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Z r ~ ~ a r a U  a , r = 1, 2 , . . . , n  

be n real  h o m o g e n e o u s  l inear  f o r m s  in  t h e  in teg ra l  va r i ab les  u I . . . .  , u~. L e t  o31~(ar,) 

be t he  lower  b o u n d  of  t he  p r o d u c t  Ix~. . .xnJ fo r  all sets  of  in tegers  u~ . . . . .  u s o t h e r  

t h a n  0 , . . .  ,0. L e t  o 3 ~  be  t h e  u p p e r  b o u n d  of  o~ (a r ,  ) fo r  all se ts  of  l inear  f o r m s  

x~ . . . .  , x ,  w i t h  d e t e r m i n a n t  1. A well  k n o w n  resu l t  of  Minkowsk i  1 impl ies  t h a t  

Hence ,  if 

we h a v e  

T h e  s t ronge r  inequal i t ies  

n~ (1) 

m : lira {Q.~n) TM, (2) 
n- - -N  r 

1 1 
m < - -  (3) 

e 2 " 7 1 8 2 8 . . .  

1 1 
rn  < _ _ _ -  (4) 

- V~e~ 3.5~905...-' 

1 
m < - - - - -  , (5) 

- -  3 . 6 5 9 3 1 . . .  

1 1 

m<e__Ve ~-4sl6s... ' (6) 

I Minkowski  p roved  in G e o m e t r i e  de r  Z a h l e n ,  (Leipzig, 1910), w 40 t h a t  one  can  f ind  in tegers  

u 1 . . . . .  u n ,  n o t  all zero, sa t i s fy ing  [xx] + �9 �9 + Ixn] < ( n ! )  1In a n d  (1) follows f rom th i s  b y  t he  i nequa l i t y  of  

t he  a r i t h m e t i c  a n d  geometr ic  m e a n s .  
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have been obtained successively by  Blichfeldt 1, Rankin 2 and myself 3. 

But  I have recently noticed that  the inequality 

1 1 

m_< V2~---~/; ~.3o65a...  (7) 

is implicit in a paper by Blichfeldt 4 on the minimum value of the discriminant of a 

totally real algebraic field. 

The main object of this paper is to obtain a new upper bound for o_~ and to 

prove t h a t  
1 

m < 4 e V e -  5"70626.. .  (8) 

The method of proof is based on my method for proving (6) which is itself based on 

Blichfeldt's method of proving (4). 

As Minkowski 5 pointed out; if D~ is the least discriminant of  any totally real 

algebraic field of degree n, then 
1 

D . >  ~ .  

Hence, if 
d = lira {Dn} '/'~ , 

n - - ~ o o  

we have 
1 

a H. F. Blichfeldt, Mona t s he f t e  fi~r M a t h .  u n d  P h y s . ,  43 (1936), 410-414. 
2 R. A. Rankin ,  Prov.  K o n .  N e d .  A k a d .  v. Wet . ,  A m s t e r d a m ,  51 (1948), 846-853 (848}. 

a C. A. Rogers,  J o u r n a l  L o n d o n  M a t h .  Soc. ,  24 (1949), 31--39. 
4 H. F. Blichfeldt, M o n a t s h e f t e  fi~r M a t h .  u n d  P h y s . ,  48 (1939), 531--533. Bllchfeldt considers the 

linear forms 
WklX 1 Jr . �9 �9 + WknX n , k = 1 . . . . .  n , 

of de te rminant  ZI, where wl l  , . . . ,  Win is a basis of a total ly real algebraic field of discr iminant  D = ~ '  and 
Wkl , .  . . ,  Wkn , ]C = 2 . . . . .  n are conugate bases of the conjugate  fields. But  Blichfeldt proves,  wi thou t  use 

of his assumpt ion  concerning the na tu re  of wl~,.  �9 �9 Wnn, tha t  for any  integer m ~ 1 there are integers 

u s , . . . ,  u n not  all zero such tha t  

/ ~  = ] / ( w ~  u , + . . .  +w~u. i ,  _< ~,  ~ (m=,)'[~ �9 2 ' .  33 . . . . .  mm],~(,~-,)[rll + ~,)]3 
k=l 

Taking m ~ [ n  log n] and lett ing n tend to infinity one obta ins  (7). 

5 I2i. Minkowski, Geometrie  der Za h l en ,  (1910), w 42. 
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Thus, by our result (8), 
16e ~ 

d > -- 32"561 . . . .  (9) 
- -  : 7 ~ 2  

This inequality is better than the result 

d > 2~et/e ~ 2'8" 159�9 

of Blichfeldt i corresponding to'(7). 

I am grateful to Mr. L. A. Wigglesworth for finding for me the function g(x) 

satisfying the integral equation (18) and playing a central part in this work. I am also 

grateful to Professor Davenport for a number of useful suggestions. 

