

5. sr is weakly inaccessible

In this section we consider the case where s is weakly inaccessible and A has cofinality s.
The main result of this section is

THEOREM 14. Suppose that 3 is a weakly inaccessible cardinal and A>x. Then the
non-stationary ideal on P,.()\) is not A\*-saturated.

As we have shown non-saturation in the cases where the cofinality of A differs from s,
we have only to handle the case where cf(\)=s.

Define a map w: P, (A*)— P, (A) by w(x)=znA. Then 7 induces a map from
P(P,(A\*)) to P(P,())), which we shall also call 7. As remarked in the introduction, it
is a standard fact that 7 takes stationary sets to stationary sets and the inverse image
by 7 of a stationary set is stationary.

LEMMA 15. Let SCP,(\") be stationary. Suppose that the non-stationary ideal
restricted to w(S) is saturated. Then there is a closed unbounded set CC P,.(A*) such
that for all stationary S'Cw(CNS), the set {NeS:n(N)eS'} is stationary.

Proof. If BCn({S) is stationary, we will say that B is bad if {NeS:NNA€B} is
not stationary. Let ACP(P,())) be a maximal antichain among the bad sets. By the
saturation, we can assume that A={B,:a€\}. Further we can assume that if N&B,,
a€N.

For each a< A, let C, C P,,(A™) be closed and unbounded such that for all NeC, NS,
NNA¢B,. Let C=AC,, and let TCw(CNS) be stationary. If {NeS: NNA€T} is not
stationary, then TN B, is stationary for some a:<A. Hence without loss of generality we
may assume that T'C B,. Let NeCnNS with NNAeT. Then, since TCB,, a€N. Hence
NeC,NS, and so NNA¢B,,. O

Just for interest we prove

PROPOSITION 16. The converse of this lemma is also true: if s, A and At have
this projection property for all stationary sets, then the non-stationary ideal on P,()\)
is saturated. This shows, a fortiori, that there is always a stationary set on which this
projection property fails.
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To see why the proposition is true, suppose that if SC P, (A*) is stationary then
there is a club set CC P,.(AY) such that for all stationary TCw(CNS), we know that
7~ 1(T) is stationary in P, ()).

Towards a contradiction we assume that {B,:a€A*} is an antichain in P, (). Let
B.,=n"'(B,) and S be the diagonal union of the B/,. Find a closed unbounded set
CCP,()\") as in the assumption.

Then {Bg}aecr+ is a maximal antichain below m(CNS). For if BC#(CNS) is sta-
tionary, and for all o, BN B, is not stationary, let D, be a closed unbounded set such
that for all @, B,ND,NB is empty. Let D!, =n"1(D,) and D’ be the diagonal intersec-
tion of the D.’s. Let Ner~}(B)NCND'NS. Then for some a€N, NeB.,. But then
NNnieD,NBNB,, a contradiction.

Let T'=P, (A)\7(CNS). Then clearly {T}U{B,:a€A*} is a maximal antichain in
P,.(A) modulo the non-stationary ideal.

Let T'=7n"1(T). We show that T’ together with the B/, form a maximal antichain in
P,.(A*). Otherwise there is a U’ that is stationary in P, (A\*) such that =(U’')Cn(CNS)
and for all a, U'N B, is non-stationary. Choose D/, such that for all o, U'NB,ND,,=@.
Let D=AD)!, and U*=U'ND. By assumption we can assume (by further intersecting U*
with a closed unbounded set if necessary) that for all stationary RC#(U*), n~}{R)NU*
is stationary. Since w(U*)Cw(CNS) and is stationary, there is an a such that BoNw(U*)
is stationary. Hence 7~ }(B,Nm(U*))NU* is stationary. Let Nenw~}(B,N7w(U*))NU* be
such that € N. Then NeU*ND,N B, a contradiction.

Let A be an algebra on A* such that any N<% in P, (A") is in the diagonal union
of this antichain. Let DCP,()) be the closed and unbounded set of N such that
sk?(N)NA=N. Let NeD be arbitrary. Let N’=sk®(N). Then N’ is in the diago-
nal union of the { B/, }oex+ U{T"}, and hence for some a€sk®*(N), Ne B,UT. Thus D is
contained in the diagonal union of { B,: a€sk®(A)}U{T}. Since sk®()) has cardinality ),
we have a contradiction to the fact that the antichain had cardinality A*. O

We now fix, as usual, an increasing sequence of regular cardinals (\;:4€ ) such that
the true cofinality of the reduced product of the A;’s modulo the ideal of bounded sets
on s is A*. Fix a continuous scale {f,:a<A*) in this reduced product.

LEMMA 17. Let T be the collection of M€ P,.(\*) such that

(1) cf(MnNs)=wy,

(2) there is a sequence {§,:n€W)CMNAY, and an i€ MM, such that xp(i)=
sup{ fs.(?) :n€w} for all ie xNM, i>1y.

Then T is stationary.

Proof. As usual let 8 be a very large regular cardinal and H(6) be a sufficiently rich
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structure to include all the information about the situation at hand, such as the scale,
the various cardinals mentioned, etc. It suffices to produce an elementary substructure
of H(#) in T.

