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This paper is concerned with a boundedly controlled version of the algebraic K-theory
of spaces functor X—A(X). The word boundedly controlled refers to the following
situation. Every object is equipped with a reference map to a metric space. In
particular it makes sense to talk about boundedness of maps, homotopies etc.

Controlled algebraic K-theory should be related to bounded stable concordance
theory in the same way as algebraic K-theory of spaces is related to (ordinary) stable
concordance theory.

Parts of such a theory have been studied variously.

As a first example consider h-cobordisms W with a reference map p: W—B to a
metric space B. One may ask when W has a bounded product structure. In [AH]
Anderson and Hsiang have been studying such cobordisms in the special case where
the lower boundary of W is of the form M xR, where M is a compact manifold and the
metric space is R*. The answer to this question is provided by the bounded s-cobordism
theorem. It turns out that there is a naturally defined algebraic K-theory invariant
whose vanishing guarantees the existence of a bounded product structure on W. The
group in which these invariants live is called the controlled Whitehead group.

As another example, this time on the Ky-level, we mention the controlled finiteness
obstruction, which has been treated for example in [C]. The problem here is to decide
when a space which is finitely dominated in the bounded sense is actually boundedly
homotopy equivalent to a locally finite space.

In [PW1, PW2] Pedersen and Weibel have been studying a version of controlled
algebraic K-theory of rings. They define the category €,(Fz) of locally finite families of
free R-modules parametrized by Z". They show that its K-theory is in fact an n-fold
(non-connective) de-looping of the K-theory of the ring R. In [PW2] this result is
generalized: To any metric space B there is associated a category Cp(Fg) of locally
finite families of free R-modules parametrized by the metric space B. Now assume that
the metric space arises in the following way. Let X be a finite PL-subcomplex of R”,
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and let o(X) denote the open cone on X with the induced metric. It is the main result of
[PW2] that the functor defined by X—K (€, x)(Fg)) defines a generalized homology
theory. It is also shown that one may replace the category Fy of free R-modules by any
exact category in which all short exact sequences are assumed to split.

These examples show that one has been considering so far only linear controlled
algebraic K-theory in contrast to the non-linear K-theory of spaces. On the other hand,
from the potential applications to bounded stable concordance theory it clearly seems
desirable to have available a controlled K-theory of spaces functor. This paper is
addressed to the construction of such a functor.

Controlled algebraic K-theory of spaces is built from the category of locally finite
spaces over X parametrized by a metric space B and their bounded homotopy equiva-
lénces. We obtain a functor of two variables (X, B)—A(X; B). Our main result concerns
the dependence of this functor on the control space B. It parallels the corresponding
result of Pedersen and Weibel for the controlled K-theory of rings. The precise
statement is as follows.

THEOREM. Let K denote a PL-subcomplex of R™, and let o(K) denote the open
cone on K with metric induced from R”. Then the functor

K— A(X; 0(K))

is a generalized homology theory. Its coefficients are given by the algebraic K-theory
of X with a dimension shift by one.

This result may also be viewed as giving a geometric interpretation of the homo-
logy theory associated to the spectrum A(X). In fact one obtains a non-connective
spectrum.

THEOREM. There are homotopy equivalences Q"A(X;R")=A(X) for eachn. Further-
more, T, A(X;R") = K,_ (Z[n, X]) for i<n.

From a technical point of view the main ingredient in the proof of these theorems is
the decomposition technique employed in [W1] to analyze the algebraic K-theory of
generalized free products of rings. Actually we use a translation of this technique into
the general framework of categories with cofibrations and weak equivalences, cf.
[W2]. In the paper [V], which is a sequel to the present one, we explain the relationship
between our definition of controlled K-theory and the linear version of Pedersen and
Weibel.
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§1

In this section we define the concept of a controlled space and the category R¢(X; B) of
boundedly finite controlled spaces over X with control in B, together with several
modifications of it. We define the concept of bounded homotopy equivalence of
controlled spaces. We show that the category NR:(X;B) becomes a category with
cofibrations and weak equivalences in the sense of [W2]. Given such a category we can
define the associated K-theory. This leads to the definition of controlled K-theory. We
consider various finiteness conditions in the categories of controlled spaces and discuss
their effect on K-theory. In particular we state and prove a cofinality theorem for
algebraic K-theory.

Let B denote a metric space with metric denoted by ¢. Assume that B is proper,
i.e. every closed ball in B is compact. An equivalent condition to ask is that the map
o(-, b): B—R, is a proper map for each b € B. Let ¢ denote a positive real number and
let A be a subset of B. We say that A has diameter <c if A is contained in some closed
ball of diameter ¢ in B. Our basic object of study in this paper will be spaces equipped
with a reference map to B which is used to measure distances. Define a controlled
space (over B) to be a pair (Y,p), where p:Y—B is called the controlling map. A
morphism f: (Y, p)—(Z, q) of controlled spaces is by definition a map f: Y—Z such that
qf=p. Let Top/B denote the category of controlled spaces over B. Let ¢ denote a
positive real number. A morphism f: (Y, p)—(Z, q) is called a c-bounded homotopy
equivalence if there exists a map g: Z—Y and homotopies a: fg=idz, §: gf=idy, which
are c-bounded in the sense that the path of each point under these homotopies has
diameter <c¢ when measured in B. The map f'is called a bounded homotopy equivalence
if it is a c-bounded homotopy equivalence for some ¢, Let (Y, p) and (Z, g) denote
controlled spaces over B, and let f:Y—Z be any map of spaces. The diagram

f
Y——Z
p\B/ q

is c-commutative if o(p(¥), qf (Y))=<c, for all yE€ Y. It is said to commute up to bounded
distance if it is c-commutative for some c. In particular, if £ is a morphism in Lop/B,
then f is c-commutative for all c. With this terminology we can say that a morphism
fi(Y,p)—(Z, q) is a bounded homotopy equivalence if there exists a map g, and
homotopies a and 8 as above such that the following diagrams commute up to bounded
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distance:
yxi—% .,y Zzxi—P .7
pXidl lp qxidl lq
BxI_ .p Bxi- P B

The homotopy inverse g: Z—Y ned not be a morphism in Top/B but it makes the
diagram

Z i-) Y
A
B
commutative up to bounded distance.

We now give the definition of the category of controlled spaces which will be used
in defining controlled K-theory.

Let B be a metric space and let X be a topological space. Denote by R(X;B) the
following category of retractive spaces over XxB: An object is a triple (Y, r, s), where
r:Y—-XXB, s: XXB—Y, such that rs=id. A morphism f:(Y,r, s)—(Y",r',s’) is by
definition a map f:Y— Y’ satisfying that r'f=r, fs=s’. We shall call the morphism f a
bounded homotopy equivalence if it is a bounded homotopy equivalence in Top/B. Let
bR(X; B) denote the subcategory of $R(X; B) with the same objects and morphisms the
bounded homotopy equivalences. The categories defined so far are much too general to
be very useful. More specifically, we will need a notion generalizing the concept of a
(finite) CW-complex. First let us define the notion of a cell. Fix a positive real number

c. A bounded n-cell (of diameter c) is a pair (JxD", q), where J is a discrete index set,
D" is the n-ball, and g: JXD"—-XXB is a map satisfying that

() prag({j} xD") has diameter at most ¢ for each jE€J.
(ii) for every compact subset K of B the set {j€J|prgq({j} XD N K+ @} is finite.