2. My proof of (6) was based on the following lemma. 

L e m m a .  I f  m > ! and 
z~ < z~ < . . .  < z~,  (10) 

then 

< - -  [zol , (11) 
r  Q < : 6 <  m m .o=1 

where 
m 

 V[(m- -log z) (x2) 

In this paper we prove the stronger inequality ~ obtained from (11) by replacing 

k~ by 

= ~ ( e"~m(m- -1 )2~  1/(2m-~) (13) 

The simple ideas on which the proof is based are obscured by the detailed calculations 

which will be found in the next section. In  th e present section W e give a brief explana- 

tion of the ideas behind the proof. 

I t  is convenient t o  introduce the following convention. In any sum where the 

variables of summation and their ranges of variation are not stated in the usual way, 

the sum will be taken over all the sets of values of all the Greek suffixes and superfixes 

occurring explicitly in the summand, which satisfy the conditions stated under the 

sigma and for which the summand ,is defined. A similar convention will be used for 

products. 

1 I t .  F. Blichfeldt, (1939), loc. cir. 

~ This result should be compared with the result obtained by  C. L. Siegel ( A n n a l s  o f  M a t h . ,  46(1945), 
302-312) for the case when 0 ~ z 1 ~ z$ ~ . . .  ~ z m. The proofs  are quite different. 
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Let K m be the maximum of 

{oH< a [z,r--%[ } ~/'~('-1)~ 
(14)  

1 
- __~-' I%l 
m 

for all numbers zl . . . . .  z~ satisfying (10). By use of the transformation 

0r r = }(7-,r--Zm_r+l) 

we show (see Lemma 1) tha t  K~ is the maximum of (14) for all numbers z l , . . . ,  zm 

satisfying both (10) and 

Z r - ~ -  --Zrn_r+l ~ r = 1 , . . . ,  m .  

Now we are primarily interested in K,~ for large values of m. But,  if m is large, it is 

reasonable to suppose that  K~ is close to the upper bound K of 

1 1 

I10 '~(x)'dx (l~) 

for all strictly increasing funetions o~(x) satisfying 

o~(x)~ --o~(1--x), for O < x < l .  

In fact we only show (see Lemmas 1 and 2) that  

K m < (�88 ~ 1 )~)l/(~"~-2)K'n/('*-l). (16) 
Writing 

~(x)  = - ~ ( � 8 9  

it is easy to show that  K is the upper bound of 

1 (17) 

f 06(x) d x  

for all decreasing functions 6(x) with (~(1)> 0. By  a straightforward application of 

the calculus of variations it is not difficult to show that  the expression (17) assumes 

its maximum K when (~(x) : 9(x), where 9(x) is the solution of the integral equation 

2g(x) 
0--(x)'2--'--(~) " z - r  = st, for 0 < x < 1.  (18) 
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Once  the  f u n c t i o n  g(x) has  been  d e t e r m i n e d  t h e r e  is l i t t le  d i f f i cu l t y  in p r o v i n g  t h a t  

K = 2V-~-. (19) 

T h e  i n e q u a l i t y  o b t a i n e d  f r o m  (1 I) b y  r ep lac ing /cm b y  ~m fol lows f r o m  t h e  de f in i t i on  

of K m a n d  (16) a n d  (19). 

3. L e m m a  1. F o r  a n y  rea l  n u m b e r s  z x . . . .  , z~ ,  w h i c h  do  n o t  a l l  v a n i s h ,  

t t2/(m(m_1) } 

1 - -  1 
( 2 0 )  

f o r  c e r t a i n  rea l  n u m b e r s  o~ 1 . . . .  , o~ m s a t i s f y i n g  

0~ 1 <~ 0~ 2 - ~  . . . ~ 0~ m (21) 

and  
O'r+a~_r+~ = O,  for  r = 1 , . . . ,  m ,  ( 2 2 )  

- - 7 -  __~l~01 = �89 s g n ~ r ,  f o r  r = 1, u .  (23) 
m 1 0 :!~ ~ ~ -  % l  . . . .  

P r o o f .  I t  is c lear  c h a t  we  m a y  s u p p o s e  w i t h o u t  loss  of  g e n e r a l i t y  t h a t  

W r i t e  
zl _< z2 __< �9 �9 �9 __< z~ . (24) 

Iz.-%I 
f ( z ,  . . . . .  z ~ )  = , ( 2 5 )  

I 

m 

T h e n  f ( z l  . . . .  , z ~ )  is a h o m o g e n e o u s  f u n c t i o n  of deg ree  0 in  zl . . . .  , z~, wh ich  is a 

c o n t i n u o u s  f u n c t i o n  of z 1 . . . . .  zm e x c e p t  w h e n  zl ~ z 2 . . . . .  z,, ~- 0. T h u s ,  as  

z~ . . . .  , z~ v a r y  s u b j e c t  t o  t h e  cond i t i on  (24) a n d  t h e  c o n d i t i o n  

t h e  f u n c t i o n f ( z l  . . . . .  z , , )  will  a s s u m e  i ts  m a x i m u m  v a l u e  fo r  s o m e  n u m b e r s  ~ 1 , . . . ,  Sin. 

