LINEAR RELATIONS BETWEEN E-FUNCTIONS AND BESSEL
FUNCTIONS

BY

F. M. RAGAB

Abstract

In this paper, some new linear relations for MacRobert’s E-Functions are estab-
lished. They are formulae (1), (10), (15), (20), (22) and (28) below. For the defini-
tions and properties of these functions, the reader is referred to MacRobert, “Func-
tions of a Complex Variable” (3rd ed., London 1946), p. 348. This work will be

denoted by the letters C.V. Also some expansions of Bessel Functions are deduced.

§ 1. The first formula to be proved is
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To prove (1), consider the special case p=¢=0; then the coefficient of (—9—6)

on the L.H.S. is equal to
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Now sum the generalized hypergeometric function by means of Dougall’s second
theorem (Proc. Edinb. Math. Soc., XXV, 1906, p. 10), namely
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where one of the parameters g8, y, § is a negative integer and R{x —f—y—0)> —1;
thus if R(a+n+s—3)> —1, the last coefficient is equal to
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=(1+ua; n)lls- 22" = coefficient of (—1> on the R.H.S. of (1). Thus (1) is proved for
z

the special case p=¢=0.
The general case can be deduced in the in the usual way (Ragab, F. M., Proc.
Glasgow Math. Assoc., I, p. 192). Also the restriction R(x+n-+s—%)> —1 can be

removed by analytical continuation.

Particular cases: In (1) take p=2, ¢=1, x= —1 and get
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where R(y)>0, R(y—90—§)>0.
In (1) take p=2, ¢=1, = —2 and apply the formula due to Gauss, namely
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so getting
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Also in (1), write 1/a® for x, take p=1, ¢=2 and apply the formula
1
{J,,(x)}z—_—:{l_,(Tl)}z (.’E/2)2VIF2('V+%; v+ 1, 2‘V+1; —xz), (6)
so getting
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Again in (1) write (22) for 2, take p=2, ¢g=0 with a;=}+v, ay=%—v, apply
the formula [C.V., p. 351], namely

cos nw B (+n, 3 —n::22)=V(2n2) e K, (2), (8)
so getting
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§ 2. The second formula to be proved is
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To prove (10), consider the special case with p=¢=0. Then the coefficient of

(~i) on the L.H.S. is
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it follows

.
—n,a, 1+2;1 .
% Ty - —nd ], a1
F( )—F( "’“’1)-:--7,(»«15)-@71?( nil, et ,1):

\ 2o, 0+s) o+s ay, . o+s+1
(2) (0+3)
I'e+s)I'(e+ts+tn—a) (—2n) IFo+s+H INo—x+s+n—1)
_I’(QJrs-i—n)I’(gfs—oc)' (0+8) I'o+s+n)I'(o+s—a)

so that the last coefficient is equal to
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Also the coefficient of (—-i) on the R.H.S. of (10) is equal to when p=¢=0

| -

1 1
s(g—a—n—l)+ls_1—E(g—a—l—n—l—s).

Hence (10) is proved for the special case p=¢=0. The general formula can be
deduced in the usual way.

Particular cases: In (10) take = —1, p=2, ¢=1, so getting

o (Ui (14 55) Po=a) Tie+m) 1A T )
;) Gusn) I'e+n) I'e~atn—1)I'(y)
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where
E(y)>0, R(y --9)>0.
Also in (10) write (4/2%) for z, take p=0, ¢=1 and apply the formula
E(v+1l:2)=2t"J,(2/V2), (12)
so getting
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Again, (10) in combination with (6) gives
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§ 3. The third formula to be proved is

zn: ncr (OL;T) (l+%a; T) (2x)—r><
r=0

(Fasr)

O T badndr atr o
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53T t" ) +§+r,n+r,—2—+r, 1+ a+27 0+7,..., 0¢+7r
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The following formula is required in the prof of (15);

'4F3( o 1+tea, B, —n; 1 )_ (x—28;n)(—B; n) (16)

b lta—f, 1+28-n) (L+a—f; n)(—28:n)

(Bailey, W. N., Cambr. Tracts in Math., 32, p. 30, eq. 1.3).

