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I. Introduct ion.  Zaanen [4] has recently extended the theory of normal 

transformations in Hilber~ space, developed by Rellich [2], to normalizable trans- 

formations, and has applied his results to certain special systems of Fredholm 

integral equations 

(,) )~ , (x)  = ~ f K ~ j ( x , y ) ~ ) ( y ) d y  ( i=  I , . . . , n ) .  
j = l  A 

Now, if the adjoint of a normalizable transformation can be defined in the 

space (as is always possible in a complete ]:lilbert space), then we shall show 

that  the existence Theorem J o of Zaanen [4] can be extended. If, in addition, 

the normalizable transformation is completely continuous (as is the case for the 

kernels of (I) above), then a further  extension will be obtained, and in this case 

one of the hypotheses of Theorem I2 of [4] may be omitted. This result will 

then be applied in w 3 to integral systems (I) which are definitely self-conjugate 

adjoint or J-definite according to [5], which is a generalization of the definite 

systems treated by Reid [I] and Wilkins [3]. 

The notation of Zaanen [4] will be employed. Spaces will be denoted by 

capital German letters and transformations by capital Roman letters. If the 

adjoint transformation of K exists it will be denoted by K*. 

2. Existence theorems.  Let ~ be a ttilbert space with elements f ,  g, h, ~, . . .  

and inner product (f, g). Let H denote a bounded, positive, self-adjoint trans- 

formation on ~ to 3 ;  i.e., a bounded linear transformation satisfying (H f ,  g ) =  

= (f, Hg) and (Hf ,  f )  ~" o for arbitrary f and g of ~. The set of a l l  elements 

h for which H h - ~ o  shall be designated by [~], while [~]  shall denote the 

orthogonal complement of [~]. We shall assume that  every f e ~  is expressible 
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in the form f =  g + h, where g e [!l~] and h e i r ] ,  the projection o f f  on [gJ~] being 

denoted by E l =  g. The bounded linear transformations K and a!( are termed 

H-adjoint by Zaanen [4] when ( H K f ,  g) = (H f ,  IY?g) for arbitrary f and g of ~. 

If, in addition, H K f ~  = H I ~ K ,  the transformation K is defined to be normal- 

izable. I t  is to be noted that when ~ is a complete Hilbert  space, the above 

decomposition of its elements always exists and, moreover, the condition for H- 

adjoin~ness is equivalent to H K  = I~*H or HI~ = K*H. 

Theorem 2.1. Let ~ be a Hilbert space in which the adjoint K* of a bounded, 

linear, normalizable transformation K is defined. I f  H K  # o and the transforma- 

tion E K is completely continuous, then K* has at least one characteristic value # o. 

Under the above hypotheses it follows from Theorem IO of Zaanen [4] 

that  there exists a #L 1 ~ o with a corresponding nonzero element .~1 such 

that it1@ 1 = E K r , #xr = / i : /Er  Consequently, Pl H @I = H E I~ @I = H K @I = 

=K*H@I.  Moreover, H @ l ~ o  as EK@,E[~I~], and, therefore,@lE[~J~]. Thus 

the transformation K* possesses the characteristic value #1 ~-o with correspond- 

ing characteristic element H@x. Furthermore, if /~* exists, it readily follows 

that this transformation /~* possesses the characteristic value /~1 # o with cor- 

responding characteristic element H@ 1. 

Corollary 1. Let ~ be a complete Hilbert space in which the bounded linear 

transformation K is normalizable. I f  H K # o and E K is completely continuous, 

then K* has at least one characteristic value # o. 

Corollary 2. Let ~ be a complete ttilbert space in which the bounded linear 

transformation K is completely continuous and norrnalizable. I f  H K # o then K 

possesses at least one characteristic value # o. 

Furthermore, it is to be noted that Theorems 5 and II of Zaanen [4] may 

be extended in an entirely analogous manner to yield existence theorems similar 

to those above for the transformations K and K rather than for E K  and E/~.  