C lea r ly  

~1 < ~ < . . .  < S m  (26) 
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and  b y  the  h o m o g e n e i t y  of f ( z  1 . . . .  , % )  

f ( z l , .  �9  % )  < f ( r  �9  r 

for  all values  of z a , . . . ,  zm, which are no t  all zero. 

Wr i t e  
c~ = � 8 9  m r  r = 1 . . . .  , m .  

Then,  using (26), 

0~ 1 < 0~ 2 < . . . < 0r m , 

a~+~,,_~+ x : 0 ,  for  r :  1 . . . . .  m ,  
and  

--Y'I%I < ~Y'lr �9 
Fur the r ,  since 

o < r - r  = ~ , - - a , + � 8 9 1 6 2 1 6 2 1 6 2  

0 < r162 ~" as- -O(r ' �89162162162162 
w e  h ~ % v e  

0 < (r162162162 5 ( a s - - ~ : g r )  g , 

for all integers  r, s wi th  1 < r < s < m. Consequent ly  

0 < o  Q < ( ~  0 < t ~  

Now b y  (30) and  (31) 

Hence  b y  (27) 
f(r . . . . .  ~m) ~ f(~162 . . . . .  0era)" 

f ( z x  . . . .  , zm)  < ~ f ( ~ l  . . . . .  c~m) 

for  all values  of z~ . . . . .  Zm, which are no t  all zero. Consequent ly  

3c~ log f (cq  . . . . .  ~m) 0 

for  r : 1 . . . . .  m, p rov ided  ~ 4: 0. Thus  

2 1 Sgn ~ 
- - 0  

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

for  r = 1 . . . . .  m, p rov ided  ~ # 0. Hence  (23) is sat isf ied p rov ided  ~ # 0. But ,  b y  

(28) and  (29), i t  is clear t h a t  ~ = 0 if and  only  if 2r = mq-1 ,  and  in this case i t  is 

clear f rom (29) t h a t  (23) is s t i l l  sat isf ied p rov ided  we t ake  sgn 0 ~- 0. We  h a v e  now 

p roved  t h a t  the  n u m b e r s  a l  . . . . .  a m sa t i s fy  all the  condit ions in the  enuncia t ion  of 

t h e  lemm~.  
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L e m m a  2. I f  a , , . . . ,  a m are numbers  sa t i s fy ing  

0~I ~ ~%2 ~ �9 �9 �9 ~ a m  (33) 

and 

then 

' 121{m(m--1)} 

1 
- _ _ ~  I % f  
m 

a,~+~xm_+.+l = 0 , for  (34) 

" ," (35) 
I Ill 

~o=l~rO~r-- ~o I [ t 

r =  l ~ . . . ~ m )  

sgn a~, for  r = 1,. ., m , 

where a(x)  is a certain bounded strictly increasing f unc t i on  def ined for  0 < x < 1 and 

such that 
a ( x ) - ~ a ( l ~ - x )  = 0 ,  (37) 

i f O < x < l .  

P r o o f .  I t  is c l e a r - t h a t  we m a y  suppose  w i t h o u t  loss of gene ra l i t y  t h a t  

2,'1%1 =m 

W e  firs t  use (34), (35) a n d  (38) to  e v M u a t e  t he  s u m  , 

1 1,2. = , 1 

~<o (ao- %)* 2 ~.~ (%- %) 

1 1 1 1 

~:L:'~ ' :$:I=Q 

0=!= ff 

6 a=!:~ 
T=l:O 
~=l=ff 

1 1 

. (%-a~) (~.)~,)-~ (~-~,)(~-%) 

(3s) 

sgn o~ r + 

' T=l= Q 

1 / 
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Wri te  

Then  by  (39) 

so  t h a t  

1 
7 ( m - - l )  a ,  if m is odd,  

1 
- m ( m - - 1 )  ~ , if m is even 
8 " " 

(39) 

2 
~ = ( m - U I / m  (40) 

1 1 
< (41) 

~<a (~a-- ~ " 2~ ~' 

~ , + l - ~ r  > 1 / ~ , ,  f o r  r = 1 . . . . .  m - 1 .  (42)  

