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i .  In a former paper with the same title 1 (quoted below as " I " )  polar coor- 

dinates r and l were employed to represent the orbit, and power series in x ~ c o s  2 l 

were used for satisfying the differential equations. In  the present paper the time t 

will be employed as independent variable, and the expansions will be in powers of 

t or some simple function of t. 

We put  in I (4) 
cos 21=x, sin 2l--y, e=~ + ½ (1) 

so tha t  
dx dy 
- -  = - 2 y ,  - -  2 x ,  x ~ + y ~  = 1 (2 )  dz ~- 

and find, taking I (3) into account, the following system of equations ~ 

2 
-_~ = co2 _ Q2 _ ~ + 2 x (3 )  
dt  
dee 3 
d-~= - 2 Q w - ~ y  (4) 

d~ 3 
d--t= - a 0 ~ - 2  0 (5) 

dx 
d--/= - 2 y m + 2 y  (6) 

dYffi2xeo- 2x. (7) 
dt  

1 Acta mathematica, 93 (1955), 169-177. 
2 The possibility of reducing to th is  form was, in principle, already indicated in my  thesis 

Analytiskc •tudier reed Anvendelser paa Taltheoricn, Copenhagen 1912, p. 146-147. 
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Jacobi's integral I (5) becomes 

C = ( 2 ~ _ 9 2 _ c o z +  2eo+a a : + 0  (~+-~)-~. (8) 

The five differential equations (3)-(7) are for sufficiently small I tl satisfied by 
power series of the forms 

Y=O 

oO 

co= Z fl, t" (10) 
vffiO 

¢ =  ~ 7,t" (II) 
==0 

x= ~ ~,t" (12) 
v=O 

y= ~ u,t'. (13) 
Y=9 

Inserting these series and demanding that  the coefficients of t n shall vanish, we 

obtain the following recurrence formulas for the determination of the coefficients 

( n  -}- 1 )  q ' n + l  = ~,ffn-~,-- q,'pOCn-t,--Tn"l-~n" 
I,=O :,ffiO 

(14) 

3 
(n+ I)~n+1= --2 O~n-,,--~gn. (15) 

3 
(n+ 1) 7n+1= --3 o¢~ 7n-,--  ~ ~n. (16) 

n 

(n+  1) (~.+1= --2 ~. ~ f l n - v + 2 g n .  (17) 

(n + 1) ~,,+1 -- 2 ~ ~, &,, - 2,~,. (18) 

and 

From x u + y~ = 1 we obtain furthermore 

~0~+~=1 

v=O 
(n>O). 

(19) 

(20) 

The values of (9)-(13) for t--0,  that  is ~o, ~o, 7o, ~o, ~o, may with the reserva- 

tion resulting from (19) be employed as constants of integration. 
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2. We will now assume that  t = 0  corresponds to 1 =-0 which leads to certain 

simplifications. In that  case we have 

uo=O, 6o=1,  % = 0 ,  (21) 

the latter because, by I (6), ~ = ~  sin 21. Thus, only the two constants of integration 

8o and ~0 are left for free disposition. 

By  (21) we obtain at once from (15), (16) and (17) 

81 = 71 = 61 = 0 ,  (22) 

and (21) and 

for all v 

(X2v = U2v = 0  ; 82,+1 = 72v+1 = 62v+1 = 0 .  

(22) together with the recurrence formulas (14)-(18) then show that  

(23) 

We therefore obtain from (14)-(18) 

3 
- F s ~ + ~ 6 2 ~ .  (24) (2n+l)oc2n+l = ~ 82~82n-2v~ ~ (X2~,-lO~2n-2~,÷l 

~ffiO I,=l 

3 
2~8~= = - 2  ~ ~ - ,  8 2 ~ - ~ -  ~-~=-,. (25) 

v=l 

3 
2 n ~2n ---- --3 (X2v-1~2 n_2v - -  ~ ~2 rt- 1. (26) 

2n~2n = - 2  ~ x2v-182,~-2~ + 2u2,,-1. (27) 
v=l 

(2n+ 1)u2n+1=2 ~ 62~,82n_2v-- 262n. 
t'ffiO 

(28) 

d l  
For 1 we find by ~ = c o - 1  and (10) the expansion 

l=(~o-1) t+ ~ 82, t2,+i (29) 

3° 

recurrence formulas for the coefficients. These are, taking 6o = 1 into account:  

xl = 2 (8o-  1) j" 

6~ = - ~1(8o - 1 )  ] 

For use in connection with a numerical example we state below the first few 

(3o) 

(31) 



28 J .  F. S T E F F E N S E N  

u.  = ~ [ ~  (flo - 1) + / ~ d .  
(32) 

74 

~4 

~5 

~5 

= __ 1 (OCl /~,~ ..{_ O~ 3 ~0 + ~ g3) 

= - ~ [~17~ + % (7o + ~)] / " 
= _ 1 [~3 (~o - 1) + / ~  ~ ]  

= i (2 /~o& +/~2 ~ -  2 ~ ,  ~ , -  74 + ~ , ) I .  

