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1. L e t  ] (z) = ~ an z n be an entire funct ion and let  # (r) = ju ( r , / )  be the  max imum 
n=0 

t e rm of the  series for  I z l =  r and v (r) the rank  of the  max imum term. Le t  Rn be the 

points of discont inui ty  of v (r). Le t  # '  (r) and v' (r) correspond t o / '  (z) and in general  

k (r) and vk (r) correspond to  /k (z). 

In  section 1 we prove results concerning the max imum term # (z) and in sec- 

t ions 2, 3, and 4, results concerning # (r) and v (r). 

T H e O R e M  1. I f  /(Z) be an entire funct ion of o rde r  ~ <  1, then  

r p ~ (r) -~0 as r-+ 
/~ (r) 

for k =  1, 2, 3 . . . .  

and p < k (1 - ~). 

R E M A R K .  I f  p = k ( 1 - @ ) ,  then  the result  is not  necessarily true.  Take  k = l  

and consider ] (z)--- cos Yz. 

e (l) = ~. 
For  

( 2 n - -  1) 2 n < _ r <  ( 2 n + l )  ( 2 n + 2 )  

r n r n e ~ 7  

/~ (r, l )  = (2---n)--~ ~ (2 n)  ~ n+�89 e-2 ~ V~ N ] / 2 ~  r~ " 

Similarly, we can show tha t  

Hence 

1 er'F 
(r,/') ~ 2 V~ r-~-" 

# ( r , ! ' ) r i  ~. 

/~ (r, 1) 

1 -- 553810. Acta Matheraatica. 94. I m p r i m 6  le 29 oetobre  1955. 
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oo 

PI~OOF Or  TI~I~OI~I~M 1. / ( z ) = ~ a n z  n. 
r t = 0  

Set l an I= cn. 

Then  for  R~<_r<Rn+l 

~a k (r) = v  ~ (r) (v ~ (r) - 1) .-. (v k (r) - k + 1) C~k(r) r "k (r)-k 

<luk_l(r)(Vk (r)--- k +  1 ) , r  

and  b y  a repea ted  appl icat ion of the  above  

Also [1] 

~t k (r) < 
(v k ( r ) - k +  1) (v k-1 ( r ) - k + 2 )  --- v'(r) 

rk /~ (r). 

log v (r) 
l im sup - -  = ~, 

r ~  log r 

so for  all r > r  o we get  

(1.1) v (r) < ~q+~. 

B y  tak ing  r sufficiently large to  ensure the  inequal i ty  (1.1) for  every  v (r), we have  

/~k (r) _< rkO+~,_k. (1.2) 
# (r) 

Tak ing  

we get  the  result .  

COROLT.A~Y (i). 

(1.3) 

~ < 1  and p < k ( 1 - ~ )  

I f  /(z)  is an entire funct ion of order ~ ( 0 <  ~ _  ~ ) ,  then  

l im sup log { r # '  (r)//~t ( r )}_  
r ~  log r ~" 

(1.4) 

Hence  

fu r the r  

Pu t t ing  k =  1 in (1.2), we get  

# '  (r) < #  (r) r q-l+~'. 

l im sup log {r # '  (r)/# (r)} < e;  
r - ~  log r - 

i~, (r)=v, (r)C~.(r)r~,(r) 1> v(r) /~(r), 
r 

SO 
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Thus  we get  

lira sup log {r # '  (r)/bt (r)} > lira sup log v (r) 
r-+oo log r - -  r ~  l o g  r ~" 

log {r/~' (r)/tt (r)} 
l im sup = ~. 

r-*~o log r 

C O R O L L A R Y  (ii). I f  0 < Q < o o ,  then  

log {r M '  ( r ) /M (r)} 
(1.5) l im sup -- ~. 

r-*~ log r 

For  0 < ~  < cx~ it  follows f rom (1.3) because for  funct ions of finite order log/~ (r) 

~ log M (r). T h a t  the  resul t  is also t rue  for  e = ~  follows f rom the  inequal i ty  

(1.6) M '  ( r )>  
M (r) log M (r) 

r log r 

for r_> r 0 (/), see T. V i j ay r aghavan  [2]. 