Now define the  funct ion  ~(x) b y  the  condit ions 

~(o) = ~ , , - ~ n ,  a ( 1 )  = c , . . + � 8 9  

and  

c~(r)---- �89 for  r - - - - - 1 , . . . , m - - 1 ,  (43) 

o~(x) -~ o~r+(mx- - r+~)z j  . 
r - - 1  r 

if - -  < x < - - ,  (44) 
m m 

for  r = 1 . . . . .  m .  Then,  by  (42) and (34), a(x) is uniquely  defined for  0 < x < 1 and 

is in this in terval  a bounded  s t r ic t ly  increasing func t ion  of x sat isfying 

a ( x ) + a ( 1 - - x ) = 0 ,  for  0 < x < l .  (45) 

I f  m is even it  is clear f rom (42) and (44) t h a t  

ilo,~(x){dx ~ f 1/~m 1 
- - l !2~ t t  

I f  m is odd, then  m > 3 and  

i1 1  llm q~(x)ldx = ~.~ = - -  ~ I % [ +  [ m ~ l d $  = 1 +  ~-- 
0 _ ~ m - - 1 , ' 2 m  am ' 

so t h a t  

log log 1 + ~  = l o g ( l + -  - , - - ] <  < = < - - .  
x 2 m ( m - -  1 )Vm ! 2m(m -- 1)~/m - -  4mV3 6m 
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Thus, in any  case, 

I log a(z)ld:r < - - .  
0 6m 

Now, using (44), 
l 1 

# < q  wO" w x 

(46) 

#elm 1,1 

= 27~0g (~,~-~0)-,., 27~ d~ ~ log {~l~)-~l~))e~ 
Q < a  Q = I  'v (~--1)/m " x  

o<o )lm dx  ) Ira  ~176 

m ~O/m 

O = t ( ~ - t ) l m  

~ dx _ol~ [ o~o -- o~oj 

1 1 

- { ~2 (x_ f ) ,  . 

o<o (%- %)J 
1 $ 

But, ii O < z < � 8 9  

-- log (1--z)  < -  < 2x . 
1--3:--  

(47) 

Hence, using (42) and  (41) and  writing z - -~  = X,  z + ~  = Y ,  

18. A a a  ~ a / ~ t i e a ,  

o<~-o ~o (-Co-~-~ d~ 

X 
82. I m p r l m 6  |e 20 | a n v i e r  1950, 

(48) 
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Also, writing ~--x = X, Sq-x = Y,  

1 1  

Thus, combining (48), (~0) and (49) with (47), 

1 1 

~_,~. log (aa--%)--m~Idx I log (a(~)--~(x)}d~ 
Q < q  

2 
< A m--�89 log (m_l)V-- ~ F~m 

(49) 

= �89188 log �88 2 . (50) 

Finally by (50), (38) and (46) 

2 1 
m(m-- 1) -`~ log (aa--aq)--log m ~N' ]aq4 

~ < u , .  

1 

~ ii S:,og m--1 

1 < _ _  
- - m - - 1  

({~A-�89 log �88 1)2-4-~) 

1 
-- 2m_2(~  + log  {m(m-- 1)") 

< - -  1 
(4 + log �88 1 ) 2), 

2m 2 

so that  (36) is satisfied. This. proves the lemma, 

Before we determine the upper bound, for all integrable.functions a(x), of the 
expression 

} exp ldx og Io~(x)=-c*(~:)ld~: , 
: , ( ~ 1 )  

I [o,(x)[dz 
0 

occurring in the right hand side of (36), we investigate the properties of Wiggles- 
worth's function g(x). We shall see eventually tha t  the expression (51) attains its 
upper hound when a(x) is in a'certain special relationship to g(x). 
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L e m m a  3. 

and such that 1 

(a) 

(b) 

and 

(c) 

Further, i f  0 < x < 1, 

(d) 

There is a strictly decreasing function g(x), defined for 0 ~ x < 1, 

i1 d ~ = n ,  for O < x <  1,  
2g(x) 

og~(x)-g=(~ ) 
(52) 

I]0dx Qog ]g~(x)--g~(~)ld~= --log 4e. (54) 

- H i - x ) '  < g(x) < 1, } 

J r > o . 

(55) 

Proof .  For all g with 0 < g ~ 1 write 

f(g) = cos -1 g--g cosh -11, 
g 

where 

0 < cos -] g < �89 0 _< cosh -11__< + ~ 1 7 6  
g 

Then 
f ( o )  = �89 $(1) = o 

and 

if(g) = --cosh -11.  

Thus, if 0 < x < 1, the equation 
f(g) = �89 

has a unique solution for 9 satisfying 0 --< g <-- 1 ; we  use g(~) to denote this solution. 

We prove that  this function g(x) defined for 0 < x < 1 satisfies the requirements of 

the lemma. Clearly g(x) is a bounded continuous str ict ly decreasing function of x for 

0 < x < l  and 

1 2 1 
cosh - 1 - -  for O < x <  1. (56) 

r = g(~)' 

Note that  g(O) = 1 and g(1) : O. 

