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1. Introduction
Let || - |z denote the supremum norm on the set £. Two of the most used inequalities
for the derivatives of polynomials are the Bernstein inequality

[Py (z)| < zel-1,1],

n
ﬁ ”Pn”[-l,l]v

and the Markoff inequality

1Pl =1,y S PP || Palli=10,

valid for polynomials P, of degree at most n. In this paper we are primarily interested
in what form these inequalities take on several intervals. We shall see that the extension
to general sets involves the equilibrium measure of these sets. We shall give the precise
form of the Bernstein inequality for arbitrary compacts, and an asymptotically best form
of the Markoff inequality for sets consisting of finitely many intervals. Actually, in this
case we shall prove different Markoff inequalities one-one-associated with each one of the
endpoints of the system of intervals.

The proofs will heavily use sets that are obtained as the inverse images of inter-

vals under (special) polynomial mappings. We shall see that the original Bernstein and
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Markoff inequalities instantly transfer to such polynomial inverse images (at least for
some special polynomials). From here we shall get the extension to more general sets
and more general polynomials by approximation. The approximation is based on the
density of polynomial inverse images in the family of compact sets, and we shall also
verify this density property.

We shall start with the just mentioned density property in the next section. Then
in §3 we shall consider the extension of the Bernstein inequality. Finally, the extension
of the Markoff inequality will be done in the last section.

2. Polynomial inverse images of intervals

Let T be a polynomial of degree N >2 with real and simple zeros X; < Xs<...<Xn. Let
Y1<Y¥5<...<Yn_1 be the zeros of T', and assume that |T(Y;)|>1, j=1,...,N—1 (note
that T(Y;) are the local extrema of T'). Then it is elementary (see [6, Lemma 1]) that
there exists a unique sequence of closed intervals F,...., F, such that for all 1<i<N
we have T(E;)=[-1.1], X;€E; and for 1<i<N -1 the set E;NFE;,; contains at most
one point. We call any such polynomial admissible, and we are interested in the inverse
image T~([-1,1])=~, E;. We denote by T;"* that branch of T~ that maps [—1,1]

into F;, and if v is a measure on [—1, 1], we set
T '(v)(A):=v(T(A)) for ACE;, i=1,..,N.

Polynomial inverse images of intervals, i.e. sets of the form T-1([—1,1]) with admis-
sible T', have many interesting properties. They are the sets that support weights for
which the recurrence coeflicients of the associated orthogonal polynomials are periodic,
or they are the sets E:U§:1 [a;, b;] for which the Pell equation

.
P?(2)—Q(2)S%*(2)=1 with Q(z H z—a;)(z—b;),

that goes back to N.H. Abel, has polynomial solutions P and (). They are also con-
nected with continued fractions and Toda lattices. For all these and many more inter-
esting results connected with polynomial inverse images see the papers [8]-[11], [13] by
F. Peherstorfer and the references there (see also [14]). However, the question if these
sets are dense among all sets consisting of finitely many intervals has been open. In this
section we prove this density, and in the subsequent sections we shall apply this result

to polynomial inequalities on several intervals.
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THEOREM 2.1. Given a system Y={[a;,b;|}._, of disjoint closed intervals and an
£>0, there is another system ¥'={[a},b}]}}_, such that U§:1[a/‘ bi]=T"1(]-1,1]) for

1?7 172

some admissible polynomaal T, and for each 1<i<!I we have

la;—a;|<e, |b;—bl|<e.

The theorem immediately implies its strengthened form when we also prescribe if a
given o} (or b}) is smaller or bigger than a; (or b;). In particular, it is possible to require
e.g. that ©CX'. The proof also shows that in the theorem we can select a}=a, for all 4,
and even b;=b;. Alternatively we can fix any other b;.

N.I. Akhiezer [1] described polynomial inverse images of [—1,1] consisting of two
intervals via elliptic functions. From here the validity of Theorem 2.1 follows when
l=2. However, if we use the characterization of polynomial inverse images given in
Lemma 2.2, then one can see that the two-interval case (/=2 in Theorem 2.1) can be
obtained by simply changing continuously one endpoint of one of the intervals. When
[>2 the situation is more complex.

After having learned of Theorem 2.1, F. Peherstorfer [12] has also given a proof
using a completely different approach.

We shall need the following known characterization of polynomial inverse images of
intervals (see [2] and also [10]). Since the terminology is somewhat different from those
in the papers [2] or [10], for completeness we present a short proof.

LEMMA 2.2. Let E:Ule[ai,bl-] be the disjoint union of 1 intervals. Then X=
T~Y[~1,1]) for some admissible polynomial T if and only if each of the numbers
wx([ai, b)) s rational, where ps, denotes the equilibrium measure of the set ¥.

For the concept of the equilibrium measure and of the logarithmic capacity of a
compact set see any text on logarithmic potentials, e.g. [20], [15] or [16]; but actually we
shall only use the defining properties (2.1)—(2.2) below.

Proof. If =T71([—1,1]) and N is the degree of T, then (see [6, Theorem 11}, [15])
ps=T"Yu_11)/N. Therefore if {a;,b;] consists of {; subintervals Tj_l([—l,l]), then
ps([ai, b;]))=I; /N, and this proves the necessity of the condition.