C O R O L L A R Y  (iii). I f  /(Z) is an entire funct ion of order  @, then  for  all r > r  o 

r O - l + ~  (1.7) M '  (r) < M (r) - . 

This follows easily f rom (1.5). 

The inequal i ty  (1.7) is due to  G. Valiron [3], where he ment ions  it  wi thout  proof. 

For  an a l te rna t ive  proof  of (1.5) and (1.7), see S. M. Shah [4]. We observe t h a t  

(1.4) is a resul t  analogous to (1.7) for  /,t (r) and # '  (r). 

C O R O L L A R Y  (iv). I f  q < l ,  t hen  

M k (r) rV_> 0 
i (r) 

a s  r---~ c ~  

for  k = l ,  2 . . . .  and  p < k ( 1 - p ) .  

The  proof can easily be supplied b y  a repea ted  appl icat ion of (1.7). 

T H E O R E M  2. I f  /(Z) be an entire funct ion of lower order 2 >  1 ,  then  

/~k (r) 
- - - - ~  c o  a s  ~'--~ o<3 

(r)r ~ 

for  k = l ,  2 . . . .  

PROOF. 

and p < k  ( 2 -  1). 

~ '  (r) = ~' (r) C~,(~) r ~'(~) ~ _> v (r!  ~ (r). 
r 
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Proceeding in this way,  we get  

and  since [5] 

#k (r) > v (r) (v' (r) -- 1) ...  (v k-1 (r) - - / c+  1) 

( r )  - r ~ 

l im inf log v (r) ;t 
r ~  log r 

v ( r ) > r  ~7. for  all r > r  0 

and  as usual  t ak ing  r sufficiently large, we get  

(1.8) #k(r )  > rk a ~. k 
( r )  - 

and tak ing  ~t > 1 and  p < k ( ~ - 1 )  we get  the  result .  

CORO~.LARY (i). 

(1.9) 

I f  /(z)  be an ent i re  funct ion of lower order  ~ (0_<~< c~), t h e n  

l im inf log {r ~u' (r)/~t (r)} _ ~t. 
, ~  log r 

Pu t t ing  k =  1 in (1.8), we get  

/x' (r) > #  (r) r a-l-*'  

hence 

(1.10) lira inf log {r #'  (r)/l~ (r)} >_ ]t. 
r-~oo log r 

Fu r the r  

~ '  ( r )  r 
I~ (r) = C,(r) r "(') > ~,, (r) 

r lz' (r) < v" (r) < r  ~+~ 
( r )  

for  an infini ty of r. 

Hence  

( 1 . 1 1 )  l im inf log {r/x' (r,,~,r,,<]~.~/,,f~ 
r-+~ log r 

(1.10) and (1.11) give the  result .  

R E M A R K .  The  resul ts  (1.3) and (1.9) are known to be  still t rue,  if # '  (r) in- 

s tead of s tanding for the  m a x i m u m  t e r m  of ] '  (z) s tands  s imply  for  the  der iva t ive  

of # ( r ) .  See S. K.  Singh [6]. 
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2. Le t  

l im sup l o g # ( r )  ~ l im sup ~ ( r ) = y .  
inf re - fl ; inf re (~ 

S. M. Shah [7] has  p roved  t h a t  

(2.1) y _ < e ~  

(2.2) ~ < ~ oc. 

We  prove  here 

THV. OREM 3. (i) 

(2.3) y + 8 < e e ~  

and t h a t  
(ii) equal i ty  cannot  hold s imul taneous ly  in (2.2) and  (2.3). 

8 0  

(2.4) 

P R O 0 ~  (i). 
r k r  

r o T 

>_A*+ (~5-e)rQ + v (r) log k 

l o g # ( k r )  > o ( 1 ) +  ( ~ - s )  1 v(r)  1 
(kr) e - Q k e + ~ l ~  k 

(k>l) 

(~ + ~ y  log k 

k ~ 

The  r ight  hand  side of (2.4) is a m a x i m u m  when k = e ~ - ,  hence 

6 

~_> ---~e~ 
e e  

Hence  e ~ Q > 7 + ~ 

which proves  (2.3). 