1 We work throughout with the principal values of our integrals; we use g=(~) to denote (g(x)) 2 and  

g'(x) to denote the derivative of g(x). 
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Now, if 0 < x < 1 and g = g(x) < t(1--x)a, then 

f(g) == cos- ] g--g eosh_l 1 
g 

k cos -] ~(1--x)~--~(l--x)S cosh ~ l -  (1 --x) s 

16 
> ~ { l - -~( l  - -x) '}--  �89 - -x) '  log ( l - - z ) '  

> � 8 9  2 - -  
4 

1- -X 

= �89189 ) > �89 

This is contrary to the definition of g(x), and so we have 

~(1--x) s < g ( x ) <  1, for 0 < x <  1. 

Using this result in (56), if 0 < x < 1 , 

- g ' ( x )  - 
1 2 16 

cosh -1 - -  loga~x ) g(x) g( ) l~ z 

V 4  
8 log 1--x 

V I - - x  
- - > ~  - - ~ - >  l ~ - V l - x .  

We have now proved the first two of the inequalities (55). The last of these inequalities 

can be obtained immediately by differentiating (56), 

We now prove that  g(x) satisfies the integral equation (52). Write 

so tha t  by (56) 
s e e h  0 = g ( x ) ,  s ech  0 = g ( D ,  (57)  

_2 h o . 
dO dO / d~ 
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f l 291x) I ~ 4 ~ech O .  0 seth 0 tanh 0 
o g , ( x ) - g , ( ~ )  d~ = .'o ~ - - ~ c ( ~ O - ~ c  ~ -o  dO 

4 r 0 sinh 0 cosh 0 
= .  ) dO 

= 0 cosh~ 0 -- cosh s 0 

2 f ~176 0 {sinh (O+O)+sinh  (0--0)}  .~ 

2 ~ 0 0 
= ~So {sinh (Oq-O) sinh (0--0)1 

d 0 

__~ sin 0 

2 f ~ 0 ~ d O  

= ~ .  ( s s )  

Also, by the substitution (57) and integration by parts, 

(~)d~ seeh t 
3 o 

= OdO = - .  159) 

We have now to evaluate the double integral (54). Writing g(x) = y, y(~) ---- ~, 
integrating by parts and using the substitutions y ---- ain �9 ~ aeeh O. ~ = sin ~ 
aeeh O, we have 

1 

~olOg tg'(x)-g'(~)ld~ = _2 f~osh _, , ~g ly'-,7'Id,7 

2 ~  1 1 
0,]gl~_/~, {(,]q-y ) log [~q-y[q-(,--y)log [~?--y[--2~}d~; 

2 1 1 2y 1 1 ~*/q-Y d 
=- foVl_~?,{l~ '~'-Y'[-2}d~+--So~l ,-~-zl~ l 

2 -n/2 ----;i0 {l~ t oo seehO-ksechO dO (60, 
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in12 ~o/2 o l~ Isin29~ --  Sin~ ~bldq~ = l~ ]sin (9~ sin (9~ ~)ld@ 

t,~/2 

= �89 {log sin' (~+~)+  log sin' (r 

' I ] log  sm = �89 29~d~o = - -~  log 2 .  

B u t  also, integrat ing b y  par ts  and using (58), 

seeh 0 - - sech  dO = sech~ O--sech  2 0 0 

Subst i tu t ing  from (61) and (62) into (60), 

Ilolog ]g=(x)--g2(~)ld$ - -2  log 2 - - 2 + ~ g ( x ) .  

In tegra t ing this result  with respect  to x and using (59) we have  

(61) 

= �89 9 . ( 6 2 )  

1 1 1 

We have now proved tha t  g(x) satisfies all the  requirements  of the lemma. 

L e m m a  4. Suppose ~(x) is a bounded strictly increasing function satisfying 

for O < x < 1. Then 

exp 

4 z ) + o , ( i - x )  = o 

I)O '(~)ld~ 
s 2V--~" (64) 

P r o o f .  Wri te  O(x) = --~(�89 Then  8 (x )+8(2- -x )  = 0 for 0 < x < 2 and 

1 2 1 

o ' o o 
Fu r the r  

(65) 
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1 1 

S ~xS ~og,~(~) ~(~lz~ ~ 
0 0 

1 1 

1 1 

Thus, by (65) and (66), 

Is:s) } } 
1 = 1 , ( 6 7 )  

io'~ dx i,a(x) dx 

�9 We 'use g(x} to denote the function of Lemma 3.' By using first the in~quality of 
the arithmetic and geometric means and then its integral analogue, we obtain 

