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1. Let f(z)= 2 a,2" be an entire function and let u (*)=pu (7, f) be the maximum
n=0
term of the series for |z|=r and » (r) the rank of the maximum term. Let R, be the
points of discontinuity of »(r). Let u’(r) and »' (r) correspond to f (z) and in general
u* (r) and »* (r) correspond to f* (2).
In section 1 we prove results concerning the maximum term u(z) and in sec-

tions 2, 3, and 4, results concerning y(r) and ¥ (r).

TeEOREM 1. If f(2) be an entire function of order p<1, then

P .k
re (r) —>0 ag r—>oo
ul(r)
for ‘ k=1,2,3, ...
and p<k(l-—p).

REMARR. If p=k(l-—p), then the result is not necessarily true. Take k=1
and consider f ()= cos Ve.

e (f)=3.
2n—1)20<r<@n+1)@n+2)

For

D= o a £
7', = ~ - =~ .
win 1) @Cn)l @2uePrtte2"V2n Vemet

Similarly, we can show that
_L e
2V2q rt
:u(r: f') rt %
pe f) ~
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Hence
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=]
ProoF oF THEOREM l. f(?)= 2 a,2".
n=0

Set |anl=0n-
Then for R,<r <R,
/,l,k () =" () ('pk (r)—1)--- (,,k (r)—k+1) Crery rr" -k

k-1 v* (N—-k+1
su(r) (7),

and by a repeated application of the above

W)=+ () —k+2) - v'(r)‘u

k < r
CE 5 )
Also [1]
lim sup logv(r)_ ,
r—>00 lOg r
so for all r>r, we get
(1.1 v (r) <r9*e.

By taking r sufficiently large to ensure the inequality (1.1) for every v (r), we have
k
(1.2) B0 prove-i
n(r)
Taking o<1 and p<k(l—p)
we get the result.

CoroLLARY (i). If f(z) is an entire function of order p (0<g< o), then

(1.3) lim sup log {r To g(ri/ p(r)} _ o

Putting k=1 in (1.2), we get

(1.4) W ()< p(r) e 1re,
Hence
: log {rp’ (r)/p(r)}
= <p:
hr:l»iup log r =@
further
’ ’ v (r)— vir
W)= ) O = 0 ),

SO
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fim sup B O/BO} o o 10820
00 P log r T e log r ’
Thus we get
lim sup 2EH O/RO}_

=00 log »
COROLLARY (ii). If 0<p< oo, then

(1.5) lir:l_)iup log {r ﬂ{;gl/ M ()} =p.

For 0<g<oo it follows from (1.3) because for functions of finite order log u (r) ~

~log M (r). That the result is also true for p= oo follows from the inequality

'y o M (1) log M (r)
(1.6) WO> =" "logr

for r=r,(f), see T. Vijayraghavan [2].
CorOLLARY (iii). If f(2) is an entire function of order p, then for all r=7r,
a.m M’ (r)< M (r)rot*e,

This follows easily from (1.5).
The inequality (1.7) is due to G. Valiron [3], where he mentions it without proof.
For an alternative proof of (1.5) and (1.7), see S. M. Shah [4]. We observe that
(1.4) is a result analogous to (1.7) for u(r) and u’ (r).

COROLLARY (iv). H g<1, then

ME (r)#?
M (r)

-0 as 7r—>oo

for k=1,2,... and p<k(l-p).
The proof can easily be supplied by a repeated application of (1.7).

TueorEM 2. If f(2) be an entire function of lower order 1> 1, then

#E(r)
p(r)r”

—00 a8 r—ooo

for k=1,2,... and p<k(1-1).

ProoOF.

w(ry=v"(r)Cpin PO > #‘u (r).
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Proceeding in this way, we get

v (r) )0 (-1 - () —k+1)
pr) — r*

and since [5]

lim inf 2E20)_
ro0  logr

y (r)>r*"¢ for all r=>r,
and as usual taking r sufficiently large, we get

(1.8) 0 > phioek

and taking A>1 and p<k(A—1) we get the result.