Let (Y, r, 5) denote an object of R(X;B), and let (JxD", q) denote a bounded cell.
We say that (Y',r',s') is obtained from (Y,r,s) by attaching the bounded n-cell
(UxD" q) if there is a map f: JXD"—Y such that Y’ is isomorphic to the pushout of

v L yxaD"5 yxDr
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(where i is the natural inclusion), and r'|JXD"=gq, r'|Y=r. We say that an object (¥, r, s)
of R(X; B) has a bounded CW-structure if it can be obtained from X X B by attaching of
bounded cells (of any diameter) in order of increasing dimension and if there is a global
bound for the diameter of the cells. We call the CW-structure (boundedly) finite if it
consists of finitely many bounded cells. Let us denote by R (X; B) the subcategory of
R(X; B) consisting of the objects with a finite bounded CW-structure and their cellular
maps. Let us call an object of R(X; B) (boundedly) finite up to homotopy if it is in the
same connected component of bR(X;B) as an object of R;(X;B); in other words, if
there is a chain of bounded homotopy equivalences going either way between (Y, r, 5)
and some object with a finite bounded CW-structure. Let Ry (X;B) denote the full
subcategory of R(X;B) consisting of those objects that are boundedly finite up to
homotopy. Further let

bR:(X; B)=R:(X; B)NbR(X;B) and bR(X; B)=NR:(X; B)NbR(X; B).

A morphism (Y, r, s)—(Y’, ¥, s') in R:(X; B) is called a cofibration if it is isomorphic to
a cellular inclusion. Define a map i: (Y, r, s)—(Y’, r', s') to be a cofibration in Ry;(X; B)
if it has the bounded homotopy extension property, i.e. every bounded homotopy
YXIUY' xX0—Z may be extended to a bounded homotopy Y’ XI—Z. Here we are
considering Y, Y’, and Z as objects of Top/B, i.e. we are ignoring the retractions to X.

We shall also need weaker finiteness conditions. Namely we want to admit
objects, which are finitely dominated in the bounded sense. Let us call an object
(Y,r,s) of R(X;B) finitely dominated if Y has a finite dimensional bounded CW-
structure and if there exists an object (Y’, r’, s’) with a finite bounded CW-structure and
a bounded domination, i.e. a morphism d:Y’'— Y in R(X; B) which is a retraction up to
bounded homotopy. Denote by R (X;B) the category of finitely dominated objects of
R(X; B) and their cellular maps. There is also a homotopy version of this. Let us call an
object of R(X; B) finitely dominated up to bounded homotopy if it is a retract of some
object of Ry:(X;B). The full subcategory of R(X;B) of these objects is denoted
Rna(X; B). Observe that Rey(X; B) is actually a subcategory of Rpa(X;B). Infactif Y —>Y
is a domination map with 'Y’ a finite bounded CW-complex we may consider the
mapping cylinder T(Y—Y') of a section of the domination map. It is finite up to
bounded homotopy (since it is homotopy equivalent to Y'), and it contains Y as a
retract. We define the notion of cofibration in R y(X; B) (resp. Mpy(X; B)) considered
before. With these definitions one observes:

LEMMA 1.1. The categories N:(X;B), Ris(X;B), Ri(X;B), and Rye(X;B) are
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categories with cofibrations and weak equivalences, where the category of weak
equivalences is given in each case by the bounded homotopy equivalences. O

Remark. It is a technical point of some importance that the morphisms in the
category R(X; B) are maps which are strictly compatible with the reference map to B,
not just up to bounded distance. For otherwise it would not be clear how to define
quotients, or more generally cobase changes in this category. This differs from the
corresponding definition of morphisms in the category €, (Fg) (resp. €x(Fg)) of [PW1]
(resp. [PW2]). In our definition the boundedness (which is of course essential) is
encoded in the definition of bounded homotopy equivalences.

Let (B, o) and (B’, ¢') denote metric spaces. Recall that a map f: B—>B’ is proper if
the inverse image under f of a compact set is compact again. We say that fis Lipschitz if
there exists a positive real number & such that o’ (f(x),f(y))<ko(x,y) for all x, y€B. A
proper Lipschitz map is also called controlled. A Lipschitz map f: B—B’ is called a
Lipschitz homotopy equivalence if there exists a Lipschitz map g: B’—B and homoto-
pies gf=idp, fg=idgz which are Lipschitz maps. Finally let us call the map f a controlled
homotopy equivalence if it is a Lipschitz homotopy equivalence and in addition the
homotopies and the map g are proper.

LEMMA 1.2. The categories Re(X;B) (resp. Rue(X; B), Riu(X; B), Ruo(X; B)) define
a covariant functor from the category of metric spaces and controlled maps to
categories with cofibrations and weak equivalences, where the weak equivalences are
given by the bounded homotopy equivalences.

Proof. A proper Lipschitz map f: B—B’ of metric spaces induces an exact functor
fo Re(X; B)y-»R(X;B") by (Y, r,s)—>(YUxxgXXB’,...). The Lipschitz condition on f
ensures that bounded homotopy equivalences are mapped to bounded homotopy
equivalences. Since f is proper, boundedly finite objects are mapped to boundedly
finite objects. Similarly the properties of homotopy finiteness and of finite domination
are being preserved by f,,. O

Lemma 1.3. If f: B—>B’' is a controlled homotopy equivalence then the induced
Sfunctor f,.bS.R:(X; B)—bS.Re(X;B’) is a weak homotopy equivalence. The same is
true in the case of the categories Ry (X; B), Rea(X; B) and Rpy(X; B).

Proof. The proof is literally the same in all four cases. So we just treat the first one.
It suffices to show that the projection map m: BXI—B induces a weak homotopy
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equivalence. There is a section of x induced by the inclusion i: BX0—BxI. We
shall show that for each » the endofunctor i, 7, of bS,R:(X;BxI) is homotopic
to the identity. Define another endofunctor f of bS,R:(X;BxI) as follows. Let
h: BXIxI—-BXI be a homotopy between the identity map and iz. We first define f on
objects of bR(X; BXI) by (Y, r, s)—(YXI, idX (h(rxid)), (s, 0)) and on the morphisms of
that category similarly, The definition clearly extends to filtered objects of
bR(X; BXI). There are natural transformations of endofunctors of bS,Re(X; BXI)

id— fei,m,

which are given by the obvious inclusion maps. This shows that i 7, is homotopic to
the identity. Also it is easy to see that for varying »n these natural transformations
assemble to a simplicial natural transformation of endofunctors of the simplicial cate-
gory bS.$R:(X; BxI). This proves the lemma. 0

We now want to compare the various finiteness conditions. Recall that the approxim-
ation theorem (Theorem 1.6.7 of [W2]) gives a sufficient condition for an exact functor
of categories with cofibrations and weak equivalences to induce a homotopy equiva-
lence on K-theory.