1 1 l 1 

- / ~ ~ !  + l o g / ~ ~ J  J de 

_< So dx'' f0 l~189 [g(X),+ g(~)/5(x)+ 8(~} ~ ~----  ~(~)[ 6(x)-- ~(~)/d$ 

~'~dx f ~ ~(x)g(x)--~(~)g(~) d ~ ~ 

We now establish the formula 

' ' a(x)g(x)--a($)g(~)d~ = (~dx ~' 2a(x)g(x) de. (69) 
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Owing to the singularity in the integrand the necessary change in the order of the 
integrations needs a special justification. As the integrand of the following integral is 
positive, if x :4= $, we have 

o Jo ~ d~ 

= lira f d~ ~ ~ ( ~ ) g ( ~ ) - ~ ( ~ ) g ( ~ )  

I f ' - ' l  >_e 

lira f dx ~" 2~(x)g(x) 
=.--,.+o o<.<, to<~<__,g'(:r)-g~(-------~) d~ 

I f - ' l  >e 

.--++o , g ' ( ; r  r 
d~ 

_ _lldxf ~ 2(~(x)g(x) d~ 

- lira I l l{  f ':'.'~ (,,,. (1,.+e, ix)  rain (1,.-t-e) / 21~(.)~(.) d'] d~. (70) 
e--~+0 "0 < / "mttx (0, x--e) + "max (0, z--e, ix--l) + "mini (1, z-t-e, ix) g l (z)  - -  ~ ( ~ )  

Now, by (55), i f 0 < x < ~ <  1 and 0 < ~ < ~ a n d x # ~ ,  we have 

[ 26(x)9(x) l<[  2(~(1) I < 2~(1) < 20~(1) 

~(~)-~(~) - g(x)-g(~) - I x - E l  I g ' ( ~ ) l - I ~ - ~ l t / l - ~  

Hence, if ~ is sufficiently small, 

i l d~  ~max (0, X--e, 2.--1) ~.d~(X)~(~) 
0 < d$ 

1 f 2~c--1 2(~(~)~(X) 
= dx 

1-e . -e  # ( D - g ~ ( x )  d~ 

SI - - '  " 
= 200(1) -e V l - x  log i _ x d X  

: 80~(1) V~-. 
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a~ 0 

A similar (but Simpler) calculation shows that 

1 

Zim " ~ ~ ~"~ ~ = 0 .  ( 7 2 )  2~(x)g(x) 
~ - .+ o  -o  d x  "mi. ~1, ~+~, ~)  g~(X)-- g2(e) 

I t  is clear from (52) that  the integral 

l ldx (~ 28(x)g(x) de 
o , ~ o g ' ( z ) -  9~(e) 

is finite. Also it is clear from the above estimate for the integrand that  the integrals 

{ 1  . . ~ - ~ + f l - ~  r 1 | 2~(x)g(x) 
f dXfo ~ a x ,  , ~ - -  de 

�9 o Jx+~lg ( x ) - ~ ( D  ' 

S S max(~ 2$(x~j (x)de ,  
0 ~ ( o ,  ~-~) g 2 ( x ) -  g~(e) 

and 
f l  fmin (1, z+~) 2~(X)~(X) 

/ X  "min(i x+e d~ , , ~)  # . ( x ) -  g'(e) 

are all finite. Thus the integral 

f 
l ~mi. o,~+~, s~) 2ei(x)g(x) 

I - -  d~ 
0 dx J -0 ~ . ~ ~ g~Cx)-  g'Ce) max ( ~ --~, . ) 

is finite. But,  if 0 < x < 1, we have 

f 
inis r ~+~, sx) 2~(x)g(x) 

de 

x+min(z 8 I--x) 2(~ X X 
= ( " ( ) g ( )  dt 

2(~(x )g( d~.  
)o { g ~ ( ~ ) - g ~ ( x + ~ ) } { ~ ( ~ - ~ ) - ~ ( ~ ) }  

B y  (55), the integrand of the integral on the right hand side is positive; and so, for 

each fixed value of x with 0 < x < 1 the integral is a decreasing function of e tending 

to the limit zero as e tends to zero through positive values. Hence 
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tl _min d~ : 0 . 
(1, X-[-~'y 2x) 

P 2~(x)9(x) 
lira dx (73) 

Using (71), (72) and (73) in (70) we obtain (69). 
Now, using the result (52) of Lemma 3, 

1 

~d~ ~ ~(~)g(x) d~ = ~ f0~(x)d~. Jo Jog~(x)--g~(~) 

Combining this with (68) and (69) and using the result (54) of Lemma 3/we obtain 

Hence, by (67), 

�89 IodX I01og [~2(x)--~2(e)lde < log : t  (x)dx . 

{I? 1 
exp x IolOg [~(x)--a(~)ld~ } ~, 

< : _ _  

This proves the lemma. 

L e m m a  5. For any numbers z 1 . . . .  , z,n, which do not all vanish, 

1 
- 2Y Iz~l 
m 

- ~ i~  J 2Ve 
(74) 

Proof. The inequality (74) is an immediate consequence of ]~emmas 1, 2 and 4. 