= ~ [~4 (rio - 1) + ~ ~ ,  + & ]  J 

( 3 3 )  

(34) 

/~. = - ~ (~1 & + ~ 3 / ~  + ~s rio) - 1 ~s 

7~ = - 1 [~z 74 + ~3 73 + ~ (70 + ~)] / " (35) 

I n  o rder  to  compare  wi th  the  ear l ie r  numer ica l  example  we observe  t h a t ,  since 

t = 0  corresponds  to  l = 0 ,  ~o is t he  va lue  of oJ= 1 +~] for x - - l ,  and  70 the  va lue  of  

~ = e - ½  for x = l .  I n  th is  w a y  we f ind as cons tan t s  of in tegra t ion ,  besides  (~0--1, 

flo = 13"62217, 70 = 182"5881. 

The resul t s  a re  as fol lows:  

cq, 

4"475416 

481"8885 

18005"94 

~v 

25"24434 

- 2734"537 

104202"57 

13"62217 

- 79"89813 

4486"424 

- 127337"5 

182"5881 

- 1229"0931 

70296"56 

- 2101782"8 

1 ° 

- 3 1 8 " 6 3 8 3 5  

18266"383 

- 549001"3 

I t  is t rue  t h a t  these  coefficients increase  r ap id ly ,  b u t  for the  o rb i t  u n d e r  con.  

s idera t ion  smal l  va lues  of t cor respond to  r e l a t ive ly  large  va lues  of l, as  a p p e a r s  

f rom t h e  expans ion  1 

x j .  F. STEFFW.lqSEN, Les orbites p~riodiques dans le probl&me de Hill. Acad~mie royal¢ de 
Danemark, Bulletin n ° 3 (1909) ,  335. 
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F r o m  (29) we obta in  

t = "08085761 1 

- "00082585  sin 21 / 

J + "00000501 sin 41 

- "00000004  sin 6 l 

1 = 12"62217 t 

- 26"63271 t s 

+ 897"2848 t 5 

- 18191"07 t 7 

( 3 6 )  

(37) 

For  t = ' 0 1  we find /= '12619516 .  I f  we insert this value in (36), we find to 

eight figures t= '01000000 .  For  t = ' 0 2  we find l = '25223319  and, inserting this in 

(36), t = '02000001.  

I have  fur ther  calculated Jacobi ' s  cons tant  C by  (8) for various values of t and  

found the  following results 

t = 0, C = 6"5085378 

t = "01, C = 6"5085379 

t = "02, C = 6"5085378 

where Bauschinger  and  Peters '  table of logari thms to  eight decimals has been used 

for calculating (~ + ~ ) - 0 .  

4,. I n  order to  examine the  convergence theoret ical ly  we begin by  writ ing 

(24)-(28) in the  following form where we have isolated the constants  of integrat ion 

80 and  ~'0. 

3 
( 2 n +  1) ~2n+l=2flOfl2n+ ~. ~2~,f12n-2~,-- ~2t,-1 ~2n-21,+l- -~"t2n- l -~  O2n. (38) 

n-1 3 
-n~.=~o~,~._~+ Y ~_~ ._~ .+ i~ ._~ .  (39) 

2 n  n-~  1 
(40) 

n-1  
- n ~ ,  =/~o ~ , - ~  + Y u~.-~ t ~ , - ~ .  - u~,-x.  (41) 

n - I  
(,~+ ½) u,.+~ =~o~. + Y ~.  ~ . -~  + ~ .  - ~ . .  (42) 
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We now put  

k ~ = - -  (~t > 0, v > l )  (43) 

and will assume tha t  for 1 < v  < 2n  we have proved tha t  

J 
( 4 4 )  

whereafter we find conditions which are sufficient to ensure tha t  (44) is always valid. 

The argumentat ion proceeds on the same lines as the corresponding one in paper  I .  