ProrosiTiON 1.4. The approximation theorem applies to the inclusion functors

R(X;B)— R (X;B) and Ry (X;B)— R, (X;B).

Proof. Let us first treat the case of finite vs. homotopy finite objects. We have to
verify the following property:

Given an object (¥, r, s) in R:(X; B) together with a morphism 13 (¥, r, s)—=>(Y', ', 5"}
in R,(X;B) there exists an object (Y, r,s,) in R;(X;B) and a factorization
(Y, r,8)=>(Y, r;, s))—>(Y',r', s) of f, where the first map is a cofibration and the second
is a bounded homotopy equivalence.

It is sufficient to find a factorization
(Y, s)’_)(Yll S])—)(Y,,S’),

i.e. ignoring the retractions. For we may then define the retraction r; as the composite
of Y=Y with r':Y—-XXB.

Since Y’ is boundedly finite up to homotopy we can find a finite Y, together with
bounded homotopy equivalences (Y, s')—(Y3, s5) and (Y5, s5)—(Y’, s’). By the bounded
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cellular approximation theorem, cf. [AM, Corollary 11.10.3], we may choose a
cellular map (Y, s)—(Y,, s;) which is boundedly homotopic to the composition
(Y, s)—(Y', s')—>(Y>, 57). Define ¥, to be the mapping cylinder of this map. Then there is
a bounded homotopy equivalence (Y, s;)—(Y", s') extending the map (¥, s)—(Y", s").
This proves the first case of the proposition.

Now let (Y, r, s) be an object of Ru4(X; B). By definition there is a retraction Y’ —Y
where Y’ is in Ry (X;B). Choose a bounded homotopy equivalence Y"—Y’ with Y’
finite. We obtain a map Y”"—Y which is a retraction up to bounded homot.opy.
Consequently there is a self-map a of Y” which is idempotent up to bounded homotopy.
By bounded cellular approximation we may assume that o and the homotopy are
cellular. Therefore the mapping telescope of a defines an object of Ry(X; B). Further-
more there is a bounded homotopy equivalence Tel(a)—Y. (Refer to the proof of
Proposition 2.7 below for a more detailed discussion of the mapping telescope.) Now
we may copy the previous argument to verify the hypothesis of the approximation
theorem. This completes the proof of the proposition. _ O

To describe the relationship between the categories of finite and finitely dominated
objects we introduce the following terminology.

Let € denote a category with cofibrations and weak equivalences, and let © be a
subcategory with cofibrations and weak equivalences. We say that D is cofinal in € if
for each object C in € there exists C’ in € such that Cv C’ is isomorphic to an object of
®. Here ‘v’ denotes the sum in €. Assume now that € and D have a cylinder functor,
and consequently also a suspension functor, cf. [W2]. Let us call © a weakly cofinal
subcategory of € if for each object C in € there exists C’ in € such that Skev s
isomorphic to an object of D for some k. With this terminology we have

PrOPOSITION 1.5. The category Ru(X;B) is a weakly cofinal subcategory of
Rua(X; B).

Proof. This is almost obvious. In fact, let (Y, p, s) be finitely dominated up to
bounded homotopy, and let d: (Z, q, 1)—(Y, p, 5) be a domination of Y with Z boundedly
finite up to homotopy, and let further e: (Y, p, s)—(Z, g, t) be a section of d. Define Y’ to
be the mapping cone of the map Ze, and let £:Z—Y' denote the canoncial map.
Clearly Y’ is an object of R,4(X;B). Then 2dvf:ZZ—ZYvY’ is a bounded homotopy
equivalence. This proves the proposition. O

Let € be a category with cofibrations and weak equivalences and let w& denote
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the subcategory of weak equivalences. Recall from [W2] that the algebraic K-theory of
¢ is defined to be

K@, wl)=QwS.GC|.

Here wS. € is a certain simplicial category constructed from the cofibrations and the
weak equivalences in €.

We are now going to give the definition of the algebraic K-theory of controlled
spaces. Let X be a topological space, and let B be a proper metric space. There are two
definitions corresponding to the different finiteness conditions.

DEFINITION. AX;B) = Q[bS. Rpa(X; B)|

A'(X;B) = Q|bS. Ry (X; B)|-
We call A(X; B) (resp. A'(X; B)) the algebraic K-theory of the space X with control in B.

Remark. Proposition 1.4. tells us that there is no point in giving a third and fourth
definition by replacing the category Rue (X;B) with Re(X;B) and Rpy(X;B) with
R(X; B): we would have ended up with the same functors up to homotopy. O

Let us now examine the relationship between the functors A(X;B) and A'(X; B).
The answer is contained in the following cofinality theorem for algebraic K-theory. It is
due to Thomason [T, Theorem 1.10.1 and Exercise 1.10.2}. For the convenience of the
reader we shall explain this result here.

Let € be a category with cofibrations and weak equivalences, and let © be a
subcategory with cofibrations and weak equivalences of €. Assume that € has a
cylinder functor and that the weak equivalences in € satisfy the cylinder axiom. Let
G=coker(K,®—K,®), and let N.® denote the nerve of G considered as a discrete
simplicial category, i.e. N,& (=G is viewed as a category with only identity mor-
phisms for each k. Clearly, the geometric realization of N. ® is homotopy equivalent to
BG, the classifying space of G.

THEOREM 1.6. Let € and D be as above. Suppose in addition that the following
conditions are satisfied.

i) D is weakly cofinal in €.

(ii) ® is saturated, i.e. every object which is weakly equivalent to an object in D
actually belongs to .



170 W. VOGELL

(iii) D is closed under quotients, i.e. if C;—C,—Cs is a cofibration sequence in €,
and C,, C, are actually objects of D, then C; is also in D.
Then there is a fibration up to homotopy

wS. D->wS.C->N.G.

Consequently, there is an isomorphism K(D, w®)SK(E, wC) for i=1.

Proof. Let w€ (resp. w®) denote the category of weak equivalences in € (resp.
D). Define a map f:C—C’ to be a v-equivalence iff the mapping cone C(f) of f
represents zero in the group G. This defines a class of weak equivalences in €, and of
course w&€cv€. By the generic fibration theorem (Theorem 1.6.4 of [W2]) one obtains
a fibration up to homotopy

wS. 8> wS. € vS. €.