Let M~<H(6) be such that s C M, M has cardinality s and is internally approachable
by a sequence (Ni:k€w) of length w. Then for all %, there is a € Ng41 such that
XN, <*fs,. Choose an increasing sequence (M, :a <) such that M,Ns €, |My| <,
each Ni€ My, and M,CM. Then for some aecf(wy), (Ma, (f5.)) <{(M,{fs,))-

We show that M,NA" is in T. Note that since each f5 € M, and o has uncount-
able cofinality, there is an ig€M,Nsc such that for all 7 between ig and s, and all k,
XN (8) < f5,, () <Xy 1, (1). Thus for all 4 between ig and s, xar, (1) =sup{xn,(i): k€w}=
sup{ fs.(i):kew}. O

For each NeT we fix an increasing sequence (a:i€w1) of ordinals cofinal in NN,
Let GC P(P,,(1}}/NS be generic with #{7"} in G. If we form the generic ultrapower of V
by G to get j: V— MCV[G], where M is transitive, then j“A€ M and the sequence <a{“:
i€wi) is a cofinal increasing sequence in 3. This sequence determines a subsequence of
the cardinals (A;: 7€), which we will denote by {A}:i€w). Since this is a subsequence
of the \;’s, it makes sense to view each f, as an element f* of [], M Also, for a
typical NeT, the sequence (al¥:i€w;) determines a version of the sequence of A} relative
to NN A, and for i>ip each NN A has cofinality w.

By Lemma 15, by intersecting T with a closed unbounded set if necessary, we can
assume that for all stationary SCn(T), 7~ 1(S)NT is stationary.

LEMMA 18. For every generic GC P(P,(\))/NS with n(T)eG, V[G|E(fi:acAt)
is unbounded in []; ., A; (modulo the filter of countable sets).

Proof. Suppose that the lemma fails, and take G generic with 7(T) &G as a counter-
example. Let j: V—MCV|[G] be the generic elementary embedding, where M is transi-
tive. By shrinking T if necessary, we can assume that 7(T)IF(f%::a<A™) is bounded in
[Iic., A+ Hence there is an h€ ], j“A} such that for all @<A* and all large enough
i<wy, h(i)> ;‘(a)(i). Note that he M. Hence, by the saturation there is a g: 7(T)—V
such that for almost every zen(T), g(x)€]];c,, (AfNx), and such that for all a<A™,
7(T)I-for all sufficiently large i<wi, [g]ar(4)> £, (2)-

Let N be a typical element of T. Then g(NNA)€[;c,, (A;NN). In particular, for
all i<wi, g(NNA) (@) <x (%) (where x% (i)=sup NNA!). Since NeT, there is a sequence
(0n:n€w) such that for all large enough i€w;, x5 (¢)=sup{f; (i):n€w}. Hence for all
large i€wy, there is an n such that g(NNA)(i)< f5 (7). Hence there is an unbounded set
of i<wi, and an n, such that f; (i)>g(NNA)(i).
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Using a regressive function argument, we can find a fixed § and a stationary 7"CT
such that for all NeT’, g(NNA)(2)< f5 (¢) for unboundedly many i€w;.

Suppose now that 7(7”)€G. Then in M, j(g)(54N)(i)< Jf(é)(i) for unboundedly
many i<w1, a contradiction. 0

Using Lemmas 15-18 we can find a generic GC P(P,())) such that in V[G]:

(1) {f3:a<A*) is unbounded in [, A,

(2) cf(s)=w; and for all 7, cf(A})=w.

Working now in V|G|, we apply the “Shelah Trichotomy Theorem” [Sh2] to see that
in OR“1/{bounded sets}, the sequence (fX:a<A") either

(1) has an exact upper bound g in OR“!/{bounded sets} such that for almost all
i, j€wr, cf(g(i))=cf(g(3)), or

(2) there are sets A, C A, with |4;|<ws, and an ultrafilter DC P(w;) such that for
all a< A" there is a B<A* and a g€[] , Ai such that f;<Dg<Dfﬁ*, or

(3) there is a g€[[,_,, A7 such that the sequence of equivalence classes of {i:

1<w

f2()<g(3)} modulo the ideal of bounded sets in w; is not eventually constant.

Note that by Lemma 18, if the sequence (fi:a<A') has an exact upper bound
then it must be given by the function g(i)=A}. Since each A} has cofinality w, we can
choose cofinal countable sets A; C Af. Since g is an exact upper bound, for every function
he Hiewl A;, there is a 3 such that h<*f;. Further, since the A; are cofinal, for all B< AT,
there is an he]], ..,
sets {A;} are a witness to being in case (2), for any ultrafilter D.

,Ai such that f5<*h. Hence if there is an exact upper bound, the

We argue that both (2) and (3) above lead to a contradiction. In either case there
is an ordinal €A™ of cofinality ws (in both V and V[G]) such that either

(in (2)) for all @< there is a #<d and a g€[],_,, A such that f5<pg<pf3,
or

(in (3)) the sequence of equivalence classes of {i: fX(i)<g(i)} (modulo the ideal of
bounded sets in wy) for @< 4 is not eventually constant.

Returning to V for the moment, choose a cofinal X C § of order type wy. Then, since s
is regular in V, there is a j < ¢ such that for all i>j and all a< B in X, f,(4)< f5(i). Thus,
in V[G], there is an ip€w; such that for all a<B, a,B€X, and all i>io, f3(3)<f5(%)-
Work now again in V[G].