From (43) we obtain l) 
k ~ k m . = - -  + (45) 

m ~7b--y 

and if we write for abbreviation 

s'n = - -  = s 2 . - 1 -  ½ 8 . - 1  (46) 
~=I 2~' - I 

where, as in the earlier paper, s ,  = - ,  we find 

n-1  ~2n 

k2. /c2  . - ~ v  = 2nn 8 . - 1 ,  ( 4 7 )  
v=l 

. - 1  ~2n , 

k2v,1 k2.-~.-i = - - 8 . ,  (48) 
v=O 

n-1 4 2 . - I  

~. k2v_ 1 k2n_2y - -  8 2 . _  2. (49) 
,=1 2 n - 1  

We first obtain from (38) by  (43) and (47)-(49) 

z" z " ,  
O~ 2 - -  8 .  

- + ~ ) 2 . n  + '5  2nn s ' - I  + n 

and require tha t  the r ight .hand side of this inequality shall not exceed 

(2n + 1) ~ k2n+l = ~ j~2n+l 

The condition may  therefore, after dividing by  4 2" , be written 

(5o) 
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The four other conditions, obtained from (39)-(42) in the same way, are 

3 ) 1 ~, s2n-2 -<fl 2,,lflol+~, K=-i +2~'P2~-1 2, (51) 

s2n-2 < ~,'.___2 
2n--I -3~' 

(52) 

2_~_1 // s2.-2 < 0 2  (It~ol+l) +'- 2,~-  x - 2 ~ '  (53) 

(0 I~ol +~+0)~ " ~ - ~ 0 8 n - 1 ~  ~ 2 .  
~b 

(54) 

I t  follows from the relations 

1 1 t i . _ _  
8n=8n- l ' } - - - 'n  8n+l =Sn-1"2Vt, q- l ' 

1 1 
82n:82n-2-~ '2~-  I -I 2 n 

tha t  none of the quantities sn-1/n, s ' / n  and S2n_2//(2n - 1) increases with n for n >  1. 

Thus, for instance, the inequality 

82 n - 2  82 n > - -  
2 n - 1  2 n + 1  

may be written in the form 

1 
2 8 2 n _ 2 > 2 - - - -  

2 n  

and so on. 

We now assume that  (44) has been proved for 1 _<v < 6. We may then obtain 

sufficient conditions for the validity of (44) for all ~ by putting n = 3  in (50)-(54). 

We find first 
e 

s~_ 1 ss 23 s~__ 5 
3 2' 5 = ~  ' 5 12 

and thereafter 

3 _ ~ + f l  ~ 23 

1 3 
(56) 
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1 5 (57) 

1 5 _ (~  (58) g ( i&l+  1) 

1 + ~ < (59) 

In  our numerical example (44) is satisfied for 1 _<~_< 6 if we put, for instance, 

~=20,  ~= /~=1 ,  r = 7 ,  8 = ~ = 2 ,  (60) 

and since (55)-(59) are also satisfied, the expansions (9)-(13) are at least convergent 

for I tl < 1/20. 

5. We proceed to show that  the system (3)-(7) can be satisfied by expansions 

of the form 

Q= cos (t+ 0)- ~ dr sin" (t+O) (61) 
Y~O 

oJ = ~ e~ sin" (t + O) (62) 

= ~ / ,  sin" (t + O) (63) 
v~O 

x = ~ g, sin" (t + O) (64) 
v=O 

y--  cos (t + 0). ~ h, sin" (t + O) (65) 
, 3 0  

where 0 is an arbitrary constant, and [ sin (t + O) I is assumed to be sufficiently small. 

Differentiating (61), we obtain after a simple rearrangement of the terms, making 

use of cos ~ ( t + O ) = l -  sin 2 (t+O) and interpreting d-1 and h-1 as O, 

oo 

= Z [(~ + 1) dr +t - Y d~_ 1] sin" (t + O) (66) 
t~[* , = 0  

and hence, by a simple exchange of letters, from (65) 

= ~. [(~ + 1) h,+l - • h,-1] sin" (t + 0). (67) 
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Fur thermore ,  we find by  (62)-(64) 

d o )  
- - =  cos ( t+  0). ~ (v+  1)e.+~ sin ~ ( t+  O) (68) 
dt ,,=o 

dS= 
d t cos (t + 0). ~ (v + 1)/,÷ a s in" (t + O) (69) 

I,=0 

d-~ = cos (t+O). (v+  1)g~+l sin" (t+O). (70) 

I f  we insert all these expansions in (3)-(7), the factor  cos (t + O) disappears, and 

only  power series in sin ( t+  O) remain.  We now demand  tha t  the coefficients of 

sin n ( t+  O) shall vanish, and find in this way  the reeurrenee formulas 

n n 

(n-~ l)dn+l=ndn l'~ ~oe~en-v- ~_odvdn-u ~- 1 
. - 2  • ( 7 1 )  