Here €' denotes the subcategory of € consisting of those objects which are acyclic with
respect to the coarse notion of weak equivalence. We are left to identify the terms in
this fibration with those in the assertion of the theorem. First observe that we have a
map of simplicial categories

p..vS.E->N.&.
It is given in degree k by
(=€ = Cyo > CY = ([C ] [GHC - [CIHCiiD-

We claim that p, is homotopy equivalence for each k. Observe that p;'(0,...,0) is a
contractible subcategory of vS,C. In fact (% >>%>>...>> %) is an initial object since
[C}1=0 in G implies that x — C is a v-equivalence. Next consider p; '(x,, ..., x,) for any
(xg5..sxp) In G*. This category is not empty: Let C; be such that x=[C;]. Then

PLC, > CvC,—>CvC,vCyrs .. Cv...vCI=(x, ..., %)

Since the category € has a cylinder functor, and consequently also a suspension
functor Z, it follows from the additivity theorem (Theorem 1.3.2. of [W2]) that X acts as
(—1) on the group G. We can therefore define a functor

(p:p[l(xl, ...,xk)—»p,:‘(O, ..., 0)
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by
(B;>>...»B) > (B,vEC,»>>B,vIC,VEC,>>...»> B,vIC,v...VZC)).
There is also a functor in the other direction given by
Y:ipi 0, ..., 00> p i (xy, 0u xy)

A ... A) = (A, vC = A,V C v C, 350> AV C V... vCY.

There are obvious natural transformations id—y¢ and id—@y. This implies that all
fibres p; '(x, ..., x,) are homotopy equivalent to p; (0, ..., 0) and hence are contractible.
By Quillen’s Theorem A, [Q], therefore p; is a homotopy equivalence for each &, and
hence p. is a homotopy equivalence by the realization lemma, cf. [W1, Lemma 5.1].
The assertion of the theorem will follow if we can show that € is equivalent to . First
observe that S(Cv=C) is in ® for every C. This is true since cone(C)=x implies that
cone(C) is in D, since D is saturated. Now choose C’ so that C'vE*C is in . Then
from the cofibration sequence C—cone(C)—ZC we deduce another cofibration se-
quence

SKC v C’' — cone(SFC) v C' v SFC — SkC v SHIC

where the first and second term are objects of ®©. Hence by property (i)
SkFCvEHIC=3XCVvIC) is in D. Let C;—C,—C; be a cofibration sequence in €. From
this we obtain a cofibration sequence

C,vZC,—»> C vCyvZIC,— CyvZ(Cy
which is weakly equivalent to another sequence
C;vEC,— Z(C,vEC) — Z(C, v Cyv ZC).

From the preceding observation we conclude that the k-fold suspension of the first and
second term are objects of ©. Therefore we conclude that Z¥*(C,vC;vZC,) is in D.
Let K¢S denote the class group of € formed by introducing a relation only for split
cofibration sequences, and let G’ =coker(K,®—K{€). Then G is generated by isomor-
phism classes of objects of € modulo the following relations:

(i) [D]=0for DED

(i) [C,]+[C5]=[C,] for each cofibration sequence C,—C,—C;.
The group G’ has the same generators and the following relations.
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(i) [D]=0for DED

(i) [C}+[C;5]=[C, v C;] for Cy, C; in €.

Since we have shown that 2"“(C1 vC,vEC,) is in D for every cofibration se-
quence C,—C,—C; we have that [C,vC,vZC,]=0, which implies that [C,]+[C5]=
[C,]- Therefore the relations are in fact the same and G=G'. Now suppose that CEC".
This means by definition that [C]=0 in G, and hence also [C]=0in G', i.e. there exists
D in ©© such that [D]=[C] in K{&. But by a well known argument this holds if and only
if C and D.are stably equivalent, i.e. there exists Cy such that Dv Cy=Cv Cy, cf. Lemma
1.1. of [M]. Choosing Cj such that Cyv Cjis in © we obtain that Cv CyvChis in D, and
hence, by property (ii) again, also C is an object of D. Therefore the categories €¥ and
D are the same. This ends the proof of the theorem. ]

We have the following application:

CoRrOLLARY 1.7. Let G=coker(tyA'(X; B)—>myA(X; B)). Then there is a fibration
up to homotopy

where N.& denotes the nerve of G considered as a discrete simplicial category. U

§2.

In the second section we consider a special type of control spaces. Namely we assume
that the control space is given as the open cone on a finite space. More precisely, we
have the following definition:

Let K denote a finite PL subcomplex of $" for some n. The open cone on K is the
metric space defined as

oK)= {t-x|x€EK,tER,}

with metric induced from the embedding into R**!, If K—L is a map of finite PL
subcomplexes of §” then there is an induced map o(K )—o(L) of the open cones and it
is easy to see that this is a proper Lipschitz map. In fact o(-) is a functor from finite
subcomplexes of the n-sphere to the category of metric spaces and proper Lipschitz
maps. Note however that it is not true in general that a homotopy equivalence K—>L
induces a controlled homotopy equivalence o(K)—o(L). With these notations we are
now ready to state the main theorem of this section more precisely:

The functor given by K+ A(X;0(K)) is a generalized homology theory.
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Recall that a homotopy functor F: (spaces)—(spaces) is called a generalized re-
duced homology theory if it is pointed (i.e. evaluated on a point it gives a contractible
space) and excisive (i.e. it maps a cocartesian square to a cartesian square). It is well
known that this implies that the homotopy groups =, F(-) satisfy the Eilenberg-Steen-
rod axioms with the possible exception of the dimension axiom. We shall prove these
properties separately. First we show that the functor is pointed. In fact our statement is
slightly more general.

Let B denote a metric space. Consider the product BXR, equipped with the
product metric. We have

THEOREM 2.1. A(X;BXR,) is contractible for all X and B.

Proof. This is a version of the so-called Eilenberg swindle. Namely there is an
endofunctor T of bR (X; BXR,) which is given on objects by

(Y,p,s)—(Y,0p, so™ ")

where g: XXBXR,—XXBxXR, is the shift map defined by (x, b, 1)—(x, b, t+1). On
morphisms the functor is defined by T(f)=f. Since the map ¢ does not change
distances, it takes c-bounded homotopy equivalences to c-bounded homotopy equiva-
lences. We construct a two step homotopy from T to the identity. The intermediate step
is provided by the endofunctor of bR(X; BXR,) given by

(Y,p, )~ (YXI,p,3)

where p: YXI—-XXBXR, is defined by (y, £) —(pry, s(p(¥)), er+(p(y))+t), and § simi-
larly. There is a natural transformation from the identity to this functor (front inclusion)
and another one from T to this functor (back inclusion). The category R(X;BxR,) has
a composition law given by wedge sum (over XxBXR,). Denoting this composition
law by ‘v’ we can form the functor
T;=VT
k

where T’ denotes the ith iterate of 7. In fact, T, defines an endofunctor of
bRwu(X; BXR.). To see this, one observes that over every compact subset of BXR, the
infinite wedge actually reduces to a finite one. Since the functor T? does not change
distances, i.e. it takes c-bounded maps to c-bounded maps again, the functor 7 really
takes bounded homotopy equivalences to bounded homotopy equivalences. Further,
since T is homotopic to the identity, we have that Ty =ToT; is homotopic to
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idoTy=T7. But obviously we also have a natural isomorphism idv7’=T; which
implies a homotopy idv Iy =T}".