Suppose now that each ux{[a;, b;]) is rational, say us([a;, b;])=1; /N for some positive
integers N and [;, i=1, ..., N. Consider the function

H(z)zexp(N/ log(z—t) d,u;;(t)—Nlogcap(E))

on the Riemann sphere C cut along %, where cap(X) denotes the logarithmic capacity
of X.
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We need the following properties of equilibriumn measures (see e.g. [15], [20, Theo-
rem I11.12] or [16, Theorem 1.1.3 and Corollary 11.3.4]):

/logfz—t|d,ug(t):logcap(Z), zZ€X, (2.1)

/loglz—t|dpg(t) >logcap(X), z¢ZX, (2.2)

and the left-hand side is a continuous function on the whole plane.
Using these and the form of ux([a;.b;]) we can infer that H(z) is a single-valued
analytic function on C\X with modulus 1 on the cut X. Thus, it easily follows that

G(z) = % (H(z)+ ﬁ)

is real-valued on both sides of the cut, and G(2)=G(z) is satisfied, hence the reflection
principle shows that this function can be continued analytically through each (a;,b;).
Furthermore, H is bounded away from zero and infinity on compact subsets of the com-
plex plane, so G has a removable singularity at every a; and b;. Finally, H(2) has a
pole of order N at infinity. therefore the same is true of G(z). In summary, G(z) is
an entire function with a pole of order N at infinity, hence G(z) is a polynomial of de-
gree N. Clearly, G(z) is real if z€R, and since we have |H(z)|=1 on £, and |H(z)|>1
and H(z) is real for all other z€R, it follows that —1<G(z)<1 for z€X, and |G(z)|>1
for ze R\Z. Thus, =G *([-1,1]). and all we have to show is that G is an admissible
polynomial. From the construction it is clear that for r€¥

¢

G(z) =cos (Arg N/ log(z—t) dus (t)) = cos (NW/I dps, (t)) ;

from which it is clear that G has N zeros in X, and from the same formula the admissibility

of G also easily follows. U

Next we discuss the properties of the mapping

{al,bl, a,[,bl} — {,ug([al, bl]), ...,,u;;([al, bl])},

where Z:Ui[ai,bi], and this is a disjoint union. This is a mapping of a subset of
R? to R!, so it is singular. It is singular even if we fix, say, the left endpoints (to

obtain a mapping from R! to R!), namely the image set is on a hyperplane, for the

sum of the coordinates in the image set is 1. Now we show that if we also fix b;, thereby
obtaining a mapping from R!~! into the hyperplane mentioned before, then this mapping

is nonsingular.
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Thus, let
2(1‘1, ey $l_1) = [al, b1+$1] U [CLQ, b2+1’2] U...u [alhl, bl~1+$l—1] U [al, bl],

and we consider this set for (z1, ..., 7;_1) lying in a neighborhood U of the origin in R*™!
which is so small that in that neighborhood we have a; <b;+z;<a;y1 for all 1<j<l. Let

Mz, 2i-1) = (B8(er, oz (@1, b1+ 21])s s i oy, (@11, b1 F20-1]))- (2.3)

Then M:U—R!™!, and we are going to show that M is a nonsingular C°°-mapping,
hence in particular it is an open mapping. Thus, we can find arbitrarily close to the

origin points z1, ..., x;—1 so that all the numbers

Bs(a,...o (e, bita;]), 1<ji<,

are rational. Then, however,

/‘E(ml,...,zlﬁl)([aly bl])

is also rational, for it complements the sum of the preceding numbers to 1. These facts
together with Lemma 2.2 prove Theorem 2.1.

We shall actually show that the Jacobian of M (x4, ..., #;-1) is diagonally dominant—
this is enough to conclude the nonsingularity of M. It is known (see e.g. [17, Lemnma 4.4.1],
cf. also [21]) that uy is of the form

dus:(t) 12 1t-7]

dt T l(t=a,)(=by) /2

(2.4)

for t€X, where the numbers 7; lie in the intervals (b;,a;41). We shall need more precise
information on where these numbers lie, therefore we derive again this formula in a way
that also supplies this additional information. Actually, we need the same form and
information on the balayage measure of a Dirac mass d,, a€R\ %, onto 3. This measure
is defined as the unique measure v on X that has total mass 1 and for which

/loglx—tldu(t)=logl:c—a|+const, €L, (2.5)

(for the existence and properties see e.g. [16, §I1.4] or [7]). Since the balayage of do onto
¥ is px, and since a fractional linear transformation preserves the balayage measure (see
below), these two questions are basically the same. We set R=RU{oc}, and identify
—oo with oo.
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LEMMA 2.3. Let E:Uf.:l[ai,bi], (by,ap1)=(b, 00)U(~00,a1), and for a€R\X let
i(a) be that index 1<i<!l for which a€(b;,a;+1). The density of the balayage measure ba
of the Dirac delta mass 6, onto ¥ is given by