Although it is not necessary for the proof of the main result of this paper, the 
following lemma seems to be of sufficient intrinsic interest to warrant its inclusion, 
partly because it is the integral analogue of the inequality (74) and partly because the 
constant is best possible. 

L e m m a  b. For any funct ion a(x), which is integrable in the Lebesgue sense over 

the interval (0, 1), 

Further (75) ~s satisfied with equality for  a certain function ~(x) which i8 not null. 
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P r o o f .  We in t roduce a funct ion  fl(x), which m a y  be regarded  as a r ea r rangement  1 

of the  values assumed by  ~(x) in increasing order.  Le t  re(a) be the  measure of the  set 

El(a) of numbers  x wi th  0 < x < 1 for which a(x) ~ a. Then  the  set E l (a  ) and  the  

funct ion  re(a) do no t  decrease as a increases. Le t  fl(x) be the  lower bound  of the  

numbers  a for  which re(a) ~ x. Then  fl(x) is defined for 0 < x < 1 and  is a non- 

decreasing func t ion  of x. 

I f  fl(x) has the  cons tant  value  fl for x x _<< x _<< x~, where 0 < x 1 < x2 ~< 1, t h en  

m ( a ) : < x l ,  if a < f l ,  

m(b) > x2, if b > f l .  

Thus  the  measure of the  set El(b ) - E l ( a )  is a t  least  x , - -xx  if a < fl < o. Uonsequent ly  

a(x) assumes the  value fl for  a set of po in t s  x wi th  0 < x < 1 of measure  at  least  

x ,v -x  1. This would imply  t h a t  

1 1 

0 0 

and  in this case (75) is satisfied tr ivial ly.  

We m a y  suppose now t h a t  fl(x) is a s t r ic t ly  increasing funct ion  f o r 0  < x <  1 

and t ha t  ~(x) does n o t  assume any  cons tant  value in  a se t  of posi t ive  measure.  

Consider the  sets El(a), E~(a), Ea(a), E4(a) defined for an y  real n u m b er  a to  b e  the  

sets of numbers  x wi th  0 < x < 1 for which 

(1) ~(x) < a ,  

(2) ~ ( x ) <  a ,  

(3) fl(x) < a , 

(4) fl(x) < a ,  

respect ively.  Clearly El(a ) and  E2(a ) bo th  have  measure  m(a I. :Also, as fl(x) is Strict ly 

increasing, E3(a ) and E4(a ) have  the  same measure ;  and  f rom the  def ini t ion of fl(x) 
i t  is clear t ha t  Ea(a ) is the  set of points  x wi th  0 <i x <_ re(a). Hence  all the  four  sets 

Ex(a ), E2(a ) Ea(a), E4(a ) have  the  same measure.  Consequent ly  

1 1 

a n d  

x See Hardy, Littlewood and P61ya, Inequalities, (Cambridge 1934), w 10.12, page 276. 
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1 1 1 1 

f2i0' olOg Io~(x)~o~(~)fd~ -~- og [a(x)--fl(~)ld8 

1 1 

1 1 

Now wf i~  

r(*) = � 8 9  

for 0 < x < l, so tha t  7(x) is a strictly increasing function and 

r ( x ) + v O - x )  = o 
for 0 < x <  1. Then 

and, as in the proof of I ~ m m a  1, 

0 __< {fl(x)--fl(~)}{fl(l--~)--fl(1--x)} < {7(x)--7(t:)}'. 
Itenoe 

1 1 

1 1 

By (76), (77), (79) and ghis last resulL 

- -  < 

1 1 

f~ol~(x)fd:~ -- f~olr(x)Idx 

(77) 

(Ts) 

(79) 

(so) 
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Write 
re(x) ~- r(eq-x{l--2~}),  for 0 < x < I , 

where 0 < e < �89 Then, by  (78), 

r e ( x ) q - r e ( 1 - - x ) ~ 0 ,  for 0 < x < l ,  

and re(x) is ~ bounded strictly increasing function of z for 0 < x < 1. Thus re(x) 

satisfies the conditions for the function a(x) in Lemma 4; and so by  that  Lemma 

I10 ,re(x),dx - - 2 ~ / e "  

In the limit as e tends to zero through positive values, we obtain 

{s2  s)o, } exp z Ir(x)--r(~)ld~ 
yg 

Now (75) follows from this result and (80). 

I t  is clear from (53), (54) and (67) that  (75) is satisfied with equality when ~(x) 

is defined by 
a(x)-~ --g(2x), if 0 ~ x ~ � 8 9  

~ ( x ) ~ g ( 2 - - 2 x ) ,  if � 8 9  1,  
so that  

~ ( x ) = g ( x ) ,  for 0 < x < l .  

4. Before we prove our main  result we state the following well known result 

due to Blichfeldt z, on which its proof is based. 