To prove :15), consider the special case with p=¢=0; then the coefficient of

1 8
(—;) on the L.H.S. is equal to

1’(‘1‘+s)1’(°‘“+s) 1’(1+"—°+3) F(g+s) T(l+a+n+s)

2 2 2 2 1
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- +
-r(n+1+s_1)r(§+1+s—1)r(1+a+2+s—1)lﬁ:_1



LINEAR RELATIONS BETWEEN E-FUNCTIONS AND BESSEL FUNCTIONS 7

)T(H—cx—rn—l-s)F( +- +s)T(g+s) 1

r{Z+s)r
2 2 2 2
T fx n atl n 1 s
F(é Q )F( ) +§+s>F(n+s)F(§+s)F(l+a+s)
grnoRsHroT I I—ZL—S F(1~@—s a’1+§, -8, —n; 1
2 2 2 2
x = X o Fy o )
l/nF(l—n~2s) §,1+a+s,1~28—n
by using the relation
(; =) =(=1)/(A—a;7),
where » is any positive integer.
Now substitute for the generalized hypergeometric function from (16) with f= —s

$ s
and get coefficient of (—i) on the L.H.S. of (15) = l}é: = coefficient of (~}G) on

the R.H.S. of (15) with p=¢=0. Thus (15) is proved for this special case and the

general case can then be deduced in the usual way.

Particular cases: (15) in combination with (8) gives

n e (o ;r)(l—l-g;r)
cos,un_ z 2
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x B e (17)
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Also (15) in combination with (12) gives
A "¢ (o 7) (1+g;r)
n@=(3) > /)
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P el o) () ) raseinen
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Again in (15) take x= —1, p=2, ¢=1 and get

2 (—2)7 % (x;7) (l—f-g;r)I’(g+r)F(£+—1~+r)F(l+n+r).
z 2 2 2
r=0

o atn a+n+1
(5,1')11( 3 +T)F(——2'———+T)'

.F(n;-r) I'l+a+nt+r)(B+r)(0+7)

X
1
-I’(n+r)l’(é+r)F(l+a+2r)F(y+r)
a a+1 l+n+r n+r
3T trn s 5 y1toatntr, ft+r,é+r;1
X . Fg =
at+n at+n+1 1
+r, +r,ntr, s+r, 1tat+2r ptr
2 2 2 .
_TB IO y-p-3 19)
I'y-p)I'(y-9)
where
R(y)>0, R(y—f—9)>0.
§ 4. The fourth formula to be proved is
Z e, (o 7) (22) T X
r=0
o at+1 o« l+n+r ntr o
—+7, +r, ~+n+tr, , s lta+n+r, L+ —+7, 0+7, cooy een, 0lp+7: 0
2 2 2 2 2 2
xE =
a+n+ra+n+l+r 1454 ntr o +7, 1+a+27 -1~+r +7 +7
3 s 2 , gtm rgtnntr, lia 5th s eees wees Og
=E(p;or:q;0s:%). (20)

(20) can be proved in the same manner as formula (15) except instead of ap-

plying (16), the following formula (Bailey, W. N., Cambr. Tracts in Math., 32, p. 30,
eq. 1.2), namely

3Fz( /RN )_(““2/3?”)(”%“/3;")(—ﬂ;n) (1)

ra BB i) (5= i) (<285 m)

is applied.
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§ 5. The fifth formula to be proved is

d 1
1)z(_l)rnc'P(gl—n+r)x_rE(al+r’""“”+r:91+r""’9"+r:x)=

=0

=E(p;o:0,— N, 03, -+ 0q: ). (22)

Since the E-functions is symmetrical in the g’s formula (22) is equivalent to ¢

similar relations. (22) generalizes the formula [C.V., p. 356, ex. 2, (iii)], namely

1
E(p;o:io,—1, 92,---,@a:x)=(91—1)E(p;ar:q;gstx)—;E(p;w+l;q;gs+1;x), (23)

which is (22) with n=1.
To prove (22), suppose it is true for a particular value of n, thus (22) with
(0, —1) instead of g, becomes

-r

T

cr—mE(oﬁH',...,oz,,+r:gl+r—l, Qo+ cee, Qg t+T:2)=

Ie-1) 3 (-1)
r=0
=E(p;or:0,—n—1, 05 ..., 0¢:%).