1T lta—a;)(a=b)"/? |Pa(t)] _ 1
* IT f(i—ay)(t=b)7% 1Pa(@] fal’ < (2.6)

where the polynomial

P_y(t)= H (t—m)

1<l
i#i(a)
satisfies for all 1<i<, i#i(a) the condition
“ ] la=aj)(@=b))[V* Pa(t) 1
b [I(t—a;)(t—b;)|1/2 Fi-i(a) t—q]

This system of equations uniquely determines each 7;, i#i(a), and we have 7€ (b;, a;11)-

dt=0. (2.7)

In particular, for a— oo we get that the equilibrium measure us, is of the form (2.4)
with 1, ...,7—1 satisfying for all 1<i<l-1
- -1
Git 1 (t—'T})
I
b IT; (t—a;)(t=b;)|1/2

Note that the first numerator and second denominator in (2.7) are constant, so they

dt =0. (2.8)

could be omitted from the formulae. However, it may well happen that 7; equals oo, in
which case the factor (t—7;)/(a—7;) should be omitted from all formulae. This difficulty
can be overcome by applying a fractional linear transformation as will be done in the
proof. The same remark applies if we want to speak of the balayage of d, in which case
all the terms that contain @ should be dropped.

(2.7) gives a linear ((I—1) x (I—1))-system for the [—1 free coefficients of F,_;. This
system has a nonsingular matrix (see below), and therefore the solution is unique. It
is clear from (2.7) that P,_; must have at least one zero on each (b;,a;41), 1<i<,
i#i(a), and then it cannot have more than one, so it has exactly one zero in each of
these intervals. It also follows that the coefficients of Pj_; are C°-functions of the
endpoints a;,b;, which, in view of the fact that the zeros of P, are separated, implies
that the zeros 7; are also C°°-functions of the endpoints a;,b; (C* at co should be
understood in a proper sense, but we can always speak of normal C* after applying a
fractional linear transformation as is done below). Thus, altogether, the density of us is
a C*°-function of the endpoints a;,b;. By making the substitution t=a;+(b;—-a;)u we
can see that then each integral

b;
/ dps(t) = ps((as, bi])

1
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is also a C"*°-function of the variables a;, b;, and this verifies that the mapping M from
(2.3) is a C°°-function on U.

Proof of Lemma 2.3. Consider the set ¥* obtained from ¥ via a mapping z*=
1/(z—«a), and for a measure v defined on ¥ let v* be the image of v under the same
mapping z*=1/(z—a), ile. if E* is the image of a set E, then we set v*(E*)=v(E).
Since the balayage measure &, of 8, onto X is characterized by the facts (see [16, §I1.4
and Theorem I11.4.6]) that it is supported on ¥, it has total mass 1 and its logarithmic
potential

[ 1ogle—t1du(t

equals a constant plus log|z—a] on ¥, it is easy to see that v is the balayage of 4,

onto ¥ if and only if v* is the balayage of 6, onto ©*, where a*=1/(a—a). It is

also straightforward to see that this same transformation also preserves the validity of

Lemma 2.3, i.e. the lemma is true for ¥ and o if and only if it is true for £¥* and a*.

However, by an appropriate choice of a we can achieve that a* is bigger than any of the

endpoints of ¥*, hence we may assume from the outset that a>b;. In this case i(a)=I.
Consider a polynomial

Pl_l(az) ZCIIl_1+Cl_2:L‘l_2+...+CO

and the system of equations
Ait1 Ijl—l(t) 1
! _
b I (E—a;)(t=b;)|/2 t=a

1<i<I—1. Since the leading coefficient of P,_; is fixed to be 1, this is a system of linear

=0, (2.9)

equations with matrix

dit1 71 1
([ La)

b I3 [(t—ay)(t=b)[Y2 t—a  J1q i1
If this matrix was singular, then by taking an appropriate linear combination of the rows
we would obtain a nonzero polynomial of degree at most [ —2 that was orthogonal to the
denominator in the previous formula on every interval (bi, ai41), 1<i<<l—1. However,
this would mean that this polynomial has at least one zero on each of these intervals,
which is not possible. Thus, the above matrix is nonsingular, and the system (2.9) has
a unique solution. Clearly, the solution polynomial P;_; has one and only one zero on
every interval (b, a;+1), 1<i<I/—1, and hence we can write with some 7;,€(b;, a;11)

-1

,Pl_l(.’L')= (.’IZ—Ti).

|

I

2
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Consider the function

\/HJ 1a—ay)la—by) Pa(z)
\/H] (z—a;j)(z—b;) "P_1(a)

on the Riemann sphere cut along ¥, where we take that branch of the square root which
is positive for positive 2. Let a. 3€[a;, b;]. There is a branch of log((z—3)/(z—«)) that

H(z)=

is analytic outside [a;, b;]. Thus,

1 H(z) z—p a—p a—_3
. — = :1 .
21t Jy z—a log z—adz H(a)loga_a °8 a—«

Take here real parts. Since H(z)=F|H(z)|i for z=x+10, z€X, we get

H@) o =8 4o 16l

o |m af |a—al ’
and thus the function

H
V(a):—log|a~a|+l/| (x)llog|x—a|da:
T Jy l$—a|

is constant on each interval [a;, b;]. Similarly, if @=b;, 3=a;4+1, then by cutting the sphere
along XU[b;, a;+1] we get as before