( n + l ) e ~ + l =  - 2  ~ d~en_~-~h~. (72) 
~,=0 

(n+ 1 ) h ,  = - 3  ~ d~/._.-~d.. (73) 

(n + 1) gn+~ = - 2 ~ h, e~_, + 2 h~. (74) 

(n + 1) h,  + a = n h,_ 1 ~- 2 ~ g, en-,  -- 2 g,.  (75) 
v=O 

6. We now assume t h a t  sin (t + O) = 0 corresponds to 1 = O, so that ,  corresponding 

to  (21), 

h o = 0, go = 1, d o = 0. (76) 

As a rb i t ra ry  constants  of integrat ion besides 0 there are, then,  only left e 0 and /0- 

We first obtain  f rom (72)-(74) ei=/1 =gl~O, and (71)-(75) show thereafter  t ha t  

for all v 

d2, = h~  = 0 ;  e2~+1= J,z~+l = g2~+1-0.  (77) 

The recurrence formulas m a y  therefore be wri t ten as follows: 

v=O v=l 
"a-1 

+ ~ d2,-ld2n-2~-a~/~n +8~g.,o 
1,=1 

3 -- 563801.  Acta Mathematica. 95. I m p r i m 6  le 5 m a r s  1956. 

(78) 
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= ~ s h (79) 2ne2n - 2  d 2 1 , - 1  e ,2n -2~ ,  - ~ 2 . - 1 .  

2 n / 2 .  = --  3 ~. d2t,_ 1 / 2 , - 2 ,  --  ~ d2;,,t-1. (80) 

2ng2n = --2 ~ h2,_l e,zn_z, + 2h2n_l. (81) 

n 
( 2 n +  1) h2,+1 = 2 n h 2 n _ l + 2  ~ g2, e2,-2,-2g2n. (82) 

uffi0 

7. T h e  f i r s t  f ew  of t h e s e  r e c u r r e n c e  f o r m u l a s  a re  

/ 
h 1 = 2  (e o -  1 ) / "  (83) 

.2= (dle.+l l) I 
1, ~ d l  (1o + ~) ~" (84) 

) 
gs h I (e o - 1) 

da = ~ (2 ,t,1 + 2 eo ~2 - ~ - l,) + ~ g ' /  
(85) 

J ha = 2 [h 1 + g2 (eo - 1) + es] 

e,  = - ~ (dl e~ + da eo + ~ ha) J 

/ .  = - ] [dx/2 + da (/0 + ~)] ~" (86) 
/ 

g ,  = - -~ [h 1 e 2 + h a (e 0 - 1)] ) 

da=i (4 da + 2 e° e" + e~- 2 d~ da + ~ -  l' + ig4)} • (87) 

h 5 =-~ [2 h a + e 4 + g2 e2 + g4 (eo - 1)] 

e° = - ~ (d~ e~ + d3 ¢2 + ds eo) - i h5 i 

1, = --~ [d., I ,  + aa Is + a~ (t0 +-~)1 I" (88) 
I 

gs = - 1 [h 1 e4 + ha e2 + h5 (% _ 1)] ) 

N o w  a c o m p a r i s o n  of (62) a n d  (10) shows  for  t = 0 = 0  t h a t  e0=fl0;  a n d  (63) a n d  

(11) show in  t h e  s a m e  w a y  t h a t  f 0 = 7 0 .  U s i n g  t h e  s a m e  i n i t i a l  v a l u e s  as  a b o v e ,  we  

t h e r e f o r e  h a v e  

e 0 = 13"62217, J¢0 = 182"5881 

a n d  o b t a i n  t h e  fo l lowing  resu l t s :  
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d~ 

4"475416 

478"9049 

17526"43 

h, 

25"24434 

--2717"707 

101481"48 

13"622i7 

--79"89813 

4459"791 

--124360"7 

182"5881 

1229"0931 

69886"87 

---2055136"1 

1" 

--318"63835 

18160"168 

~36880"2 

A few of the first of these coefficients are identical with the corresponding ones 

in the expansions in powers of t; the remaining ones do not  differ much from them. 

The calculation of Jacobi 's  constant C for various values of sin (t + 0) produces 

the following results: 

sin (t + O) = O, C = 6"5085378 

sin (t + O) = "01, C = 6"5085378 

s i n  (t + O) = "02, C = 6 " 5 0 8 5 3 8 1 .  