L e m m a  7, Let S be any closed bounded n-dimensional set with Lebesgue measure 

(or outer Jordan content) F. Then there is a set of distinct points 

x ( "  = (~(~'; . . . .  ~ ) )  . . . . .  5 ( ' )  = ( ~ i  ' ' )  . . . .  , ~ " ) )  

of S with m > V such that the differences 

z H. F. Blichfeldt, Trans. Americar, Math. Sot., 40 (1914). 227-25{}. We restate Blichfeldt's 
Theorem I (page 228)j in the form he considers in w 7 (page 230). 
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x(r) ~(8) 1r -~- 1, n 
k - - ' ~ k  , �9 �9 " ,  

are integers f o r  r, s -~ 1 , . . . ,  m .  

T h e o r e m .  Le t  n > 3 and  let 

x r ~ -  ar~u a ,  r =  1 , . . . , n  

be n real homogeneous l inear  f o r m s  i n  u x , . . . ,  u,, w i th  de te rminan t  1. T h e n  there ex is ts  

a set o f  integers u ,  . . . . .  u , ,  other than 0 , . . . ,  O, f o r  which  

(n !)(1 + n  log n)eS/2(2"5 log n) 3/l~l~ 

Proof .  Le t  (~]rs) be the reciprocal matr ix  to (at8) and  write 

x r - ~  ~ ' a r a y  a ,  r - ~  1 , . . . , n ,  I (82) 

Yr = . ~  Aroxa  , r =  1, . . . , n . I 
Take S to be the set of points (Ya . . . . .  y,) ,  for which 

~'l%l < �89 + n  log n)(n !)}1/,. 

Then, as the determinant of the matrix (a~a) is 1, the volume of S is 1 + n  log n. Hence 
by  L e m m a  7 there is a set of dis t inct  points 

ya)  = (yil, . . . .  , y~ ) ) , . . . ,  y<m~ _-- (ylm),. . . ,  y(~)) 

of S with m > l + n  log n, such t h a t  the  differences 

u~r, 8) = y ~ r ) - u l : ~  , k = 1 , .  . . ,  n ( 8 3 )  

are integers for r ,  s --~ 1 . . . .  , m. Thus,  if 

x<' = (xl 1) . . . . .  . ~ )  . . . . .  x(~) = ( . ( ,~)  . . . . .  x(. ~)) 

are the points corresponding to yo)  . . . .  , Y(m) in the t ransformat ion  (82), we have  

Z I x ~ ' l  _< � 8 9  log n)(n!)} TM 

for r = 1 , . . . ,  m, and  so 

)fflx(xq)[ < �89 log n ) ( n  !)} TM �9 (84) 
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Since 

we have 

Now by  L e m m a  5 

O<ff 

m >  l + n l o g n >  1 + 3  l o g 3 >  4 ,  

m 5 

m - - l - - 4 '  

(85) 

(80) 

and the right hand side of (85) is less t han  or equal to 

2 t , ' ~ - /  ,, ~ 64 / 
(87) 

But  m- -  1 > n log n > 3, while 

~log ( 5 ~ ' ~  1/~' \ ~ j - - -  
1 (5 ~u 8 ~  

-- # ~ l o g \  64 / < 0 '  

if # > 3. Thus the expression (87) is less t han  

( ~r ~"(5eSx~,2(nlog log.) [ ~r '~nn/~15ea~(logn)a'~l/(~l~ 

and consequently }2l{m(m--1)} 
/ 7  ]a~(0) _ ~(a) 
Q<6 

" 1 x(o) 

k=l Im ) 

< era(2"5 log n) 3/(~ log.) (88) 

Now by the inequal i ty of the ar i thmetic  and geometric means and  by (84), 

n 1 1 (2n) (1-knlogn)(n!). (89) 

Thus by  (88) and  (89) 

{R< lx~)_ x~), } ''~'n('-l)' (n !)(1 -I- n log n)e al~ (2"5 log n) a/(~ log .) 
< 
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So there are some integers r, s with 1 ~ r < # ~ m such t h a t  

Hl~, . )  ~(~) ) (n T)(l--{-n log n)e3/~(2"5 log n) 3/(~l~ 

Consequently (81) is satisfied when ul . . . . .  u .  have the integrM values 

ug' ") ~- y~)--r k = 1 . . . . .  n .  

These integers are not  all zero as the points Y(') and yo) are distinct.  This proves the  

theorem. 

I t  is clear from this theorem tha t ,  if n ~ 3, then  o_DT~ is less than  or equal to  

the  r ight  hand  side of (81), which is asympto t ic  to  

~/~eSn s/~ log n 

---2-- 
a s  n--> oo .  T h u s  

This proves (8). 

772 = .~oolim {o.~.}'/n <~ 4 e V e .  