—l—f Mlogz——éd H()lga p loga_ﬁ
b

27T Jeubiai,) 20 z2-o a—-a a—«

Take again real parts, and notice that on (b;,a;+1) the function H(z) is real, and for
z=x210, z€(b;, a;4+1) we have

|z—4|
|lz—a

log Z—ﬂzlog Fim.
z—a

From these we obtain

O R (- C T

2 |x—a| |z —a |a o I—a

b;

Here the last term is zero by the choice of the polynomial P;_;, and we can conclude

that V() is constant on all of . Furthermore,

1 [ H()

dz=H{a)=1
21 Js z2—a (@) =1,
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so by taking real parts we obtain

1
1/H@,
T Jx |x—al

Thus, the measure given by the density function

1 |H(z)]

7 |z—al

is the balayage measure 5a, and the lemma, is verified. a

When we form the balayage onto ¥ of an arbitrary measure v with support on R
and with v(X)=0, then the density is obtained by integrating the density in (2.6) with
respect to dv(a).

It follows from the lemma that as a\ by, the numbers 7,=7,(a), i#k, converge to
some 7, that supply the solution of (2.7) for a=by, and again 7/ € (b;, a;+1). In this case

l . )[1/2
—a;)(a—b
[T, [(a—a;)(a—b;)| = (1+0(1))Cx/a—br (2.10)
|Pi-1(a)|
with some positive Ci, where o(1) denotes a quantity that tends to zero as o\ bx.
Using these facts we can calculate the Jacobian of the mapping

M(zy,...yxi_1).

Since each of the sets X(zy,...,x;—1) is just like X, it is enough to do that at the origin.
First let 1<k<l—1, 1<:<! including =1, but first let ik, and we calculate the partial

derivative
OUs(zy,...,m1) (@, bi+24])
('):vk

(0,...,0)
(we set x;=0). Since i#£k, this is the limit of the quotient

B5(0,....0,24,0,...,0) ([@i, bi]) — s ([@i, b))
Tk

as xy, tends to 0 through positive values. For positive x; we have
Y CX(0,...,0,z,0,...,0),

so py; is the balayage of tx0,... 0. z4,0,...,0) onto X (see [16, Theorem IV.1.6 (e)]). Therefore,

the numerator of the preceding ratio is nothing else than the measure of [a;,b;] with

5

respect to the measure that we obtain by taking the balayage of

HS(0,....0,25,0,....0) | (br br+1)
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onto ¥. Thus, in view of formula (2.6) and (2.10) the preceding ratio equals

betay /g —b t"r
// e L] |1 dtso....,0,24.0,...,0) (@) dt.
b

714 1(t—a;)(t—b;)|/2  |t—al
Here for by <a<bi+x we have by (2.4)

Dy

dps(o,...0,2x.0,...,0) (@) = (1+0(1)) Jhitzi—a da

with some positive constant Dy. Therefore, the previous double integral can be written

with some positive constant E} ; as

br -+ Va—br
14+o0(1))Ex ; da=x(14+0(1 Ekl/ du
(o B, [ Ve

=zx(14+0(1)) Eg ;- 5.

Thus, for k+#t,

Ols(z,y,....z0_1) (@i, bi+4])

0,..,0)=1rE,.
61:];; ( ) 27(' k,

However,

Y b @ bited) =1,

1<l

and therefore for the case k=1 we obtain

auz(ﬂn ..... zl_l)([akabk+$k]) 1
B (0,...,0):_257@“

ik

This already proves that the Jacobian of V(xy, ..., x;—1) is diagonally dominant, since
the preceding sum is the kth diagonal element, but the sum of the kth row without this

1
- E 57 Ex
1<igl—1
ik

diagonal element is

which is smaller in absolute value than the absolute value of the kth diagonal element

by $7E,, and this is a positive number. 0
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3. The Bernstein inequality on several intervals

Let || - ||z denote the supremum norm on the set E. The Bernstein inequality
IPy(0)] € =5 I Palliory, w€[-1,1], (3.1)
V1—12 ’

and the Markoff inequality
IPalli=1,0) <22 Palli-11) (3.2)

for polynomials P, of degree at most n play a fundamental role in several branches of
mathematics (see e.g. [19] and [5]).

In the second part of the paper we are going to deal with the analogues of the
aforementioned classical inequalities for sets E consisting of several intervals. First we
show that the Bernstein inequality (actually, the sharper Szegd inequality) holds with
replacing n/ V1=22 by 7 times the equilibrium measure of the set E, namely we prove
the following generalization of (3.1).

THEOREM 3.1. Let E be a set consisting of a finite number of intervals, and let wg
be the density of the equilibrium measure of E. Then for any n and any polynomial P,
of degree at most n we have
| £7 ()]

2
(m) +n? P (2) <n® | Palfy, z€E. (3.3)

As a corollary we obtain
P (2)| S mwp(z)n||Palle, z€E, (34)

which is the extension of (3.1) to several intervals.
If E=[-1,1], then (3.3) becomes

(V1=22 |P,@)|) +n?P2(2) <n?|| PallZy yy @ €[-1,1)

which is a well-known generalization of the Bernstein inequality due to Szegé [18].
For possible later reference let us state here the following corollary, which is the
same theorem but for general compact sets.