If (2) holds: Build a cofinal set X'C X such that for all a<g in X’, there is a
geHiew1 A; such that fi<pg<pf; If a<qa' are successive elements of X’, choose
1o >10 and a gael—[iewlAi such that f,(i4)<ga(ia)<far(ia). Then there is a j>ig such
that for cofinally many a€ X’ we have that i, =7, and hence we can assume that for all
a€X', io=7j. But then if a <3 are arbitrary elements of X’,

fald) <9a(4) < for (&) < f5(5) < gp(J)-
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But this is a contradiction, since it implies that A; has cardinality at least ws.

If (3) holds: Choose X'C X cofinal in ¢ so that if o, € X’ are distinct, then mod-
ulo the bounded subsets of wy, [{i:fa(¢)<g(e)}#[{i: fs(¢)<g(i)}]. Since the f,’s are
increasing with o€ X’ at every i>1, the sets {i>4g: fo(i)<g(i)} are strictly decreasing
with a€ X’. However, it is impossible to have a strictly decreasing sequence of subsets
of wy of length ws, a contradiction.

This finishes the proof of Theorem 14 by showing that if s is inaccessible, there is
always an antichain in P(P,.()))/NS of cardinality A*.

6. Some examples

In this section we give some examples to show that our results cannot be extended in
certain directions, by showing that various saturation properties of the non-stationary
ideal are consistent. Curiously, the examples are arrived at by forcing over L.

One of the main tools in these results is a “reverse covering theorem” due to Magidor:

THEOREM 19 (Magidor [M]). Suppose that there is no inner model with an Erdds
cardinal. Then for all regular »>w) and all A>3 there is a closed unbounded set
CC P, (A) such that each NeC s a countable union of elements of L.

An immediate corollary of this theorem is that if one does countably closed forcing
over L then there is a closed unbounded subset of P, (\) consisting of elements of L.

THEOREM 20. Let <\ be cardinals in L with »x 2wy reqular. Let p=A<*. If
y2utt and GC Add(w,7) is generic over L, then in L[G] the non-stationary ideal on
P, () is ptt-saturated.

COROLLARY 21. More explicitly (working in L):

(1) If »%>ws and cf(\)<sx, we have AX<*=X". Hence adding \*3 generic subsets
to wy makes the non-stationary ideal on P,(\) A\t3-saturated. Since (A<*¥)HCI=X*3,
the non-stationary ideal on P, () is X<*-saturated.

(2) If cf(N)=3>wy then A<=, and adding A2 generic subsets of wy makes the
non-stationary ideal on P,(\) be A2 =\ <*_saturated.

Proof. Let GC Add{wy,~) be generic over L. Then by Theorem 19 we know that in
L[G] there is a closed unbounded subset of P,,()) that lies in L. This set has cardinality p.

Towards a contradiction, suppose that (A, :a<pu*?) is an antichain in P, () modulo
the non-stationary ideal. We can assume that A,C L.
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For each pair a, 3€pu*?, choose a term C, s for a closed unbounded set such that
the empty condition forces that

ANANCop=2.

We can assume that the empty condition forces C'a, gCL.

Now, as usual, let 8 be a large regular cardinal.

If M<A=(H(8),€,A, (Cqo.p:0, B<pt?), {7, A, ¢}) is an elementary substructure of
size < such that M is an ordinal, o, 3€M and p is an M-generic condition for
Add(wy,7), then plFMNAXEC,, 3. Moreover, since 3 >ws the empty condition is generic
over M.

In L[G], for each o, B<put?, Aaﬂ(',’a, g is a stationary subset of L. Hence, working
in L, for each pair a<B€u*? we can choose M, g~ such that

(1) a,Be My 3,

(2) if N=M, N\ then there is an M, g-generic condition pY ;5 such that

pa slFNe A,

Still in L, since |P,(A)|=pu, we can apply the Erdés-Rado Theorem to conclude
that there is a set XC u*? of cardinality u* and an N€ P, ()) such that for all a<f€ X,
Ma,sNA=N. We claim that for all a<F<y<d€ X, pa.s is incompatible with p, 5. This
yields a contradiction to the ws-c.c. of Add{(ws,7).

Let a<g8€X. Then M, sNA=N. Since the empty condition forces that M, gNA€E
Ca,p we see that for all a<fe€ X, the empty condition forces that NeC, g. Since each
Pa,gFNE A, we see that if g<p, g, py.5, then gl Ne A,NA,NC, -, a contradiction. O

7. Mutual stationarity

In this section we give some results describing our meager knowledge of mutual station-
arity.

7.1. Definitions and basic facts
Recall:

Definition 22. Let K be a collection of regular cardinals with supremum 4§, and
suppose that we have S,,Cs¢ for each € K. Then the collection of sets {5, : x€ K} is
mutually stationary if and only if for all algebras 2 on § there is an N<2 such that

forall xe NNK, supNNx€S,,.
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We begin with a few easy observations about mutual stationarity. These ideas are
implicit in Baumgartner’s paper [Ba):

(1) Any subset of a sequence of mutually stationary sets is mutually stationary.

(2) If N<(H(6),€,A,...) (where §>¢ is regular) and v€N, then for all regular
pEN\(v+1),

sup NNy =sup(sk*(NUv)Np).

(3) Suppose that {S,.:x€K} is mutually stationary, KN(r+1)=&, and for all
€K, S,,Ccf(<v). Then there is an N that witnesses mutual stationarity with |N|=v.