? A is  n o t  n e c e s s a r i l y  t h e  s a m e  a t  e a c h  o c c u r r e n c e .  
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PROOF (ii). Let ( ~ = ~ ,  then from (2.4) 

~_> Q ~ + Q 7  log k 
k e 

( k  ~ - 1)  
hence ~ <  log k 

1 

Put  k = (1 + ~])Q where ~-->0 

so 7 -< Q ~  - < ~ .  ~/+ 0 (r/~) 

Further ~ -< ~. 

Hence 7 = ~ ~ 

SO ~ + y = 2 q : c < e Q ~ .  

Next suppose that  
? + ~ = e ~ ,  

then ~ will be less than ~r for if it were equal to ~g, then by the above 7 + 5 

will have to be less than e ~ ~. 

REMARK. The inequality in (2.2) and (2.3) can simultaneously hold, for in- 

stance consider 
oo  ~rt 

/ ( z )= ~ ~ R - R. 
n = l  "tOl 2 "'" 

where R n  = n TM e sn  for n > n o 

R ~ = I  for n < n  o 

where S~ satisfies the following conditions 

lim inf Sn = -- 1 log ~; lim sup Sn = - 1 log 8, ((~ < y) 

(1) 
( s ~ + , - s ~ ) = o  

(~ sl++s~)=O(lo--~ ) �9 

(The above example is that  of S. M. Shah [8], where he constructs it for another 

purpose. The choice of such a sequence Sn is possible. See his lemma therein.) 
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With a little calculation we can easily show that  for the above function /(z) 

log/~ (r) _ 7 
~ lira sup re 

lim sup ~qr) =~;  l im inf v-(qr--) --  (~. 

Hence for the above function 

~,--~ ~. 

Hence 7 + 8 < 2 ~ ~. 

and a fo r t i o r i  7 + 8 < e ~ ~. 

3. S. M. Shah [9] has proved that  if 

(3.1) log log # (r) = (1 + o (1)) lug log r 

for a sequence of values of r tending to infinity, then 

log/~ (r) 1. 
{3.2) limr_~sup ~ (r) log r 

(3.1) implies tha t  the function is of zero order. 

We prove below 

THEOREM 4. (i) There exist entire functions of order Q ( 0 < ~ <  ~ )  for which 

(3.2) holds. 

(ii) There exist entire functions of zero order for which 

log # (r) 1. 
(3.3) r-~lim v (r) log r 

REMARK. For functions of non-zero order, (3.3) is never true, because for all 

entire functions of order ~ (0 _< ~ <_ co) 

(A) lira inf log # (r) H 1. 
r-~r162 v(r) -- q 

(We give a proof of (A) in Theorem 5 below.) 

PROOF OF THEOREM 4 (i). 

Consider / ( z ) =  =~o(~ ) 

where an are positive real numbers 7 and ~n are integers such that  ~+1=-10 a=. 
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Now 
ran 

for 

where 

Rn <- r< Rn+l 

R'~=exp { ]t" l~ an-]tn-t l~ ~} 

First take a~ =2~; 

then 
2. log 2. 

= lim sup 
n-~  2. log an 

and 

so  

Hence 

(3.4) 

Hence 

(3.5) 

Further 

log/* (r) 1 log 2. 
v (r) log r log r 

log # (Rn+I) 
V (Rn+I )  l o g  Rn+I 

= 1 -  

= 1 -  

(log 2.) (2.+1 - 2.) 
2.+1 log 2 . + 1 - 2 .  log 2. 

2n+1 log 2,~ + o (2.+1) ~ 1. 
2.~x 2. log 10 + o (2.+i) 

lim sup log # (r) > 1. 
r -~  v(r) l o g r -  

T 

( ~, (t) 
log/x ( r )=O (1) + 3 - ~ - d t  

t s  

< 0 (1) + v (r) log r. 

log/~ (r) < ! 
aim_sup v (r) log r -  - 

(3.4) and (3.5) give the result in the case when ~=1 .  