8. We now write (78)-(82) in the following form, corresponding to (38)-(42): 

n - 1  n - 1  

( 2 n +  l )d2 .+ l=2eoe2n  + ~. e s ~ e 2 . - 2 , -  ~ d2y+1d2n_2,_1-~ 
• =1 I,=0 

n--1 

+ ~ d2~,-1d2n_2, ,_1+2nd~._1-~2.+~go . 
~=1 

(89) 

n - I  

- -ne2n =eod2n- l+  ~ d2 . - l e2 . -2 .+~h2 . -x .  (90) 

2T~ n - I  

g f 2 n = 1 0 d 2 n - l ~ -  ~.  d 2 , _ l 1 2 , _ 2 , - ~ 2 1 d 2 . _ l  . (91) 

n - I  

- n g 2 n  --e0 h2,_1 + ~. h2.-x ee,_~- h~,_l~ 
~=I 

(92) 

n - I  

(n "~ 1) h2 n+l = nh2n- i  -}- eog2n -{- ~fi g2v e2n-2v -}- ezn - g 2 n .  (93) 
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We assume next that  for 1 _< v <_ 2 n we have  proved that  

Id.l<Dk. {e.l<_Ek., I/.I-<Fk.,} 
Ig, l-<Gk., Ih.l_<Hk. ' 

/c~ being defined by (43). 

We then obtain from (89)-(93) 

n-1 / 
(2~+1) Ide.+,l<_2leolEke. + Ee 2 k~.~._e.+ 

n-1 n-l '  
+De ~: k2 . . l ke . - . . . - l+D  ~ ~ /~2~-~k2._2._~+j 

/ + 2 n Dken_, + Fke~ +~Gke~ 

n[e2n[<-{eo{Dk..,,-l+DE ~ k2~ lken-e~+~Hk2~_,. 

(94) 

(95) 

(96) 

{/en{<-l.lolDk2n-1+DF ~ ke,,-iken-e,,+~Dken i. (97) 

n-1 
nlgen{<-leolHk, e,~-l+HE ~ ke~-lk~_e~+Hke~_l. (98) 

n-1 
(n+~) [hen+,l< leo{ Gken +GE ~ ke, ke,~-e,+ Eken +Gk2n +nHken_l. 

By (47)-(49) and the relation 

(99) 

n-1 x2n 2 

resulting from (48), writing n -  1 for n, (95) may be written 

(2 n ÷  l ) [ d e n + l { -  (2 { £0{ E-{- f+~O) ~-n+Ee~nnS,_ I + 

+ D e )en 2en-e )en-, --n s: +Den_ i s'n-' ÷ 2nD 2 ~ -  I 

( l o o )  

(1oi) 

We require that  the right-hand side of this shall not exceed ( 2 n +  1)Dk2~+,= 

=D22~+1, so that,  after dividing by X e~-e, 

(2[eo[E + F + ~G) o~ n 
t t 

E 2 ).e sn-1 ~_ De 2e sn + De s~=l_ + / 
+ 2 n n n - 1  

+D~. 1 ~ _<D;t a 
(lo2) 
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In precisely the same way we obtain from (96)-(99) the sufficient conditions 

1 s~n-2 
(2 [e°I D + I H) '~n-I  + 2D E2 n -  I -< E 2' (103) 

1 . ~  s2n-2 < F 2  (104) 
(I/on+i-) 2 ~ i  +-"  2 ~ _  1 - ~ ,  

(1~ol + 1)~j-1 =+ E ~n-~. <G__~ (105) z n - I  n - l - 2 H '  

(leo]G+E+G) 2+EG2Sn_I+H(I+ 1 ) n n 2--~S~_ 1 _<H22. (106) 

None of the quantities depending on n increases for n > 1. If therefore (94) has 

been proved, for instance, for 1 _< v_< 6, we may find sufficient conditions for the 

validity of (94) for all v by putting n = 3  in (102)-(106). We thus find 

22( 3 3 2 46 ) 2D2 6 _  2 --6 21e°lE+F+~, ° + '  ~E + ~ D  2 +~ + ~ D  _<D23, (107) 

( 1_ 21eo lD+~ H +gDE<_E2, (108) 5 

- ~-f), 

1 F--2 G2 g(l~ol+l)+ E< (110) 
- 2 H '  

leoIG+E+G+~EG +gH<_H2 2. ( l l l )  

In our numerical example (94) is satisfied for 1 <v _< 6 if we put, for instance, 

2=20,  D = E = I ,  F = 7 ,  G = H = 2 ,  (112) 

and since (107)-(111) are, then, also satisfied, the expansions (61)-(65) are at least 

convergent for [ sin (t + 0) 1 < 1/20. 