This last remark can be seen as follows: Let 2 be an expansion of H(6). By the
second remark, we can assume that there is a witness M<2l to mutual stationarity such
that v+1CM. Choose F:(KNM)xv—M such that for all xe MNK, F(sx,-)v—x
cofinally in sup(MnNs). Then if we let N be the Skolem hull of the expansion of M
determined by F, v and the functions in ¥, we find that for all xc NNK, sup(NNx)=
sup(MnNar).

Using this it is easy to prove the following lemma (essentially due, in different form,
to Baumgartner [Ba)):

LEMMA 23. Let v be a regular cardinal less than the least element of K. If {S,.:
»€ K} is mutually stationary, and for all x, S,.Ccf(<v), then for all Ay,..., A, greater
than v and not in K, and all sequences of stationary sets Sx,C \;Ncf(Lv), the sequence
{8, :2€K}U{Sx,, ..., Sr, } is mutually stationary.

Proof. Using induction it clearly suffices to prove this in the case where n=1. So
suppose that ) is a regular cardinal greater than v that is not in K, and SCANcf(<v).

Let A be an algebra expanding H (6} for some large §. Suppose that K=AUB where
for all €A, s>), and for all #€B, x<\. Then {S,.:»€A} is mutually stationary,
so by the remark, we can find an M~<%2 such that for all x€MNA, sup(MNx)<SY,,
A+1CAM and |[M|=A\. Choose a function F: (KNM)xv—M such that for all x€ANM,
F(5,-):v—xNM, cofinally.

Let {M,:a<A} be a continuous chain of elementary substructures of (M, F') such
that A€ My, |M,|<X and M,NA€X. Then there is an o such that M,NA=a€S). Let
G:v—a cofinally.

Then M, and the functions F, G determine an algebra B on « such that if No<'B
then the Skolem hull of Ny under the functions of 2 and F' and G determines an elemen-
tary substructure N<{(M,, F, G) such that NNa=Ny.

Since the sequence (S, : sr€ KNa) is mutually stationary, there is an No <8, vC Ny,
such that for all 22€ NyN K, sup(NoNs#)€ESY,.. If we let N be the Skolem hull of Ny under
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the functions of 2 and F and G, then:
(1) for all x€ KNa, sup(NNs)=sup(NoNx)ES,,,
(2) sup NNA=a€S),
(3) for all xe NNK, sup(NNse)=sup{MNx)ES,.
Hence N is the witness to the mutual stationarity of {S,.:sx€ KU{A}}. O

Thus with minor restrictions, the notion of mutual stationarity is invariant under
finite variations in the sequence.

There are several situations where the notion of mutual stationarity is trivial. In §3,
we showed that if all of the sets S, consist of points of countable cofinality then the
sequence is mutually stationary. For orthogonal reasons, if all of the cardinals xc K
are measurable and |K| is not too big, then indiscernible arguments yield the mutual
stationarity of any sequence of stationary sets.

Thus we are mostly interested in the case where the cardinals i are relatively small,
and the stationary sets consist of points of uncountable cofinality.

Liu [L], answering a question of Baumgartner, showed that there are sequences
STCR,Nef(>w) that are mutually stationary and such that the cofinalities of the point
in S™ are not eventually constant. Shelah and Liu extended these results in [LS].

In what follows we generally restrict ourselves to sequences {5,.} consisting of points
of the same cofinality. For simplicity we focus on the case of a sequence of sets S"CR,,
though most of our results generalize in an obvious way.

Remark. The statement that there is a mutually stationary sequence of sets S"Cwn,
such that S"Cecf(Zwk,) and {k,:n€w} is unbounded in w implies that X, is Jonsson.
Silver has shown a strong converse to this fact. (Silver showed that if R, is Jonsson, and
280 <N, then there is a sequence k, tending to co such that S"={acw,:cf(a)=k,} is
mutually stationary. See [KM].)

For this reason for the rest of this section we will pay attention to the case where
(S™) concentrate on ordinals of bounded cofinality.

At this time we do not know if it is consistent that there is a model of set theory
in which every sequence of stationary subsets of the R,,’s of a fixed cofinality is mutually
stationary. However, we do know that, unlike the case of countable cofinality, this is not
a theorem of ZFC.

7.2. Mutual stationarity in L

THEOREM 24. Assume that V=L. For all k=1 there is a sequence of stationary sets
(Sn:nEw) such that S, Cw,Ncf(wy) that is not mutually stationary.
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The proof of this theorem uses some elementary fine structure technique, as well as
some of the techniques of Jensen’s Covering Lemma. The theorem is actually much more
general. We give a proof for the w,’s for concreteness. It is easily seen to generalize to
other sequences of cardinals.

For the rest of this discussion, assume that V=L. For each singular ordinal o, we
can associate the least ordinal v such that there is a d<a, a finite set §Cy and an
n€w such that Hull)"(§Up) is cofinal in o (where Hulll" denotes the X,-Skolem hull
in J,).

If « is singular, then such 7, §, 7, n exist, and we can associate to « the lexicograph-
ically least tuple (v,7,6,7)=(v(a),n(a),d(a),F(a)) with Hull”(§UP) cofinal in .

Fix natural numbers m>k>1 and n>1. Define

Sp ={a€wnNcf(wg):n(a) =n}.

LemMaA 25. If k,m,new\{0} and m>k then S?, is stationary. Moreover, for fixed
n, k the sequence (Sp:n€w) is mutually stationary.

Proof. Fix m>k and n>1. Suppose that S}, is not stationary. Let C, a closed
unbounded subset of w,,,, be a witness.