The functor T can be defined for filtered objects in much the same way thus giving
an endofunctor of bS, Ry(X; BXR,). Continuing to denote this functor by T we also
obtain a homotopy as above for each n. These homotopies assemble to a similar
simplicial homotopy of the simplicial category bS. R(X; BXR,). But this space is an
H-space with a homotopy inverse. So we may cancel one term, and we finally obtain a
homotopy between the identity map and the trivial map. This can happen only for a
contractible space. g

CoroLLARY 2.2. Let K be a finite subcomplex of S", and let cK denote the
(ordinary) cone on K considered as a subcomplex of S™'. Then A(X;o0(cK)) is
contractible.

Proof. This follows from the following observation in [PW2]: If ‘*’ denotes the
join, then there is a controlled isomorphism o(KxL)=o(K)xo(L). This implies that
o(cK)=o(K*(point))=o(K) X o(point)=0(K) xR, and hence proves the corollary. O

We now turn to the proof of the excision property of the functor A(X; o(K)). This is
shown by means of a decomposition technique which is closely analogous to that used
in [W1] to analyze the algebraic K-theory of generalized free products of rings. The use
of the general framework of categories with cofibrations and weak equivalences makes
this approach much more perspicuous than the corresponding technique in [W1].

Consider the following situation. The control space B is given together with a
decomposition B=B, U B, B,. Here we assume that the B; are also metric spaces with the
induced metric. We want to look at spaces over XX B of the type considered before but
which are decomposed according to the decomposition of the control space. To do this
we add several technical conditions. First of all let us assume that By is bicollared in B,
i.e. there are neighborhoods B;x[0,1] in B, and ByX[—1,0} in B;. Further let us
suppose the maps By—B; and By—B, are cofibrations, and finally we ask that these
maps are controlled, i.e. proper and Lipschitz. A decomposed space is given by
definition as a pushout diagram Y=Y, U Y, Y, in Rgy(X; B), where Y; is induced from an
object of MRey(X; By, i=0,1,2, and such that the maps Y,—Y; and Y,—Y> are cofibra-
tions. Let us denote by R (X; By, B,, B,) the category of spaces which are decomposed
in this way. This is a category with cofibrations in the same way as R (X;B). There are
two natural choices of weak equivalences in R,(X; By, B,, B,). Namely we can ask that
a bounded homotopy equivalence respects the decomposition, i.e. it is a bounded
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homotopy equivalence on each of Y, ¥,, Y,, or alternatively that it only is a bounded
homotopy equivalence on the total space Y. Let vR(X; B, B,, B,) denote the subcate-
gory of those bounded homotopy equivalences which respect the decomposition.
Given a category with cofibrations and fwo notions of weak equivalences there is a
general theorem which describes the relationship between the K-theories associated to
these, the generic fibration theorem of [W2]. In our context the assertion is as follows.

THEOREM 2.3. There is a homotopy cartesian square of simplicial categories
vS.RE(X; By, By, B,) —vS.R,(X;B,, B,,B,)
bS.R2(X; By, B, B,) ——bS.R(X; By, B,, B,)

with lower left term contractible. (Here the superscript ‘b’ denotes the subcategory of
b-acyclic objects, i.e. those spaces for which the structural retraction Y—>XXB is a b-
equivalence.) O

In the following we have to identify the three non-trivial terms in this cartesian
square,
The first observation is

ProrosiTION 2.4. The forgetful functor bS. R (X; By, B, B,)—bS. R(X;B) is a
weak homotopy equivalence.

Proof. The idea of the proof is to use the collar of B, to allow for more flexibility.
The first step is to replace the decomposition of the control space B=B, U B, by
another one B=B{U gz, B; where

Bi=Byx[-1,11, B{=B,U, Bx[~1,0], B;=B,U, B,x[0,1].

Using a deformation retraction of the collar of B, one can easily show that the inclusion
bS. Ry(X; By, B, By)=bS. R (X; By, By, B;) is a homotopy equivalence. Also it is no loss
of generality to assume that an object of (Y, Y, ¥,, Y,) of the latter category satisfies the
condition that r™'(XXB,X[—¢, ))<= ¥, (and hence also r~'(Xx(B, Uy ByX[—¢,0])cY,
and r !(Xx (B,U BOBOX[O, e)))cY, for some e. Namely just replace the object Y by
Y Uy, YoX[—1,1]Uy ¥,. This defines a map from bR(X; By, B, B,) to the subcategory
of bR (X; B}, B}, B;) of objects satisfying that condition. A deformation retraction of
the collar again may be used to show that this map is a homotopy equivalence.
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Denoting this subcategory of bR,(X; By, B, B;) by bR(X; By, B, By) we are left to
show that the forgetful map

bS. R:,(X; B}, B], B)— bS. Ry (X; B)

is a homotopy equivalence. This will follow from an application of the approximation
theorem of [W2]. We have to verify the following

Assertion. Given a map f: Y-—Z, where Y is an object of R{,(X; Bg, B, B)) and Z is
in Ry(X; B), there exists an object Y’ in R{(X; By, B}, B,), a cofibration Y>-Y’, and a
bounded homotopy equivalence f”: Y'—Z extending the map f.

We shall assume without further proof the following related property of the
category Ry(X; B): Given a map f: Y—Z of (homotopy) finitely dominated objects over
X% B, there exists Y’ which can be obtained from Y by attaching of cells, and a bounded
homotopy equivalence f': Y'—Z extending f.

Using this property we can use a cell-by-cell argument to verify the assertion
above. Namely let Y*=YU_ , D" for some n-cell D". We have to show that Y* may be
decomposed in the required way to define an object of Ry(X;By, B),B;). Let
r: D"—X x B denote the restriction of the structural retraction of Y* to D". Choose ¢’'<e.
By using a suitable subdivision one may find a decomposition D, U, D, of D" such that
r_l(XXBOX[—s’,s’])c:Docr"(XxBox[-—s,s]) and similarly with D, and D,. With this
decomposition of D" we may define Y{=Y,U DlD,, and similarly with Y§ and Y}
One checks that this decomposition actually defines an object in the category
R, (X; By, By, By). (As an object may have infinitely many controlled cells, one has to be
careful to choose the sequence of real numbers &' in such a way that their limit is
greater than zero.) Hence we have verified the assertion above. This finishes the proof
of the proposition. U

Notation. If the context is sufficiently clear we shall denote the category of
decomposed objects over XXB simply by R(X;B) instead of R (X; By, By, B,). The
preceding proposition says that this does not make a difference if the category of weak
equivalences is the category of bounded homotopy equivalences. The concept of v-
equivalence is only defined for decomposed objects anyway. So this should cause no
confusion. O

It is also rather easy to analyze the fine notion of weak equivalence, i.c. the
category vRg(X;B). (Recall that vR(X; B) is shorthand for viRy(X; By, By, B,).)