THEOREM 3.2. Let ECR be a compact set with nonempty interior, and let wg be
the density of the equilibrium measure of E on that interior. Then for any n and any
polynomial P, of degree at most n we have

1B ()]

2
<m> +n?P(z) <n?|Pall}, welnt(E). (3.5)
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This immediately follows from Theorem 3.1. In fact, we can approximate any com-
pact set by sets E* consisting of finitely many intervals in such a manner that in the
interior of E the densities wg-(x) converge to wg(z). Since Theorem 3.1 holds with uni-
versal constant independent of the sets E*, its validity will be preserved from the sets E*
to the set E. We shall not give more details, for they are fairly standard. Of course, the
equilibrium measure pg is absolutely continuous in the interior of F, so wg is meaningful
there.

As an immediate corollary we obtain (3.4) for an arbitrary compact set £ and for
zeInt(E). Next we show that (3.4) is sharp for any compact E:

THEOREM 3.3. Let £€>0. For each z lying in the interior of E, and for every
large n, there is a polynomial P, Z0 of degree at most n such that

|P,(2)] > (1=&) rwp(z)n|| Prl 5- (3.6)

Furtheremore, if E is the polynomial inverse image of an interval, then the equality sign
holds in (3.4) for some appropriate polynomials for infinitely many degrees and for a set
of points that becomes dense as the degree tends to infinity.

Proof of Theorem 3.1. The outline of the proof is the following: First we show the
validity of (3.4) for a special class of sets and for a special class of polynomials. Then, by
approximation, we obtain (3.4) with an additional (1+o(1))-factor on the right, where
o{1) may depend on x and the degree n, but tends to zero as n tends to infinity. Finally,
from here we obtain the full (3.3) by a transformation.

First we prove (3.4) for a family of polynomials on sets that are polynomial inverse
images of intervals. As in the first part of this paper let Ty be a polynomial of degree
N >2 with real and simple zeros X;<Xs<...<Xpn, let Y1<Yo<...<Yy_1 be the zeros
of Ty, and assume that |Tn(Y;)|>1, j=1,..,N—1. We denote by Ei,...,Eyx those
closed intervals for which Tn(E;)=[~1,1], X;€E; and for 1<¢< N —1 the set E,NE;4;

contains at most one point. In the first part of the proof we assume that

N
E= ’szlEi = T}GI([_L 1])’

k3

i.e. I is the polynomial inverse image of [—1,1] via Ty. Note that here E; are not
necessarily the intervals that E consists of, because several E; may combine to form the
subintervals of F.

We denote by Tﬁ}i that branch of Ty' that maps [-1,1] into E;, and if vy is a
measure on [—1,1], we set

V(A) = %VO(TN(A)) for AC E;. (3.7)
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It is known that if vy is the equilibrium measure of [~1, 1], then the measure v obtained
this way is the equilibrium measure for E, see [6, Theorem 11]. Thus, in the present

case,

[Tn (=)
wr(r)=——""2—, zckF. 3.8
=(@) aN\/1-T%(z) (38)
Suppose now that P,(z) is of the form R,,(Tn(z)) with some polynomial R,, of
degree m. Then n=mN, and by applying the Bernstein inequality to R,,, we obtain
m
[Py ()] = Ry, (T (2)) ] [Ty (2)] € —=—=5== | Bl =1, | TN ()],
1-T% ()
which, in view of (3.8) and ||Ry/[—1,1)=|Pr|l &, is (3.4).
Next let E be an arbitrary set consisting of a finite number of intervals. We show
that for any z¢ lying in the interior of E we have

1P (zo)l < (14+0(1)) mwe(zo)nli Pal e, (3.9)

where o(1) denotes a term that is independent of P, and tends to zero as n—oo.

Let £>0 be arbitrary. Then by Theorem 2.1 there are polynomial inverse image
sets E* consisting of the same number of intervals as F such that the corresponding
endpoints of the subintervals of £ and E* are as close as we wish. Therefore, we can
choose E*CInt(E) so that

we(x0) € (1+e)wr(zg) (3.10)

is satisfied. Let, as before, E*(z)=Tx"'([-1,1]), and let E;‘:TJG’IZ.([—L 1)), i=1,...,N, be
the N inverse image intervals of [—1, 1] under the N branches of Tgl. Since any translate
of E* is the polynomial inverse image of [—1,1] via a translate of Ty, we may assume
without loss of generality, that zo is not an endpoint of any of the intervals E7, i.e. zo is
lying in the interior of E; for some ig.