Let ss=wy,+1- Recall that an ordinal S< s is (n—1)-stable if and only if Jg<x,, | Ju.
Standard arguments show that the set of (n—1)-stable ordinals form a closed unbounded
set in sr.

Let v be the with (n—1)-stable ordinal, above the stage where C is constructed.
LEMMA 26. ~ is X,,_1-admissible, but not X, -admissible.

The first assertion follows from the fact that the union of a X,,_;-elementary chain
is a 3, _1-elementary extension of every structure on the chain.

To see the latter, we go by contradiction. There is a function H:J, xw—J, that
is Yp_1, and {B:CeJs and Jp is closed under H} is exactly the set of (n—1)-stable
ordinals less than « that construct C. (H is a function coding £, _1-Skolem functions.)
Since this set has order type wy and is definable in a A,-way, we have a contradiction.
The lemma follows. O

Let N=Hull> (w;U{C}). The proof of the previous lemma shows that N is cofinal
in J,.

We show that sup(NNw,,)eS)NC. Let N’=Hull,{“’_1(Nme_1). Then standard
arguments verify:

» a=sup(NNw,,) is an ordinal in C.

e N is a X, _1-elementary substructure of N”.
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e If risa ¥,_j-term in N for a function from w,,_1 to wy,, then 7 is bounded in o.
In particular, sup(NNwy,)=N'Nw,,.

+ Similarly sup N=sup N’. Thus N<g_ N'.

Let N be the transitive collapse of N’. Then:

o« N=J, for some v.

o J,=Hull’*(w,,_1U{C}) where C is the image of {C} under the collapse map.

o v=v(a).

o n=n(a).

Thus, if a has cofinality wy, a€CNSY,.

What remains is to show that the cofinality of & is wx. We show that there is a closed
unbounded set DCwy, such that if £ <7 are both in D, then sup(Hull> (£ U{C})Nwm) <
sup(Hull!"(nU{C})Nw,). This suffices to see that cf(a)=ws.

For { <wy, let G¢ satisfy me: Jﬁs’éHull,J;’({U{C}) and let ve=sup(Hull’ (¢U{C})).
Then the sequence of 7; is continuous, increasing and unbounded in . Without loss of
generality we can assume that for £€D, J,, is a ¥, _;-elementary substructure of .J,.
Hence the map 7¢, viewed as a map from Jg, to J,, is 3, _;-elementary and cofi-
nal. Hence the map is L,-elepentary, and thus Hull’ (EU{C}) =%, Jye- In particular,
Hull> (€U{CH =Hully* (£U{C}).

Let £<7 be elements of D. Then ~¢€Hull)"(nU{C}). Hence Hull}>(¢U{C})€
HullY(nU{C}), and thus sup(Hull"(€U{C})Nw,,)€Hull7 (nU{C}), as desired.

To see the second claim (which is actually stronger) suppose that it is false, and let
2 be a Skolemized algebra on R,, witnessing the non-mutual stationarity of (S7,:mew).
We let 5 be N,;; and v be the with (n—1)-stable ordinal in s above the stage where
2 is constructed. Then as in the first part of the lemma, v is ¥, _;-admissible, but not
Y,-admissible. Moreover, the sequence of stable ordinals below + that construct 2 is
definable in a A,-way.

Let N=HullZ"(w;U{2}). Then (NNR,)~<2A.

Let a,,=sup NNw,,. We claim that «,, €SP, yielding a contradiction to 2 being a
counterexample to the mutual stationarity of the sequence (Sy,:m>k). From here the
proof goes as in the previous case, noting that the role of m in the previous case was
only to fix 7.

This finishes the proof of the lemma.

THEOREM 27. Fix k>21. Suppose that h:w—w. Then the sequence (S,}fl(m):m>k>

15 mutually stationary if and only if the function h is eventually constant.

Proof. Suppose that h is eventually constant. Since mutual stationarity is preserved

under finite variations we can assume that h is constant everywhere. Hence this direction
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of the theorem follows from the previous lemma.

For the difficult direction suppose that (S,};(m) :m>k) is mutually stationary. Let s
be a large regular cardinal, and let N<.J,, be a witness to the mutual stationarity for
the algebra (J,,, €). By earlier arguments we can assume that wyCN. Let N Js be the
transitive collapse, and j: Jgs— J,. be the inverse of the collapsing map.

Let 7,=w;]®. Then for all >k, cf()=wy and wiC Jg.

Let <y be the least ordinal such that for some [ there are n, §, 7 (with d<m; and FC7)
such that Hull"(§Up) is cofinal in 7. The following claim is standard.

CLAIM. For all I'>1, Hull"(UB) is cofinal in my. Moreover, for all rew,
H(w,)"*=H(w,)’? (where H(w,) is the collection of sets of hereditary cardinality less
than wy).

Let ng be the least integer such that for some 7, Hull;{g (UP) is cofinal in some 7.
We show that h(m)=ng for all m>1.

Fix an m>/, and let N,,=Hull”*(NUwy,_;). Then the following claims are stan-
dard:

(1) If ap=sup{NNwy) then a,=N,Nwpy,.

(2) sup(Np Nwpy)=sup(NNw,y,) for all m’' zm.

(3) sup(N)=sup(Nn,).

(4) j: N— N, is elementary.