ALGEBRAIC K-THEORY OF SPACES, WITH BOUNDED CONTROL 177

ProrositioN 2.5. The forgetful functor
vS. Rey(X; B) > bS. Ry (X; B XbS. Rey(X; B)) xbS. Rey(X; B,)
induced by
Y=Y Uy, Y, (Y, 1), 1)
is a weak homotopy equivalence.

Proof. The category fy(X; B) may be identified with a certain category of cofibra-
tions in R (X;B) with subobject in Ry(X;By) and quotient object in the category
Re(X; By, B X R(X; By, B,). Namely, to an object of R,(X; By, B, B,) there is associat-
ed the following functorial cofibration sequence

Yo— YUy Yo (Y, Uy XXBy) Uyyp (Y, Uy XXBy).

Here the notation Ry(X;B,, B)) is an abbreviation of R(X;B,, B, By and similarly
with the other category. Actually the quotient of this cofibration lives in a certain
subcategory of R (X; By, B)) X R(X; By, B,) whose objects are defined by the condition
that the restriction to XX B, is trivial, i.e. equal to XX By itself. Let us for the moment
denote this subcategory by R (X; By, B)¥ xR, (X; By, B,)*. This category is a subcate-
gory of R5(X; B) in a natural way. An application of the additivity theorem of [W2] now
yields that the map given by

Y (Y, Y\/Y,, Y,/Y,)
induces a weak homotopy equivalence
VS Rey(X; B)— bS. Ry (X; By xbS.Ry(X; By, B)* XbS. R(X; By, By)™.

(The symbol ‘/’ denotes the quotient in the appropriate category.)
Using the collar of By together with Lemma 1.3. it is easy to see that the functors

bS. Ry (X; By, B)* >bS. Ry (X;B,) and bS.R(X;B,, B,)*— bS.Ry(X; By

induced by inclusion are weak homotopy equivalences. It remains to show that this
map is homotopic to the map of the proposition. Using the existence of an inverse on
the H-space vS.R(X; B) it follows that the map described by

Y (Y, Y,/ YoV Yy, Yy Y,V Yy)

12-908283 Acta Mathematica 165. Imprimé le 8 novembre 1990
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also is a weak homotopy equivalence (where ‘v’ denotes the sum in the appropriate
category). Finally another application of the additivity theorem shows that the maps

Y—»Y, and Y~ Y,/Y,VvY,

are homotopic, and similarly with Y, replaced by Y,. This proves the proposition. O

The main problem will be to analyze the category of bounded acyclic objects
together with the fine notion of weak equivalence. There are exact functors defined as.
follows:

a: RE(X; B) — Ry(X; B) X Ry(X; By)
Y (Y, /Yy Y)Yy
B: RE(X; B)— R y(X; By
Y Y,
y: Ry(X; B)) X Ro(X; B)) - R(X; B)
(Y,Z) > YUy Z.

PROPOSITION 2.6. These functors induce the following diagram which commutes
up to homotopy. Furthermore the diagram is homotopy cartesian in a way specified
below.

vS.RE(X; B) bS.R;(X; B))xbS.Rey(X; B,)
d /|
bS.fRfd(X; By bS-SRfd(X; B)

The bottom map is the natural inclusion followed by suspension.

Proof. Consider the following diagram:

vS.R2(X; B) vS.Rey(X; B) ———— bS.Ry(X; B)

| | |-

bS.RE(X; B)XbS. Ry (X; By) —> bS.Ry(X; B)XbS. R (X; B) —bS.R((X; B)
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The left and middle vertical map are given by Y+—(Y, Y;). The lower right hand map is
the projection. The diagram is clearly commutative. Both rows are fibrations up to
homotopy, the upper row by Theorem 2.3, the lower one for trivial reasons, since
bS.R(X; B) is contractible. Hence the left hand square is homotopy cartesian. Now
consider the diagram

a
v8.RL(X; B) V8. R, (X; B)—— bS.R(X; B)XbS. R (X; B,) xbS. Rey(X; By)

| ‘| c |4

bS.RE(X; BYXbS . Rey(X; By) —— bS.Ryy(X; BYXbS. Ry (X; By) bS.Rey(X; BYXbS. R (X; By)

where the left hand square is identical with that of the preceding diagram, a is the map
of Proposition 2.5, b is given by Y—(Y,Yy), c by (Y,Z)~(¥YvZZ,Z) and d by
(Y,Z, W)—(Y/YyvZ/Zy, W). The right horizontal maps are homotopy equivalences.
This is true for a by Proposition 2.5 and for c¢ since it is a shearing map, using the H-
space structure of the spaces involved and the fact that ¥ represents a homotopy
inverse. The right hand square commutes up to homotopy, by an application of the
additivity theorem. Namely we have the following functorial cofibration sequences in
Rw(X; B)

Yy Y Y, /Y, Y)Y,

This gives a homotopy between the functors Y YvZY,and Y- Y(/Yyv Y)/Y,. Choose a
specific homotopy. Then the right hand square is clearly homotopy cartesian. Since a
and ¢ are homotopy equivalences the choice of the homotopy does not matter. Hence
the outer square of this diagram is homotopy cartesian in a well defined way. Compos-
ing the right horizontal maps with the projection maps away from bS.N(X; By), and
using that bS.?R?d(X ; B) is contractible, finally gives the assertion of the proposition. O

To proceed further we introduce the following terminology. Given an object
(Y, r,s) of Ry(X; B) we define the support of Y to be the set

supp(Y) = {b€B|p~ (Xx{b}) + X}.

We say that Y has bounded support with respect to By if there exists a positive real
number ¢ such that supp(Y) has distance at most c¢ from By, i.e. for each bEsupp Y
there exists b’ € By such that o(b, b')<c. Denote by RL(X;B,), the subcategory of
those objects of ER?d(X ; B) which have bounded suﬁport with respect to By,. We claim
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that any bounded acyclic object is in fact v-equivalent to an object with bounded
support with respect to By,

PROPOSITION 2.7. The inclusion vS.R(X; By), . —VS.R(X;B) is a weak homo-
topy equivalence.

Proof. We deduce this from the approximation theorem. It suffices to verify the
following property: Given a map f: (Y, Y,, Y,, Y,)—(Z, Z,, Z,,Z,), where (Y,...) is an
object of RZ(X; B),, and (Z, ...) is in RE(X; B), there exists an object (¥', ¥}, ¥}, ¥}) of
R(X;B),, together with a cofibration (Y,...)—(Y’,..) and a v-equivalence
g:(Y',..)—(Z,...) such that the following triangle is commutative:

(Y; Y()’ Y]’ Y2)

(Z,20,2,,2)

Y, Y, Y, Y &

Replacing Z by the mapping cylinder of f shows that it is no restriction to assume that f
is a cofibration. Also it is no loss of generality to assume that

r i (X xByX[0, ])=2Z,x[0, €]

(cf. the proof of Proposition 2.4). Choose a bounded contraction A: ZxXI—Z of Z which
exists by definition of the objects in R2(X; B).