Let P, be an arbitrary polynomial of degree n, and consider the polynomial
Pi(z)=(1-a(z—z0)2)V" 1P, (2), (3.11)

where a>0 is fixed so that 1—a(z—1z9)2>0 on E. Clearly, P! has degree at most
n+2vn, ||Pillg<|I|Palle, Pr(zo)=Pa(xo), (Py) (zo)=F}(xo), and there is a 0<f<1
such that

e @< B | Pall, |(Br)(2)| < BV |1 Palle (3.12)

uniformly for z€ E\E;,. In fact, for the last relations just observe that the factor
1—a(z—xp)? is nonnegative and stricly less than one on E\E;,. For z€ E* consider
the sum

N
S(z) = Z P (T i(Tn(2))). (3.13)
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We claim that this is a polynomial of degree at most (n+2y/n)/N of Tn(x), i.e. S(zx)=
Sn(Tn(z)) for some polynomial S, of degree at most (n+2y/n)/N. To this end let
2;=Ty(Tn(z)), i=1,...,N. Then

N
S{(x)=S5(z1,...,zN) ZZP,’,‘(IZ)

is a symmetric polynomial of the variables z1,...,zx, and hence it is a polynomial of the

elementary symmetric polynomials

Si(x1, . zN)= E T, Thy - Thy, L1KIEN.
1<k1<k2<...<kjSN

However, z1, %3, ..., Zy are the zeros in t of the polynomial equation Tn(t)=Tn(z), and
so if T (z)=dyaN+...4+dy, then it follows that

A
Si(@y, .y i) = (—1)) =2
dn

if 1<j< N, while
~ndo—Tn(z)
dyv

from which the claim that S is a polynomial of T (z) follows. On comparing the degree

Sn(x1, - xi)=(-1)

of the homogeneous parts of these polynomials, we can see that the degree of
Sn(u):=S(Ty ), (u)

is at most deg(P;)/N<(n+2yn)/N in u.
From the properties (3.12) and (3.13) it is also clear that

IS

5 <(LHNBY™ ) |Palls, 1S/ (z0) —Pr(@o)l S NBYT || Pall -

Now S is already of the type for which we have verified (3.4) above, so if we apply to
S the inequality (3.4) at z==x¢, and if we use (3.10) and the preceding estimates, we
obtain (3.9):

<|S' (o) + N3V | Pall 2

< (n4+2vn) rwp-(20) S| -+ NBY" | Palli

< (n+2vn)(1+€) rwp(zo) (14 NBY™ ) | Pall e+ NBY™ || Pol|
= (1+0(1))nrwe (o) || Pl =,

|P7’L($0)|
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since £>0 was arbitrary.

Finally, we verify (3.3). Let P, be any polynomial, and =y be any point in the
interior of E. Without loss of generality we may assume that ||P,||p=1. Let Tp,(z)=
cos(marccos z) be the classical Chebyshev polynomials, and for some 0<a,, <1 and
0< e <1—ay, consider the polynomials

Royn (2) = Ton (0t Po(2) +€m),

where a,, <1 and 0<¢e,<1—a,, are chosen so that ., P,(Zo)+&m is one of the zeros
of Tp,. Since the distance of neighbouring zeros of 7, is smaller than 10/m, we can do
this with a,,=1—10/m and with some 0<e¢,,<10/m, and then «,,—1 and e, —0 as
m—o0. Now apply (3.9) to Ry.,. It follows that

| By (20)] < (1+0(1)) 7w (zo) mn|| Rinnl| £

where the term o(1) tends to zero as m—oco. Here, on the right, ||Rm»lg <1, and on the
left we have

| Ry (€0)] = [ To7, (et P (0) + €m) || Py, (0)| .-
Since at the zeros z of T, we have 7T (z)=m/v/1-22, it follows that

\/1 —(@m Pn(20)+€m)?

P (@0) am < (140(1)) mwp(z0)mn,

where the term o(1) tends to zero as m—o00. On dividing here by m and letting m tend

to infinity we obtain

Pl

| n(xo)l <7T(.¢)E(£L'0)TL,
1—P2(xy)

and this is the inequality (3.3) at the point zg because in our case || P,|g=1. d

Proof of Theorem 3.3. If E=T5"([~1,1]) is the polynomial inverse image of [—1, 1],
then, in view of (3.8), we have equality in (3.4) for Py =Tx at those points z for which
Tn(x)=0. We can repeat this argument with each 7,,(Tn) instead of T, where T,
are the classical Chebyshev polynomials, for obviously 7,,(Tn) also have the proper-
ties set forth in the preceding proof, namely that E=(T,(Tn))"1([—1,1]) (cf. [10, Re-
mark 2.2 (c)]), and as m— oo, the zeros of T,,,(Tn) become denser in E. This proves the
last statement in Theorem 3.3.