Following the proof of Jensen’s Covering Lemma, we can form a directed system
S of £,,,-1-Skolem hulls of sets of the form §’Up’ (for &’<n and p’€[y]<¥) in J,, and
sending them by j to a directed system &7 of sets with X,,,_;-embeddings between them.
The elements of S’ and the embeddings lie in N,,.

We will argue later that h_n)l 87 is well-founded and hence isomorphic to some J.,,.
Assuming this to be true, there is a cofinal X, ,_;-embedding j:J,—J, . Since j is
cofinal, it is X,, -elementary.

In particular, this implies that

(1) Hull>=(5(8)Uj(P)) is unbounded in a,p,,

(2) for all §'<tum, P E[ym|<* we know that Hulli”_"i(é’U;ﬁ)EJ%,

(3) for all v/ <+ym, 8'<m, P E[ym]<, we know that Hulli”(é’uﬁ)e‘]%.

Thus, we know that n{a,,)=ng, as desired.

What remains is to outline the Covering Lemma argument. _

Define a directed system of transitive structures indexed by pairs (d,7) such that
8 <M, and P €[7,,]<“. To such an index i=(§, F'), we associate the transitive collapse V;
of Hull)Y_;(8UP). Note that N; € H (n,)”.

If i=(6,7) and ¢'=(8',p’) are indices, set 1<*¢' if and only if <6’ and FCp’. For
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Jy
Tlo—l

i<*, Hull” (6Up)<x,,_, Hull (6’up’). This induces a natural 3, _;-embedding

no—1
fi from N; into Ny, induced by taking collapses.

Thus we get a directed system S={Nj, fi i <*i'}C H(nm )’ =H(n,)’?. By apply-
ing j pointwise to this system we get a new directed system S7={j(N;), j(fir):i<*¢'}.
We need to see that the direct limit of S7 is well-founded.

If this fails there is a countable set of indices I such that lim {j(N;),j(fi):
i<*i and i,7’€ 1} is ill-founded. Since 7, has uncountable cofinality there is a v<7m
such that for all i€, if i=(§,p), then § Cv. Further there is a countable C such that if
i=(6,p)€l, then peC. Let J, be the transitive collapse of Hulli';_l(z/UC). Since 7,
has uncountable cofinality, o<nm,.

For all i€ I, there is a natural ¥,,_;-embedding g; from N; to J, such that if 1<*,
then g, ofi i =g;. Moreover, g;€J,. Applying j, we get natural embeddings j(g;) from
J(Ni) to Jj(, that commute with j(f; ). Hence there is an embedding lim j(gi)=g from
the direct limit of {j(N;):i€I} into Jj(,), contradicting ill-foundedness.

7.3. Splitting mutually stationary sequences

We now investigate the splitting properties of mutually stationary sets, about which we
know very little. Again, we work on the X,’s for clarity, although the results clearly
generalize.

We will adopt the following notation for simplicity: If N is a set, we will define the
characteristic function of N to be xn(n)=sup(NNw,). Thus the statement that S™C wy,
(n€w) is mutually stationary can be formulated: for all algebras 2 on R, there is an
N<® such that for all n, xny(n)€S™.

THEOREM 28. Assume that 280=R, <R,. Suppose that S"CR, (n>k) is a mutu-
ally stationary sequence of sets. If we split each S™ into two sets Sg and ST, then there
15 a function f:w—2 such that the sequence S:}(") is mutually stationary.

Proof. Suppose that the theorem is false. Then for each f:w—2, there is an algebra
Ay on N, such that if N<2; then there are arbitrarily large n such that xn (n)£S5%,.-
Since 2" <R, there is an algebra 2 on R, such that if 2% C N<% then for all f, N<.

Since the original sequence of S™ is mutually stationary we can find an N such that
N<2, 2" CN and for all ®,,>2%¢ yxn(n)€S™. Then this N determines an f:w—2 such
that for all 8,, >2%0 yn(n)e Stny-

But N<%;, a contradiction. O

We note that this result, in conjunction with Lemma 23, gives similar results for
sequences {S,:n>0) of ordinals of the appropriate cofinality.
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Definition 29. Let S"CR,, be a mutually stationary sequence of sets. We say that
the sequence weakly splits if there is a partition of each S™ into S§ and ST, and functions
f;g:w—2 such that for infinitely many m, f(m)#g(m), and both {S7%,

(n):nEw} and

{S;‘(n):ne w} are mutually stationary. Equivalently there is an infinite set ACw and a
sequence of partitions S™=S7UST such that for i=0 or 1, the sequence T™ defined by
taking T"=S7 for n€ A, and T"=S" for n¢ A, is mutually stationary.

The sequence splits if and only if there is a partition of each S™ into S§ and 5T,
and a function f:w—2 such that both {S%,:n€w} and {ST_;(,y:n€ w} are stationary.
Of course, in this case, we can always find S]* so that f is constantly 0.

We do not know whether every mutually stationary sequence of subsets of the N,’s
can even be weakly split. However, we can show that if the continuum is less than R,
and there is a mutually stationary sequence S, Cw, (n€w) that does not weakly split,
then there is an indecomposable ultrafilter on ¥,,. This implies that every sequence of
mutually stationary sets can be split in the constructible universe L.

Definition 30. Suppose that ACw, and that ﬁ:(U":neA) and T=(T™:neA) are
sequences of mutually stationary sets. We say that UcT if and only if for all n€A,
UrcT™ If F is a collection of mutually stationary sequences of sets T:(T":n>k},
then we say that F is a filter provided that F is closed upwards under C, and whenever
T, U are elements of F , thereis a Ve F such that for all large enough n€w, V*CU™NT™.