Since h is bounded we may find a subcomplex Z; of Z,—Zyx[0,¢] such that
supp(Z}) avoids a bounded neighborhood of By and such that A(Z;xI)cZ,. Namely let
a:Z—R, denote the distance from By, i.e. f(z)=p(p(z);By). For each d€R, let
Z‘11=a‘1([a', ®©))UXXB. Since h is bounded there exists a number ¢ such that
WZ{xI)cZ4<, if d is sufficiently large. By definition the objects of R(X; B) are finite
dimensional and also there is a global bound for the diameter of the cells. Therefore
there exists a number e (independent of d) such that the smallest subcomplex of Z;
generated by Z¢ is contained in Z{¢. If d is large enough we may therefore define Zj to
be the smallest subcomplex containing Z‘f. (Of course it may happen that supp(Z}) is
empty.) Since Y; has bounded support with respect to By it is also no restriction to
assume that supp(Z}) is disjoint from supp(Y;). Now define a bounded map
hi: ZixI->Z; as follows.

(i) m|Z,*x0=identity

(i) hy|ZyX[0, ] x I=projection to I

(iii) hy|ZixI=h
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(iv) On the remaining part of Z,;XI choose some extension (which exists by
bounded homotopy extension).

Since A{({(Z;—Z})xI) has bounded support one can find another subcomplex Z; of
Z; with support in a (potentially bigger) bounded neighborhood of B, such that
m((Z,—Z)xI)c=Z;. The end map of the homotopy h; maps Z; to itself. (In fact if zEZ)
then hy(z, 1)=h(z, 1)=r(z) € Z; since all spaces are considered as spaces over XXB.) Let
p1 denote the restriction of k; to Zjx1. We claim that p, is an idempotent up to
homotopy. Namely we have the following commutative diagram

(h,|Z,x 1)xid
ZyxI—Z,XI Z,xI

oNs(" -

which defines the broken arrow. In fact, if z€ZinZ, we have that h;(h(z,1),)=
h(r(z), )=r(z), and for z in Z,—Z; the map k, takes values in Zy anyway by construction
of the latter. Hence the left vertical arrow defines a homotopy from p, to pf. Now form
the mapping telescope of p,. It is defined as the following (iterated) pushout:

14 14 p
Tel(p,) = pushout(Z;x[0, 1]« Z5x 1 — Z5X[1, 2] Z5x2— Zyx[2,3] ... ...).

There is a canonical map Tel(p;)—Z; defined as the colimit of the following diagram,
where g denotes a homotopy p,=p?.

Z)x[0, 1]e— ZjX 1— ZX[1, 2]e— ..—> ..

(| o el

z z) zZ ...

Tel(p)) is considered as a space over XX B via the composition Tel(p;)—Zi—XXB. The
bottom inclusion defines a map Zi—Tel(p;) in the other direction. The composition
Tel(p)—Zi—Tel(p,) is homotopic to the identity. This implies that Tel(p,) is a retract
up to (bounded) homotopy of Z; and hence is itself finitely dominated. Now consider
the following diagram:

Y—Z—>Z,

| [/ [

Y—Z;—2Z,
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The map h|Z,x1 obviously factors over the subcomplex Zj which gives the oblique
arrow. Also p,|Y,=identity by construction. Since Tel(-) is a functor we obtain from
this diagram a map

Tel(p,) — Tel(h,|Z,X1).

This map is actually a bounded homotopy equivalence. A homotopy inverse is pro-
vided by the map of telescopes induced by the oblique arrow. Moreover k;|Z; X1 is
" clearly a bounded homotopy equivalence (since it is homotopic to the identity).
Therefore the map Tel(h|Z;x1)—Z, is a bounded homotopy equivalence. Altogether
we obtain the following commutative diagram:

Y—2,

!

z;
|

(

Tel(Pl)

A similar construction may be performed for the Z,-part of Z leading to an idempotent
p2 and a corresponding telescope. Now define

Y’ =Tel(py) Uz xi—e,q Tel(py).

By construction Y>-Y’ and Y’ maps to Z by a v-equivalence. This verifies the approxi-
mation hypothesis and hence proves the proposition. O

The next step will be to analyze the category of bounded acyclic objects with
bounded support with respect to B,. Let us begin with the simplest case where B is
just the product of B, with an interval. So suppose B=Byx[—1,1], B;=BX[0,1],
B,=Byx[—1,0]. There is an exact functor

@: Rey(X; B) X Rey(X; By) — Re(X; By, By, B,)
given by

(Y, Z) > (XXB,yU y YX[—1,0]) U 4,5 (ZX[0, 11U , XX By);
YU g, Z; (XXBy U y YX[=1,0D)U g, Z3 YU e (ZX[0, 11U, By)).

In other words, associated to a pair (Y, Z) there is an acyclic decomposed object over
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XXB, which has Y (resp. Z) sitting over XX B, (resp. XXB,) and which is determined

more or less by this condition. Let us call an object in the image of ¢ a standard acyclic
object.

ProrosITION 2.8. If the control space B is of the form described above the functor
@ induces a weak homotopy equivalence

@:bS. R, (X; B)XbS.Ry(X; By)— vS.RE(X; B).

Proof. Consider the composite
bS.R(X; By) XbS.Ryy(X; By) BA vS.RL(X; B) 5bs Re(X; B)XbS . Ry(X; By)

where a is the map Y—(Y,/Y,; Y»/Y;). The composite ag is given by
(Y, Z)n—a(ZBlY;EBlz).

Since in the case at hand B, and B, are both controlled homotopy equivalent to By, and
suspension induces a homotopy equivalence on the category bS.Rg(X; By), the com-
posite map is therefore a weak homotopy equivalence. Hence ¢ is a homotopy
quivalence if and only if « is one. The map «a is just the top map of the diagram of
Proposition 2.6. Since B,—B, the bottom map of that diagram is a homotopy equiv-
alence and hence so is a. This was to be shown. g

We now wish to extend this result to a more general context. The first observation
is the following

LEmMMA 2.9. Let (B, By, B,, B,)—(B’, By, B}, B;) denote a v-equivalence, i.e. all the
maps B;—B| (i=0,1,2) are controlled homotopy equivalences. Then the induced map

vS8.RL(X; By, B,, B,) > vS.R(X; B}, B}, B})

is a weak homotopy equivalence.