If E and >0 are arbitrary and xzo€Int E, then select a polynomial inverse image
set E*=Tx"([—1,1]) such that EC E* and wg-(2) > (1 - 1¢)wg(z) are satisfied. Consider
the polynomials

Ron (1) =To(amTn{(z)+em),
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where a,,<1 and 0<¢e,,<1—a,, are chosen so that amTn(xo)+em is one of the zeros
of T,,. As in the previous proof we can assume that o, —1, £, »0 as m— o0, and then

from
|Ryn (20)] = 1T (am T (20) +€m) |- | Ty (z0) | tm,

from (3.8) and from the fact that at the zeros z of T, we have T, (2)=m/v1—-22, it
follows that

m

lI%m,N(':CO)| = \/1 — (amTN (£0)+€m)

) |T1,V(1‘0)|am Z (1-0(1))7I'WE* (Io)mN,

where the term o(1) tends to zero as m—oo. Now taking into account wg-(z)>
(1-2/e)wg(x) and the inequality ||Rmn|lE<|[Rmn~| g+ <1, we can conclude the validity
of (3.6). O

4. The Markoff inequality on several intervals

Next we consider the extension of the Markoff inequality (3.2) to sets consisting of several
intervals. If we apply the original form of the Markoff inequality on each subinterval of E,
then we obtain that

1P, <Cn2 || Palli (4.1)

with some constant C, but this produces only a rough estimate on the best possible con-
stant. Our aim is to determine the asymptotically best constant in the inequality (4.1).

Actually, we shall be interested in several Markoff inequalities, one-one around each
endpoint of E. In fact, by Theorem 3.1 we have

|Py(z)] <CxnilPalle, z€K, (4.2)

uniformly on compact subsets K of the interior of F, and this shows that inside E the
Bernstein—Markoff factor is O(n). However, around the endpoints of E this factor is of
the order O(n?), and the best, constant may depend on which endpoint we are considering.

We shall prove that the analogue of (3.2) around any endpoint of the set holds with
an asymptotically best constant that depends on the endpoint in question. We shall
determine these best constants, and it turns out that they are also connected with the
equilibrium measure pg of the set F.

Thus, let E :U£=1[a2i_1, as;], where the intervals [ag;_1, ap;] are disjoint. Let a; be
an endpoint of E, and let E7 be that part of E that lies closer to a; than to any other
endpoint, i.e. we set

E'={z€FE:|z—a;|<|z—ai|,i#]}.
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In this situation we shall be interested in the best possible constant M; such that the
inequality
172l < (1+0(1) Myn? || Pall 2 (4.3)

holds for all polynomials P, of degree at most n, where o(1) denotes a term that tends to
zero as n—o00. Then asymptotically the best Markoff factor in (4.1) is just the maximum
of these M;. Thus, in this respect we are speaking about 2/ Markoff constants, one is
related to each endpoint.

By (2.4)—(2.8) the equilibrium density wg is of the form

wple)=—H=ll 8 e E, (4.4)

where the 7; are the unique numbers satisfying
/“2”1 (x ) gr—o
a2 Ix a;|

for j=1,...,1—1. We also know that we have exactly one 7; (say 7;) in each of the
contiguous intervals (as;, as;41), j=1,...,1—1.

THEOREM 4.1. With the above notations and with

Hl 1(“"7'1)2
M; =255 4.5
2 Hz#] Ia] all ( )
we have for each 1<j<21
1Pl s < (140(1)) M;n? || Pl i, (4.6)

and this is asymptotically the best possible, for there is a sequence {P,} of polynomials
of corresponding degree at most n=1,2, ... such that

|Pa(a;)| > (1+0(1)) Myn? || P - (4.7)

Before giving the proof we consider an example. Let E=[~b, —a]U[a, b] with 0<a<b.
In this case [=2 and (by symmetry) 71=0, and we have M;=b/(b*—-a?) if a;==b, and
Mj;=a/(b*—a?) if a;==a. Thus, we have the inequalities

b
I P ll~b, b4 (5—a) /2 Ujat (b—a)/2,6) < (140(1)) a2 A

and

a
I Pall{=b+ (b—a)/2,~a)Ufa,a+ (b—a)/2) < (140(1)) b_zfa-znz 1Pl 5
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Furthermore, the constants on the right cannot be replaced by any smaller one. Com-
bining these two inequalities we obtain

b
1Pl < (1+0(1))m"2||Pn||E,

which is a result of P. Borwein [4].

[heorem 4.1 implies
P, + max M;)n?|| P, e. 4.8
“ n“E < (1 0(1))(1<}.<2£ J) “ TL”E ( )

Here the maximum cannot be attained for j=2 or j=2l—1 (because, as elementary con-
sideration shows, My < M; and M1 < My;). but otherwise (depending on the structure
of the [ intervals [ag;_1, az;]) the maximum can occur at any other j. One can also show
(see [3]) that in (4.8) the factor 1+0(1) cannot be dropped.