Now apply (23) to each term on the left, so getting

E(p;ar:o—n—1, 0 035405 0g: %)=

g (Ql+r'—l)

rp(gl_n_i_r_l)x"E(otl—i-r,...,otp-|-’l':gl+1‘,...,gq—|—r;x)+

® FM:

x—r—l

- ; 1,..., 1:2).
c,r(el_n+r_l)E(oc1+r+l, Japtr+l o tr+1,, 0047+ 1:2)

+ (g~ 1) z —1y*in

In the second of these series write (r—1) for r, add the two series applying the
identity
(or+7r—1) "+ (o, —n+7r—2)"er_1=(0,— 1) ""'er

then (22) is proved with (n+1) in place of n. But it is true when n=1; hence it
is true for all positive integral values of =.

Particular cases: In (22) take g, =a,; then it gives
File; o—n;x)=e" 1 Fi(—n;0—n; —2), (24)
which is a particular case of the known transformation

1Fi(a; B v)y=€" 1 Fy(f—a; B; —x). (25)
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Again in (1) take p=2, ¢=1, z= —1 and it becomes

F( oy, %y — 5 1 )=

e o1—m, 1to+ay,—p
I'(ltoytay—
I'l+n—p) I'(l1+a,

Ql)r(l+°‘1_91+n)r(1+°‘2"91+”)F(1_91) (26)
o) F'(l+a;+oap+n—g0,)°

—o) I'(1+o;—

which is Saalchtitz’s theorem.
i if R(gy—otg—ag—n)>0, 0y=a,

Also when p=3, ¢=2 (22) give

)_I’(gz)r(gz—az—ag) F, ( — M, &y, O; 1 n) (27)

1+ o+ o5 —0q, 00 —

F oy, Oy, Og; 1
32 _
oy — 7, Oy

- T(oy— ) N2 —as)
which was given by G. H. Hardy (“A chapter from Ramanujan’s notebook”, Proc

Cambr. Phil. Soc., 21, 1923, p. 498, eq. 5.2)

§ 6. The last formula to be proved is

Z(—l)’"c,Mx"E(a1+r,...,oc,,+r:q;gs+r:x)=
r=0 ((11’, ’r)
=E(+n, 0, ..., %:q; 0s:2). (28)
(28) generalizes the formula [C.V., p. 356, ex. 2, (i)], namely
1
R gs:x)—;E(al-Fl, o+ 1,0, +1:g; 05t 1:2)=
=E(,+1, gy, xp:q; 05:2). (29)

oy B oy, oty oo

Also formula (28) is equivalent to p similar relations
To prove (28), assume that it is true for a particular value of »; thus (28)

with («; + 1) instead of «;, becomes
optriq; gstriz)=

< +1

z( ) e H x "B tr+1, 0+,
=0 1

' =F(,+n+1, o5 ..., %p:q; 0s:2).

Here apply (29) to each term on the left, so getting

,Upiq; 051 T) =

z @intl) gty
% (o5 7)
n
£ 3 1 .
z y+ine (o ;24 1) T VE (g +rtl,...

Ea,+tn+1, ay,...
1)y e, ,opt7riq; 0strizT) -

,op+r+1lig; os+r+1:2).

(ocl, +1)
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In the second of these two series, write (r—1) for r, then add the two series ap-
plying the identity

n n n+1
Gt 1= Crs

then the last expression becomes (28) with (n+1) in place of n. But (29) is (28)

with n=1; therefore (28) is tiue for all positive integral values of x.

Particalar cases: In (28) write —1/z for x and take p=2, ¢=1, a;=p,=p, SO
getting

F(ﬂ,oc;@;x)=(1—x)‘°‘F(oc,g—ﬂ;g;;il)a (30)

which is the known Euler Transformation with f= —=.

Finally, if in (28) = -1, p—2, ¢g=1; then it becomes Gauss’s theorem.