We observe that  ~ can be made to have any finite value by a proper choice 

of an. 

Again let an = log ~t~ ; 

then 

and 

Q=oo 

log ,u (R.+~) - 1 (log log 2.) 0..+~ - 2,,) 1. 
v(Rn+d log Rn+t ,~n+l log log 2n+1 --,~n log log 2,, 
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Hence  as usual 

l o g / t  (r) 1, when lim sup 
r~:~ v(r)  l o g r  

1:~ E M A R K .  

first case 

So 

Hence 

Here in bo th  the  cases the  funct ion is of irregular growth.  In  the 

log tt (R.+~) : 4 .  { 2"+1 log2.+1_2.2.+~ - 2 .  

~ ( log ]0 )  ~. 

log log # (R.+I) "~ 2 log 4. .  

log log ( t tR.+l)  ~ (2 log 2.) (~n+l- ~.) 
log R .+I  2.+1 log ~"+1- 2. log 2.  

log 2,  log )l,} 

= lim inf log log # (r) = 0 
r - ~  log r 

whereas ~ = 1. 

In  the second case, proceeding similarly, we get 

~- lim inf log log 1~ (r) _< 1 
r-~oo log r 

whereas 

= lira sup 
~--->00 

P R O O F  OF (ii). Consider 

log log ~ (r) 
- - C x ~ ,  

log r 

for  

where 

Mow 

where (I) (n) = e e~. 

Clearly /(z) is an entire funct ion of zero order. 

(r) = , ~ (r) = ~ 

Rn~r<Rn+t 

Rn = exp {n log (I) (n) - ( n -  I) log (I) ( n -  1)}. 

log # (r) = 1 - log (I) (n).  
v (r) log r log r 
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Hence  

log # (Rn) 
- 1  

v (Rn) log Rn 
log qP (n) 

= 1 -  

n log �9 (n) - ( n -  1) log �9 ( n -  1) 

e n 

n e "  - ( n  - 1) e ~'-i --+l. 

Hence  lim inf log # (r) _ 1, 
r ~  v (r) log r 

log # (r) _< 1 a lways the  result  follows. and since l im sup 
r - ~  v (r) log r 

4. Nex t  we prove  

log tt (r) > 1 
TH~OR]~M 5. (i) lira s u p - -  

(ii) lim inf log # (r) < -1 

(O_<A_< ~)  

(0_<~< ~ ) .  

Fo r  an a l te rna t ive  proof  see S. M. Shah [10]. 

P R 0 0 ~" (i). Le t  l im sup log # (r) ~ ~ - ( r )  =~" 

Then  

Also 

log # (r) < (n + e) v (r) for  r>_r 0. 

r 

( v  (t) 
log # (r) = log # (ro) + .]  --~- d t 

to 

S O  
# ' ( r ) _  v(r)  
# ( r )  r 

except  for  a set  

of # (r). So 

of values of r of measure  zero. Here  # '  (r) means  the  der iva t ive  

# '  (r) 1 
> - - - - -  

#( r )  logk t ( r )  ( u + e )  r 

Thus  log l o g # ( r ) >  l _ l o g r + A .  

Hence  

s o  

lira inf log log # (r) > 1 .  
r~>oo l o g  r - -  

1 
2 > - .  
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Proof of (ii) is similar, for if we se t  

lim inf log # (r) 
r-~r v (r) 

then as usual 

SO 

- -  - -  ~I, 

~ '  (r) 1 1 
# ( r )  l o g p ( r )  r ~ l - e  

log log # (r) < log r + A .  
;gl --  E 

Q = lim sup log log # '  (r) _< 1 .  
r-+~ log r ;gl 

Finally I t hank  Dr. S. M. Shah for his valuable criticism of this paper. 

Dharma Samaj College, Aligarh (India). 
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