LEMMA 31. Suppose that 280 <R, and §=(S”:n>k) 18 a mutually stationary se-
quence of sets that does not weakly split with S™Cw,Ncof(Swg). Let F be the collection
of sequences TCS that are mutually stationary. Then F is a filter that is closed under
C-descending sequences of uncountable cofinality.

Proof. We first show that if T, U€ F then for some k' >k, (U"NT™:n>k') is mutu-
ally stationary.

Since S does not weakly split, for each infinite ACw we can find a structure 4 such
that for all N<24 with xn(n)€S™ for all n>k, there are infinitely many n€ A such that
xn(n)eT™. Putting all of the A4 together into one structure we can find a structure
g such that if N<2p, 2YC N and for all large n, xy(n)€S™, then for all but finitely
many n, xy(n)eT™.

Similarly we can find an ?; such that for all N<®2; with 2%°C 2, and for all large
enough n, xn(n)€S™, then for all but finitely many n, xny{(n)eU™.

Putting Ay and A; together we can find an algebra 2 such that for all N<%2, if
xn(n)€S™ for all large enough n and 28%C N, then xn(n)€T"NU™ for all but finitely
many 7.
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If ®B is any structure expanding 2, by the mutual stationarity of S there is an N<B
such that xn(n)eS™ for all large n. Since B is an expansion of 2, we know that for
all large enough n, xn{(n)eU"NT". By the argument of Lemma 23, we see that the
sequence (U™NT™: k<new) is mutually stationary.

Now suppose that ( T a<x) is a C-descending sequence of elements of F for some
cardinal », w<x<¥,. Suppose that T,=(T":n>k). Define Un={T?:a<sx}. It
suffices to show that for some L, the sequence V defined by setting V?=U" for n>L,
and V?=S5" for k<n<L, is mutually stationary.

For each a there is a structure 2, such that if N<2, and xn(n)€S™ for all n>k,
there is an [ such that for all n>{, xy(n)€T.. Let 2 be an algebra such that if N<% and
# C N then for all o<, N<®,. We can also assume that if some U™ is non-stationary,
then for any N<2, xn(n)¢U™.

Let B expand 21 and suppose that N<9B, xC N and xn(n)eS™ for all n>k, w,, > ».
For each <, there is an [, €w such that for all n>1,, xn{n}€T?. Since » is regular,
there is an L such that for cofinally many a, lo=L.

Since the sequence of T',’s is decreasing, this implies that for all o< and all I>L,
xn(HeTr.

For each B, let L(%B) be the least L such that there is an N<'B such that for all
I>L, xn(1)eU!, and for all n>k, xy(n)€S™. Then L(B)<L(WB') if B’ is an expansion
of B. Hence there is an L&€w such that for all B, L(B)< L.

Define V as above, using this L. Then for all B, there is an N<% such that
xn(n)EV™, n>k. Hence V is mutually stationary and in F. O

THEOREM 32. Suppose that 2%°< R, and that there is a mutually stationary se-
quence S™Cw,, that does not weakly split. Then there is an ultrafilter on R, that is
»n-indecomposable for all 3 between 2%° and R,.

COROLLARY 33. If there is a mutually stationary sequence that does not weakly
split, then there is an inner model with a measurable cardinal (see [D)). In particular, if
V=L, every sequence of mutually stationary sets weakly splits.

Proof of Theorem 32. We construct an ultrafilter V on R, that is s-descendingly
complete for all 3z between 2% and R,,.

Let U4 be an ultrafilter on w. For each set XCR,, associate the sequence X,=
(XNS™)\wn_1- Define an ultrafilter V on R, by putting X€V if and only if there is a
set A€l such that the sequence

X" ifneA,
Yh=
S™  otherwise,
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is mutually stationary. We show that V is an ultrafilter.

We first note that Lemma, 31 implies that V is a filter. For if X, X’ are subsets of N,
that lie in V, then we can take A, B€U witnessing this. By Lemma 31, AN B witnesses
that XNX’'eV.

Moreover, an application of Theorem 28 shows that if XCN,, then there is an Ael{
such that [J{XNS™:neA}eV or J{S"\X:neA}eV. Hence V is an ultrafilter.

Suppose that (X,:a<s) is a decreasing sequence of elements of V. Then we can
choose sets (Aq:a<s)CU such that A, witnesses that X,€U. Since »>2%, there is a
set Acl such that for cofinally many o<, A is a witness that X,€U. It follows that
A is a witness for a tail of a<sz. Define Y using A as in the definition of V.

Then the sequence (Y, :a <) is a subset of the F defined in Lemma 31. Hence
there is a sequence Zc ?a for all a such that Z€F. Define X, = UneA Zp. Then X, €V
and X, C X, for all a<se. O

We can present a sufficient condition for splitting.

Definition 34. Let N<H(f). Then N is tight if and only if NN]J[R,, is cofinal
in [T(NNR,).

It is an easy exercise to show that if N< H(#) is internally approachable of length v
where v is an uncountable regular cardinal, then N is tight.

With the GCH one can give a criterion for tightness using Shelah’s PCF theory.
(There are more complicated variants of this criterion with the failure of the GCH.) We
give this criterion next, but will not use it for the results at the end of this section.