3. Definite integral  sy s t ems3  Following the notation of Zaanen [4, w 14] 

let J ~ [al, bl; �9 �9 .; am, b,,] be an interval in m-dimensional Euclidean space, the 

point (Xl, . . . ,  x~) be denoted by x and the complete Hilbert  space of all func- 

x The resul ts  of this  section have also been independent ly  derived by W. T. REID in a recent 
study of completely cont inuous  symmetr izable  t rans torm~tions  in Hilber t  space. 
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tions f (x)  for which I f(x)l  ~ is Lebesgue integrable by L(~ m). Let d ) 4 z /  denote 

the interval [az, bl; . . . ;  aM, b~ : al, bl; . . . ;  am, bin] in 2m-dimensional Euclidean 

space, and let L~ 2") represent the space of all functions f (x ,  y)(x, yE~r for 

which I f (x ,  y)I ~ is Lebesgue integrable over J X z/. The space under considera- 

tion in this section is the space [L(,~)] (~), the complete Hilbert space of all ele- 

ments { f } ~  { f l , f~ , - . . , f n} ,~EL~ '~ ) (  i =  I , . . . , n ) .  
For the integral systems (I) with matrix kernel K(x,  y) =- I] Kij (x, Y)H it 

will be assumed that  there exists a matrix S (x) ~ H S~j (x)[] each of whose elements 

is bou~ided ~nd measurable in J ,  such that 

(Ho) ~ S~j(x)~pj(x) ~ o for all i (i = i . . . .  , n) for  any non.trivial set of solu- 
j = l  

tions (x), . . . ,  (x) of (i). 
(HI) S(x) is a hermitian matrix almost everywhere in J .  

(112) Kz (x, y) ~ S (x) K(x ,  y) is a hermitian matrix almost everywhere in J X J .  

An integral system (I) is termed definitely self conjugate adjoint with respect 

to a matrix S(x) in case (H0), (//1), (H~) and the following condition are satis- 

fied with this matrix (see [5, w 3]): 

(Hs) Z(x) is of positive type in J .  

Now, for a definitel~ self-conjugate adjoint integral system (I) the trans- 

formation K in [L~)] (~) defined by {g} = K { f } ,  where 

g,(x)= f y) (y)dy ( i =  I , . . . , n ) ,  

is completely continuous and normalizable relative to the transformation H de- 

fined by { h} = H { f } ,  where hi(x) = ~S~j (x )~(x) ( i  = I , . . . ,  n). Zaanen [4, P. 239] 
j~ l  

has obtained an existence theorem for such definite integral systems ( I ) f o r  

which the matrix kernel is of the form K(x,  y ) -~A(x ,  y) S(y). However, from 

Corollary 2 to Theorem 2. I above it follows that  the condition H { f }  = o im- 

plying that K{ f}  = o, which automatically holds if K(x,  y) ~ A (x, y) S(y), need 

no longer be assumed for general kernels of definitely self-conjugate adjoint 

systems (I)i 

Theorem 3.1. I f  Klij (x, y) ~ o on a set of positive measure in J • J for at 

least one of the elements of the mab'ix 1(1 (x, y) of a definitely self-conjugate adjoint 
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integral system (I), then this system possesses at least one real characteristic 

value ~ o. 

The reality of the characteristic value in the above theorem, as well as in 

the result below, follows either from the properties of such definite integral 

systems, or by the extension of Theorem I I of Zaanen [4] previously mentioned. 

On the other hand, the system (1) is termed J-definite (see [5, w 3]), in case 

it satisfies (Ho), (//1), (H~) and the following condition with a matrix S(x): 

(Hs, j) the matrix K1 (x, y) is of positive type in J X J .  

Clearly, the transformation K induced by the kernel /~(x, y) of a J-definite 

integral system (1) is completely continuous and normalizable relative to the 

transformation H defined by { k } =  H { f } ,  where ki(x)= ~ ( K l i j ( x , y ) f j ( y ) d y .  
j= =1~ 

However, the condition tha t  H { f }  ~ o implies K {  f }  = o is no longer satisfied, 

in general, even for the important  case where K(x ,  y ) ~ A ( x ,  y)S(y). :Never- 

theless, Corollary 2 to Theorem 2. I above yields the desired result. 

,s Theorem 3.2. If K l ~ k ( x , t ) K ~ j ( t , y ) d t ~ o  on a set of  positive measure 

in J X , J  for at least one of the elements of the matrix f K l ( x  , t)K(t ,  y )d t  of a 
A 

J-definite integral system ( I ), then this system posseases at least one real characteristic 

value ~ o. 

September, I95o. 
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