CoroLLARY (i). If f(2) be an entire function of lower order A (0 <A< o), then

r—>00 10g r

(1.9)

Putting k=1 in (1.8), we get

K nzp@r
hence
(1.10) lim inf CE X O/B0}
rso0 log r
Further
— v(r) lu’, (7')7'
ﬂ (T) O"(r) r 2 vl (r)
r:"‘, (r)< ’ Ate
L <y (<
piry =’ €)
for an infinity of r.
Hence
(1.11) lim ing 8 T # O/} _ o

>0 log r
(1.10) and (1.11) give the result.

RemMark. The results (1.3) and (1.9) are known to be still true, if u'(r) in-
stead of standing for the maximum term of {' (2) stands simply for the derivative
of u(r). See S. K. Singh [6].
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2. Let
lim sup log p(r) _ o« lim sup »(r) _ ¥
inf o inf 2 " §
r—=>00 r->00

S. M. Shah [7] bas proved that

(2.1) y<egpa

(2.2) 8< pa.
We prove here

THEOREM 3. (i)

(2.3) y+d<epun
and that
(ii) equality cannot hold simultaneously in (2.2) and (2.3).
Proor (i).
T kr
log u (k) =A + f’i%dt + f @dt (k>1)
_ Q
=At4+ O=e)r +v(r) log k
log u (k1) Bb—e) 1l w1
o AT v _ 2 =
(67)? Zo(l)+ 0 Ic@+ s og k
80
d+pylog k
2.4 > 87 57,
( ) &= Q k@
y—o0

The right band side of (2.4) is a maximum when k=e?e , hence

s
ey

v
[

o
€

:Z_(l_{_é‘.{_...).
ee 4

L]

Hence exg=y+4

which proves (2.3).

T A is not necessarily the same at each occurrence.
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Proor (ii). Let d=p«, then from (2.4)

oL>ro-1—(t_)'ylog k

ke
o {k?—1)
<2,
hence log &
1
Put k=(1-+n) where n—>0
gan
80 < ———5<pa
YEavoeh 0
Further d=y.
Hence y=ga
50 d+y=2pa<epua.

Next suppose that
y+o=epua,

then & will be less than ga, for if it were equal to p«, then by the above y+4

will have to be less than ega.

REMARK. The inequality in (2.2) and (2.3) can simultaneously hold, for in-
stance consider

o0 n

z
1&)= 2 5B R,

where R,=n'"e’n for n>n,
R,=1 for n<mn,

where S, satisfies the following conditions

lim inf §,= — 1 log y; lim sup 8, = — Z—) log 6, (6 <y)

Nn—>00 0 n—>00

1
(Sn+1"‘Sn)=0 (log n)

(sn—Sl+"'+S")=o( 1 )

n log n

(The above example is that of S. M. Shah [8], where he constructs it for anobher

purpose. The choice of such a sequence S, is possible. See his lemma therein.)
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With a little calculation we can easily show that for the above function f(2)

log u(r) _7
7? 0

o= lim sup
r—>o0

and

lim sup l—(:—) =y; lim inf K—(:_)=6_
r—>o0 r r—>0

Hence for the above function

0<pa

y=eo
Hence y+d<2pa.
and a fortiori y+d<epa.

3. S. M. Shah [9] has proved that if

(3.1) log log p (r)= (1 +o0 (1)) log log r

for a sequence of values of r tending to infinity, then
(3.2) lim sup 2840 4
(3.1) implies that the function is of zero order.

We prove below

THEOREM 4. (i) There exist entire functions of order p (0 <p< o) for which
(3.2) holds.
(ii) There exist entire functions of zero order for which

. log pu(r)
6 t g

REMARK. For functions of non-zero order, (3.3) is never true, because for all

entire functions of order p (0<p< o)

7—>00 v 7') o

(A) lim inflog_y(f;)<1.
@

{(We give a proof of (A) in Theorem 5 below.)