Fix a continuous scale {fa:a<Ny,41}CJ[R,. Recall [Sh2] that a point « of un-
countable cofinality is good if and only if there is a cofinal set ACa and an m such that
for all n>m, {fs(n):B€ A} is increasing. In this case there is an exact upper bound for
the sequence {fz:3€a}, and it is given by f,(m)=sup{fz(m): BcA}.

Shelah has shown that there is always a stationary set of good points in every
uncountable cofinality (or see e.g. the section of this paper covering the case where
cf(A) < sr). Further, under the CH, every point o of cofinality at least ws is good, and if
very weak square principles hold, then almost every point of cofinality w; is good [FM2].

We now remark that, for an N< H(6) with the property that there is an uncountable
v such that for all n, cf(sup(NNR,,))=v, the following are equivalent:

(1) N is tight.

(2) If y=sup(INNN,41), then v is good, and xny=f, almost everywhere.

Unfortunately it is not true in general that almost all N of the right cofinality are
tight as the following example shows:
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Ezample 35 (due to Zapletal). Suppose that the GCH holds, and let 2% be an algebra
on H(6). Choose a good y< N, of cofinality (say) w; such that sk(y)NR,41=". Let
M=sk%(v) and build an increasing chain of elementary substructures (N,:a<w;) of
M such that f,CNg, Ny is cofinal in v, and for a<fg and all n, xn,(n)<xn,(n). If
we let N={J,,,

xn(n)>fy(n).

N,, then for all n, cf{xn(n))=wi, sup(NNR,+1)=", but for all n,

We now define a more restrictive version of mutual stationarity, which is more

tractable than the original.

Definition 36. A sequence of sets {S,:n€N,} is tightly stationary if and only if
for all algebras A=(H(0),€,A,{5"},...) there is a tight N<2 such that for all n,
XN(TL)GSn.

Tightly stationary sequences are invariant under similar finite variations as mutually
stationary sequences.

For tightly stationary sequences of sets we can show both a version of Fodor’s The-
orem and a splitting theorem.

THEOREM 37 (Fodor’s Lemma). Suppose that (S™:k<n<w) is a sequence of tightly
stationary sets. If f:R,—R, is regressive (i.e. for all o, f(a)<a), then there is a func-
tion g€ ], ., Rn such that if Ty ={aeS™: f(a)<g(n)}, then the sequence (T} :k<n<w)
is tightly stationary.

Again we remark that this lemma can be generalized. However, if the set K of
cardinals we are considering has limit points inside K, we view the function f as a

function on pairs.

Proof of Theorem 37. Suppose that the theorem is false. Then for each g€[], o, ®n,
there is an algebra B, on R, witnessing the failure of the tight stationarity of the sequence
(Tg:k<n<w).

Let A=(H(0),€,A,(5™),{f},(Bg:9€]lrco Rn), ). Let N be a tight elementary
substructure of % such that for all n>k, xn(n)eS™.

Consider the function he[[R,, defined by h(n)=f(xn(n)). (In other words, h enu-
merates the values of f on the sequence of ordinals (sup(NNR,)).) Then for all n>k,
h{n)<xn{(n)), and hence by tightness there is a g€ NN[[R,, such that for all n>k,
g(n)>h(n). But then NNR,<B,, N is tight, and for all n>k, xy(n)€Ty, a contradic-
tion. ]

We can now show a splitting theorem:
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THEOREM 38. Let (S™:k<n<w) be a tight sequence of stationary sets, and suppose
that for all n, S"Ccf(Rg). Then there is a partition of each S™ into {Sj:B<Ny} such
that for all 3 the sequence (Sg: k<n<w) s tightly stationary.

Proof. Let p=N;. For each a€8™ choose a sequence {(ws:d<p) increasing and
cofinal in e. By Fodor’s Lemma for tightly stationary sequences, for each 4, we can find
a function gs €[ R, such that if we set

g6 =la€S™ a5 <gs(n)},

then the sequence of Ty, 5's is tightly stationary. Since I, RXn is p-closed (under

n>k

everywhere domination), there is a single function ge[], ., X, such that for all d<pu,
T} s={acS™: as<g(n)} is tightly stationary.

Note that the T; 5 are decreasing as 0 is increasing. We claim that there are cpﬁnally

n>k

many pairs § <8<y such that the sequence T3 5\T; s is tightly stationary. This clearly
suffices for the theorem.

If the claim failed, then for all sufficiently large § <4’ (say 4, 8’ >dg) there is an algebra
Bs,s such that if N<DB;s s is tight and for all n>k, XN(n)eTg’fé, then for infinitely
many n, xn(n)€T,'5. Again we can find an algebra B on R, such that if N<% and
UCN, then for all <’ <p, N<B;s 5.

By construction, the sequence T35, 1s tightly stationary, so we can find stationarily
many tight N<(H(0),€,A,B,{g},...) such that for all n>k, xn(n)ET)s - Fix such
an N. For dp<$, let X(;:{n:xN(n)eTgfé}. Since the sequence Tg’féO\Tg",(; is not tightly
stationary, and N<%B, for all 6, |Xs5|=w. Then for §<§’, X5C X5Cw. Hence there is
a 67 and a set XCw such that for all §>4,, Xs=X.

Let n€ X and a=xn(n). Then for all §, as<g(n). Hence a<g(n). But geéN, so
g(n)eN, a contradiction. O
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