Proof of Theorem 4.1. We start the proof by computing the derivative of a polyno-
mial at an endpoint of the associated polynomial inverse image of [—1,1]. Thus, let us
suppose that E is the polynomial inverse image of [—1, 1] under the mapping z—Tn{(2),
where the polynomial T satisfies the properties set forth in the preceding sections. It
is known [10, Theorem 2.3] that if we set

21

-1
H(z)= H(x—ai), r(z)= H(:v—n),

i=1

then there is a polynomial Uy, of degree N —! such that
TR (2)-H(@)UX i(2) =1,
and this Uy _; satisfies the equation
Ty ()= NUn-i(z)r(2) (4.9)

(see [10, Remark 2.6 (b), p. 194], which appears with a slight error, namely the factor N
is missing on the right). On differentiating the first equality, setting z=a; and making
use of the fact that Tw(a;)==%1 we obtain

+2Ty (a;) = H'(a;) Uy i(a;),

while (4.9) yields
Ty(a;) = NUn-i(a;)(a;).
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If we express from here Uy_;(a;), and substitute the resulting equality into the previous
formula, then we obtain

sy (e=7) _
|Ty(a;)|=N?222=10 L — N2pf,. (4.10)
N%; Hi;éj'aj_ai\ 7
Next we verify (4.6) for the special case when E=Tx'([—1,1]) is the polynomial
inverse image of [—1, 1], and P, is of the form P,(z)=R,,(Tn(x)).
Let £>0 be arbitrary. Because of (4.2), for every >0 we have

||P;‘||Ej\[aj—7lyaj+17] < ]M]'n2 |1 Prll e

for sufficiently large n, and therefore it is enough to consider the #-neighborhood of a;.
We can choose this 77 so small that for z € [a; —7, a; +n] we have [T} (z)|<(1+¢)| Ty (a;)|=
(14+&)M;N% Then for z€[a;—n,a;+nNE we obtain from the classical Markoff in-
equality applied to the polynomial R, that

[P ()] = | B (T ()] | Ty ()] <m0 | B -1,y (1+€) M; N2 < (1+€) Mjn® || P 2,

where we used that the norm of R,, over [—1,1] coincides with the norm of P, over E,
and that n=Nm.

Finally, let E be an arbitrary set consisting of a finite number of intervals. By
Theorem 2.1 we can choose a polynomial inverse image set E*=Ty '(]—1,1]) consisting of
l intervals that lies arbitrarily close to E. Furthermore, in selecting E* we can also achieve
that a; is an endpoint of E*, and E*C E (see the remarks made after Theorem 2.1). It is
also true that the numbers 7, are C*°-functions of the endpoints a; (see §2), hence we can
assume that if M} is the number M; from (4.5) computed for E*, then M} <(1+¢)M;,
where £>0 is any given number. Now we can prove (4.6) for arbitrary P, via polynomials
like P¥ and S(x) from (3.11) and (3.13) from the preceding section just as was done there.
In fact, let E;‘:T&;([—l, 1]), i=1,..., N, be the inverse images under the N branches
of Ty'. Assume that a; €%, and let 7>0 be so small that [a;—n,a;+n]NECE; and
this set does not contain the other endpoint of EJ . There are polynomials (see [16,
Theorem VI.3.6]) L 5 of degree at most \/n such that with some constants 0<3<1
and C we have

0<1-L 5 (x) gCﬁﬁ for z€a;—n,a;+n],

0<Lz(z)<opv™ forze |J Ep,
LN, isjo

and otherwise 0< L s (z)<1 on E*. Tnstead of (3.11) consider the polynomial

P;(2) = L5 (2) Pa(2), (4.11)
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which has similar properties as the P from (3.11), namely P} has degree at most n++/n,
| Prll ge < Prll£s P;(m)=(1+0(ﬁﬁ))Pn(z) for z€(a;—n,a;+n),

[(P2) ()~ Pi(z)| = O(n2BY™ ) || Pyl

g- for z€la;—n,a;+n],

and
|P(@)|=0(8V™)|Palle-,  |(Pr) (@) =O(n?BY™ )| Pul

E*

uniformly for z€ E*\ E} , where we have also used the classical Markoff inequality (3.2)
in the estimates of the derivatives. These show that if we define

N

S(@)=7_ Pr(Ty(Tn(2)))

i=1

as in (3.13), then exactly as after (3.13) we can conclude that this is a polynomial of Ty,
and

I1Slle- < (1+0(8Y™ ) | Pallg=,  1S'(x) =Py ()| <O(n*8Y™ )| Pl

E*

for all z€ E*Na;—n,a;+n]. Now S is already of the type for which we have verified
(4.6) above, so if we apply to S the inequality (4.6) and also take into account (4.2), then

we can conclude (4.6):

175 55 < max(O(n)|| Pl -, 11|
< (1+0(1)) M; (deg(S5))*|IS|
< (1+0(1))n*M]|| Py

E+nla;—na,+n]+O(M2BY™ | Pl g+))
E‘+O((n+n2ﬁ\/ﬁ) | Pnll &)
g < (14+0(1)(1+€)n?M; || Pyl g,

where in the last step we used that E*CE and M;<(1+¢)M;. Since here >0 is
arbitrary, (4.6) follows.

The proof of (4.7) follows from the above considerations. In fact, as before, select a
polynomial inverse image set E*=Tx'([—1, 1]) consisting of [ intervals that lies arbitrarily
close to E for which a; is an endpoint, and for which M is close to M;, but now we
select E* so that it contains E. If 7, are the classical Chebyshev polynomials, then
using that Tn(a;)==1, and |T,,(£1)|=m?2, we get from (4.10) for m=[n/N]

|(Tm(Tn)) (a5)] = m*N?Mj,

and since here n?/m*N%—1 as n—oo, and M; is as close to M; as we wish, (4.7)
follows. ]
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