Proor or THEOREM 4 (i).

Consider )= E (—z—)ln

where a, are positive real numbers ¢ and 1, are integers such that Ansr =10,
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A

Now ,u(7‘)=r7n; v(r)=2a
an
for R, <r<R,.,
where
An log an — An_1 log an 4
R,= :
oxp { An— 2y
First take = An;
. An log Ay
th =1 =1
en 0 II;IA?P 7 log a,
and _—__log g =1- M
v (r) log r log r
80
log o (Ruvs) (g An) (Ansr=An)
v (Rn11) log Roiy Ans1 108 Any1—2n log 2n
—1— }.n+1 log An+o (}-n+1) ~1
An-}l ln IOg 10+0(An+1) ’
Hence
(3.4) lim sup 2840 -
roo  ¥(r) log r
Further
T
log u(r)=0(1)+ f@dt
o
<O0Q)+w(r) log 7.
Hence

r> ¥ (T) lOg r

(3.4) and (3.5) give the result in the case when p=1.
We observe that ¢ can be made to have any finite value by a proper choice

of a,.

Again let o= log An;
then o= oo
and

log p (Ry 1) 1 (log log Az) (Ans1— An) ~1
v(Bny1) log Byyy Ani1 log log 2n1— Ay log log 2,
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Hence as usual

REmMArK. Here in both the cases the function is of irregular growth. In the

first case
ln 1 — An l n
10g M(Rn+1):1n{ +1 Og Z.n«)—l A Og }» _ log Zn}
An+1 - ln
~ (log 10) 2%
log log p (Rpy1) ~2 log 4,.
So
log log (4R, .1) (2 log As) (Anv1—A4n)
log R, Ani11og Anyy— 24, log A, 0 a8 neo.
Hence
A= lim inf log log u(r) _ 0
r—>o0 log r
whereas o=1.

In the second case, proceeding similarly, we get

A=lim infk)g_llog_/i_m_gl

r—>00 og r
whereas
. log log u{r)
o= hr:l—_)iup ogr oo

Proor oF (il). Consider

He)= (@?n))n

where ® (n)=e¢".
Clearly f(z) is an entire function of zero order.

r

()= (6(7))”, » ()=

for R,<r<Ry,,,

‘where R, = exp {n log ® (n)— (n—1) log ® (n—1)}.

v(r) logr log »

Now log u (r) -1 log @ (n)
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Hence
log e (Ra) _, log @ (n)
v (R,) log R, n log ® (n)—(n—1) log ® (n—-1)
e'ﬂ
T ne”—(n—l)e"—;l_ﬂ'
Hence lim inf dog p(r) _

2

rso v(r)logr

and since lim sup dog p(r)

<1 always the result follows.
rsoo = ¥ (r) log r

4. Next we prove

Tusorey 5. ()  limsup BLD =1 goic)
r—>00 v (T) A
" . logu(ry 1
I f—="""<- (0<p=
W Iy = 05e==)
For an alternative proof see S. M. Shah [10].
. . log w ()
P . Let 1 ==y,
ROOF (i). Le u?_i:lp » () %
Then log p{r)<(x+e)v(r) for r=r,.
¢
Also log p (r)=log u (re) + fv(t—) dt
© w v
pulr)y r
except for a set of values of r of measure zero. Here u' (r) means the derivative
of u(r). So
w1
u(r)log u(r)y (x+e)r
Thus log log u (r) > L log r+ 4
g log u g BT T A
Hence lim inf log log () = L
o0 log r *
S0 > L

X
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Proof of (ii) is similar, for if we set
. . .lo (r)
then as usual
W) 11
<_
prylog p(r) ra—e

80
log r
log 1 < ——+A4.
og log u (r) o c
1 P
o= lim sup 2818 X () 1
r—>o0 log r "

Finally I thank Dr. S. M. Shah for his valuable criticism of this paper.
Dharma Samaj College, Aligarh (India).
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