Proof. By an application of the generic fibration theorem, one reduces to proving
that the map vS.R,(X;B,,B,, B,)—>vS.Ry(X; By, B}, B;) is a weak homotopy equiv-
alence. This in turn follows by an application of Lemma 1.3. together with Proposition
2.5. O

Now suppose that B=B, Uy B, and Bp—B, and By—B, are both controlled homo-
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topy equivalences. Then the conclusion of Proposition 2.7 still holds, because there is a
v-equivalence (B, B,x[0, 1], Byx[—1,0))—(B,, B,, B,). Consider again the case of open
cones. Let Kp—K,, Kp—K, denote inclusions of finite subcomplexes of some sphere
§", and let K denote the pushout K, Uy K,. Assume that K, is bicollared in K. Let B
(resp. By, B,, B,) denote the open cone on K (resp. K, K;, K,). There is a filtration

B,=B%cBVc...cB%...

inducing filtrations BY (resp. B{, BY) of B, (resp. B,, B,) satisfying that

(i) B=UB®, B,=UBY (k=0,1,2)

(ii) B?—>B{*? is a controlled homotopy equivalence (in fact a controlled deforma-
tion retraction).

(iii) Let U;(Bo)={b € B|o(b, By)<i}. Then U;(By)=B?.

In particular there are controlled homotopy equivalences By—B{, B~ B} for all .
The filtration is defined as follows. Let 0,(K)=KX[a, ©) considered as a subset of o(K)
with the induced metric. Likewise let c,(K)=KX[0,al/KX0, i.e. the closure of
o(K)—o0,(K). Recall that U(B,) denotes the set of points of B with distance <i. For
each i there exists a real number a(i) such that U(By) N o,;(K)<=o(collar(K,)). Using the
linear structure of the collar we may deformation retract this space to its ‘‘core’’, i.e.
- 04(Ky). Furthermore, this is a controlled deformation since the points of U{(By) have
all bounded distance from By. Now let BO=(U(By) N0,,(K)) Uc,q(K), and By similar-
ly.

In the preceding we insisted on the condition that By be bicollared in B. This
condition is not satisfied in the case of open cones. But we may replace the control
space B by B'=B,Ug,,B,. Since the map B'—B retracting the collar inserted is a
controlled homotopy equivalence, it will suffice by Lemma 1.3 to prove excision for B'.
Using the collar of By it is possible to extend the definition of the map ¢, and we claim

ProrositioN 2.10. With notations as above, the map

@: bS. Ry (X; B)XbS.Rey(X; By)— vS.RE(X; B")

given by the inclusion of standard acyclic objects is a weak homotopy equivalence.

Proof. The map ¢ actually takes values in the simplicial subcategory
vS.RE(X; B'), . of objects with bounded support with respect to By. Since by Proposi-
tion 2.7 the inclusion of this subcategory is a weak homotopy equivalence it suffices to
show that ¢ is a homotopy equivalence when considered as a map with range in that
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subcategory. The filtration of B’ described above induces a corresponding filtration of
the category €=vS.R(X; B'), , by property (iii) above. Let €? denote this filtration.
By Lemma 2.9. the inclusions €?—E%" are weak homotopy equivalences (for i=1).
But the control space (B'®,B;?,B|? Bi®) is v-equivalent to (ByX[—1,1], ByX0,
Byx[0,1], Byx[—1,0]) (for i=1). Hence by Lemma 2.9. again and by Proposition 2.8.
the map :bS.R(X; Be) XbS. Re(X; Bo)— E? is a weak homotopy equivalence if i=1.
Since €=UE® the inclusions €?— are also homotopy equivalences. This proves that
@:bS.Re(X; Bo) XbS . Rey(X; By)—C€ is a weak homotopy equivalence as asserted. a

We are now ready to conclude

THEOREM 2.11. The functor from ( finite PL subcomplexes of S7) to (spaces) given
by

K—A(X; o(K))
is a reduced generalized homology theory.

Proof. We already know by Corollary 2.2. that the functor K—A(X;0(K)) is
pointed. So we have to show that it has the excision property and that it is a homotopy
functor, i.e. it takes a weak homotopy equivalence K>K' to a weak homotopy
equivalence A(X; 0(K))—A(X;0(K")). As to the first part, consider the excision situa-
tion as above: K=K, U x, K2 Ky is bicollared in K; K, and K, are subcomplexes of K. We
must show that the square

AX; oK) —A(X; o(K )
AWX; o(K,) —— A(X; o(K))
is homotopy cartesian. Consider the following diagram. (Let B; denote o(K;) again.)

bS.Ry(X; B)XbS.R,(X; B,) 7, VS.RE(X; B ——>bS.Ryy(X; B XbS.Rey(X; By)
1 By l B l Y
bS.R(X; By bS.R(X; By) bS.Ry(X; B)

The right hand square is homotopy cartesian by Proposition 2.6, the map ¢ is a weak
homotopy equivalence by Proposition 2.10. Hence the outer square is homotopy
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cartesian. This implies that the following square (which is obtained from the preceding
one by crossing the lower row with the identity functor on bS.R(X;B,) and adjusting
the vertical maps accordingly) is also homotopy cartesian

bS.Ry(X; By XbS.Ry(X; By) bS. Ry (X; B)) XbS Ryy(X; B)

bS. Res(X; B)XbS. Rey(X; By) —————— bS.Fy(X; B)XbS Hyy(X; By).

Using again the fact that (the geometric realizations of) the spaces in this diagram are
H-spaces with an inverse, we may cancel one factor bS.R(X;By) in the left column
and one factor bS.M(X;B,) in the right column. We obtain a diagram which upon
geometric realization and looping gives the desired excision diagram.

For the second part of the theorem observe that it is sufficient to show that the
map A(X; o(KxI))—-A(X;0(K)) induced by the projection is a weak homotopy equiv-
alence. Now from the cofibration sequence K>»>KXxI->cK and from the excision
property just proved, we obtain a fibration up to homotopy

AX; 0(K))— AX; o(KXI))— A(X; 0(cK)).

(Actually it is not quite correct to apply the excision property directly to this cofibra-
tion sequence because K is not bicollared in cK. Therefore to be quite precise one
should replace cK by ¢KUg KxI which is isomorphic to cK.) By Corollary 2.2. the
bottom term of this fibration is contractible. Therefore the map A(X;o(K))—
A(X;o(KxI)) is a weak homotopy equivalence, and hence so is the map induced by
projection which is a retraction of this map. This ends the proof of the theorem. [

Remark. One checks that the argument still works for K=@. Then o(K)=%. In
view of the decomposition R=R, U,R_ this implies that the square

AX; %) —AXGR,)

AX;R)— AX;R)

is homotopy cartesian. By Theorem 2.1. the lower left and upper right terms are
contractible. The upper left term is clearly the same as A(X). Hence we obtain a weak
homotopy equivalence QA(X; R)=A(X). It is also easy to verify that the decomposition
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technique also works for a control space of the form BxR, where B is not assumed to
be an open cone. By the same argument as above we obtain:

THEOREM 2.12. For every proper metric space B there is a weak homotopy
equivalence

QAX;BXR)— A(X;B). O

Remark. From the theorem it follows that Q"A(X;o(S" ))=Q"A(X; R)=A(X).
Furthermore it is true that 7 A(X;R")=K, (Z[r,X]) for i<n. The proof of this
statement is given in [V]. Hence [n]—A(X;R" is a non-connective spectrum whose
connective cover is the usual spectrum of A(X).
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